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Outline of the lectures
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• Lecture 1: General concepts. What is nuclear structure theory? Ab 
initio, shell-model.

• Lecture 2: Density Functional Theory. Applications. Spherical, 
deformed and “soft” nuclei. 

• Lecture 3: Collective and single-particle spectroscopy. 

Two important points:

• Please, do interrupt – particularly, if you feel that without a prompt 
clarification you will not profit from the rest of the lecture !

• A few codes that may help are available – I will provide you with a link later 
on.
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Let’s start
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The goal of nuclear structure theory is to explain what is observed, 
starting from a theory, or a model, that considers appropriate degrees of 
freedom (as a rule, point-like nucleons) and treats them consistently with 
quantum mechanics and its symmetries.

Is there a single, or a standard, nuclear model? NO!

Perhaps we can say that all models lie under the EFT 
``umbrella’’.

This is, most likely, unavoidable. 

43 keV rotation in U:
 t ≈ 10-20 s

proton at 400 MeV:
 t ≈ 10-23 s
     = 1.3 fm
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Reductionism? Unfeasible...
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QCD, the basic theory of the strong 
interaction, is not perturbative at 
low energy (cannot be solved by 
summing Feynman diagrams).

41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

αs(mZ
2) = 0.1180 ± 0.0009
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

weighted fits with our standard procedure in columns two and three of Table 9.1. We observe
that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value

1st December, 2023

Figure from:
https://pdg.lbl.gov/2023/reviews/rpp2023-rev-qcd.pdf

QCD can, in principle, be solved on 
a lattice (i.e., the space-time is 
discretized).

However, these calculations are 
not giving stable and realistic 
results at the nuclear physics 
scale.

No bound two- or three-nucleon system.
BE (4He) around 5 MeV.
T. Inoue et al., PRL 111, 112503 (2013)
Cf. also C. Drischler et al., PPNP 121, 103888 (2021)
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How to not get lost
Posted on February 8, 2020 | 1 Comment

Here’s a simple compass

The compass was developed into a compact design. Instead of balancing an iron spoon or floating a piece of
magnetized iron in a bowl of water, compass designers suspended a magnetized iron arrow on a thin metal
pin over a round card with directions displayed on it. The arrow and card were put in a round brass housing
to protect them. Brass can’t be magnetized, so the housing didn’t interfere with the arrow’s attraction to the
north pole.

Figure from J. 
Manders’ blog

How to not get lost
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⇢0 ⇡ 0.16 fm�3

Nuclei are “dilute”. 
Nucleons have large 
mean-free path. 

Many experimental evidences point to the 
fact that nucleons move in nuclei, to a first 
approximation, as independent particles.

Examples: evidence of shells, ground-
state of nuclei around closed shells (17O 
with Z=8, N=9 has Jπ=5/2+) …

Cf. the lecture(s) 
by Sean
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Vpn much stronger 
than Vnn, Vpp.

Exercise: reconcile this fact with 
the fact that V commutes with 
isospin. 
Hint: use the Pauli principle.

Important role for the nuclear stability.

Drip lines: the loci where the separation 
energy changes its sign and the nuclei 
become unbound.

As a function of the neutron number, 24O is 
the last bound O isotope (Z=8); if we add 
just one proton and move to F (Z=9), we 
can bind seven more neutrons as the 
last bound F isotope is 31F! 

nuclei, that is, given combinations of Z protons and N neutrons (that can be
arranged in a plane like in Figure 1) that have infinite lifetime. Other
combinations can be bound and yet decay into other forms on a very long
or very short timescale; very short-lived nuclei are hard to detect experimen-
tally but we are experiencing a continuous progress in this respect, as testified
by the fact that 3302 stable and unstable nuclei have been reported to exist at
the end of 2018 [1], and that 13 nuclei/year have been discovered on average
in the years 2103–2016 and 34 in 2017 [2]. Thus, we can affirm that the
nuclear landscape is changing continuously.

Nuclei are described, still, in many introductory courses [3,4] as liquid
drops. Their binding energy BE is defined as

BEðN;ZÞ ¼ MðN;ZÞc2 $ Zmpc2 $ Nmnc2; (1)

where the nuclear mass M and the proton and neutron masses mp and mn

are introduced. For typical medium-heavy nuclei of mass number
A ¼ N þ Z, the binding energy per nucleon BE=A is & 8 MeV. This
value is small with respect to mp or mn: in other words, the mass of the
nucleus is mainly due to the mass of the constituents.1 The fact that the
binding energy per nucleon in standard nuclei is pretty constant tells us that
each nucleon interacts with nearest neighbours and the number of interac-
tions is not proportional to the number of nucleon pairs AðA$ 1Þ, but
simply to A. This is called ‘saturation’ of the nuclear force.2

