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Motivation: Particle Tracking

m Bergen pCT detector: Multilayer
sandwich tracking calorimeter
developed for the application of
proton computed tomography
(pCT).

m 2 tracking- & 41 detector-absorber
layer

m Measurement of path & residual
energy after patient, used for image
reconstruction.

sl 850
m Goal: Reconstruct path of protons .
under the influence of elastic and Image courtesy: Max Aehle et al. Exploration of differentiability in a proton
inelastic interactions (mostly computed tomography simulation framework. Phys Med Biol. 2023 Dec

X 15,68(24).
scattering).

= Question: Is it possible to provide an E2E differentiable tracking algorithm leveraging
SOTA edge classification GNNs? And how does it compare to its two-step counterpart?

Kortus, Keidel, Gauger End-to-end Differentiable Particle Tracking
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Graph Neural Network Architecture
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Gradients of reconstruction w.r.t. network paramters/input features

m Prediction of edge scores on input graph, containing all particle hits
m Unique assignment of track segments using linear sum assignment (bipartite matching)

m End-to-end optimization using decision-focused learning ¥ linearization of the solver
mapping at the point y(C) using original and perturbed costs?

2V|astelica, M., Paulus, A., Musil, V., Martius, G., Rolinek, M. (2020). Differentiation of Blackbox Combinatorial Solvers. 8th International
Conference on Learning Representations, ICLR 2020, 1-19.
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scattering is parameterized by

Line Graph (GL)
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edges ¥ strong inductive bias.
m Requires effective filtering of edges (threshold based on train set)

m Transform edges in hit graph to nodes in line graph ¥
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Blackbox Gradient Estimation for Combinatorial Solver

m Vlastelica et al. 3 define a general blackbox differentiation scheme for combinatorial
solvers of form y(w) = arg min, >y c(w; y) by considering the linearization of the solver
mapping at the point y(W) according to

=

ryf (w):= 1 y(w) vy (WO)] ;' where w!=clip (le—i— y(W)); 0; 1) (1)

= Advantages:

m We can remain with exact solvers without the necessity of using any relaxation of the
combinatorial problem.
m Simple implementation (requires only a second evaluation of the solver in the backward pass).

3V|astelica, M., Paulus, A., Musil, V., Martius, G., & Rolinek, M. (2020). Differentiation of Blackbox Combinatorial Solvers. 8th International
Conference on Learning Representations, ICLR 2020, 1-19.
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Network Optimization and Evaluation

Predict-then-track (PTT): = MC simulated data for 100, 150 and
L 200 mm water phantom and 230 MeV
® Minimize BCE-loss of edge scores. . -
. pencil beam:
Predict-and-track (PTT):

m Train: 100k particles (100p™=F)
® Minimize Hamming loss of edge m Eval: 5k particles (100p™=F)

assignments. m Test: 10k particles (50-150 p™=F)
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Training Performance

Kortus, Keidel, Gauger Exploring End-to-end Di erentiable Particle Tracking 7/ 20
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Reconstruction Performance

100 mm Water Phantom 150 mm Water Phantom 200 mm Water Phantom
p [%] (") ] (") | p %] (") 0] (") | p %l (") [%] (")

p*=F | Algorithm

50 Track follower?2 87.1 00 781 00 | 8.4 00 8L1 00 | 908 00 821 0.0
GNNprr (BCE. edge score) | 949 0.1 838 00 | 962 02 869 02 ‘ 9.4 00 887 0.1
GNNpar (= 25:0) 949 01 838 01 | 962 01 870 01 965 01  88.9 0.1
GNNpar ( =50:0) 950 02 839 02 | 963 02 871 02 965 01  89.0 0.1
GNNpar ( =75:0) 950 02 839 02 | 963 01 871 01 965 00  89.0 0.0

100 | Track follower2 80.6 00 717 00 | 847 00 764 00 | 858 00  77.5 0.0
GNNprr (BCE. edge score) | 87.4 0.3 752 02 | 919 0.3 824 03 | 917 02 838 0.1
GNNpar ( =25:0) 873 02 750 02 | 91.7 02 821 03 | 922 02  84.4 02
GNNpar ( =50:0) 87.4 03 751 02 | 920 04 824 02 925 01 846 0.1
GNNpar (= 75:0) 87.4 02 751 02 | 919 01 824 01 | 923 02 844 0.2

