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(2004) Matter in heavy ion collisions seems to behave as a perfect fluid,
characterized by a very rapid thermalization



Initial azimuthal density gradients → pressure gradients → pT gradient

dN

pTdpTdydφ
=

dN

pTdpTdy
[1 + 2vn(pT , y) cos (n (φ− φ0 (n, pT , y)))]

”trivial” effects (~p conservation) also give you a vn . ”Collectivity”: Same

vn from ∀ n-particle correlations ,
〈

dN
dφ1

dN
dφ2

...
〉

, reaction plane dependence
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vn ∼ AO (ǫn) +BO (〈Tini〉 ×R)β
∑

m

O (ǫnǫm) + CO
( ǫnη

sTR

)

+ ...

Need hydrodynamic code to get A,B,C . Term in A 80-100%



What is (ideal) hydrodynamics?
Conservation of momentum and Charge always gives us 5 Equations:

∂µ 〈Tµν〉 = 0
︸ ︷︷ ︸

4

, ∂µ 〈jµ〉 = 0
︸ ︷︷ ︸

1

Local equilibrium/isotropy, in some frame (at rest with uµ), reduces these
10+4 independent components

〈Tµν〉 = (e+ p)uµuν − pgµν
︸ ︷︷ ︸

5 e,p,ux,y,z

, jµ = 〈ρ〉
︸︷︷︸

1

uµ

Together with the equation of state, system closed Viscosity gives more
corrections equations, but still closed

p(e, ρ) ≡ ∂S

∂V
= T lnZ , e = −∂ lnZ

∂1/T
, ρ = T

∂ lnZ
∂µ



However,to solve we need non-hydrodynamic ingredients!

“easy” EoS at low chemical potential it is known from the lattice.
Extending into µ is part of ongoing research

“Hard” Initial conditions (Energy/entropy density ) reasonable baseline:
Incoherent superposition of nucleon-nucleon collision (Glauber
model)+smearing. works as Rnucleus ≫ 1/Q2 ≫ 1/

√
s

Ncoll:

Npart:



Complication: e-by-e correlations,subnucleonic structure

-5 0 5

-5

0

5

-5 0 5

-5

0

5

-5 0 5

-5

0

5

, , ,....=
At most  <                 +                +                 +..>=          

e-by-e fluctuations and correlations complicated). For subnucleonic structe

have estimates from color glass/saturation, but Need T̂µν
event ≃

〈

T̂µν
〉

event
Hydro is a classical theory,need classical input all info in 〈...〉

Glasma?

Lattice?



However the LHC turned on and...



pA,
pp

1606.06198
CMS

uPC

2101.10771

1606.06198 (CMS) : When you consider geometry differences, hydro with
O (20) particles ”just as collective” as for 1000. Thermalization scale.
2101.10771 (ATLAS) also UPCs γ∗A − ρA! It is clear that Subnucleonic
degrees of freedom crucial



This raises conceptual problems

Dof>>1

m
.f.

p

Implicit
assumption
in most approaches:

Hydrodynamics implicitly assumes a “thermodynamic limit in every cell”, so
〈
e2
〉
−〈e〉2 ≪

〈
e2
〉
,thermodynamic fluctuations do not propagate. Need to

study better connection to statistical mechanics . I work on this 2307.07021
, 2309.05154 2007.09224 ,2109.06389 ,But for this talk I will focus on an
immediate “semi-technical” isse

Qualitatively system seem equally collective as vn {N} independent of N
everywhere But what is the initial eccentricity of a nucleon-nucleon collision?
no quantitative recipe that makes sense!



Deterministic motion of averages (hydro) vs wavefunctions (initial state)

〈O〉 6= Ô But nuclei are big, Rnucleus ≫ p−1
fermi

Ncoll:

Npart:

〈O〉 =
∫

ψ∗
AψAOdx ≃

∑

incoherent

〈O〉N

And this is true in any basis, ie for both gluon density and Tµν .



Hydro is a classical theory initial conditions are either energy-
momentum tensor Tµν(x) or entropy density s(x) Either works because
one goes to the other via the EoS

You‘d get those from the 3D wave-function of the nucleon . but ...