Saturation produces stable nuclei that have an inner density ρ (sum of
proton and neutron densities, ρp and ρn) which is also pretty constant. This

so-called saturation density is ρ0 & 0.16 fm$3. In such conditions, the average
distance between nucleons is somewhat larger than the range of the nuclear

Figure 1. The nuclear chart [i.e. the ðN; ZÞ plane] is shown together with some predictions of
the proton and neutron drip lines. The drip lines correspond to the limits of nuclear existence,
and their precise definition can be found around Equation (3) and (4) below. These predictions
have been drawn by using the tools available at the URL http://massexplorer.frib.msu.edu/
content/Plotting_Tools.html and including results from all the models. On the right side, the
extrapolation from finite nuclei to neutron stars is shown. As briefly mentioned in the main text,
neutron stars are essentially systems of & 1055$56 neutrons that are bound by gravity.

2 G. COLÒ
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There are several combinations of nuclear Hamiltonians 
and many-body methods to solve the nuclear problem.

Ab initio approaches
Configuration interaction/Shell model
Mean-field and DFT
...

The wording may not really convey the meaning.

What is really meant? What are the key ideas behind? 
What are the questions you should ask to the practitioners 
of these models?
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To a large extent, methods 
either are based on the 
variational principle or rely 
on expansion (perturbative) 
techniques. 
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Independent particles: the Slater determinant
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A Slater determinant is the N-particle wave function that is associated with N 
independent single-particle wave functions (for fermions).

<latexit sha1_base64="Ela0Z8cU7uCiNsRCYNxNLwlcrrg="></latexit>
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Mean-field vs Kohn-Sham approach 29

Problems

Problem 2.1. Show that, if the total wave function is a Slater determinant

built with orbitals �i [cf. Eq. (2.5)], the expectation values of one-body

operators O1, two-body operators O2 and three-body operators O3 are given

by, respectively:

h�|O1|�i =
X

i

hi|O1|ii, (2.24)

h�|O2|�i =
1

2!

X

ij

hij|Õ2|iji, (2.25)

h�|O3|�i =
1

3!

X

ijk

hijk|Õ3|ijki. (2.26)

As in the main text, the symbol Õn means antisymmetrization.

Problem 2.2. Write the decomposition of the EDF in Eq. (2.15) into its

time-even and time-odd parts. The former include only time-even densities

whereas the latter included bilinear products of time-odd densities.

Exercise: if O1, O2, O3 are 1-
body, 2-body, 3-body operators, 
prove the following formulas:
(Tilde ~ means anti-symm)

<latexit sha1_base64="BUjBeP0B93ECMJJHQb96sEXnLvE="></latexit>
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Ab initio nuclear structure
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Techniques to solve the many-body problem that are exact, 
or systematically improvable, and can provide reliable 
estimates of the theoretical errors.
Results are sensitive to the choice of the Hamiltonian.

• Quantum Monte Carlo (QMC)
• Lattice EFT
• In-medium similarity 

renormalization group (IMSRG)
• Coupled cluster (CC)
• Self-consistent Green’s 

function (SCGF)
• No-core Shell Model (NCSM)
...

Great progress in ab initio calculations of nuclei

Chiral EFT interactions enable controlled
 solution of many-body Schrödinger eqn.

Oxygen isotopes

figures from Hergert (2020)
Interaction uncertainties dominate

Image courtesy of A. Schwenk

Ab initio, depending on the specific implementation, has 
difficulties to handle heavy nuclei and highly excited 
states.



Quantum Monte Carlo 
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<latexit sha1_base64="uMK8beJCrfWn8nqsSLwg40tzYRk="></latexit>

E(↵) =
h (↵)|H| (↵)i
h (↵)| (↵)i E0 = min↵E↵

Variational 
Monte Carlo (VMC)

Diffusion 
Monte Carlo (DMC)
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| 0i = lim
⌧!1

e�(H�ET )⌧ | triali

The MC aspect lies in the fact that integrals are 
evaluated with stochastic algorithms (Metropolis, 
Importance sampling...)

GFMC vs AFDMC: spin and isospin treated (not 
treated) explicitly

Computationally very demanding: only nuclear 
matter and light nuclei doable

AUXILIARY FIELD DIFFUSION MONTE CARLO … PHYSICAL REVIEW C 97, 044318 (2018)

TABLE VII. Ground-state energies and charge radii for A = 3,4 employing local chiral potentials at N2LO. The Eτ parametrization of the
3N force is used. Errors are statistical. GFMC results are from Refs. [23,27].

