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AXION PARAMETER SPACE AND SEARCH EFFORTS
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H � gaNNra · �n

Nuclear spin couplings to axion

Axion Effective Magnetic Field
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CONVENTIONAL AXION WIND DETECTION
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[CASPEr collab; Garcon et al. arXiv:1707.05312]

On resonance,                   ,linearly growing tip angle:

3

nM is approximately constant. Combining Eqs. (6) and
(7) and expanding to first order in t/T1, the transverse
magnetization is

Mxy(t ⌧ T1) = Mxy(0)

✓
1 �

t

T1

◆
e�i!0

L(1+↵vDt/2)t,

(10)
where !0

L = �B0(z0). The linear downward drift of the
precession frequency, !̇L ⌘ ✓̈(t) = ↵vD!0

L < 0, is the key
feature of the HPD.

EFFECT OF THE AXION WIND ON THE HPD

The e↵ect of the axion wind on the HPD evolution
can be directly computed by including ~Ba as a source
in the Bloch equations. We will first describe the e↵ect
qualitatively and estimate its parametric size, and then
confirm this behavior with numerical simulations in the
following section.

In CASPEr, Larmor resonance is achieved when �B0 =
ma, and Ba generates a tip angle ��(t) = �Bat that
grows linearly with time up to min[⌧a, T ⇤

2
] where T ⇤

2
is

the dephasing time. The three principal challenges in
this setup are (i) detecting the extremely small transverse
field generated by ��; (ii) tuning B0 in steps of ⇠ 10�6

to achieve resonance at each possible axion mass, given
the axion bandwidth mav2

a ⇠ 10�6ma; and (iii) gener-
ating a uniform B0 to ensure that nearby spins do not
dephase, thus preserving T ⇤

2
> ⌧a. The HPD setup natu-

rally sidesteps all of these challenges, as follows. Because
the HPD is a macroscopic quantum state, the inhomoge-
neous B-field, which generates the linear frequency drift,
preserves the precession phase in a macroscopic volume
while scanning Larmor frequencies. This allows the HPD
to probe many axion masses with the same field profile
B0. In the HPD, the tip angle is fixed, so the torque from
a transverse Ba instead resonantly changes the number
of magnons in the BEC when the local Larmor frequency
is equal to ma, |�Na| ' �B0BaVHPD⌧a. The axion wind
can thus be seen as a small chemical potential �µa for
magnons, as shown in Fig. 1. Since the magnon den-
sity in the BEC remains constant, VHPD changes with
�Na, and hence the DW position shifts by an amount
|�z| ' �Ba|z0|⌧a. This leads to a frequency shift,

����
�!a

!0

L

���� ' (�Ba)(↵z0)⌧a

⇡ 3 ⇥ 10�13

⇣ gaNN

10�10 GeV�1

⌘ ⇣ ↵z0

0.02

⌘ ✓
10�7eV

ma

◆
.

(11)

Note that since Ba / ma along the QCD line, the QCD
axion frequency shift is independent of the mass:

✓����
�!a

!0

L

����

◆

QCD

⇡ 10�17

⇣ ↵z0

0.02

⌘
. (12)

While Eq. (12) is a very small frequency shift, it is
comparable to the best sensitivity currently achieved by
microwave atomic clocks [29], and could thus be detected
in principle with homodyne detection of the NMR signal
referenced to a local oscillator. In contrast to CASPEr,
the overall amplitude of the NMR signal from the HPD
is large, of order Mxy(0) ⇠ �B0, with the smallness of
the axion signal appearing in the frequency rather than
the amplitude.

The resonance can persist while the DW sweeps
through a frequency bandwidth up to the axion band-
width, giving a resonance timescale

tr ⇡
10�6ma

|!̇L|
⇠

10�6

↵z0

T1. (13)

Define ↵⇤ such that tr = ⌧a, e.g.

