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“Collective” spectroscopy
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Nuclear spectroscopy
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In Magda’s lectures: ample discussions about the relationships between 
observable properties of the low-lying spectra and nuclear shapes.

In lecture II we have also introduced the paradigmatic case of vibrational and 
rotational nuclei.4.2. PHENOMENOLOGY OF NUCLEAR VIBRATIONS 65

Figure 4.2: The vibrational and rotational patterns in the nuclear excitation
spectra as described in the main text.

energy than non-spin ones, and T = 1 (isovector) excitations are higher than
T = 0 (isoscalar) ones. In the discrete part of the spectrum, states with
S = T = 0 are prevalent.

If we have to single out paradigmatic states among the vibrational ones,
we should definitely point to the so-called Giant Resonances. There exist
monographs on this subject, like Ref. [39]. They lie above the particle
threshold, that is, around ≈ 10-30 MeV. They have the shape or a reso-
nance, with a peak energy and a width Γ, and clearly emerge on top of the
background of other excited states; in other words, they have large cross sec-
tion associated with inelastic processes (we shall return to this point when
discussing inelastic reactions in Chapter 7).

The first evidence of such resonances has been found in experiments in
which a photon beam impinges on a nucleus. A large resonance has been
found systematically in all nuclei, at an energy of the order of

EIVGDR ≈ 80 A−1/3 [MeV]. (4.3)

At such energies, it is easy to verify that the wavelength associated with
the photons, λ = 2π!c

E ≈ 15 A1/3 fm, is much larger than the nuclear size.
The protons feel the electric field that oscillates rapidly in time but is es-
sentially uniform in space. These conditions correspond to the well-known
dipole approximation. Protons are pulled apart from neutrons, but the strong
proton-neutron attraction provides the restoring force. In the limit of a small

Can DFT handle the 

case of shape 

coexistence?



Transition between spherical and            
well-deformed nuclei

• The energy should be minimized (again, variational principle).
• Generator coordinate method or multi-reference DFT.
• Angular momentum projection needed!
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When the potential is not very stiff, it is quite 
natural to assume that the density is not 
the one corresponding to a single value 
of β or < Q >.

The density can be seen as a superposition 
of the densities associated with different 
quadrupole deformations β. 
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Examples of multi-reference DFT calculations
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Values of the total energy

J. Xiang et al.
PRC 93, 054324 (2016)

NOVEL TRIAXIAL STRUCTURE IN LOW-LYING STATES . . . PHYSICAL REVIEW C 93, 054324 (2016)

FIG. 8. Potential energy surfaces of N = 60 isotones and the
evolution of mean deformations ⟨β⟩ and ⟨γ ⟩ (denoted with balls) on
the (β,γ ) plane for the states (with J = 0,2, . . . ,10) in the g.s. band.
See the text for more details.

the behavior of S(J ) staggering tends to be inversed at high
spin, indicating a rigid triaxial deformation. Theoretically,
the 5DCH calculations predict the γ softness for 100Mo with
unique S(J ) staggering behavior that becomes much weaker
in 102Mo. While for 104–110Mo, the inverse oscillating trends

from low-spin to high-spin region are preferred by the 5DCH
calculations, which partially agree with the experimental
results, e.g., in 108Mo. It is therefore quite expected from the
experimental side with new implemented data to further clarify
such interesting transition from γ -softness to rigid triaxial
deformation, and also from the theoretical side, e.g., with the
nonadiabatic limit, to provide more reliable prediction and
description.

B. Triaxiality in neutron-rich N = 60 isotopes

In this subsection, we will study the triaxiality in neutron-
rich N = 60 isotones. Figure 8 displays the triaxial energy
surfaces of 96Kr, 98Sr, 100Zr, and 104Ru. It is shown that the
role of the triaxiality varies with the proton number. In 96Kr,
the triaxiality is found to connect the weakly deformed oblate
minimum with the soft prolate shoulder that extends to largely
deformed region. In 98Sr, the broad prolate shoulder develops
a largely deformed local minimum, separated from the weakly
deformed oblate one by a triaxial barrier. It results in a dramatic
increase of E2 transition strength from 96Kr to 98Sr. With the
increase of proton number further, i.e., in 100Zr and 102Mo [see
Fig. 2(b)], the triaxial barrier disappears and the triaxiality
serves as a tunnel allowing for large fluctuation among the
largely deformed prolate shape and relatively weakly deformed
oblate one. In 104Ru this tunnel becomes a shallow global
triaxial minimum and the largely deformed prolate minimum
disappears. Therefore, from 98Sr to 104Ru, the collectivity is
smoothly decreasing with proton number.

Moreover, the excitation energy of 2+
γ state (band head of

the γ band) is decreasing with proton number, as illustrated
in Fig. 9. Combined with the energy surface shown in Fig. 8,
it is also found that an excited rotational band built on the

FIG. 9. Same as Fig. 3, but for 96Kr, 98Sr, 100Zr, and 104Ru.
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Systematic calculations of the low-lying states

Y.L. Yang et al. PRC 197, 024308 (2023)

SHAPE AND MULTIPLE SHAPE COEXISTENCE OF … PHYSICAL REVIEW C 107, 024308 (2023)

FIG. 2. Calculated excitation energies of the 2+
1 , 0+

2 , and 0+
3 states and B(E2; 2+

1 → 0+
1 ) values in comparison with the corresponding

experimental data available [46]. The performance statistics of theoretical results are also shown. See text for definitions of R̄ and σ .

III. RESULTS AND DISCUSSION

In Fig. 2, the calculated excitation energies of the 2+
1 , 0+

2 ,
and 0+

3 states and B(E2; 2+
1 → 0+

1 ) values are compared
to the corresponding experimental data available [46]. It is
seen that the excitation energies and B(E2) values are widely
spread over several orders of magnitude. In order to quantify
the performance of the present calculations, as in Ref. [37],
the statistics of the logarithmic ratio of theory to experiment
for every quantity x are employed, i.e.,

Rx = ln(xth/xexp). (6)

In Fig. 2, we present its average R̄x over the data set and the
dispersion around the average

σx = ⟨(Rx − R̄x )2⟩1/2. (7)

For the excitation energies of 2+
1 states, the values R̄ = 0.33

and σ = 0.43 indicate that the calculated results are about
40% higher than the data on average, with a fluctuation of
+55% to −35% around the average. This distribution is sim-
ilar for the calculated excitation energies of 0+

2 and 0+
3 states.

For the B(E2) values, the present calculations reproduce the
data better on the average but the spread is somewhat larger.

Note that similar performance of the PC-PK1 functional can
also be seen in the previous study [42], where the paring cor-
relations are treated with Bardeen-Cooper-Schrieffer (BCS)
approach. In contrast, the present work is based on the Bo-
goliubov theory, in which the mean field and pairing field
are solved in a unified way. For nuclei close to the stability
line, the two methods would provide similar results. However,
the BCS method does not take into account the continuum
properly and the Bogoliubov method is more reliable for
neutron-rich nuclei far from the stability line [47].

As an illustrative example, we first discuss the shape
coexistence in 112Cd, which has been suggested to exhibit
multiple shape coexistence via detailed experimental spec-
troscopy combined with beyond-mean-field calculations with
the Gogny D1S density functional [27,48]. In Figs. 3(a) and
3(b), the experimental low-lying spectrum of 112Cd [27] and
the present calculated results are depicted, respectively. The
theoretical bands are built by connecting the energy lev-
els according to the prominent B(E2) values between them.
The present calculations predict four "J = 2 bands built
on 0+ states and two "J = 1 bands on 2+ states, consis-
tent with the experimental spectrum. However, similar to the
beyond-mean-field calculations with D1S [27], the predicted

024308-3
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Changing the quadrupole moment or?
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The shapes of nuclei

G.F. Bertsch∗

Department of Physics and Institute for Nuclear Theory,

University of Washington, Seattle, Washington 98915, USA

Abstract

Gerry Brown initiated some early studies on the coexistence of different nuclear shapes. The

subject has continued to be of interest and is crucial for understanding nuclear fission. We now

have a very good picture of the potential energy surface with respect to shape degrees of freedom

in heavy nuclei, but the dynamics remain problematic. In contrast, the early studies on light

nuclei were quite successful in describing the mixing between shapes. Perhaps a new approach in

the spirit of the old calculations could better elucidate the character of the fission dynamics and

explain phenomena that current theory does not model well.

∗ bertsch@uw.edu
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FIG. 3: The spectrum of 40Ca, showing the first three levels of the deformed band and the gamma

transitions that establish the deformation of the band [11]
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FIG. 4: Energies of 40Ca configurations calculated by the GCM (open circles) and by Kπ-

constrained minimization (black circle).

of the band. We start with the GCM, applying a field λQ̂20 to the spherical ground state

configuration. The minimization is performed small increments of λ up to the point where

the configuration has the deformation (6) extracted from experiment. The results are shown

in Fig. 4 as the open circles. The energy increases monotonically as the deformation

increases. At the deformation corresponding to the one extracted from experiment, the

excitation energy is 13 MeV. This is way off from the observed band head at 3.35 MeV.

7

FIG. 5: Density distribution of the 40Ca configurations. Left: ground state; center: GCM config-

uration at q = 108 fm2; right: 4p-4h Kπ-constrained configuration.

There will be a small gain of energy when one takes into account that the calculated energy

is that of the band as a whole, but the energy gain is probably too small to approach the

experimental value. Anyway, a big surprise comes when we look at the shape of the nucleus,

shown as in the middle panel of Fig. 5. One sees that the GCM-generated configuration

no longer has good parity; there is a strong octupole component as well as the quadrupole

deformation. This would imply that the band should have odd-parity members interleaved

between the even-parity members. Since that is not the case, so we can concluded that

GCM carried out this way has failed.

Now let’s try the Kπ-constrained approach using the Kπ partitions from Ref. [3]. The

ground state configuration has the fillings of the spherical shell model. The deformed config-

uration was built by taking the lowest 4-particle 4-hole excited state in a deformed harmonic

oscillator potential. This is the Nilsson model; its diagram of orbital energies is shown in

Fig. 6. We carry out the DFT minimization again, but now use the Kπ quantum numbers

of the occupied orbitals to constrain the minimization. The results for the spherical and de-

formed configurations are shown in Fig. 4 as the black square and black circle, respectively.

The predicted quadrupole moment of the deformed configuration, 105 fm2, agrees well with

(6). The energy is still too high, but it is lower than the GCM energy and so is a better

candidate for understanding the band structure. Of course, one can obtain the configuration

by GCM minimization, but doing this would require a different starting point or additional

shape-dependent constraints. One final point: as may be seen in the right-hand panel of

Fig. 5, the configuration found by starting from the 4p-4h hole configuration preserves the

8

Instead of Q one can put a 
constraint on the number of 
particles that are promoted 
to the next shell.
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At “high” energy, above the particle emission threshold, there is a continuum of 
states – and yet some prominent states show up: the Giant Resonances.

They lie around 10-30 MeV, and they have large widths.

They can undergo particle emission.

They are “giant” because they have large cross sections.

Nuclear spectra above the particle threshold
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Dipole oscillations: isovector
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• GDR (Giant Dipole Resonance): excited by a photon beam impinging on a 
nucleus. 

• E ≈ 10-20 MeV implies that λel.field = hc / E >> R (nuclear dimension).

• Consequently, the e.m. field in the nuclear region can be considered 
constant (dipole approximation).