150 | Track follower 2 756 00 672 00 | 801 01 722 00 | 825 00 746 0.0
GNNprr (BCE. edge score) | 775 0.4 650 03 | 849 03 753 03 | 872 02 796 0.2
GNNpar (= 25:0) 767 02 643 02 | 848 03 751 0.3 | 87.6 03  80.1 0.3
GNNpar ( =50:0) 76.8 03 644 03 | 8.1 02 755 02 881 04 806 0.4
GNNpar (= 75:0) 766 0.1 643 0.1 | 850 02 754 0.2 | 878 02  80.4 02

2Pettersen. H., Meric, I., Odland, O., Sha ee, H., Slie, J., Rehrich, D. (2020). Proton tracking algorithm in a pixel-based range telescope for proton
computed tomography.
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E2E Di erentiable Particle Tracking from a Loss Landscape Perspective

Figure taken from Yang et al., 20214

“4Yaoging Yang, Liam Hodgkinson, Ryan Theisen, Joe Zou, Joseph E. Gonzalez, Kannan Ramchandran, Michael W. Mahoney (2021). Taxonomizing
local versus global structure in neural network loss landscapes. In Advances in Neural Information

Kortus, Keidel, Gauger Exploring End:
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E2E Di erentiable Particle Tracking from a Loss Landscape Perspective

Loss Surfaces

= Visualization of loss in landscape at minima using a 2D projection along vectors and

fG; )=L + + ) 2

= We chose the eigenvectors of the hessian matrix with the highest eigenvalue. Projection along the
highest curvature of the loss landscape.

= Characteristic behavior of loss landscape is consistent across di erent directiorfs

aLi, H., Xu, Z., Taylor, G., Studer, C., Goldstein, T. (2018). Visualizing the loss landscape of neural nets. Advances in Neural Information Processing
Systems, 6389{6399.

Representational Similarities (CKA-Similarity)

= Correlation-like similarity metric ® to compare learned representations of neural network layers of
same or di erent models.

= Uses the Hilbert-Schmidt Independence Criterion (HSIC)

CKAGK: L) = pHSICK:L)
"~ " HSICL, DHSIC(K K) |

(©)

asimon Kornblith, Mohammad Norouzi, Honglak Lee, Geo rey Hinton. (2019). Similarity of Neural Network Representations Revisited.

Kortus, Keidel, Gauger Exploring End-to-end Di erentiable Particle Tracking
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E2E Di erentiable Particle Tracking from a Loss Landscape Perspective

Functional Similarities

= Prediction instability or churn captures the average ratio of disagreement between predictions of
di erent models f; and f,%:

d(f1; f2) = Extp:1,1 f arg maxfai(x) 6 arg max f(x)g: 4)

= We calculate the min-max normalized to provide a better intuition.

aMahdi Milani Fard, Quentin Cormier, Kevin Canini, Maya Gupta (2016). Launch and Iterate: Reducing Prediction Churn. Advances in Neural
Information Processing Systems, 29

Mode Connectivity

= Given two mode, we aim to nd a low-energy connecting curve  (t) : [0; 1] ! RY, de ned as the
integral loss alongside the parameterized curv&

z 1
L()= . L( (t)dt = E yeplt ¢ (D] (5)

Non-linear connectivity (Bezier curves) ! intuition about the general connectivity.
Linear connectivity ! Intuition about the mechanistic similarity.

aGaripov, T., Izmailov, P., Podoprikhin, D., Vetrov, D., Wilson, A. (2018). Loss Surfaces, Mode Connectivity, and Fast Ensembling of DNNs. In
Advances in Neural Information Processing Systems. Curran Associates, Inc..