↵⇤z0 ' 0.02

✓
T1

1000 sec

◆ ⇣ ma

10�7 eV

⌘
. (14)

Thus, depending on the choice of ↵,
����
�!a

!0

L

���� ' (�Ba)(↵z0)

⇢
tr , tr  ⌧a (↵ � ↵⇤),

p
tr⌧a , tr � ⌧a (↵  ↵⇤) .

(15)
The scaling with

p
tr is a typical feature of measurements

exceeding the coherence time and arises from adding in
quadrature the incoherent frequency shifts in each inter-
val ⌧a [30]. The signal is maximized when ↵ = ↵⇤, which
recovers Eqs. (11) and (12), but choosing larger ↵ allows
more axion masses to be scanned.

We can confirm the estimate in Eq. (11) with a pertur-
bative analysis of the Bloch equations. Taking a trans-
verse monochromatic axion field, Bx = Ba cos(mat + �),
and writing F = F(0)(1 + F(1)) where F(0) is the solution
of Eq. (6) and F(1) is proportional to Ba, we have for
t ⌧ T1 and to leading order in Ba,

dF(1)

dt
⇡ � tan �0�Ba cos(mat + �) sin(�!L(t)t). (16)

On resonance when ma = !L(t), the right-hand side con-
tains a constant term 1

2
sin �, and thus the solution for

F(1) is

F(1)(t) ⇡ �

✓
1

2
sin �

◆
(�Ba tan �0)t (17)

which grows linearly with time. In fact, integrating
Eq. (16) we can obtain an analytic solution valid for
t ⌧ T1,

F(1)(t) ⇡

✓
� tan �0�Ba

2

◆
cos � S(⌦t) + sin � C(⌦t)

⌦
,

(18)

where ⌦ ⌘

q
↵z0!0

L
⇡T1

and S(x) and C(x) are the Fresnel
sine and cosine integrals, respectively.

for t < min[⌧a, T2]
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HOMOGENEOUS PRECESSION DOMAIN OF HE-3
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Superfluid B-Phase

�L = M0 ⇥
Z

Bpulse(t) dt
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Disordered Magnons

Condensation

HPD Phase

Christina Gao | Axion Wind Detection with the Homogeneous Precession Domain of Superfluid Helium-320

Bonkov & Volovik (2018)
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Ṁz = �Mz � fM0

5T1
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Time-Domain Covariance Matrix Example Signal Realizations

➤ Dynamics fully characterized as a non-stationary gaussian process 
➤ Depends on HPD relaxation time + axion coherence 

➤ Searches for signals are searches for excess covariance
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AXION SIGNAL IN A STOCHASTIC SYSTEM

11

➤ Bloch treatment is “zeroth order” 
➤ Coarse-grained properties of the 

HPD depend on magnon number 
➤ Background: uncorrelated magnon 

decay 
➤ Signal: correlated magnon pumping 

by axion field  

➤ Background accumulates at all 
times 

➤ Signal accumulates only during 
resonance 

➤ Require rapid, high-precision 
frequency measurement 
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MEASURING AN AXION SIGNAL IN A STOCHASTIC BACKGROUND
➤ Read out HPD precession rate with a 

flux-sensitive transom qubit 

➤ Applying time-dependent control 
pulses allows for optimal estimate of 
evolution of precession rate

12
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If, for example, the parameter to be estimated is a multipli-
cative factor [20] on a static Hamiltonian, Hg ¼ gH0, then,
given that unitary evolution for a time T is described by
Ug ¼ expð−igH0TÞ, the quantum Fisher information scales
in timeas Ig ∝ T2 [20].However, if theHamiltonian is instead
time dependent [14,21], the quantum Fisher information may
exceed this scaling for certain parameters, reaching a scaling
of Ig ∝ T4 for estimating the frequency of an oscillating
Hamiltonian under optimal coherent control [22]. Very recent
experiments [23–25] in magnetic-field-sensing NV centers
have demonstrated that using a hybrid quantum-classical
strategy of estimating a local magnetic field value with a
quantum technique, repeated in time, together with a classical
Fourier transform can achieve a Fisher information of the
frequency scaling as T3. In this Letter, we experimentally
demonstrate T4 scaling of the quantum Fisher information in
the estimation of a Hamiltonian oscillation frequency for a
pseudo-spin-half system. This quantum enhanced scaling has
been proved [22] to be the best allowed by quantum
mechanics in the kind of system we consider in this work.
This improved scaling is achieved through adaptive optimal
control where an additional control Hamiltonian that depends
on the estimated parameter is applied to the system to enhance
sensitivity.We show that theT4 scaling is robust against small
variations in the control Hamiltonian, thus allowing for
adaptive control.
To illustrate how optimal control can be used to maximize