<latexit sha1_base64="3bp8I2hIz5G/VwsmHXIdItZ1ilM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXZFEu2CNjZCBPOAbAizk9lkyDyWmVkxLOlt/BUbC0Vs/QE7/8ZJsoUmHrhwOOde7r0njBnVxvO+ndzK6tr6Rn6zsLW9s7vn7h80tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHoauq37onSVIo7M45Jl6OBoBHFyFip5xaDYYgUxDBAcazkA/QvqgFMA8XhDWkGMOKTnlvyyt4McJn4GSmBDPWe+xX0JU44EQYzpHXH92LTTZEyFDMyKQSJJjHCIzQgHUsF4kR309kvE3hslT6MpLIlDJypvydSxLUe89B2cmSGetGbiv95ncRE592UijgxROD5oihh0Eg4DQb2qSLYsLElCCtqb4V4iBTCxsZXsCH4iy8vk+Zp2a+UK7dnpdplFkceHIEiOAE+qIIauAZ10AAYPIJn8ArenCfnxXl3PuatOSebOQR/4Hz+AJY2mYM=</latexit>

~c ⇡ 197 MeV fm

• Analogy with excitations in molecules 
or solids (plasmons)

• In nuclei there have been intensive 
searches of “pygmy” dipole states.

excess neutrons 



“Pygmy” dipole resonance (?)
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Review

Theoretical studies of Pygmy Resonances
E.G. Lanza a,b,⇤, L. Pellegri c,d, A. Vitturi e,f, M.V. Andrés g

a INFN, Sezione di Catania, Italy
b Dipartimento di Fisica e Astronomia ‘‘Ettore Majorana’’, Università di Catania, Italy
c School of Physics, University of the Witwatersrand, Johannesburg 2050, South Africa
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a r t i c l e i n f o

Article history:
Available online 21 November 2022

Keywords:
Pygmy Dipole Resonances
Isoscalar dipole excitations
Collective modes
Semiclassical Coupled Channel equations

a b s t r a c t

This review aims at giving a critical description of the theoretical researches conducted
on the low-lying dipole states traditionally denoted as Pygmy Dipole Resonances (PDR).
A brief survey of the experimental techniques and recent experimental findings is
presented as an introduction to the main part of the paper. The presence of the PDR
on stable and unstable nuclei with neutron excess is well established in theoretical
and experimental studies. The theoretical approaches are reviewed starting from the
macroscopic collective models to the microscopic mean-field theories. The isospin mixed
nature of the PDR – reproduced by all the microscopic approaches – allows to study
the excitation with isovector and isoscalar probes. To draw a better picture on the
structure of this mode is therefore important to complement the theoretical studies with
detailed investigation on the reaction mechanism. To this mean, this paper gives specific
focus to the description of the cross section calculations. The semiclassical Coupled
Channel equations are shortly reviewed with particular attention to the construction of
the nuclear potential and radial form factors with the microscopic transition densities.
The interplay of Coulomb and nuclear contributions, their dependence on mass, charge
and incident energy are analysed with the help of few selected examples. Most of the
features of the PDR are well described by the theoretical approaches even though few
open question remain to be clarified. Among them a discussion on the collectivity of
the mode, isospin splitting and role of deformation is presented. Most of the theoretical
works and the new experimental findings on the collective properties of the PDR
jeopardise the common picture of this excitation mode as related to the oscillation of the
neutron skin against an inert core The question on the influence of the neutron excess
on other multipolarities is also reviewed.

© 2022 Elsevier B.V. All rights reserved.
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Fig. 9. Isovector (upper frame) and isoscalar (lower frame) dipole response obtained in a self-consistent HF + RPA calculation for 208Pb. The strength
function were calculated by convoluting the corresponding reduced transition probability with a Lorenzian of 1 MeV width.
Source: Taken from Ref. [14].

ISGDR, in panel (c) of Fig. 11, are in phase in the bulk and on the surface of the nucleus showing an almost pure isoscalar
mode. This isoscalar dipole mode is a 3h̄! excitation [114]. A different behaviour is found for the transition densities in
panel (a), where the neutron and proton are in phase in the interior of the nucleus while at the surface only the neutron
transition density is different from zero. These behaviour have a consequence on the shape of the isoscalar and isovector
transition densities. The IVGDR has a definite isovector character as can be appreciated in panel (e) while the ISGDR is
clearly an almost pure isoscalar state having the transition density the typical shape of a compressional mode (panel (f)).
On the other hand, the isospin nature of the PDR state is not well definite because both isoscalar and isovector transition
densities contribute. In particular, at the nuclear surface, a similar strength for the isovector and isoscalar component is
predicted due to fact that the contribution come almost entirely from the neutrons. As a consequence, the excitation of
this low-lying dipole mode can also be generated by an isoscalar probe, which in most of the case induce a peripheral
reaction where the contribution of the nuclear surface is predominant. Similar results have been obtained with HF + RPA
calculation with different Skyrme interactions [14,138]

4.2.2. QRPA
The RPA starts from the H–F ground-state wave function where it is assumed a sharp separation between the occupied

and unoccupied levels below and above the Fermi level. This assumption is not satisfied in open-shell nuclei where the
pairing correlation is important and it must be included in the description of the ground-state wave function. This can
be achieved within the Bardeen, Cooper and Schrieffer (BCS) model [123], constructed to determine the ground-state of a
superconductor, where it is assumed that the Fermi surface is diffused meaning that the levels around the Fermi energy
are not completely full or completely empty. Such description is realised using the Bogoliubov transformation

↵
†
k = uka

†
k � vka�k (22)

↵
†
�k = uka

†
�k + vkak (23)

19

Progress in Particle and Nuclear Physics 70 (2013) 210–245
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Experimental studies of the Pygmy Dipole Resonance
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a r t i c l e i n f o

Keywords:
Collective modes
E1 strength
Pygmy Dipole Resonance
Neutron skin

a b s t r a c t

The electric dipole response of atomic nuclei has attracted a lot of attention from experi-
mentalists and theorists in the last decade. This review gives an overview about the present
status of experimental approaches to study low-lying electric dipole strength (often de-
noted as PygmyDipole Resonance) in stable and radioactive atomic nuclei anddiscusses the
implications of these findings. Data published until July 2012 have been taken into account.

© 2013 Elsevier B.V. All rights reserved.
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A=xu(x, y, z )e
(4)

where x is the unit vector in the x direction. The expres-
sion u(x, y, z ), or u(r, P, z), is the complex scalar function
describing the distribution of the field amplitude which
satisfies the wave equation in the paraxial approximation.
In this approximation the second derivatives of E and B
fields, and the products of first derivatives, are ignored
and Bu /Bz taken to be small compared with ku. The cy-
lindrically symmetric solutions u~&( r, P, z ) which describe
Laguerre-Gaussian beams are given by

IC rV'2
L~ 2r(1+z /z )'~ w(z) w (z)

r —ikr 2zXexp exp exp( i 1g )—w (z) 2(z +z„)
Xexp i(2p+1+1)tan

2Rwhere zz is the Rayleigh range, w(z) is the radius of the
beam, L' is the associated Laguerre polynomial, C is a
constant, and the beam waist is at z=O. The Lorentz
gauge has the advantage of being readily amenable in all
coordinate systems and leads in this case to considerable
symmetry in the x and y directions although the results
are best expressed in cylindrical coordinates.Within this description we have shown that the time
average of the real part of eoEXB, which is the linear
momentum density, is given by

Eo
6o

—(E*XB+EXB*)=iso (u *Vu ——u Vu')2
2

+coke, lu l'z,

while the total angular momentum of the field isJ=eof rX(EXB)dr .
In atomic physics it is normal to expect thatJ=L+S,
where the first term is identified with the orbital angular
momentum L, and the second with the spin S. But there
is doubt as to whether L and S are, in general, separately
physically observable [9] for vector fields.Clearly the linear momentum of a transverse plane
wave, EXB, is in the direction of propagation, z, and
there cannot be a component of angular momentum
rX(EXB} in the same direction [10]. However, the
fields of the laser modes TEM„orTEM I, unlike those
in a coaxial metal waveguide of infinite length, are not
strictly transverse [11]. They have small components in
the direction of propagation, z. A convenient representa-
tion of a linearly polarized laser mode is achieved [12] in
the Lorentz gauge using the vector potential

where r and P are unit vectors and lul = lu(r, P, z}
Here the Bu /Bz term has now been neglected. It may be
seen that the Poynting vector, given by c P, spirals along
the direction of propagation; see Fig. 2. The r com-
ponent relates to the spread of the beam; the P com-
ponent gives rise to orbital angular momentum in the z
direction and the z component relates to the linear
momentum P in the direction of propagation.Calculation of the time averaged angular momentum
density, ear X ( EXB), per unit power yields

—1 lul P+—lul z .

I z 2 r z
M= ———lu

l
r+-co r

(z +z~ )

The radial and azimuthal components are symmetric
about the axis, so that integration over the beam profile
leaves only the z component. The ratio of the Aux of an-
gular momentum to that of energy is L /cP =1/co, while
the ratio of angular momentum to linear momentum is
now L/P=1(A. /2m ). Our conviction that the Laguerre-
Gaussian mode possesses a well-defined orbital angular
momentum has thus been justified.At position (r, P, z) the magnitude of angular momen-
tum density per unit power is given by
M=//co(1+z /r )' lu l, oriented at an angle
0=tan 'z /r to the z axis. Locally we have
M, /P, =l(A, /2m ) where M, is the z component of angu-
lar momentum density and P, that of the linear momen-
tum density. There is, however, also a local radial com-
ponent.
We have so far considered linearly polarized light;

when the vector potential is generalized to arbitrary po-
larization we find

achieve this appealing form we have retained the term
Bu /Bz in the expression for the magnetic field 8, which
could have been ignored.When applied to the Laguerre-Gaussian distribution
given by Eq. (5) for linearly polarized light, the momen-
tum density per unit power is found to ber

, "' , l u I'r+ '
l u I'y +

1 u I'z
c (z~+zz2 ) kr

for a beam of unit amplitude, where z is the unit vector in
the z direction. We may recognize that u*Vu closely
echoes the quantum-mechanical expression for the expec-
tation value of linear momentum of a wave function. To FIG. 2. The spiraling curve represents the Poynting vector of

a linearly polarized Laguerre-Gaussian mode of radius m(z).
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Use of photons with orbital angular 
momentum can open new avenues for 
the physics of collective states.