S. Nabeebaccus,talk M.Diehl,1512.01328



Big issue 1 Shape distributions are defineable (Wigner functions) and
calculable (lattice), but relation to experimentally measureable processes
goes via transformations as well as limits and projections (non-invertible)

S. Nabeebaccus,talk

QCD
(including lattice)

initial conditions

Heavy ion

???
Small systems? CGC



Big issue 2 (A huge one!)
Tµν(b⊥, xbj) and Wpartons(b⊥, xbj) characterized respectively by TMDs
and GPDs . These are not transforms of each other, contain
different information. What kind of “initial state” is it? CGC:
TMD,Gaussians,thermalization not clear! (Kompost,free-flow etc)

M.Diehl,1512.01328

Tµν

"gravitational FFs"

initial gluon densities
nucleon shape
(lattice)

CGC



Beyond DiS structure process dependent! ,factorization less useful
transverse structure/motion of partons ⇒ xstructure︸ ︷︷ ︸

zparton/tparton∼pz/E

6= xkinematic︸ ︷︷ ︸

p
process
z /E

. How does one square this with universality of thermalization?

S. Nabeebaccus,talk



If you understand quantum mechanics this is not surprising We calculate
wavefunctions... 〈ψ| but measure process-dependent matrix elements
∣
∣
∣〈ψ1| Ô |ψ2〉

∣
∣
∣

2

. Bohr picture works as melectron ≫ r−1
bohr so

〈ψ1| Ô |ψ2〉 ≃
∫
d3x 〈ψfree(x)|V (r) |ψfree(x)〉 but r−1

had ∼ mhad ∼ ΛQCD

M.Diehl,1512.01328



But how seriously can one take “initial states” in small systems as a
“quantitative science”? What’s the hydro-relevant shape of a nucleon?

spin measurements

so 
are

easy
a theorist
can do them!

So Nils

A concrete question: if Hydro “classicalizes” initial conditions. It means
Hydro in small systems could lead to “classical spin measurement”



Remember vn sensitivity to eccentricity

vn ∼ AO (ǫn) +BO (〈Tini〉 ×R)
β
∑

m

O (ǫnǫm) + CO
( ǫnη

sTR

)

+ ...

Angular momentum

Azimuthal eccentricity

Polarized
p?

Spin dependent nucleon shape changes v2 in polarized pA collisions. ultimate
small system hydrodynamics? Experimentally feasible (data is there), But
how does one get a theoretical estimate given the issues before?



What distribution to measure: A guess

TMDs integrate out all configuration information of the Wigner function.
Can give 〈Tµν〉

GPDs integrate out all momentum information of the of the Wigner
function, get Sµ

Therefore GPDs are more appropriate for ”real” hydrodynamics, TMDs for
”hydrodynamization”/free streaming. But in both cases, ”real” distribution
hidden by process dependence.



S. Nabeebaccus,talk

lattice

C.Alexandrou et al,2202.09871

Lattice can measure azimuthally dependent Mellin moments

∫

dxxn=0,1ρ(bx, by, x) , ρ ≃ g0 + g1 cos(2φ)

DVCS experimentally rare but conntects to limξ→0 ρ(bx, by, x± ξ)



l 1 l 1

1l +q 1l +q

1 ξx =  +x 2 ξxx =  −
1 ξx =  +x 2 ξxx =  −

X X X X

GPD(b,x) GPD(b,x)

l l2 2

µ ,a ν,b

q q’ q q’

p p’ p p’

Let us replace the virtual photon by an on-shell gluon from a thermal bath!
Same diagram up to αs, tr[λGell−mann] . A GPD talking to a heat-bath!



l 1 l 1

1l +q 1l +q

1 ξx =  +x 2 ξxx =  −
1 ξx =  +x 2 ξxx =  −

X X X X

GPD(b,x) GPD(b,x)

l l2 2

µ ,a ν,b

q q’ q q’

p p’ p p’

Simple but consistent: Instant thermalization+wounded nucleon picture

Instant thermalization The quanta coming in and out, photons in DVCS
but gluons for hadronic collisions, are ”in detailed balance with GPD”

The Wounded nucleon picture The longitudinal structure of the Nucleon
is unchanged before and after, any energy transferred is transverse.