Kortus, Keidel, Gauger Exploring End-to-end Di erentiable Particle Tracking
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Local Structure of the Task Loss Surfaces for Decision-focused Learning

Kortus, Keidel, Gauger Exploring End-to-end Di erentiable Particle Tracking 12/ 20
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Agreement of Prediction Loss and Task Loss Surfaces

Kortus, Keidel, Gauger Exploring End-to-end Di erentiable Particle Tracking 13/ 20
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Mode Connectivity
Hamming loss [ le 3] (#) True positive rate [%] (**)

Model Curve Min Max Mean Min Max Mean

PAT ( =25) Linear 6.64 0.09 22858 110.62 37.73 19.92 75.01 11.77 99.32 0.01 95.80 2.16
PAT ( =25) Bézier (Ham.) 6.64 0.07 8.14 0.53 7.11 0.10 99.12 0.09 99.32 0.01 99.26 0.01
PAT ( =25) Bézier (BCE) 6.65 0.11 7.78 0.13 7.35 0.06 99.18 0.02 99.32 0.01 99.24 0.01
PAT ( =50) Linear 6.47 0.12 251.09 102.46 43.46 22.46 71.57 10.24 99.34 0.01 95.01 2.39
PAT ( =50) Bézier (Ham) 646 012 801 0.40 7.00 0.09 99.15 0.05 9934 001 99.28 0.01
PAT ( =50) Bézier (BCE) 6.47 0.08 7.76 0.12 7.35 0.05 99.18 0.02 99.34 0.01 99.24 0.01
PAT ( =75) Linear 6.49 0.04 34556 133.60 82.49 44.28 63.04 13.58 99.34 0.00 91.13 4.60
PAT ( =75) Bézier (Ham.) 6.47 0.05 8.22 0.79 7.02 0.16 99.11 0.12 99.34 0.00 99.27 0.02
PAT ( =75) Bézier (BCE) 6.51 0.04 8.12 0.72 7.40 0.08 99.16 0.05 99.34 0.00 99.23 0.01
PTT Linear 6.70 0.07 332.39 116.90 107.24 4220 63.67 11.94 99.32 0.01 87.59 4.31
PTT Bézier (Ham.) 6.70 0.07 15.33 5.54 9.56 1.07 97.98 0.94 99.32 0.01 98.91 0.18
PTT Bézier (BCE) 6.69 0.07 7.60 0.21 7.07 0.06 99.21 0.03 99.32 0.01 99.28 0.01

Hamming loss [ le 3] (#) True positive rate [%] (")

Model Curve Min Max Mean Min Max Mean

GNNprr ¥ GNNpar  Linear 6.60 0.13 337.23 169.20 117.42 76.26 63.90 17.66 99.33 0.01 87.12 8.06
GNNprr ¥ GNNpar  Bézier (BCE) 6.60 0.13 11.32 3.25 8.06 0.58 98.65 0.52 99.33 0.01 99.13 0.08
GNNprr ¥ GNNpay  Bézier (Ham.) 659 0.12 7.75 0.36 7.19 0.09 99.19 0.03 99.33 0.01 99.26 0.01

Kortus, Keidel, Gauger Exploring End-to-end Differentiable Particle Tracking
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Mode Connectivity - Global Connectivity
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Hamming loss [ le 3] (#)

True positive rate [%] (")

Model Curve Min Max Mean Min Max Mean

PAT ( =25) Linear 6.64 0.09 22858 110.62 37.73 19.92 75.01 11.77 99.32 0.01 95.80 2.16
PAT ( =25) Bézier (Ham.) 6.64 0.07 8.14 0.53 7.11 0.10 99.12 0.09 99.32 0.01 99.26 0.01
PAT ( =25) Bézier (BCE) 6.65 0.11 7.78 0.13 7.35 0.06 99.18 0.02 99.32 0.01 99.24 0.01
PAT ( =50) Linear 6.47 0.12  251.09 102.46 43.46 22.46 71.57 10.24 99.34 0.01  95.01 2.39
PAT ( =50) Bézier (Ham.) 6.46 0.12 8.01 0.40 7.00 0.09 99.15 0.05 99.34 0.01  99.28 0.01
PAT ( =50) Bézier (BCE) 6.47 0.08 7.76 0.12 7.35 0.05 99.18 0.02 99.34 0.01  99.24 0.01
PAT ( =75) Linear 6.49 0.04 34556 133.60 82.49 44.28 63.04 1358 99.34 0.00 91.13 4.60
PAT ( =75) Bézier (Ham.) 6.47 0.05 8.22 0.79 7.02 0.16 99.11 0.12 99.34 0.00 99.27 0.02
PAT ( =75) Bézier (BCE) 6.51 0.04 812 0.72 7.40 0.08 99.16 0.05 99.34 0.00 99.23 0.01
PTT Linear 6.70 0.07 332.39 116.90 107.24 4220 63.67 11.94 99.32 0.01 87.59 4.31
PTT Bézier (Ham.)  6.70 0.07  15.33 5.54 9.56 1.07 97.98 0.94 99.32 0.01 98.91 0.18
PTT Bézier (BCE) 6.69 0.07 7.60 0.21 7.07 0.06 99.21 0.03 99.32 0.01  99.28 0.01