<latexit sha1_base64="bobb7kLHQM3OxL4wrV1Q9tkX8vk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllpleISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJFIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXBtRKzucZxwP6IDJULBKFrpbtR77JUrbtWdgfwlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oQcWaVPwljbUkhm6s+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w60nl23pz3eWvByWf24Recj29pxo3m</latexit>

kz

<latexit sha1_base64="ICN66MK92W10YvylqtzniF6AMJI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUCbbTbt0kyy7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvkIJr47rfTmlldW19o7xZ2dre2d2r7h886iRVlLVoIhLVCVAzwWPWMtwI1pGKYRQI1g7Gt7nffmJK8yR+MBPJ/AiHMQ85RWOldm+MUmKlX625dXcGsky8gtSgQLNf/eoNEppGLDZUoNZdz5XGz1AZTgWbVnqpZhLpGIesa2mMEdN+Njt3Sk6sMiBhomzFhszU3xMZRlpPosB2RmhGetHLxf+8bmrCaz/jsUwNi+l8UZgKYhKS/04GXDFqxMQSpIrbWwkdoUJqbEJ5CN7iy8vk8azuXdYv7s9rjZsijjIcwTGcggdX0IA7aEILKIzhGV7hzZHOi/PufMxbS04xcwh/4Hz+AM/rjz0=</latexit>

<latexit sha1_base64="6qjrnkvkX81RqHBAciFkvzKn+lQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5iHJEmYnk2TIzOwy0yuEJV/hxYMiXv0cb/6Ns8keNLGgoajqprsrjAU36HnfTmFldW19o7hZ2tre2d0r7x80TZRoyho0EpFuh8QwwRVrIEfB2rFmRIaCtcLxbea3npg2PFIPOIlZIMlQ8QGnBK302MURQ9Ibl3rlilf1ZnCXiZ+TCuSo98pf3X5EE8kUUkGM6fhejEFKNHIq2LTUTQyLCR2TIetYqohkJkhnB0/dE6v03UGkbSl0Z+rviZRIYyYytJ2S4Mgsepn4n9dJcHAdpFzFCTJF54sGiXAxcrPv3T7XjKKYWEKo5vZWl46IJhRtRlkI/uLLy6R5VvUvqxf355XaTR5HEY7gGE7BhyuowR3UoQEUJDzDK7w52nlx3p2PeWvByWcO4Q+czx9f9JAk</latexit>

✓k

Z.W. Lu et al., 
Phys. Rev. Lett. 
131, 202502 (2023)

<latexit sha1_base64="iJVsfu515NCCt3ofN1FCMJN5+Ig=">AAACDHicbZDLSsNAFIZP6q3WW9Wlm8EiCGJJRKoboejGTaGCvUAbwmQ6aYfOJGFmIpTQB3Djq7hxoYhbH8Cdb+O0zUJbfxj4+M85nDm/H3OmtG1/W7ml5ZXVtfx6YWNza3unuLvXVFEiCW2QiEey7WNFOQtpQzPNaTuWFAuf05Y/vJnUWw9UKhaF93oUU1fgfsgCRrA2llcs1bwAnaKax9AVEl63j4XAM6ScoxMDynTZZXsqtAhOBiXIVPeKX91eRBJBQ004Vqrj2LF2Uyw1I5yOC91E0RiTIe7TjsEQC6rcdHrMGB0Zp4eCSJoXajR1f0+kWCg1Er7pFFgP1HxtYv5X6yQ6uHRTFsaJpiGZLQoSjnSEJsmgHpOUaD4ygIlk5q+IDLDERJv8CiYEZ/7kRWielZ1KuXJ3XqpeZ3Hk4QAO4RgcuIAq3EIdGkDgEZ7hFd6sJ+vFerc+Zq05K5vZhz+yPn8AogGY3A==</latexit>

Mf �Mi = m� = m` +ms



Types of giant resonances

2024 STFC Nuclear Physics Summer School 11

Image courtesy of M. Harakeh

They are excited by photons or 
by particle inelastic scattering
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|⟨n|F |0⟩|2 = N M2. (30)

In the case of the IVGDR, one clearly sees that the term Nv shifts the coherent
eigenvalue from the unperturbed value ε ≈ 41 A−1/3 to the value 80 A−1/3 already
mentioned in Eq. (3). The fact that this is a “giant”, or collective, state is highlighted
by Eq. (30): its probability to be excited by the external field becomes N times larger
than the typical probability M2 of a single-particle state. The situation is depicted
in Fig. 3. In the central panel, the reader can see the hypotetical single-particle, or
unperturbed, strength at energy ε , which is made by several peaks whose height is
M2. In the right panel, the Giant Resonance is displayed: it is made by a single peak
whose height is larger by the factor N. Schematic models have been widely intro-
duced throughout the years to describe collective states, and not only the IVGDR,
starting from the seminal work of Ref. (Brown and Bolsterli (1959)).

Operators and example of calculations

The GRs are excited by external operators that are classified as follows (Harakeh
and van der Woude (2001)). In the non spin-flip case (electric GRs), the operators F
associated with different values of the transferred angular momentum L read

FIS = ∑
i

rL
i YLM(r̂i), (31)

FIV = ∑
i

rL
i YLM(r̂i)τz(i). (32)

In this way, one cleary distinguishes isoscalar (IS) from isovector (IV) modes, that
is, cases in which protons and neutrons oscillate in phase from cases in which
they move against each other. YLM are the usual spherical harmonics and r̂ is, here
and in what follows, a shorthand notation for the polar angles of r. Values of L =
0,1,2,3. . . correspond to monopole, dipole, quadrupole, octupole . . . resonances. It
is important to notice that the radial factor rL must be thought as the limit of the
Bessel function jL(qr) when qr goes to zero (cf. the discussion in the next Section).
When this term becomes meaningless, one must consider the next term in the Taylor
expansion of the Bessel function, that is rL+2. For instance, in the monopole case,
Y00 is a constant that can be neglected and the operator becomes

FISGMR = ∑
i

r2
i , (33)

FIVGMR = ∑
i

r2
i τz(i). (34)

The other case in which the term rL does not act as an excitation operator is the
isoscalar dipole case. rY1M(r̂) can be shown to produce a translation of the whole
nucleus, and also in this case the relevant operator becomes proportional to rL+2,
namely
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FISGDR = ∑
i

r3
i Y1M(r̂i). (35)

The nuclear translation, i.e. the motion of the nuclear centre of mass, should appear
at zero excitation energy in an exact calculation, and should be decoupled from
the physical excitation modes. However, if this decoupling is not exactly realised,
a way to avoid the contamination of the physical ISGDR strength by the spurious
translational strength, consists in employing the modified operator (Van Giai and
Sagawa (1981))

FISGDR = ∑
i

(
r3

i −ηri
)

Y1M(r̂i), (36)

where η = 5
3 ⟨r

2⟩.
In addition to isoscalar and isovector operators, one could be interested in the

electromagnetic excitation processes. In this case, the excitation operators become

Fe.m. = e∑
i

rL
i YLM(r̂i)(1− τz(i)) . (37)

In the dipole case, it is customary to remove the contribution from the centre of
mass, so that the IVGDR electromagnetic operator becomes

FIVGDR =
eN
A

Z

∑
i=1

riY1M(r̂i)−
eZ
A

N

∑
i=1

riY1M(r̂i). (38)

The effective charge for protons (neutrons) turns out to be eN
A
(
− eZ

A
)
. In principle,

this subtraction of the centre of mass should be done for every multipole. However,
for L ≥ 2, the resulting effective charges do not differ significantly from 1 and 0 [see
their expression, e.g. on p. 98 of Ref. (Eisenberg and Greiner (1976))].

In the spin-flip case (magnetic GRs) one can write, in a similar way as in (31)
and (32),

FIS = ∑
i

rL
i [YLM(r̂i)⊗σ(i)]J , (39)

FIV = ∑
i

rL
i [YLM(r̂i)⊗σ(i)]J τz(i). (40)

As already said, Jπ are good quantum numbers; but, as far as the operators are
concerned, L and S can be considered as approximate quantum numbers.

The operators (32) and (40) correspond to transitions within the same nucleus.
There exist charge-exchange GRs, that correspond to the case in which the operator
τz is replaced by τ±. The excited states of a given nucleus are, then, in the neighbour-
ing Z∓1 isotopes: these are states that can be populated by β -decay, if energetically
possible, plus those at higher energy. In what follows, examples of strength func-
tions in the case of the Gamow-Teller Resonance (GTR) will be shown: the GTR
corresponds to the operator (40) in the case L = 0,

FGTR = ∑
i

σµ(i)τ−(i). (41)
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they move against each other. YLM are the usual spherical harmonics and r̂ is, here
and in what follows, a shorthand notation for the polar angles of r. Values of L =
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is important to notice that the radial factor rL must be thought as the limit of the
Bessel function jL(qr) when qr goes to zero (cf. the discussion in the next Section).
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namely
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The nuclear translation, i.e. the motion of the nuclear centre of mass, should appear
at zero excitation energy in an exact calculation, and should be decoupled from
the physical excitation modes. However, if this decoupling is not exactly realised,
a way to avoid the contamination of the physical ISGDR strength by the spurious
translational strength, consists in employing the modified operator (Van Giai and
Sagawa (1981))
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concerned, L and S can be considered as approximate quantum numbers.

The operators (32) and (40) correspond to transitions within the same nucleus.
There exist charge-exchange GRs, that correspond to the case in which the operator
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Breathing mode: in this case its energy is correlated with the compressibility of 
nuclear matter. 

Incompressibility: 

We better consider the density as a 
variable. 

⇢ =
A

⌦<latexit sha1_base64="rAmKp50cMQFRnWMlikCblZyK0OY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhGqLpxZwX7gCaUyXTSDp1HmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0M/Hbj0RpKsWDGSck5GggaEwxMlbquQeBGkp4CYNYIZxd5Vlwx8kA5T236tW8KeAi8QtSBQUaPfcr6EucciIMZkjrru8lJsyQMhQzkleCVJME4REakK6lAnGiw2z6QA6PrdKHsVS2hIFT9fdEhrjWYx7ZTo7MUM97E/E/r5ua+CLMqEhSQwSeLYpTBo2EkzRgnyqCDRtbgrCi9laIh8hGYWxmFRuCP//yImmd1nyv5t+fVevXRRxlcAiOwAnwwTmog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5AytHliE=</latexit><latexit sha1_base64="rAmKp50cMQFRnWMlikCblZyK0OY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhGqLpxZwX7gCaUyXTSDp1HmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0M/Hbj0RpKsWDGSck5GggaEwxMlbquQeBGkp4CYNYIZxd5Vlwx8kA5T236tW8KeAi8QtSBQUaPfcr6EucciIMZkjrru8lJsyQMhQzkleCVJME4REakK6lAnGiw2z6QA6PrdKHsVS2hIFT9fdEhrjWYx7ZTo7MUM97E/E/r5ua+CLMqEhSQwSeLYpTBo2EkzRgnyqCDRtbgrCi9laIh8hGYWxmFRuCP//yImmd1nyv5t+fVevXRRxlcAiOwAnwwTmog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5AytHliE=</latexit><latexit sha1_base64="rAmKp50cMQFRnWMlikCblZyK0OY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhGqLpxZwX7gCaUyXTSDp1HmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0M/Hbj0RpKsWDGSck5GggaEwxMlbquQeBGkp4CYNYIZxd5Vlwx8kA5T236tW8KeAi8QtSBQUaPfcr6EucciIMZkjrru8lJsyQMhQzkleCVJME4REakK6lAnGiw2z6QA6PrdKHsVS2hIFT9fdEhrjWYx7ZTo7MUM97E/E/r5ua+CLMqEhSQwSeLYpTBo2EkzRgnyqCDRtbgrCi9laIh8hGYWxmFRuCP//yImmd1nyv5t+fVevXRRxlcAiOwAnwwTmog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5AytHliE=</latexit><latexit sha1_base64="rAmKp50cMQFRnWMlikCblZyK0OY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhGqLpxZwX7gCaUyXTSDp1HmJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0M/Hbj0RpKsWDGSck5GggaEwxMlbquQeBGkp4CYNYIZxd5Vlwx8kA5T236tW8KeAi8QtSBQUaPfcr6EucciIMZkjrru8lJsyQMhQzkleCVJME4REakK6lAnGiw2z6QA6PrdKHsVS2hIFT9fdEhrjWYx7ZTo7MUM97E/E/r5ua+CLMqEhSQwSeLYpTBo2EkzRgnyqCDRtbgrCi9laIh8hGYWxmFRuCP//yImmd1nyv5t+fVevXRRxlcAiOwAnwwTmog1vQAE2AQQ6ewSt4c56cF+fd+Zi1lpxiZh/8gfP5AytHliE=</latexit>