Nucleus Cutoff Potential AFDMC GFMC

AZ (J π ,T ) R0 (fm) E (MeV) rch (fm) E (MeV) rch (fm)

3H ( 1
2

+
, 1

2 ) 1.0 NN −7.54(4) 1.75(2) −7.55(1) 1.78(2)
3N Eτ −8.33(7) 1.72(2) −8.34(1) 1.72(3)

1.2 NN −7.76(3) 1.74(2) −7.74(1) 1.75(2)
3N Eτ −8.27(5) 1.73(2) −8.35(4) 1.72(4)

3He ( 1
2

+
, 1

2 ) 1.0 NN −6.89(5) 2.02(2) −6.78(1) 2.06(2)
3N Eτ −7.55(8) 1.96(2) −7.65(2) 1.97(2)

1.2 NN −7.12(3) 1.98(2) −7.01(1) 2.01(1)
3N Eτ −7.64(4) 1.95(5) −7.63(4) 1.97(1)

4He (0+,0) 1.0 NN −23.96(8) 1.72(2) −23.72(1) 1.73(1)
3N Eτ −27.64(13) 1.68(2) −28.30(1) 1.65(2)

1.2 NN −25.17(5) 1.69(1) −24.86(1) 1.69(1)
3N Eτ −28.37(8) 1.65(1) −28.30(1) 1.64(1)

radius rpt is calculated as

〈
r2
N

〉
= 1

N
⟨#|

∑

i

PNi
|ri − Rcm|2|#⟩, (67)

where Rcm is the coordinate of the center of mass of the system,
N is the number of protons or neutrons, and

PNi
= 1 ± τzi

2
(68)

is the projector operator onto protons or neutrons. The charge
radius is a mixed expectation value, and it requires the calcu-
lation of both VMC and DMC point-proton radii, according
to Eq. (52). Regardless of the employed optimization of the
variational wave function (free or constrained), the extrapola-
tion of the mixed estimate ⟨r2

ch⟩ is small, and the final results
for different optimizations typically agree within statistical
uncertainties.

The ground-state energies and charge radii for light systems
(A = 3,4) employing local chiral potential at N2LO are shown
in Table VII. Results with (Eτ parametrization) and without
the 3N force are shown for different choices of the cutoff R0.
For all the s1/2, systems we used the same parameters αi for the
propagation of the 3N force, determined in order to minimize
the perturbative correction of Eq. (46). The agreement with the
GFMC results of Ref. [23,28], where the 3N interactions are
fully included in the propagation, is within a few percent both
at the two- and three-body levels, providing a good benchmark
for the AFDMC propagation technique described in Sec. IV C.

In Fig. 5 we present the ground-state energies per nucleon
of nuclei with 3 ! A ! 16 for cutoffs R0 = 1.0 and R0 =
1.2 fm, respectively. Results at LO, NLO, and N2LO for both
Eτ and E1 parametrizations of the 3N force are shown.
Error bars are estimated by including both the Monte Carlo
uncertainties and the errors given by the truncation of the chiral
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FIG. 5. Ground-state energies per nucleon for 3 ! A ! 16 with local chiral potentials: (a) R0 = 1.0 fm cutoff (left panel), (b) R0 = 1.2 fm
cutoff (right panel). Results at different orders of the chiral expansion and for different 3N parametrizations are shown. Smaller error bars
(indistinguishable from the symbols up to A = 6) indicate the statistical Monte Carlo uncertainty, while larger error bars are the uncertainties
from the truncation of the chiral expansion. LO and N2LO Eτ results for 16O with R0 = 1.2 fm are outside the displayed energy region. Updated
from Ref. [33].
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Renormalization Group (RG) refers to the 
formal investigation of the changes in a 
physical system viewed at different scales. 

The ideas of RG can be used to simplify the 
nuclear many-body problem. In particular, IM-
SRG aims to decouple the ground-state from 
the excited states.

which gives fractal dimension

D =
log 2

log 3
' .63 2 (0, 1) . (1.3)

Notice that this object is self-similar with scale factor � = 3: the two remaining

thirds are identical to the original up to a rescaling of the length by a factor

of three. This fact can be used to infer the power-law, since it means N(a) =

2N(3a). So if N(a) ⇠ a�D, we must have a�D = 2(3a)�D =) 1 = 2 · 3�D which

is (1.3).

2. Here’s an example in d = 2. Take a square with side length a0. Now divide it

into nine squares by dividing each side by three. Remove every other sub-square,

leaving the corners. Repeat. This procedure gives the accompanying figures.

The resulting figure is again self-similar with � = 3 and has N(a) = 5N(3a) –

we need only five times as many balls of diameter a to cover the region as balls

of diameter 3a. Therefore, if there is a scaling relation N(a) ⇠ a�D, we need

D = log 5
log 3 ' 1.46. Note that this is sensibly between 1 and 2.