Detailed balance gives expression for T (bx, by, xbj) in terms of the GPD

∫

d3qd3q′d4l1,2H (bx, by, q, q
′, p, p′, T (bx, by, x)) = p′, q′ ↔ p, q

H (...) = ρ2 (bx, by, ζ1(q, q
′, p, p′), ζ2(q, q

′, p, p′)) |M(p, p′, q, q′)|2×

×e−qµβ
µ(bx,by,x)

(

1 + e−q′µβ
µ(bx,by,x)

)

δ4 (p+ q − p′ − q′)

H (...) = ρ2 (bx, by, x− ξ, x+ ξ) |M(p, p′, q, q′)|2×

×e−qµβ
µ(bx,by,x)

(

1 + e−q′µβ
µ(bx,by,x)

)

δ4 (p+ q − p′ − q′)

GPD enters via ζ1,2 = xbj ± ξ xbj (observable),ξ (integrated over)

ρ2 (bx, by, ζ1(q, q
′, p, p′), ζ2(q, q

′, p, p′)) = ρ(bx, by, ζ1)× ρ(bx, by, ζ2)



l 1 l 1

1l +q 1l +q

1 ξx =  +x 2 ξxx =  −
1 ξx =  +x 2 ξxx =  −

X X X X

GPD(b,x) GPD(b,x)

l l2 2

µ ,a ν,b

q q’ q q’

p p’ p p’

Partons co-move with x ∼ p⊥e
±y ,in lightcone frame

p =
(
m
2 (cosh y ± sinh y) ,0⊥

)
, p′ =

(
m⊥
2 (cosh y ± sinh y) ,p′

⊥φ̂p

)

q, q′ is thermal bath (integrated over),so
∫
d8l1,21d

3qd3q′δ4 (l1 − l2 + q − q′) →
∫
dξd2∆⊥dφk⊥

|k⊥|2 dq+d2q⊥
2q+

dq+
′
d2q′⊥

2q+
′



l 1 l 1

1l +q 1l +q

1 ξx =  +x 2 ξxx =  −
1 ξx =  +x 2 ξxx =  −

X X X X

GPD(b,x) GPD(b,x)

l l2 2

µ ,a ν,b

q q’ q q’

p p’ p p’

l2,1 =

(

P+(x± ξ),±1

8

ξ∆2
⊥ + 4ξm2

(1− ξ2)P+
,

[

k⊥ ± 1

2
∆⊥

]

φ̂

)

problem: GPD has no k⊥ Diffractive limit fixes kinematics but is unrealistic
(“all exchange in energy transverse”, “wounded nucleon” has same mass as

before impact k⊥ = −2xξp+2

∆⊥
Easy to go beyond this with saturation

k⊥ =

√
(
2xξp+2

∆⊥

)2

+Q2 , f(Q)dQ ∼ exp

[

−
(
Q

Qs

)2
]



Now we are getting somewhere!

Angular momentum

Azimuthal eccentricity

Polarized
p?

Our approach is simplified but consistent, and gets a transverse spin-
dependent T (bx, by, xbj) out of lattice data, including spin! ǫn(y) =

cn(y)
c0(y)

cn(y) =

∫

dbxdby cos(nφ)T
m(bx, by, x)δ

(

y + ln

(
1

x

))

δ

(

φ− tan−1

(
by
bx

))



An estimate...

Unfortunately we didnt quite produce one in time for this workshop...



Conclusions

• The observation of fluids in small systems throws a bunch of conceptual
problems at us!

• Not clear how a classical fluid initial condition emerges out of deeply
quantum configuration of a nucleon in small systems.

• Fast thermalization (detailed balance) and wounded nucleons (transverse
energy exchange) could be a way forward,exciting prospect of linking
lattice to hydro initial conditions



Angular momentum

Azimuthal eccentricity

Polarized
p?

• EiC is coming and RHIC,LHC data is here , the symbiosis needs to be
used to its fullest! Final frontier for quantitative hydro in small systems
concurrent v2 for pA, p⇑A, γ∗A together with EiC 3D tomography!
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