� ⌘ � 1

⌦

✓
@P

@⌦

◆�1

<latexit sha1_base64="FOL3cSdb6+hVBIJuC+VHeN28S+k="></latexit><latexit sha1_base64="FOL3cSdb6+hVBIJuC+VHeN28S+k="></latexit><latexit sha1_base64="FOL3cSdb6+hVBIJuC+VHeN28S+k="></latexit><latexit sha1_base64="FOL3cSdb6+hVBIJuC+VHeN28S+k="></latexit>

Probing the Incompressibility of Nuclear Matter at Ultrahigh Density through the Prompt
Collapse of Asymmetric Neutron Star Binaries

Albino Perego ,1,2,* Domenico Logoteta ,3,4 David Radice ,5,6,7 Sebastiano Bernuzzi ,8 Rahul Kashyap ,5,6

Abhishek Das ,5,6 Surendra Padamata ,5,6 and Aviral Prakash 5,6
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Using 250 neutron star merger simulations with microphysics, we explore for the first time the role of
nuclear incompressibility in the prompt collapse threshold for binaries with different mass ratios. We
demonstrate that observations of prompt collapse thresholds, either from binaries with two different mass
ratios or with one mass ratio but combined with the knowledge of the maximum neutron star mass or
compactness, will constrain the incompressibility at the maximum neutron star density Kmax to within tens
of percent. This otherwise inaccessible measure of Kmax can potentially reveal the presence of hyperons or
quarks inside neutron stars.

DOI: 10.1103/PhysRevLett.129.032701

Introduction.—The equationof state (EOS) of neutron star
(NS) matter is one of the most fundamental, yet elusive,
relations in physics [1,2]. It lays at the interface between
several disciplines, including nuclear physics, high-
energy astrophysics, heavy-ion collisions, multimessenger
astronomy, and gravitational wave (GW) physics. Our
knowledge of NS matter properties is still partial, mostly
due to the difficulties in studying strongly interacting bulk
matter in the low-energy limit typical of nuclear interactions
[3]. Even the appropriate degrees of freedom are uncertain:
while nucleons are the relevant species around the nuclear
saturation density, n0 ¼ 0.16 fm−3, it is still unclear if
hyperons [4,5] or a phase transition to quark matter [6–8]
can appear at densities n≳ 2n0 in NS interiors.
NS EOS models are experimentally constrained by the

masses of ordinary nuclei, as well as by the energy per
baryon and its derivatives with respect to baryon density nb
around n0 and close to isospin symmetry, i.e., for symmetry
parameter δ≡ ðnn − npÞ=nb ≈ 0, with nn;p being the den-
sity of neutrons and protons. If P is the matter pressure, the
nuclear incompressibility of cold nuclear matter at fixed
composition is defined as

Kðnb; δÞ≡ 9
∂P
∂nb

!!!!
T¼0;δ¼const

: ð1Þ

It describes the response of matter to compression and
its value can be currently measured only for symmetric

matter at saturation density Ksat, although with some
controversy [9–13]. While isoscalar giant monopole reso-
nance experiments for closed-shell nuclei provided
Ksat ¼ ð240$ 20Þ MeV, studies based on open-shell
nuclei reported quite different values in the range 250–
315 MeV [12] or even values around 200 MeV [13].
Nevertheless, Ksat is unconstrained at densities and com-
positions relevant for NSs (far from n ≈ n0 and δ ≈ 0). In
particular, according to the solutions of the Tolman-
Oppenheimer-Volkoff (TOV) equation, the NS central
density increases monotonically with the NS mass and at
the stability limit, corresponding to mass and radius (MTOV

max ,
RTOV
max ), can reach nTOVmax ∼ 4–7n0, depending on the EOS.

Moreover, for nb ≳ n0, β-equilibrated matter is very neutron
rich, δeq ∼ 1.
In addition to nuclear constraints, astrophysical

NS properties provide useful insights on the EOS.
Constraints derived from the observation of massive,
isolated NSs [14–20], from GW signals [21,22], and
multimessenger observations of binary neutron star
(BNS) mergers [23–28], or by their combination [29,30],
are very informative about the high-density regime. A key
phenomenon in this respect is the prompt collapse (PC) to
black hole (BH) of the merger remnant, since this behavior
can influence both the GW and electromagnetic (EM)
signals produced by BNS mergers [31–36]. The PC
behavior of equal mass BNSs was extensively explored
in Refs. [37–43]. It was shown, for example, that the

PHYSICAL REVIEW LETTERS 129, 032701 (2022)

0031-9007=22=129(3)=032701(7) 032701-1 © 2022 American Physical Society

U. Garg, GC, PPNP 101 (2018) 55



Charge-exchange transitions and β-decay

2024 STFC Nuclear Physics Summer School 14

They are induced by 
reactions, like (p,n) or 
(3He,t).

Some transitions may 
be inside the allowed 
β-decay window.

Z+1,N-1 Z,N Z-1,N+1

(n,p)(p,n)

Z N

t−

Z N

-ts

j> = `+
1

2

j< = `� 1

2

j>

Isobaric Analog State:
n changed into p

Gamow-Teller Resonance:
also spin-flip



Hergert Ab initio Nuclear Many-Body Theory

FIGURE 1 | Progress in ab initio nuclear structure calculations over the past decade. The blue arrow indicates nuclei that will become accessible with new advances

for open-shell nuclei in the very near term (see section 2.3).

transformations that adapt a many-body Hamiltonian or other
observables of interest to our needs, e.g., to extract eigenvalues
[11, 53], or impose specific structures on the operator [1, 26, 27,
54, 55].

We define the flowing Hamiltonian

H(s) = U(s)H(0)U†(s) , (1)

where H(s = 0) is the starting Hamiltonian, and the flow
parameter s parameterizes the unitary transformation. Instead of
making an ansatz for U(s), we take the derivative of Equation (1)
and obtain the operator flow equation

d

ds
H(s) = [η(s),H(s)] , (2)

where the anti-Hermitian generator η(s) is related to U(s) by

η(s) =
dU(s)
ds

U†(s) = −η†(s) . (3)

We can choose η(s) to achieve the desired transformation of the
Hamiltonian as we integrate the flow Equation (2) for s → ∞.
Wegner [56] originally proposed a class of generators of the form

η(s) ≡ [Hd(s),Hod(s)] , (4)

that is widely used in applications, although it gives rise to stiff
flow equations, and more efficient alternatives exist for specific
applications [1, 11, 53]. Wegner generators are constructed by
splitting the Hamiltonian into suitably chosen diagonal (Hd(s))
and off-diagonal (Hod(s)) parts. These labels are a legacy of
applying this generator to drive finite-dimensional matrices
toward diagonality. For our purposes, they reflect the desired
structure of the operator in the limit s → ∞: We want to keep
the diagonal part and drive Hod(s) to zero by evolving it via
Equation (2) (see references [1, 11, 53, 56, 57]).

To implement the operator flow equation (23), we need to
express η(s) and H(s) in a basis of suitable operators {Oi}i∈N,

η(s) =
∑

i

ηi(s)Oi , (5)

H(s) =
∑

i

Hi(s)Oi(s) , (6)

where ηi(s) and Hi(s) are the running couplings of the operators.
If the algebra of the operators Oi is closed naturally or with some
truncation, we have

[Oi,Oj] =
∑

k

cijkOk (+ . . .) (7)

Frontiers in Physics | www.frontiersin.org 3 October 2020 | Volume 8 | Article 379

H. Heigert
Front. Phys.
2020

N

ZDFT

2024 STFC Nuclear Physics Summer School 15

EX

Giant Resonances and highly excited states
Spectroscopy of heavy and superheavy nuclei
Reactions (transfer, fusion, fission)
Neutron stars

Blue: ab initio 
is feasible



Time-dependent DFT and RPA

2024 STFC Nuclear Physics Summer School 16

In the time-dependent case, one can solve the 
evolution equation for the density directly:

h�i = "i�i
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h(t) = h+ f(t) [h(t), ⇢(t)] = i~ ⇢̇(t)

⇢(t = 0) 6= ⇢g.s.

⇢(t = �t) = U(t = 0, t = �t)⇢(t = 0) U = e�i�t
~ ·h

From: P. Stevenson (U. Surrey)

If the equation for the density is linearized and 
solved on a basis: Random Phase 
Approximation or RPA.

G.C. et al., Computer Physics Commun. 184, 142 (2013).

In RPA the excited states are     
1p-1h superpositions     
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The external field excites, at lowest order, a one particle-one hole state 
(1p-1h)
124 3 Nuclear Structure Theory

Fig. 3.5 (Upper left) TDA ground state. (upper-right): A p-h excitation in the mean field potential
in TDA. The single-particle orbitals up to the Fermi energy εF are fully occupied by A particles from
the bottom of the potential V (r) in order in the HF vacuum for TDA. (Lower left) RPA ground state.
(Lower right): p-h and h-p excitations from the ground state in RPA. The RPA ground state involves
0p-0h+2p-2h+many-body correlations which make h − p excitations possible in the excited state

discussed in Sect. 3.4, the translational invariance is required to the two-body interac-
tion so that its position dependence of two particles should be the relative coordinate
r1 − r2. In the mean field approximation, the Hamiltonian density does not depends
on the relative coordinate, but on the coordinate r which is the radial coordinate of a
particle measured from the center of mass of nucleus. In order to restore this symme-
try, we have to take into account the full interactions in the model in due course. One
possible model is a self-consistent HF+RPA model in which the residual interaction
Vres in Eq. (3.3) is taken into account in RPA calculations so that the original full

Figure taken from: A. Obertelli and H. Sagawa, 
Modern Nuclear Physics, Springer (2021)

One can extend RPA to second RPA (2p-
2h)
Advantage of Shell Model: automatically, 
many p-many h included.
Advantage of RPA: possibility to go to 
large model spaces (in other terms, “no 
core”.
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In RPA (or TDA) the excited states are superpositions of particle-hole 
excitations, that interfere to form a state that we can view as an excitation of 
the nucleus as a whole. Cf. the picture below and the toy model in the next 
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Enhanced Quadrupole and Octupole Strength in Doubly Magic 132Sn
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The first 2þ and 3− states of the doubly magic nucleus 132Sn are populated via safe Coulomb excitation
employing the recently commissioned HIE-ISOLDE accelerator at CERN in conjunction with the highly
efficient MINIBALL array. The 132Sn ions are accelerated to an energy of 5.49 MeV=nucleon and
impinged on a 206Pb target. Deexciting γ rays from the low-lying excited states of the target and the
projectile are recorded in coincidence with scattered particles. The reduced transition strengths are
determined for the transitions 0þg:s: → 2þ1 , 0

þ
g:s: → 3−1 , and 2þ1 → 3−1 in 132Sn. The results on these states

provide crucial information on cross-shell configurations which are determined within large-scale shell-
model and Monte Carlo shell-model calculations as well as from random-phase approximation and
relativistic random-phase approximation. The locally enhanced BðE2; 0þg:s: → 2þ1 Þ strength is consistent
with the microscopic description of the structure of the respective states within all theoretical approaches.
The presented results of experiment and theory can be considered to be the first direct verification of the
sphericity and double magicity of 132Sn.