The figure at left is defined by a similar procedure. I

don’t know how I’m ever going to get any physics done

if I don’t stop making these pictures. Lots of interesting

fractals come from other procedures where the fractal di-

mension is not so easy to find.
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Cf. R. Roth, lectures @ GGI
H. Hergert, Phys. Scripta 92, 023002 (2017)
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Exercise:
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◆
+

✓
0 V (s)

V (s) 0

◆
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H(s) = E+ + E��z + V �x

Solve by 2x2 diagonalization and 
then with SRG equations
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Figure 1. Schematic illustration of two types of RG evolution for NN potentials in
momentum space: (a) Vlow-k running in ⇤, and (b) SRG running in � (see main text).
Here, k and k

0 denote the relative momenta of the initial and final state, respectively.
At each ⇤i or �i, the matrix elements outside of the corresponding blocks or bands are
negligible, implying that high- and low-momentum states are decoupled.

With a suitable choice of generator ⌘(s), we can smoothly transform the

Hamiltonian to almost arbitrary structures as we integrate the flow equation (2) for

s ! 1. Inspired by the work of Brockett [88] on the so-called double-bracket flow,

Wegner [49] proposed the generator

⌘(s) ⌘ [Hd(s), Hod(s)] , (5)

which is constructed by splitting the Hamiltonian into suitably chosen diagonal (Hd(s))

and o↵diagonal (Hod(s)) parts. It can be shown analytically that the generator (5) will

monotonically suppress Hod(s) as the Hamiltonian is evolved via equation (2) (see, e.g.,

[49, 62, 64]). Note that the label diagonal does not need to mean strict diagonality here,

but rather refers to a desired structure that the Hamiltonian will assume in the limit

s ! 1. By working in bases that are ordered by momenta or energies, the capability

to impose structure on the Hamiltonian allows us to make an explicit connection with

renormalization group (RG) ideas.

2.2. SRG Evolution of Nuclear Interactions

In figure 1, we show schematic examples of RG evolutions that are applied to nucleon-

nucleon interactions in momentum-space representation. Figure 1(a) implements the RG

as a decimation: The interaction is evolved to decreasing cuto↵ scales ⇤0 > ⇤1 > ⇤2,

and we end up with a low-momentum interaction Vlow-k that only has non-zero matrix

elements between states with initial and final relative momenta k, k0
 ⇤ [31, 33].

In contrast, figure 1(b) results from a continuous unitary transformation via the flow

equation (2), using a Wegner-type generator built from the relative kinetic energy in the
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Coupled cluster (CC)
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Quite successful in quantum chemistry. 

The ansatz for the wave function is given by single (S) and double (D) 
excitations of a reference Slater determinant:
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T = T1 + T2 + . . .
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CONFIGURATION-INTERACTION METHODS
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 0(x1, . . . , xA) =
X

n

cn�n(x1, . . . , xA)
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The amplitudes t are the unknowns. 
They enter the Schrödinger equation.

Use of formulas for exponentiation.

Currently up to T3.
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Is there a unique Hamiltonian? 

Which are the requirements that a Hamiltonian 
must have?

Answers depend on whom you ask ...



The NN interaction (“traditional” view)
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• Attractive but with an infinitely repulsive “hard-core”

• Short-range and strongly spin-dependent. The S=1 (T=0) 
system, i.e. the deuteron, is bound while the S=0 (T=1) systems are not

• Non-central components:                                                
spin-orbit  / tensor

⇠ ~L · (�1 + �2) ⇠ S12 ⌘ 3(�1 · r)(�2 · r)
r2

� �1 · �2

Notation : ~l1, ~l2 coupled to ~L, ~s1,~s2 coupled to ~S, same for ~J = ~L+ ~S and isospin ~T

Three-body force needed! Four-body? 



Phenomenological potentials
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Strategy: write down the most general potential consistent with symmetries(*) and 
fit its coefficients (for instance: Argonne potential).

See: https://www0.mi.infn.it/~colo/Didattica/Nucleare/2021_22/nuclphys3.pdf

Symmetries: TRANSLATION, GALILEAN BOOSTS, ROTATIONS, PARITY, TIME-
REVERSAL, INTERCHANGE OF THE TWO PARTICLES.

 V (1, 2) =
Xh

1, �1 · �2, S12, L · S, L2, L2 (�1 · �2) , (L · S)2
i
⌦ [1, ⌧1 · ⌧2]

J. Carlson et al., Rev. Mod. Phys. (2015) 

(*) Exercise: try it

https://www0.mi.infn.it/~colo/Didattica/Nucleare/2021_22/nuclphys3.pdf


Chiral forces
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• Based on the idea by S. Weinberg: a low-energy Lagrangian that has all 
the terms consistent with the symmetries of QCD will give correct 
results at that energy scale. Chiral symmetry can be assumed (quark 
masses ≈ 0).

• There is a breakdown scale (≈ GeV). The pion exchange between 
nucleons is kept, the heavy mesons are not.