Hamming loss [ le 3] (#) True positive rate [%] (™)

Model Curve Min Max Mean Min Max Mean

GNNprr ¥ GNNpar  Linear 6.60 0.13 337.23 169.20 117.42 76.26 63.90 17.66 99.33 0.01 87.12 8.06
GNNp7r ¥ GNNpar  Bézier (Ham.)  6.60 0.13  11.32 3.25 8.06 0.58 98.65 0.52 99.33 0.01  99.13 0.08
GNNprr ¥ GNNpar  Bézier (BCE.) ~ 6.59 0.12  7.75 0.36 7.19 0.09 99.19 0.03 99.33 0.01  99.26 0.01

Low-energy connecting curves for all con gurations & for combination of PAT and PTT

Kortus, Keidel, Gauger

Exploring End-to-end Differentiable Particle Tracking
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Mode Connectivity - Mechanistic Similarity

Hamming loss [ 1le 3] (#) True positive rate [%] (")

Model Curve Min Max Mean Min Max Mean

PAT ( =25) Linear 6.64 0.09 228.58 110.62 37.73 19.92 75.01 11.77 99.32 0.01 95.80 2.16
PAT ( =25) Bézier (Ham.) 6.64 0.07 8.14 0.53 7.11 o0.10 99.12 0.09 99.32 0.01 99.26 0.01
PAT ( =25) Bézier (BCE) 6.65 0.11 7.78 0.13 7.35 0.06 99.18 0.02 99.32 0.01 99.24 0.01
PAT ( =50) Linear 6.47 0.12 251.09 102.46 43.46 22.46 71.57 10.24 99.34 0.01 95.01 2.39
PAT ( =50) Bézier (Ham.) 6.46 0.12 8.01 0.40 7.00 0.09 99.15 0.05 99.34 0.01 99.28 0.01
PAT ( =50) Bézier (BCE) 6.47 0.08 7.76 0.12 7.35 0.05 99.18 0.02 99.34 0.01 99.24 0.01
PAT ( =75) Linear 6.49 0.04 345.56 133.60 82.49 44.28 63.04 13.58 99.34 0.00 91.13 4.60
PAT ( =75) Bézier (Ham.) 6.47 0.05 8.22 0.79 7.02 0.16 99.11 0.12 99.34 0.00 99.27 0.02
PAT ( =75) Bézier (BCE) 6.51 0.04 8.12 0.72 7.40 0.08 99.16 0.05 99.34 0.00 99.23 0.01
PTT Linear 6.70 0.07 332.39 116.90 107.24 42.20 63.67 11.94 99.32 0.01 87.59 4.31
PTT Bézier (Ham.) 6.70 0.07 15.33 554 9.56 1.07 97.98 0.94 99.32 0.01 98.91 0.18
PTT Bézier (BCE) 6.69 0.07 7.60 0.21 7.07 0.06 99.21 0.03 99.32 0.01 99.28 0.01

Hamming loss [ le 3] (#) True positive rate [%] (™)