DOI: 10.1103/PhysRevLett.121.252501

Ten doubly magic atomic nuclei act as cornerstones
along the whole chart of nuclei. Their basic properties like
masses, binding energies, and excited states play an

eminent role for a detailed understanding and theoretical
description of the nuclear system. Tin has a magic number
of protons (Z ¼ 50) and is the heaviest element to have two
isotopes with a magic number of neutrons (100Sn50 and
132Sn82). The latter of these nuclei acts as an essential
benchmark for theoretical approaches extending towards
heavier and more neutron-rich systems. This region of the
nuclear chart plays a critical role in the astrophysical r
process, and understanding its path around 132Sn is

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.
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to the expected behavior of lowest seniority in doubly
magic nuclei. For a microscopic understanding of this
feature, state-of-the-art large-scale shell-model (LSSM)
and Monte Carlo shell-model (MCSM) calculations have
been performed, as well as mean-field calculations utiliz-
ing RPA.
The first LSSM calculations for 132Sn are performed in a

valence space spanned by the 0h11=2, 1f7=2, 0h9=2, 1f5=2,
2p3=2, 2p1=2 orbitals for neutrons and the 0g9=2, 0g7=2,
1d5=2, 1d3=2, 2s1=2 orbitals for protons above a closed 110Zr
core. This model space allows direct inclusion of 0ℏω
quadrupole particle-hole excitations in 132Sn. Details on the
effective interaction are described in Ref. [34]. The LSSM
investigation of 132Sn requires np − nh excitations from the
ν0h11=2and π0g9=2 orbitals to the valence orbitals across
the shell gap to be taken into account. In order to reduce the
huge matrix dimension in the m scheme, a truncation
scheme was adopted allowing up to 7p7h excitations. The
Hamiltonian was diagonalized employing the ANTOINE

shell-model code [35,36]. Effective charges eπ ¼ 1.68e and
eν ¼ 0.41e were used.
A novel MCSM calculation was performed recently in a

unified way along the 100–138Sn isotopic chain [37]. A large
model space consisting of eight single-particle orbitals
for protons and neutrons, i.e., the full sdg harmonic
oscillator shell and the 0h11=2, 1f7=2, and 2p3=2 orbitals,
was used with a fixed Hamiltonian and effective charges
(eπ ¼ 1.25e, eν ¼ 0.75e). Additional information on the
0þg:s:, 2

þ
1 , and 4

þ
1 states as well as E2 excitation probabilities

in 132Sn are deduced employing the same MCSM approach.
Skyrme RPA calculations are performed according to

Ref. [38] (cf. also Ref. [9]). Themodel space is large enough
so that appropriate energy-weighted sum rules are well
fulfilled: All hole states of 132Sn and particle states up to a
maximum energy cutoff of 120 MeV were included,
discretized in a spherical box of 20 fm. RPA is a proper
theory to describe nuclear collective motion. However,
while the results for giant resonances only depend on bulk
properties of the Skyrme force, those for the low-lying
excitations are quite sensitive to the details of the levels
close to the Fermi surface. In this respect, measurements are
instrumental to test the performance of the Skyrme param-
eter sets. Additional values derived from a study based on
relativistic RPA (RRPA) were taken from Ref. [39].

The excitation energy of the 2þ1 state is well reproduced
by most calculations [cf. Fig. 3(a)]. The BðE2; 0þg:s: → 2þ1 Þ
values derived from LSSM, MCSM, and RRPA calcu-
lations compare well with the new experimental value
within the error bars [cf. Fig. 3(b)]. Both SM approaches
corroborate the locally enhanced quadrupole strength in
doubly magic 132Sn. The calculated BðE2Þ values from
LSSM yield 0.028, 0.100, and 0.027 e2b2 for 130;132;134Sn,
respectively, in agreement with experimental data
(cf. Ref. [15] for 130;134Sn). Corresponding values from
MCSM are given in Ref. [37], yielding 0.085 e2b2 for
132Sn. Proton excitations πg−19=2d5=2 across the Z ¼ 50 shell
gap with Δj ¼ Δl ¼ 2 are found to be crucial for the
evolution of E2 strength along the Sn isotopic chain.
According to the LSSM, these proton excitations amount
to a fraction of approximately 14% of the total wave
function of the 2þ1 state in 132Sn, resulting in an occupation
number of 0.21 for the πd5=2 orbital. In neighboring
130;134Sn, the occupation is reduced by a factor of about
3. The MCSM result yields a similar trend for the Sn
isotopes with an average πd5=2 occupation of 0.07 for the
2þ1 state in 132Sn. Although this is not a large number, the
contribution to the total E2 matrix element is approx-
imately 25%. RPA calculations with, e.g., the SkX Skyrme
force, yield an expectation value of 0.19 for the proton
excitations (cf. Ref. [9]). The BðE2Þ value is overestimated
by about 60% [cf. Fig. 3(b)].
Varying structures of the 0þg:s: and 2þ1 states of

130;132;134Sn can be visualized by the T-plot, as shown in
Fig. 4. The MCSM eigenstate is a superposition of Jπ

projected MCSM basis vectors [40]. Each basis vector can

TABLE I. Reduced transition strengths of 132Sn determined in
this work and from previous measurements.

BðEλ; Ii → IfÞ (e2bλ)
Ii → If Eγ (keV) Eλ Present Previous

0þg:s: → 2þ1 4041.2 E2 0.087(19) 0.14(6) [15,16]
0.11(3) [17,18]

0þg:s: → 3−1 4351.9 E3 0.11(4) > 0.0512 [33]
2þ1 → 3−1 310.7 E1 9.1ð31Þ×10−6 >3.97×10−6 [33]

(a) (c)

(b) (d)

FIG. 3. Comparison of the experimental excitation energies
(a,c) and reduced transition probabilities (b,d) of 132Sn indicated
with red lines, with latest LSSM, MCSM, and mean-field
calculations utilizing RPA as well as RRPA (from Ref. [39])
for the 2þ1 (a,b) and for the 3−1 (c,d) state. The gray bands display
the 1σ deviations of the BðEλÞ values. Details are given in
the text.
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be characterized by the quadrupole moments Q0 and Q2,
which is plotted as circle on top of the potential energy
surface (PES) [41,42]. The area of each circle indicates the
overlap probability of the respective MCSM basis vector
with the eigenstate. The PES is obtained by constrained
Hartree-Fock calculations for the same SM Hamiltonian.
Although the PES exhibits a more pronounced spherical
minimum for 132Sn, the circles are spread outward in the
0þg:s: states of 130;132;134Sn shown in Figs. 4(a), 4(c), and 4(e),
indicating quantum fluctuations due to pairing correlations
(cf. Ref. [41]). However, the major basis vectors of
the ground state of 132Sn in Fig. 4(c) are particularly
concentrated towards the spherical limit, indicating the
well-stabilized double magicity. Moreover, the MCSM
calculations provide a high probability of 90% for the
ground state of 132Sn to be in the spherical doubly closed
configuration. This value is significantly larger than the
corresponding values for the doubly magic isotopes
56;68;78Ni yielding only 60%, 53%, 75% [41]. An average
number of 0.08 (0.28) protons and 0.13 (0.22) neutrons are
excited across the Z ¼ 50 and N ¼ 82 shell gaps according
to MSCM (LSSM) calculations. For the 2þ1 states, the T-
plots show a notable shift from the near-spherical region of
132Sn [Fig. 4(d)] towards oblate for 130Sn [Fig. 4(b)] but
towards prolate for 134Sn [Fig. 4(f)].
Similar to the BðE2; 0þg:s: → 2þ1 Þ, an enhanced octupole

transition strength is predicted for the 3−1 state in 132Sn by
theory [11,12]. Because of the computational limits of the
valence space, the SM approaches do not provide infor-
mation on the 3−1 state. The RPA and RRPA calculations
yield BðE3; 0þg:s: → 3−1 Þ values in agreement with the
experimental one within the error bars. However, both
calculations overestimate the Eð3−1 Þ consistently by about
0.8 MeV [cf. Figs. 3(c) and 3(d)].

Finally, the LSSM and MCSM calculate Eð4þ1 Þ ¼ 4.30
and 4.66 MeV, respectively, which is in good agreement
with the experimental value of 4.416 MeV. Compared to
the wave function of the 2þ1 state proton excitations,
πg−19=2d5=2 are significantly reduced for the 4

þ
1 state, yielding

lower average πd5=2 occupation numbers of 0.10 and 0.03
for the LSSM and MCSM calculations, respectively,
resulting in BðE2; 2þ1 → 4þ1 Þ ¼ 0.00107 e2b2 and
0.00219 e2b2. The latter one compares nicely to the known
value of 0.00288(17) e2b2 [33].
In summary, the new HIE-ISOLDE facility enabled a

safe Coulomb-excitation experiment of 132Sn yielding
transition strength values for the first two excited states.
Novel theoretical approaches allowed detailed insights into
the structure of these excitations. For the first time, the
doubly magic nucleus 132Sn was explored by MCSM and
LSSM calculations. The excitation energies of the 2þ1 and
4þ1 states and their BðE2Þ values were well reproduced.
Although a dominant contribution is caused by the 1p1h
neutron excitation across the N ¼ 82 shell gap, the con-
tribution of the πg−19=2d5=2 excitation is crucial to reproduce
the enhanced E2 strength of 132Sn. As the T-plots of the
0þg:s: states of 130;132;134Sn exhibited a strong confinement
towards the spherical limit, the presented results of experi-
ment and theory can be considered to be the first direct
verification of the sphericity and double magicity of 132Sn.
This is not a trivial fact, as the N=Z ratio differs consid-
erably from unity. Moreover, the MCSM calculations
provide a high probability of 90% for the ground state
to be in the doubly closed configuration. For the quadru-
pole excitation, a shape change from oblate to prolate
deformation across the doubly magic configuration was
deduced. The E3 transition strengths were well reproduced
by the RPA and RRPA results. Future perspectives for
experiment and SM theory include challenging measure-
ments of the BðE3Þ transition strengths, also of the
neighboring isotopes, and their calculation by the extension
of the model space. Moreover, numerous experiments at
HIE-ISOLDE will investigate nuclei in the vicinity of 132Sn
relevant to the astrophysical r process [43].
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Strategic Program (Grant No. hp150224), in part by MEXT
and Joint Institute for Computational Fundamental Science
and a priority issue (elucidation of the fundamental
laws and evolution of the universe) to be tackled by using
the Post “K” Computer (Grants No. hp160211 and
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FIG. 4. T-plots of the 0þg:s: (a,c,e) and 2þ1 states (b,d,f) of 130Sn
(a,b), 132Sn (c,d), and 130Sn (e,f) show a pronounced potential-
energy minimum for the spherical doubly magic configuration.
Circles on the PES represent shape dynamics of MCSM basis
vectors. See text for details and discussion.
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Exercise(s): try yourself comparison between RPA and SM.
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Limitations: RPA only for spherical systems, SM not suitable for large model spaces.
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Schematic 2 x 2 case

208Pb : h11/2 → h9/2  (proton)
i13/2 → i11/2  (neutron)

Magnetic spin-flip 
states (M1) 
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0hω

2hω

1hω
10 Gianluca Colò

Fig. 3 The schematic TDA model for the IVGDR. In the left panel, the nuclear shells are displayed
in order to emphasise their alternate parity and the fact that one expects the IVGDR to be made
by particle-hole excitations at ≈ 1h̄ω . In the central and right panels, the unperturbed and TDA
strength S(E) are drawn, respectively. See the text for a discussion.