• One needs a cut-off Ʌ.

• There are parameters to be adjusted.

2.7 QCD and Chiral Effective Field Theory (ChEFT) 81

where Dµ is defined by Dµ = ∂µ + Γµ with

Γµ = 1
2
[ξ†, ∂µξ] =

i
4f 2π

τ · (π × ∂µπ)+ · · · , (2.72)

where

ξ ≡
√
U = 1+ i

2fπ
τ · π(x) − 1

8f 2π
π(x)2 + · · · . (2.73)

The axial vector term uµ is also defined as

uµ = i{ξ†, ∂µξ} = − 1
fπ

τ · ∂µπ + · · · . (2.74)

As stated before and illustrated in Fig. 2.15, chiral perturbation theory and its
power counting imply that nuclear forces emerge as a hierarchy controlled by the

Fig. 2.15 Hierarchy of nuclear forces in ChEFT. The chiral expansion is classified in terms of
powers of µ ≡ Q/Λ, in which Q is an external momentum (the soft scale) close to the pion mass,
and Λ is the chiral-symmetry breaking scale, LO, NLO, NNLO and N3LO stand for the leading
order, the next-to-leading order, the next-to-next-to-leading order and the next-to-next-to-next-to-
leading order expansions, respectively. Λ ≈ 1 GeV (the hard scale). Dashed lines represent pions
and vertical solid lines are for nucleons. Filled circles show the coupling between nucleons and
mesons, while filled squares stand for contact terms between nucleons
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• Dependence on power counting scheme 
and order (LO, NLO, N2LO, N3LO).

• Sensitivity to the cut-off Ʌ. 

J. Simonis et al., Phys. Rev. 
C 96, 014303 (2017)

�NN/⇤3N
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Ab initio is a wording that has no universally accepted meaning.

K. Capelle, V.L. Campo Jr. / Physics Reports 528 (2013) 91–159 113

Heisenberg model, this dependence can be exhibited explicitly [127]: the per-site correlation energy of this model
approximately obeys the dimensional-scaling law

ec(d) = d�1/5ec(d = 1). (77)

We refer the reader to Section 8 for further discussion of DFT for the Heisenberg model and to Ref. [128] for more complex
forms of dimensional scaling, applied to the Hubbard model and the Fermi liquid.

6. DFT used to study model Hamiltonians: concepts and terminology

We now turn to the combination of DFT and model Hamiltonians that has been least reviewed previously and that is,
consequently, given most attention in the present review: Density-functional theory applied to model Hamiltonians. This
combination is based on recognizing that DFT provides one with a set of concepts and with calculational tools that have
originally been developed for the Hamiltonian of Coulomb-interacting electrons in external potentials,

Ĥ = �
h̄2

2m

Z
d3r ̂Ñ

� (r)r
2 ̂� (r) +

Z
d3rV (r) ̂Ñ

� (r) ̂� (r) + Ŵ , (78)

Ŵ =

Z Z
d3rd3r 0 ̂Ñ

� (r) ̂
Ñ
µ(r0)

e2

|r � r0|
 ̂µ(r0) ̂� (r), (79)

but that can be applied equally well to a broad family of Hamiltonians, of which the one for Coulomb-interacting electrons
is just a particular member. Other members of this family are the Hubbard and the Heisenberg models, with which we deal
in Sections 7 and 8, respectively. Several further Hamiltonians that can be dealt with by means of DFT are the subject of
Section 9. In order to provide the ground for the detailed considerations of those sections, we pose, and answer, in this
section a set of general questions that help to put DFT itself and the DFT approach to model Hamiltonians into perspective:
(i) Is DFT an ab initiomethod? (ii) Is DFT a mean-field method? (iii) What kind of model can be treated? (iv) When can a DFT
treatment of model Hamiltonians be useful? (v) What kind of result can be expected from DFT?

6.1. Is DFT an ab initio method?

The answer to this question depends on the definition of ‘ab initio’. We here take this to be synonymous with ‘first
principles’ and more restrictive than ‘nonempirical’. A calculation or a method is ab initio if the only dimensional constants
and parameters appearing in it are fundamental constants of nature, such as the electronic charge, spin and mass, Planck’s
constant, the vacuum dielectric constant, the proton charge, spin and mass, etc. In addition, we allow the presence of
dimensionless numbers, such as the atomic numbers Z of the atoms in the systemunder study.Methods employing empirical
parameters are clearly not ab initio. By this definition, any calculation making use only of quantities that appear in the basic
many-electron Hamiltonian (78) to (79), or that can be calculated from them, is ab initio. Therefore, this Hamiltonian, as well
as its extensions to include effects such as relativity and/or magnetic fields, is commonly referred to as the first-principles
or ab initio Hamiltonian.