Model Curve Min Max Mean Min Max Mean

GNNp7rr ¥ GNNpar  Linear 6.60 0.13 337.23 169.20 117.42 76.26 63.90 17.66 99.33 0.01 87.12 8.06
GNNprr ¥ GNNpar  Bézier (BCE) 6.60 0.13 11.32 3.25 8.06 0.58 98.65 0.52 99.33 0.01 99.13 0.08
GNNprr ¥ GNNpar  Bézier (Ham.) 659 0.12 7.75 0.36 7.19 0.09 99.19 0.03 99.33 0.01 99.26 0.01

Lack of linear connectivity ¥ low mechanistic similarity

Kortus, Keidel, Gauger Exploring End-to-end Differentiable Particle Tracking
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Mode Connectivity - Impact of Interpolation Factor

Hamming loss [ le 3] (#) True positive rate [%] (™)
Model Curve Min Max Mean Min Max Mean
PAT ( =25) Linear 6.64 0.09 22858 110.62 37.73 19.92 75.01 11.77 99.32 0.01  95.80 2.16
PAT ( =25) Bézier (Ham.) 6.64 0.07 8.14 0.53 7.11 0.10 99.12 0.09 99.32 0.01 99.26 0.01
PAT ( =25) Bézier (BCE) 6.65 0.11 7.78 0.13 7.35 0.06 99.18 0.02 99.32 0.01 99.24 0.01
PAT ( =50) Linear 6.47 0.12 251.09 102.46  43.46 22.46 71.57 10.24 99.34 0.01  95.01 2.39
PAT ( =50) Bézier (Ham.) 6.46 0.12 8.01 0.40 7.00 0.09 99.15 0.05 99.34 0.01 99.28 0.01
PAT ( =50) Bézier (BCE) 6.47 0.08 7.76 0.12 7.35 0.05 99.18 0.02 99.34 0.01 99.24 0.01
PAT ( =75) Linear 6.49 0.04 34556 133.60 82.49 44.28 63.04 1358 99.34 0.00 91.13 4.60
PAT ( =75) Bézier (Ham.) 6.47 0.05 8.22 0.79 7.02 0.16 99.11 0.12 99.34 0.00 99.27 0.02
PAT ( =75) Bézier (BCE) 6.51 0.04 8.12 0.72 7.40 0.08 99.16 0.05 99.34 0.00 99.23 0.01
PTT Linear 6.70 0.07 332.39 116.90 107.24 4220 63.67 11.94 99.32 0.01  87.59 4.31
PTT Bézier (Ham.) 6.70 0.07 1533 5.54 9.56 1.07 97.98 0.94 99.32 0.01 98.91 0.18
PTT Bézier (BCE) 6.69 0.07 7.60 0.21 7.07 0.06 99.21 0.03 99.32 0.01 99.28 0.01
Hamming loss [ le 3] (#) True positive rate [%] (")
Model Curve Min Max Mean Min Max Mean
GNNprr ¥ GNNpar  Linear 6.60 0.13 337.23 169.20 117.42 76.26 63.90 17.66 99.33 0.01 87.12 8.06
GNNprr ¥ GNNpar  Bézier (BCE)  6.60 0.13 11.32 3.25 8.06 0.58 98.65 0.52 99.33 0.01 99.13 0.08
GNNprr ¥ GNNpar  Bézier (Ham.) 6.59 0.12 7.75 0.36 7.19 0.09 99.19 0.03 99.33 0.01 99.26 0.01

Increasing linear connectivity with decreasing interpolation factor ¥ selection of
su ciently small values

Kortus, Keidel, Gauger Exploring End-to-end Differentiable Particle Tracking
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Conclusion and Outlook

m E2E particle tracking is straightforward and works efficiently, providing results on-par
with two-step approach while requiring less training iterations (better for smaller
-values).
m Optimization works similar to two-step approaches, converging into globally-well
connected minima. However: Substantial prediction instabilities (better for smaller
-values) ¥ unpredictable effects on downstream tasks.
m Providing gradient information enables various extensions (at least theoretically):

Integration of auxiliary losses of downstream tasks to generate robust models that perform well
on downstream task.

Integration into complex architectures and learning schemes (e.g., MARL)

Optimization of detector geometries for design optimization.

End-to-end Differentiable Particle Tracking

Kortus, Keidel, Gauger