Aph,p′h′ = +δpp′δhh′ (εp − εh)+ ⟨ph′|V |hp′⟩, (21)
Bph,p′h′ = ⟨pp′|V |hh′⟩, (22)

where ε are the single-particle energies that have been introduced in (4). The matrix
elements that enter the strength function (1) can be calculated from

⟨n|F |0⟩= ∑
ph

(
Xph +Yph

)
⟨p|F |h⟩. (23)

As in the case of QRPA, the reader can find details and formulas written with proper
angular momentum coupling in the general references that have been quoted above.

The B matrix elements, and the associated Y amplitudes are very important to
describe the low-lying excitations like 2+ and 3− in spherical nuclei, but turn out
to be less important for high-energy states like the GRs. Neglecting the B-sector of
the RPA matrix leads to the so-called Tamm-Dancoff approximation or TDA. It will
now be shown how a schematic TDA model accounts for the existence of collective
modes like the IVGDR, in a pedagogical and transparent manner. A spherical RPA
code based on the Skyrme forces has been published in Ref. (Col et al. (2013)).

To this aim, it can be assumed that there are N degenerate p-h excitations at
energy ε . In the case of the IVGDR, which has Jπ = 1−, this corresponds to a large
extent to holes in the highest occupied shell and particles in the lowest unoccupied
shell. Consequently, ε will be ≈ 1h̄ω ≈ 41 A−1/3, as emphasised by the vertical
arrow in the left panel of Fig. 3.

There is one “coherent state”:

Its transition amplitude is enhanced:

Schematic N x N case
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It is shown that "superallowed" Gamow-Teller (GT) beta decays are possible for X=Z nuclei heavier
than &,Ni», performing Hartree-Fock plus random phase approximation (Tamm-Dancoff approxima-
tion) calculations. Since Fermi-type beta decays are forbidden in X=Z even-even nuclei, it is pointed
out that the main decay mode of the nuclei such as 'z&Sn50 may be "superallowed" GT beta decay, which
is a beta decay to the GT giant resonance state. The amplitude of isospin T =1 admixed to the T=0
ground state in N =Z nuclei is also calculated and discussed.

PACS number(s): 23.40.—s
The experimental and theoretical study of drip-line nu-

clei is currently very popular, especially in connection
with developing facilities of radioactive heavy ion beams
[1]. In the present Rapid Communication we give a re-
port of the structure study of proton-drip-line nuclei,
specifically Gamow-Teller (GT) (T+ ) beta decays as well
as isospin-mixing amplitudes in even-even nuclei with
X=Z.
In Ref. [2] we show that the "superallowed" GT (T )

beta decays with hZ =+ 1 could occur as a beta decay to
the Gamow-Teller giant resonance (GTGR) state in some
very light neutron-drip-line nuclei, estimating the GT
collective modes using the spherical Hartree-Fock (HF)
plus the random phase approximation (RPA) or Tamm-
Dancoff approximation (TDA) as well as using a
schematic model. We apply approximately the same
model here to proton-rich nuclei. Thus, 6rst we perform
spherical HF calculations using Skyrme-type interac-
tions. Since we are interested in GT beta decays of light-
medium nuclei, in numerical examples we choose the
SG2 interaction [3] and the SIII interaction [4], which
reasonably reproduce M1 properties as well as the level
order of known one-particle orbitals.
As a numerical example, in Fig. 1(a) we show the HF

potential of ' Sn, which is calculated by using the SG2
interaction. The lowest occupied orbit (=ls, &2 orbit)
and the highest occupied orbit (= lg9&z orbit) are shown
for both neutrons and protons. It is seen that the binding
energies of one-particle orbitals with the same quantum
numbers, (nlj), as well as the depth of the total one-
particle potential (expressed by solid lines in Fig. 1) are
about 15 MeV different for protons and neutrons. The
difference comes from the Coulomb interactions between
Z =50 protons. For comparison, in Fig. 1(b) the HF po-
tential of a light neutron-drip-line nucleus, 6C]6 is
shown, which is calculated by using the BKN interaction
[5] in Ref. [2]. All occupied orbitals are shown at respec-
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FIG. 1. HF potentials of ' Sn (a) and C (b). The Skyrme
interactions, SG2 and BKN, are used for ' Sn and C, respec-
tively. The dashed (solid) lines for protons show the HF poten-
tial without (with) the Coulomb potential. Since the HF calcu-
lation is performed with the Coulomb potential, there is a small
difference between the dashed line for protons and the solid line
for neutrons in ' Sn. In ' Sn only the lowest-lying one-particle
level (=1s&&2) and the highest occupied level (=1g9/p) are
shown, while in C all occupied one-particle levels are denoted.
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tion) calculations. Since Fermi-type beta decays are forbidden in X=Z even-even nuclei, it is pointed
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ground state in N =Z nuclei is also calculated and discussed.
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clei is currently very popular, especially in connection
with developing facilities of radioactive heavy ion beams
[1]. In the present Rapid Communication we give a re-
port of the structure study of proton-drip-line nuclei,
specifically Gamow-Teller (GT) (T+ ) beta decays as well
as isospin-mixing amplitudes in even-even nuclei with
X=Z.
In Ref. [2] we show that the "superallowed" GT (T )

beta decays with hZ =+ 1 could occur as a beta decay to
the Gamow-Teller giant resonance (GTGR) state in some
very light neutron-drip-line nuclei, estimating the GT
collective modes using the spherical Hartree-Fock (HF)
plus the random phase approximation (RPA) or Tamm-
Dancoff approximation (TDA) as well as using a
schematic model. We apply approximately the same
model here to proton-rich nuclei. Thus, 6rst we perform
spherical HF calculations using Skyrme-type interac-
tions. Since we are interested in GT beta decays of light-
medium nuclei, in numerical examples we choose the
SG2 interaction [3] and the SIII interaction [4], which
reasonably reproduce M1 properties as well as the level
order of known one-particle orbitals.
As a numerical example, in Fig. 1(a) we show the HF

potential of ' Sn, which is calculated by using the SG2
interaction. The lowest occupied orbit (=ls, &2 orbit)
and the highest occupied orbit (= lg9&z orbit) are shown
for both neutrons and protons. It is seen that the binding
energies of one-particle orbitals with the same quantum
numbers, (nlj), as well as the depth of the total one-
particle potential (expressed by solid lines in Fig. 1) are
about 15 MeV different for protons and neutrons. The
difference comes from the Coulomb interactions between
Z =50 protons. For comparison, in Fig. 1(b) the HF po-
tential of a light neutron-drip-line nucleus, 6C]6 is
shown, which is calculated by using the BKN interaction
[5] in Ref. [2]. All occupied orbitals are shown at respec-
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FIG. 1. HF potentials of ' Sn (a) and C (b). The Skyrme
interactions, SG2 and BKN, are used for ' Sn and C, respec-
tively. The dashed (solid) lines for protons show the HF poten-
tial without (with) the Coulomb potential. Since the HF calcu-
lation is performed with the Coulomb potential, there is a small
difference between the dashed line for protons and the solid line
for neutrons in ' Sn. In ' Sn only the lowest-lying one-particle
level (=1s&&2) and the highest occupied level (=1g9/p) are
shown, while in C all occupied one-particle levels are denoted.
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drip-line nuclei very different N/Z ratio, compared to stable nuclei with a given A 

r r r r r r 

V(r) V(r) V(r) 

β stable nuclei proton-drip-line nuclei neutron-drip-line nuclei 

protons protons protons neutrons neutrons neutrons 

Since the Fermi levels for protons and neutrons are very different in drip line nuclei, 
 this binding energy difference of least-bound protons and neutrons will produce  
 interesting phenomena especially in charge-exchange reactions or β decays.  

Weakly-bound one-proton motion in medium-heavy nuclei may not be so different  
 from the well-bound one, due to the high Coulomb barrier. 

3.1.  Spherical case 

If the neutron number increases, 
neutrons occupies higher levels 
– protons become more bound 
due to the dominance of the p-n 
interaction.
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Figure 9 Experimental energy levels of N=9 isotones, some of
which are regarded as neutron 2s1/2 and 1d5/2 single-particle
energies. See the text. Based on Talmi and Unna (1960).

is reversed due to protons in the 1p1/2 orbit, following
eq. (36) with j′ = 1p1/2, and j = 2s1/2 or 1d5/2. The
ESPEs are treated here as c-numbers because the wave
function of the other nucleons is fixed, as mentioned in
Sec. III.D. The difference of ESPEs can be written as

ϵn2s1/2(
17O)− ϵn1d5/2

(17O)

= ϵn2s1/2(
15C)− ϵn1d5/2

(15C)

+
{

V m
pn(1p1/2, 2s1/2) − V m

pn(1p1/2, 1d5/2)
}

× 2 .
(44)

The proton sector of the Hamiltonian produces the
common effect between the Jπ=1/2+ and 5/2+ states.
Thus, the above difference of ESPEs corresponds to the
difference of experimental levels in the assumption that
these states are of single-particle nature (which will be
re-examined in Sec. IV.F with Fig. 34), and the monopole
matrix elements satisfying

Vm
pn(1p1/2, 2s1/2) − V m

pn(1p1/2, 1d5/2)

= (0.87 + 0.74)/2 = 0.805 (MeV) (45)

explain the change in Fig. 10. This result indicates that
V m
pn(1p1/2, 1d5/2) is more attractive by ∼0.8 MeV than

V m
pn(1p1/2, 2s1/2). Thus, what actually occurs is more

rapid lowering of the neutron 1d5/2 orbit than that of the
neutron 2s1/2 orbit, as protons fill the 1p1/2 orbit. This
can be explained as a consequence of very important and
general features of the monopole interactions of nuclear
forces as discussed in Sec. IV extensively.
If the energy is measured relative to the neutron 1d5/2

orbit, the monopole-matrix-element difference in eq. (45)
pushes up the neutron 2s1/2 orbit from 15C to 17O. We
shall describe the approach by Talmi and Unna (1960)
with this convention such that the energy is measured
from the neutron 1d5/2 ESPE with the filling scheme.
The energy levels in Fig. 10 can be viewed in this con-
vention, including 16N (Z=7 and N=9) with one proton
in the 1p1/2 orbit. This proton is coupled with a neu-
tron either in 2s1/2 or 1d5/2. The former coupling yields

1p1/2

protons neutrons

14C core

1d5/2

2s1/2

0.0 MeV

-0.74 MeV

protons neutrons

0.0 MeV

0.87 MeV

(a)     C15

14C core

2s1/2

1d5/21p1/2

(b)     O17S   = 1.22 MeVn S   = 4.14 MeVn

Figure 10 (a) Schematic picture of shell structure (a) on top
of the 14C core. (b) Two more protons (red solid circles) are
added into the 1p1/2 orbit. Experimental levels are identi-
fied as single-particle states: green level for 1d5/2, and pink
level for 2s1/2. Numbers near the levels are energies rela-
tive to 1d5/2. The wavy lines imply proton-neutron inter-
actions. Solid arrows indicate the changes of SPE’s. The
dashed-dotted line denotes neutron threshold, and downward
dashed arrows mean one neutron separation energy (Sn).