Density-functional theory was originally formulated for, and is most commonly applied to, this ab initio Hamiltonian,
and is therefore frequently labeled an ab initiomethod. This labeling, however, is not quite precise, as it conflates properties
of the Hamiltonian with properties of the calculational method. In fact, the association of DFT with ab initio is a historical
one, not a necessary one. Concepts and tools of DFT such as the Hohenberg–Kohn theorem, the Kohn–Sham system and the
local-density approximation are not necessarily or automatically ab initio, since they can be formulated for and applied to
many types of Hamiltonians. A point of view that is increasingly adopted by the DFT community, and that is advocated in this
review, is that DFT is something like perturbation theory, variational calculus or the renormalization group: a conceptual
framework that historically was developed for a specific (type of) Hamiltonian, but that is by no means limited to it.

The opposite of ab initio is frequently taken to be ‘empirical’, but this is also not quite precise. Surely, no method making
use of empirical parameters can be ab initio. On the other hand, parameter values can also be chosen for theoretical reasons,
or just for convenience (e.g., to make an expansion converge, or to exploit an additional symmetry). Such choices are
nonempirical, as long as they do not rely on experiment, but nevertheless render the calculations not ab initio.

Let us give three concrete examples from the Hubbard model: A calculation adopting U/t = 6 as a typical value for
cuprate oxides is empirical (and thus certainly not ab initio), because this choice can only be justified by comparison to
experiment. Calculations adopting U/t ! 1, in order to study the strong-coupling limit of the Hubbard model, or J/t = 2
to exploit supersymmetry in the t � J model, are nonempirical but still not ab initio. A calculation taking the value of U/t
from a separate first-principles calculation for a specific material (e.g., using one of the methods described in Section 3.1) is,
formally, ab initio, as this value is then determined (perhaps only implicitly) in terms of the fundamental constants of the ab
initio Hamiltonian. Of course, such a calculation is still approximate, as the Hubbard model is a simplified version of the full
Hamiltonian for the specific material or system under study, but that has no bearing on it being ab initio or not. In fact, our
basic Hamiltonian (78)–(79) itself is approximate in the same sense, as it does not contain effects such as phonons, finite
temperature, nuclear spins, etc.



Shell model or Configuration Interaction
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• Nucleons (A) distributed within a given set of  
orbitals (n) in all possible ways. 

• Roughly combinatorial, but there are ways to 
restrict to good J and parity.

• Diagonalization of H on this basis.

• Analogous to CI for molecules.

• Recent progress has been made concerning 
the SM embedded in the continuum.

• Role of the core...

Lecture/material from Sean



Shell model and no-core shell model
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NCSM: all nucleons are active. One can employ a realistic Hamiltonian. In 
this respect, it is commonly included among the ab initio approaches.

SM: only particles in active shells are considered. The Hamiltonian must be 
“reduced” to the active space (cf. Lee-Suzuki). Moreover, in many cases 
empirical Hamiltonians are used.

No core SM

ns4exp.mi.infn.it

KSHELL code (SM)

(limited resources, so that the choice 
of the model space and interaction is 
not free)

Implemented thanks to I. Moumene 
(Milano), G. Di Gregorio (Caserta), A. 
Gargano (Napoli)

ns4exp.mi.infn.it
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How do we sample the integrand:
Metropolis algorithm
Importance sampling
...
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mud, corresponding toMp ≅ 135MeV, are difficult.
They need computationally intensive calculations,
withMp reaching down to 200 MeVor less.

5) Controlled extrapolations to the contin-
uum limit, requiring that the calculations be
performed at no less than three values of the
lattice spacing, in order to guarantee that the
scaling region is reached.

Our analysis includes all five ingredients
listed above, thus providing a calculation of the
light hadron spectrum with fully controlled sys-
tematics as follows.

1) Owing to the key statement from renor-
malization group theory that higher-dimension,
local operators in the action are irrelevant in the
continuum limit, there is, in principle, an un-
limited freedom in choosing a lattice action.
There is no consensus regarding which action
would offer the most cost-effective approach to
the continuum limit and to physical mud. We use
an action that improves both the gauge and
fermionic sectors and heavily suppresses non-
physical, ultraviolet modes (19). We perform a
series of 2 + 1 flavor calculations; that is, we
include degenerate u and d sea quarks and an
additional s sea quark. We fix ms to its approxi-
mate physical value. To interpolate to the phys-
ical value, four of our simulations were repeated
with a slightly different ms. We vary mud in a
range that extends down to Mp ≈ 190 MeV.