the quantum Fisher information, we consider a time-depen-
dent Hamiltonian imposed on a two-level quantum system
HωðtÞ ¼ Aℏ sinðωtÞσz=2, describing the periodic modula-
tion of the energy levels of the system with amplitude A as
shown in Fig. 1(a). Our focus is to maximize the quantum
Fisher information of the modulation frequency ω, that is, to
minimize the overlap of two quantum states jψωi and
jψωþδωi after time evolution under the Hamiltonian for time
T. We will show that the optimal choice of quantum states
is a superposition of energy eigenstates ðj0iþ eiϕj1iÞ=

ffiffiffi
2

p
,

which accumulate different phases ϕωðTÞ under the
Hamiltonian evolution.
To formalize our discussion of the quantum Fisher infor-

mation, we reformulate Eq. (2) as IðQÞ
ω ¼ 4Var½hωðTÞ&jψ0i,

where hωðTÞ¼iU†
ωð0→TÞ∂ωUωð0→TÞ,Uωð0 → TÞ is the

unitary evolution of the initial state jψ0i under the
Hamiltonian, and Var½·& represents the variance. In this form,
we can see that the quantum Fisher information is related to
the squared difference between the minimum and maximum
eigenvalues of hωðTÞ.
To determine the eigenvalues of hωðTÞ, we break the

unitary evolution Uωð0 → TÞ into infinitesimal time inter-
vals as discussed in Ref. [22] and consider the eigen-
values of hωðtÞ versus the time. In the current case, the
Hamiltonian commutes with itself at different times, so we
arrange the system to be in a superposition of the
eigenstates of ∂ωHωðtÞ=ℏ, such that the eigenvalues main-
tain maximal separation. These eigenvalues simply evolve
as μ'ðtÞ ¼ 'At cosðωtÞ=2. In Fig. 1(b), we sketch μ'ðtÞ.
The quantum Fisher information (QFI) about the frequency
ω associated with an evolution for time T is given by

IðQÞ
ω ¼

"Z
T

0
½μþðtÞ − μ−ðtÞ&dt

#
2

; ð3Þ

which increases as T2. Figure 1(c) displays how additional
control at the crossing points can be used to dramatically
enhance the QFI. By applying a control to guide the qubit
along a trajectory that maximizes the integral (3), the QFI
can increase instead as T4 as shown in Fig. 1(d). The
intuitive reason for the T4 scaling versus the T2 scaling is
that, for time-independent Hamiltonians, two nearby quan-
tum states corresponding to different values of the param-
eter can only diverge from each other with constant
velocity, whereas in time-dependent Hamiltonians, they
can accelerate away from each other, giving greater
quantum distinguishability of the states in the same period
of time [22,26,27].

(a) (b)

(c)

(d)

FIG. 1. Frequency estimation of a time-periodic Hamiltonian. (a) The experiment consists of a transmon qubit dispersively coupled to
a waveguide cavity. The qubit is subject to a time-dependent Hamiltonian HωðtÞ, and the task is to estimate the frequency ω. (b) The
eigenvalues μ' of ∂ωHωðtÞ=ℏ. The quantum Fisher information is related to the integral of μþðtÞ − μ−ðtÞ, which is alternately positive or
negative. (c) A control HcðtÞ is used to guide the qubit evolution such that μþðtÞ and μ−ðtÞ are maximally separated. (d) The scaling of
the quantum Fisher information for the uncontrolled and controlled measurement evolution, showing scaling as T2 and T4, respectively.
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