Jπ=0− and 1− states, while the latter Jπ=2− and 3−

states. In this simple configuration, the proton-neutron
interaction, v̂pn, shifts the energies of these states by

1

2
ΣT=0,1 ⟨j, j′; J, T |v̂pn|j, j′; J, T ⟩. (46)

The (2J+1)-weighted average of the quantities in eq. (46)
is nothing but the corresponding monopole matrix ele-
ment, because of eqs. (19, 31, S2). Thus, those averages
can be discussed as the ESPEs driven by the monopole
interaction, and the aforementioned convention can be
adopted. As the change from 15C to 17O is then twice
the monopole-matrix-element difference due to two ad-
ditional protons, the middle point of the line connecting
the states of the same spin/parity of 15C and 17O rep-
resents the corresponding monopole quantity. Thus, if
the present scheme works ideally, the 1/2+ levels and the
relevant average quantity of 16N should be on a straight
line. Talmi and Unna did, in (Talmi and Unna, 1960),
this analysis in a slightly different way: they took the ob-
served energy levels of 17O and the weighted averages for
the observed levels of 16N, and extrapolated to 15C. The
extrapolated value appeared rather close to the observed
one, implying the validity of this picture, which will be
re-visited in Sec. IV.F.
Talmi and Unna discussed another case with 11Be -

12B - 13C (N=7 isotones with Z=4, 5 and 6) (Talmi and
Unna, 1960). Although the 1/2+ levels change almost lin-
early as a function of N , the mechanism is different from
the N=9 isotone case discussed above. Since protons oc-

I. Talmi and I. Unna, Phys. 
Rev. Lett. 4, 469 (1960)
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-646 1/2+

-885 1/2+

-1141 1/2+
-1002 7/2+

-1427 7/2+

-1853 7/2+

-399 3/2+

-695 3/2+

-1002 3/2+

209Pb82
211Po84

213Rn86 Changes of orbitals (either upward or 
downward) are LARGER for HIGHER 
angular momenta.

In fact, orbitals with smaller values of 
angular momenta are less constrained 
by the centrifugal barrier and overlap 
less with the other states.

In particular, the trend of s- and p- 
orbitals becomes almost flat when 
their energies approach zero.

(MeV) 
Potential strength 

When potential gets weaker, or when one-particle  
 energy approaches zero,  
 (a)  halo-phenomena are observed associated with  
    s1/2, p1/2 and p3/2 neutrons;   
 (b)  the shell-structure changes so that  s1/2 , p1/2 
    and p3/2 levels become energetically lower  
    relative to levels with larger ℓ .    

  

Unique behavior of weakly-bound neutrons with small  ℓ 

(sd-shell) 

(pf-shell) 

Halo phenomena and shell-structure change of one-particle spectra in spherical potential  

We expect changes in the shell 
structure when going far from the 
stability valley
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KS/DFT language Shell-model language

Mean field Monopole interaction
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Figure 7 A schematic visualization of monopole matrix elements for the two-body interaction v.

two neutrons in the orbits j and j′. Here, orientations
refer to various combinations of m and m′ within the or-
bits j and j′. Figure 7 provides a general visualization
of the monopole matrix element, exhibiting different ori-
entations by differently tilted orbiting planes. In order
to formulate this, the monopole matrix element for the
orbits j and j′ is defined as

V m
nn(j, j

′) =

∑

(m,m′)⟨j,m ; j′,m′|v̂nn|j,m ; j′,m′⟩
∑

(m,m′) 1
,

(5)

where the summation over m,m′ is taken for all ordered
pairs allowed by the Pauli principle.
As the denominator counts the number of allowed

states, this is exactly the average mentioned above. The
monopole interaction as an operator is then expressed as

v̂nn,mono =
∑

j≤j′

v̂mnn(j, j
′) (6)

with

v̂mnn(j, j
′) = V m

nn(j, j
′)Σm,m′ a†j,ma†j′,m′aj′,m′aj,m. (7)

After simple algebra, this turns out to be

v̂mnn(j, j
′) =

⎧

⎨

⎩

Vm
nn(j, j)

1
2 n̂j (n̂j − 1) for j = j′

Vm
nn(j, j

′) n̂j n̂j′ for j ̸= j′
(8)

where n̂j stands for the number operator for the orbit j.
The form in eq. (8) appears to be in accordance with what
can be expected intuitively, from the concept of average,
for identical fermions. The two neutrons in the orbits j
and j′ can be coupled to the total angular momentum,
J , where J⃗ = j⃗+ j⃗′, and the wave function with a good J
value is given by a particular superposition of the states
in eq. (6) over all possible values of m and m′. It is
obvious that the effects of the monopole interaction in
eq. (8) is independent of the total angular momentum,
J . We emphasize again that the monopole interaction is
simply an average of a given general interaction over all
possible orientations, and its effect can be expressed by

the orbital number operator as in eq. (8) for the neutron-
neutron interaction.

We next discuss systems composed of protons and neu-
trons. The total Hamiltonian is then written as

Ĥ = Ĥn + Ĥp + v̂pn , (9)

where Ĥp stands for the proton Hamiltonian defined sim-
ilarly to eq. (1) and v̂pn means the proton-neutron effec-
tive interaction.

The proton and neutron number operators in the orbit
j are denoted, respectively, as n̂p

j and n̂n
j . We introduce

the isospin operators in the orbit j: τ̂+j , τ̂−j and τ̂zj . We
adopt the convention that protons are in the state of
isospin z-component τz = +1/2, whereas neutrons are in
τz = −1/2. Here, τ̂+j (τ̂−j ) denotes the operator chang-
ing a neutron (proton) to a proton (neutron) in the same
(j,m) state, and τ̂zj equals (n̂p

j − n̂n
j )/2. In other words,

τ̂+j and τ̂−j are nothing but the isospin raising and low-
ering operators restricted to the orbit j, while τ̂0j is its z
component.

The magnitude of the usual isospin, i.e., not specific to
an orbit, is denoted by T , including that of two nucleons
interacting through the NN interaction.

We now discuss the proton-neutron monopole interac-
tion. Although the basic idea remains the same as the
previous case for two neutrons, certain differences arise.
To be precise, a proton and a neutron are coupled in a
symmetric way for the T=0 case, whereas in an antisym-
metric way for the T=1 case. Details of the discussions
are presented in Supplemental Material Sec. S1, and we
show here only major points, referring to the correspond-
ing parts there.

The monopole interaction due to the T=0 part of v̂pn
is expressed as (see discussions in Supplemental Material

Tensor force is a further element that 
(a) affects the evolution of shell structure 
and (b) is in common between KS/DFT 
and SM.

Figure 31 depicts a comparison between monopole matrix
elements of the zero-range tensor force of Stancu, Brink, and
Flocard (1977) to those of the π þ ρ meson-exchange tensor
force. For the former, the parameters obtained by a χ-square
fitting to the monopole matrix elements of the π þ ρ tensor
forces for the A ≈ 40 mass region are used with actual values
ðαT; βTÞ ¼ ð64.38; 128.75Þ MeV fm5. As shown in Fig. 31,
the zero-range form for the tensor force can simulate the
monopole interaction of the π þ ρ tensor force to a certain
extent, but there are rather large fluctuations and deviations,
especially in the case of light nuclei. We note that the present
ðαT; βTÞ values are close to the G-matrix ones ðαT; βTÞ ¼
ð60; 110Þ MeV fm5 (Brown et al., 2006). For lighter nuclei,
larger parameters become necessary to reproduce the monop-
ole matrix elements of the π þ ρ tensor force, whereas the
deviation is the opposite in heavy nuclei. This variation of
parameters is not in accordance with the Skyrme phenom-
enology, where constant parameters for all nuclei are a major
advantage.
Although the effect of the tensor force on the spin-orbit

potential was recognized in the 1970s, the tensor term was
dropped in most of the Skyrme parametrizations until recently.
One of the probable reasons for this is that the inclusion of the
tensor term does not lead to significant improvement in the
single-particle spectra for doubly magic nuclei (Stancu, Brink,
and Flocard, 1977). In addition, as pointed out by Sagawa and
Colò (2014), not much attention was paid to the evolution of

shells with successive mass numbers, likely due to the missing
expectation of the shell evolution. We point out also that the
meaning of the zero-range approximation of the tensor force
remains to be investigated.
Following the work of Otsuka et al. (2005), the tensor term

in the Skyrme forces was revisited in terms of the shell
evolution. For instance, Brown et al. (2006) reported
the first investigation of the effects of the inclusion
of tensor forces into the shell evolution based on the
Skyrme density functionals, employing empirical values
ðαT; βTÞ ¼ ð−118; 110Þ MeV fm5. Brink and Stancu (2007)
reinvestigated, after their work in Stancu, Brink, and Flocard
(1977), the ESPE gaps between the proton 1h11=2 and 1g9=2
single-particle levels in Sb (Z ¼ 51) isotopes as well as those
between the neutron 1i13=2 and 1h9=2 single-particle levels in
N ¼ 83 isotones. Figures 32 and 33 depict results of various
calculations on the proton 1h11=2-1g9=2 gap in Sb isotopes.
While this gap is discussed in case (5) in Sec. IV.Dwith Fig. 30
from theviewpoint of theVMU interaction,we now survey other
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FIG. 32. Evolution of the proton h11=2-g7=2 gap in the Sb
isotopes with and without the tensor term. (Upper left panel)
π þ ρ meson-exchange tensor force on top of the usual Woods-
Saxon potential. From Otsuka et al., 2005. (Upper right panel) A
Gogny-type calculation with the tensor force (GT2) and without
it (D1S). From Otsuka, Matsuo, and Abe, 2006. (Lower panel) A
zero-range tensor force calculation added to the SLy5 force. From
Colò et al., 2007.

FIG. 33. The same as Fig. 32. (Upper panel) A zero-range tensor
force calculation. (Lower panel) A relativistic mean-field calcu-
lation. From Brink and Stancu, 2007, and Lalazissis et al., 2009.