2) QCD does not predict hadron masses in
physical units: Only dimensionless combinations
(such as mass ratios) can be calculated. To set the
overall physical scale, any dimensionful observ-
able can be used. However, practical issues in-
fluence this choice. First of all, it should be a
quantity that can be calculated precisely and
whose experimental value is well known. Sec-
ond, it should have a weak dependence on mud,
so that its chiral behavior does not interfere with
that of other observables. Because we are con-
sidering spectral quantities here, these two con-
ditions should guide our choice of the particle
whose mass will set the scale. Furthermore, the
particle should not decay under the strong in-
teraction. On the one hand, the larger the strange
content of the particle, the more precise the mass
determination and the weaker the dependence on
mud. These facts support the use of theW baryon,
the particle with the highest strange content. On
the other hand, the determination of baryon dec-
uplet masses is usually less precise than those of
the octet. This observation would suggest that
the X baryon is appropriate. Because both the
W and X baryon are reasonable choices, we
carry out two analyses, one withMW (theW set)
and one withMX (the X set). We find that for all
three gauge couplings, 6/g2 = 3.3, 3.57, and 3.7,
both quantities give consistent results, namely
a ≈ 0.125, 0.085, and 0.065 fm, respectively. To
fix the bare quark masses, we use the mass ratio
pairs Mp/MW,MK/MW or Mp/MX,MK/MX. We
determine the masses of the baryon octet (N, S,
L, X) and decuplet (D, S*, X*, W) and those
members of the light pseudoscalar (p, K) and

vector meson (r, K*) octets that do not require
the calculation of disconnected propagators.
Typical effective masses are shown in Fig. 1.

3) Shifts in hadron masses due to the finite
size of the lattice are systematic effects. There
are two different effects, and we took both of
them into account. The first type of volume de-
pendence is related to virtual pion exchange be-
tween the different copies of our periodic system,
and it decreases exponentially with Mp L. Using
MpL >

e
4 results in masses which coincide, for

all practical purposes, with the infinite volume
results [see results, for example, for pions (22)
and for baryons (23, 24)]. Nevertheless, for one
of our simulation points, we used several vol-
umes and determined the volume dependence,
which was included as a (negligible) correction at
all points (19). The second type of volume de-
pendence exists only for resonances. The cou-
pling between the resonance state and its decay
products leads to a nontrivial-level structure in
finite volume. Based on (20, 21), we calculated
the corrections necessary to reconstruct the reso-
nance masses from the finite volume ground-
state energy and included them in the analysis
(19).

4) Though important algorithmic develop-
ments have taken place recently [for example

(25, 26) and for our setup (27)], simulating di-
rectly at physical mud in large enough volumes,
which would be an obvious choice, is still ex-
tremely challenging numerically. Thus, the stan-
dard strategy consists of performing calculations
at a number of larger mud and extrapolating the
results to the physical point. To that end, we use
chiral perturbation theory and/or a Taylor expan-
sion around any of our mass points (19).

5) Our three-flavor scaling study (27) showed
that hadron masses deviate from their continuum
values by less than approximately 1% for lattice
spacings up to a ≈ 0.125 fm. Because the sta-
tistical errors of the hadron masses calculated in
the present paper are similar in size, we do not
expect significant scaling violations here. This is
confirmed by Fig. 2. Nevertheless, we quantified
and removed possible discretization errors by a
combined analysis using results obtained at three
lattice spacings (19).

We performed two separate analyses, setting
the scale with MX and MW. The results of these
two sets are summarized in Table 1. The X set is
shown in Fig. 3. With both scale-setting proce-
dures, we find that the masses agree with the
hadron spectrum observed in nature (28).

Thus, our study strongly suggests that QCD
is the theory of the strong interaction, at low

Fig. 3. The light hadron
spectrum of QCD. Hori-
zontal lines and bands are
the experimental values
with their decay widths.
Our results are shown by
solid circles. Vertical error
bars represent our com-
bined statistical (SEM) and
systematic error estimates.
p, K, and X have no error
bars, because they are
used to set the light quark
mass, the strange quark
mass and the overall
scale, respectively.

Table 1. Spectrum results in giga–electron volts. The statistical (SEM) and systematic uncertainties
on the last digits are given in the first and second set of parentheses, respectively. Experimental
masses are isospin-averaged (19). For each of the isospin multiplets considered, this average is
within at most 3.5 MeV of the masses of all of its members. As expected, the octet masses are more
accurate than the decuplet masses, and the larger the strange content, the more precise is the
result. As a consequence, the D mass determination is the least precise.