Otsuka et al.: Evolution of shell structure in exotic nuclei

Rev. Mod. Phys., Vol. 92, No. 1, January–March 2020 015002-29

Figure 31 depicts a comparison between monopole matrix
elements of the zero-range tensor force of Stancu, Brink, and
Flocard (1977) to those of the π þ ρ meson-exchange tensor
force. For the former, the parameters obtained by a χ-square
fitting to the monopole matrix elements of the π þ ρ tensor
forces for the A ≈ 40 mass region are used with actual values
ðαT; βTÞ ¼ ð64.38; 128.75Þ MeV fm5. As shown in Fig. 31,
the zero-range form for the tensor force can simulate the
monopole interaction of the π þ ρ tensor force to a certain
extent, but there are rather large fluctuations and deviations,
especially in the case of light nuclei. We note that the present
ðαT; βTÞ values are close to the G-matrix ones ðαT; βTÞ ¼
ð60; 110Þ MeV fm5 (Brown et al., 2006). For lighter nuclei,
larger parameters become necessary to reproduce the monop-
ole matrix elements of the π þ ρ tensor force, whereas the
deviation is the opposite in heavy nuclei. This variation of
parameters is not in accordance with the Skyrme phenom-
enology, where constant parameters for all nuclei are a major
advantage.
Although the effect of the tensor force on the spin-orbit

potential was recognized in the 1970s, the tensor term was
dropped in most of the Skyrme parametrizations until recently.
One of the probable reasons for this is that the inclusion of the
tensor term does not lead to significant improvement in the
single-particle spectra for doubly magic nuclei (Stancu, Brink,
and Flocard, 1977). In addition, as pointed out by Sagawa and
Colò (2014), not much attention was paid to the evolution of

shells with successive mass numbers, likely due to the missing
expectation of the shell evolution. We point out also that the
meaning of the zero-range approximation of the tensor force
remains to be investigated.
Following the work of Otsuka et al. (2005), the tensor term

in the Skyrme forces was revisited in terms of the shell
evolution. For instance, Brown et al. (2006) reported
the first investigation of the effects of the inclusion
of tensor forces into the shell evolution based on the
Skyrme density functionals, employing empirical values
ðαT; βTÞ ¼ ð−118; 110Þ MeV fm5. Brink and Stancu (2007)
reinvestigated, after their work in Stancu, Brink, and Flocard
(1977), the ESPE gaps between the proton 1h11=2 and 1g9=2
single-particle levels in Sb (Z ¼ 51) isotopes as well as those
between the neutron 1i13=2 and 1h9=2 single-particle levels in
N ¼ 83 isotones. Figures 32 and 33 depict results of various
calculations on the proton 1h11=2-1g9=2 gap in Sb isotopes.
While this gap is discussed in case (5) in Sec. IV.Dwith Fig. 30
from theviewpoint of theVMU interaction,we now survey other

64 72 80

−10

−5

0
Proton ESPE

1h11/2

1g7/2E
ne

rg
y 

(M
eV

)

FIG. 32. Evolution of the proton h11=2-g7=2 gap in the Sb
isotopes with and without the tensor term. (Upper left panel)
π þ ρ meson-exchange tensor force on top of the usual Woods-
Saxon potential. From Otsuka et al., 2005. (Upper right panel) A
Gogny-type calculation with the tensor force (GT2) and without
it (D1S). From Otsuka, Matsuo, and Abe, 2006. (Lower panel) A
zero-range tensor force calculation added to the SLy5 force. From
Colò et al., 2007.

FIG. 33. The same as Fig. 32. (Upper panel) A zero-range tensor
force calculation. (Lower panel) A relativistic mean-field calcu-
lation. From Brink and Stancu, 2007, and Lalazissis et al., 2009.

Otsuka et al.: Evolution of shell structure in exotic nuclei

Rev. Mod. Phys., Vol. 92, No. 1, January–March 2020 015002-29



Bonus: neutron stars

2024 STFC Nuclear Physics Summer School 26



2024 STFC Nuclear Physics Summer School 27

9.4. NEUTRON STARS 145

9.4.1 A crude argument

The existence of a netron star can be, at our level, understood by means of
a simple exercise based on the semi-empirical mass formula,

BE(A,Z) = aVA− aSA
2/3 − aA

(N − Z)2

A
+ pairing term.

A system with only neutrons has no Coulomb, and is expected to be very
large if the binding energy of the latter formula, which is negative, must
be counterbalanced by the gravitational energy (9.7), that we can take with
k = 3/5 assumung that the density is uniform. Being the system very large,
we can neglect the surface energy and obviously the pairing contribution. We
arrive at the following balance between nuclear and gravitational energies,
namely

aVA− aAA +
3

5

Gm2

r0
A5/3 = 0, (9.26)

where m is the nucleon mass and the radius is taken as usual from Eq. (2.1).
If we replace reasonable values for the parameters of the mass formula,

like aV = 15.85 MeV and aA = 23.21 MeV, we obtain

A ≈ 5 1055. (9.27)

The corresponding mass and radius are

M = mA ≈ 1029 kg ≈ 0.05 M⊙ R = r0A
1/3 ≈ 5 km. (9.28)

These estimates are qualitatively important in order to show that a neu-
tron star can exist, but they turn out to be very crude. The actual mass
of a neutron star is between 1 and 2 solar masses, and the radius is around
10 km. 1.4M⊙ is a kind of canonical mass that characterises many observed
stars. Most of the particles are neutrons but there is a small fraction of pro-
tons and electrons, whose number can be fixed once the number of neutrons
is given, thanks to the two conditions of charge neutrality and equilibrium
with respect to the weak processes, namely direct and inverse β-decays.

The error in the estimates comes mainly from the unrealistic assumptions
that the density is constant and that, whatever the microscopic structure of
the star, the standard formulas for binding energy and radius hold still true
as if the star were a giant nucleus. We know, to some extent, that while
in the inner part the density can reach several times the nuclear saturation
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https://www3.mpifr-bonn.mpg.de/staff/pfreire/NS_masses.html
8

Credit: B. Giacomazzo



Measurements of masses and radii
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Up to some time ago, measurements of radii have been plagued by large 
uncertainties.

Moreover, radii and masses were determined for different systems.

Recently, NASA’s NICER mission has measured, for the first time, mass and 
radius of the same star.

The results will be shown here below.

The observation of gravitational waves has also set new constraints (“chirp 
mass”, see below).



The TOV equation
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Classical gravity (Newton)

General relativity corrections (TOV)

In either case, only

is needed

<latexit sha1_base64="4GIblu+c59XGNUHTlcM/WfeKPBg=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpeyqqMeiF48V7Ae0S8mm2TY0myxJVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR3dRvPTFtuJKPdpywICYDySNOiXVSq17p6qE665XKXtWbAS8TPydlyFHvlb66fUXTmElLBTGm43uJDTKiLaeCTYrd1LCE0BEZsI6jksTMBNns3Ak+dUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG90EGZdJapmk80VRKrBVePo77nPNqBVjRwjV3N2K6ZBoQq1LqOhC8BdfXibN86p/Vb14uCzXbvM4CnAMJ1ABH66hBvdQhwZQGMEzvMIbStALekcf89YVlM8cwR+gzx+JbI8O</latexit>

P (⇢)



EoS and the solution of the TOV equation
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F. Burgio et al., Symmetry 13, 400 (2021)



Merging of neutron star AND the nuclear EoS
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• 2015: first observation of Gravitational Waves 
(GW), awarded with Nobel prize in 2017.

• 17/8/2017 ”multi-messenger” observation of NS 
merging (GW, GRB, X-rays...).

B.P. Abbott et al., Astrophysical J. Lett. 848:L12 (2017)

In simulations tidal effects are 
relevant. A more compact star 

is harder to distort. But this 
depends on S!

⇤ =
2

3
k2

✓
c2R

GM

◆2

<latexit sha1_base64="jY11MzRweCbC/NFhdffy7Ihhnv0="></latexit><latexit sha1_base64="jY11MzRweCbC/NFhdffy7Ihhnv0="></latexit><latexit sha1_base64="jY11MzRweCbC/NFhdffy7Ihhnv0="></latexit><latexit sha1_base64="jY11MzRweCbC/NFhdffy7Ihhnv0="></latexit>

Mass polarizability: ratio 
quadrupole moment / 

gravitational field
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Numerical GR simulations are becoming 
increasingly accurate

GW from NS-NS merging provide 
information on the EoS

This is a very active domain in which more 
progress is expected
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Introdu
ction.—

The equ
ationof

state (E
OS) of

neutron
star

(NS) m
atter is

one of the
most f

undam
ental, y

et elus
ive,

relation
s in physics

[1,2]. I
t lays

at the
interfac

e betwee
n

several
discipl

ines,
includi

ng nuclear
physics

, high-

energy
astroph

ysics, h
eavy-io

n collisio
ns, mu

ltimess
enger

astrono
my, and gravita

tional
wave

(GW) physics
. Our

knowle
dge of NS

matter
propert

ies is still
partial,

mostly

due to
the diff

iculties
in studyin

g strongl
y interac

ting bulk

matter
in the l

ow-ene
rgy lim

it typic
al of nu

clear in
teractio

ns

[3]. Ev
en the app

ropriate
degrees

of freed
om are unc

ertain:

while n
ucleon

s are th
e relev

ant spe
cies aro

und the nuc
lear

saturati
on density

, n0 ¼ 0.16 fm−3 , it is still unclear
if

hypero
ns [4,5

] or a phase transiti
on to quark matter

[6–8]

can appear
at dens

ities n
≳ 2n0

in NS interior
s.

NS EOS models
are experim

entally
constra

ined by the

masses
of ordi

nary nuclei,
as well as

by the energy
per

baryon
and its

derivat
ives wi

th resp
ect to b

aryon d
ensity nb

around
n0 and

close to
isospin

symme
try, i.e.

, for sy
mmetry

parame
ter δ≡ ðnn − npÞ=nb ≈ 0, with

nn;p
being the den

-

sity of
neutron

s and p
rotons.

If P is the m
atter pr

essure,
the

nuclear
incomp

ressibil
ity of cold

nuclear
matter

at fixe
d

compo
sition is defin

ed as

Kðnb; δÞ≡ 9
∂P
∂nb

!!!!
T¼0;δ¼con

st
:

ð1Þ

It desc
ribes the respon

se of matter
to compre

ssion and

its value can be current
ly measur

ed only for sym
metric

matter
at saturat

ion density
K sat, althoug

h with some

controv
ersy [9–13].

While isoscal
ar gian

t mono
pole re

so-

nance
experim

ents for closed-
shell

nuclei
provide

d

K sat
¼ ð240$

20Þ MeV, studies
based

on open-s
hell

nuclei
reporte

d quite differen
t value

s in the range
250–

315 MeV [12] or even values
around

200 MeV [13].

Nevert
heless,

K sat
is unco

nstrain
ed at dens

ities an
d com-

positio
ns rele

vant fo
r NSs

(far fro
m n ≈ n0

and δ ≈ 0). In

particu
lar, accord

ing to the solutio
ns of the Tolman

-

Oppen
heimer

-Volko
ff (TOV)

equatio
n, the NS central

density
increas

es mon
otonica

lly with the NS mass a
nd at

the stab
ility lim

it, corre
spondi

ng to m
ass and

radius
(M

TOV
max

,

RTO
V

max
), can

reach nTO
V

max
∼ 4–7n0, de

pendin
g on the EOS.

Moreove
r, for nb ≳ n0, β-e

quilibra
ted mat

ter is ve
ry neut

ron

rich, δeq
∼ 1.

In additio
n to nuclear

constra
ints,

astroph
ysical

NS propert
ies provide

useful
insight

s on the EOS.

Constr
aints derived

from the observ
ation

of massiv
e,

isolated
NSs [14–20]

, from GW signals
[21,22]

, and

multim
esseng

er observ
ations

of binary
neutron

star

(BNS)
merger

s [23–28
], or by

their co
mbinat

ion [29,30]
,

are ver
y inform

ative a
bout th

e high-
density

regime
. A key

phenom
enon in this res

pect is
the pro

mpt co
llapse (

PC) to

black h
ole (BH

) of the
merger

remnan
t, since

this be
havior

can influen
ce both the GW and electro

magne
tic (EM)

signals
produc

ed by BNS merger
s [31–36]

. The PC

behavi
or of equal m

ass BNSs
was extensi

vely explore
d

in Refs. [37–43]
. It was shown,

for examp
le, that the
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Structure of neutron stars
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Outer surface of the star: 56Fe 
atoms. 

Outer core: nuclei and free neutrons coalesce. This defines the so-called outer core. Elongated 
shapes vs. uniform matter? Balance between surface energy and Coulomb energy.

Inner core: completely uncertain is the composition of neutron stars at even higher densities. 
Leptons, 𝞢, 𝞚, 𝞝 hyperons? Quark matter??

With increasing density, atoms are 
ionized and the electrons become 
relativistic.

Outer crust: nuclei in a lattice, plus
electron gas. Electron capture: 
nuclei become neutron-rich.

Inner crust: nuclei "drip neutrons 
out”. 