X Experimental (28) MX (X set) MX (W set)
r 0.775 0.775 (29) (13) 0.778 (30) (33)
K* 0.894 0.906 (14) (4) 0.907 (15) (8)
N 0.939 0.936 (25) (22) 0.953 (29) (19)
L 1.116 1.114 (15) (5) 1.103 (23) (10)
S 1.191 1.169 (18) (15) 1.157 (25) (15)
X 1.318 1.318 1.317 (16) (13)
D 1.232 1.248 (97) (61) 1.234 (82) (81)
S* 1.385 1.427 (46) (35) 1.404 (38) (27)
X* 1.533 1.565 (26) (15) 1.561 (15) (15)
W 1.672 1.676 (20) (15) 1.672
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Lattice QCD not yet able to calculate nuclei
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The basic object is the Green’s function, 
that represents the probability amplitude 
that a particle is found in state 𝛼 at time t 
after having been introduced in the system 
at time t’ in state 𝛽 

It obeys the DYSON EQUATION:

The self-energy 𝛴 :
approximated by a set of diagrams.
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Fig. 4. Various possible expansions of the irreducible self-energy in terms of higher order many-body Green’s
functions. In all cases the first two terms represent the mean-field contributions −Û and the Hartree–Fock self-
energy ΣHF. The dynamic part of the self-energy can be expressed in terms of the four-point vertex function
Γ 4-pt. Part (a) represents the relation given in Eq. (17), while part (b) corresponds to an alternative derivation
involving the time derivative of g with respect to t ′. If Γ 4-pt is approximated in such a way that the corresponding
two diagrams in (a) and (b) are equivalent, the Dyson equation will satisfy appropriate sum rules. Part (c) gives
the expansion in terms of the one-particle irreducible 2p1h/2h1p propagator R(ω), Eq. (19). Note that the full
four-time dependence of Γ 4-pt is needed in principle, while in the R(ω) formulation one can specialize to a
two-time quantity.

result shown diagammatically in part (b) of Fig. 4. Baym and Kadanoff have shown that an
approximation chosen for Γ 4-pt should be such that parts (a) and (b) in Fig. 4 generate the
same self-energy [28–30]. With this symmetry requirement it is assured that the solution
of the Dyson equation g(ω) satifies basic conservation laws, such as particle number, total
energy, total momentum, and total angular momentum.

2.3. Self-consistent approach

In Eqs. (17) and (19), the term−⟨γ |Û |δ⟩ removes the auxiliary potential Û included in
g(0)(ω) (or equivalently in Ĥ0, as discussed in Eqs. (35)–(37) below). This makes the
solution of the Dyson equation formally independent of the choice of Û . An implicit
dependence on Ĥ0 = T̂ + Û remains for the case of a standard perturbative expansion,
where the irreducible self-energy Σ ⋆(ω) is expressed as a series of Feynman diagrams,
in terms of g(0)(ω) and the vertices of the residual interaction [2, 6]. However, this is

W.H. Dickhoff and C. Barbieri, 
PPNP 52, 377 (2004)

V. Somà, Frontiers in Physics(2020)
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Fig. 3.19 Calculated single-particle spectral function for the addition and removal of a neutron to
and form 56Ni. The diagonal part, Sαα(ω), is shown in coordinate space. Energies below the Fermi
level EF correspond to the one-hole spectral function Shαα(ω) which describes the distribution of
nucleons in energy and coordinate space. Energies aboveEF are for the one-particle spectral function
Sp
αα(ω). The color code shows the strength of the spectral function. Figure reprintedwith permission

from [42]. ©2021 by the American Physical Society

open shell nuclei; describing excited spectra, accessing deformed nuclei and describ-
ing pairing and superfluidity at finite temperatures. The recently-developed Gorkov
formalism allows to calculate spherical open-shell nuclei [43]. These challenges will
be crucial to the study of exotic nuclei at developing radioactive beam facilities.

3.11.7 Nuclear Lattice Effective Field Theory (NLEFT)
Simulation

One ambitious ab initio approach was proposed to combine the idea of Lattice QCD
simulation with ChEFT interactions[39].12 This approach is named “nuclear lattice
EFT (NLEFT) simulations” inwhich nucleons and pions are interacting on the lattice,
while Lattice QCD handles quarks and gluons with the QCD Lagrangian. In the
NLEFT approach, space-time is discretized in Euclidean time (imaginary time) on a
hypercubic volume L3

s × L t , with Ls(L t) being the length in the spatial (temporal)
direction. The minimal distance on the lattice, the so-called lattice spacing, is a(at )
in space (time). In most NLEFT simulations, the analysis makes use of a periodic
cubic lattice with a lattice spacing of a = !c/(100 MeV) = 1.97 fm and the size
Ls = (10 − 12)fm. In the time direction, a step size of cat = !c/(150 MeV) = 1.32
fm is taken and the propagation time Lt is varied to extrapolate to the limit Lt → ∞.
An unavoidable feature of the finite lattice spacing is the ultra-violet divergence
(UV) regulator so that the largest possiblemomentum is taken as pmax = !cπ/a=314

12 Details on Lattice QCD can be found in Chap. 10, while ChEFT is described in Sect. 2.7 of
Chap.2.

C. Barbieri, PRL 103, 202502 (2009)


