


CAS Advanced Accelerator Physics

Collective effects

Part 1: Introduction ςmultiparticle systems and dynamics

Kevin Li and Giovanni Rumolo 



Outline

ÅPart 1: Introduction ςmultiparticle systems and dynamics

ÅIntroduction to beam instabilities

ÅInstabilities examples

ÅBasic concepts

ÅBeam matching

ÅMultiparticle effects ςfilamentation and decoherence

14.11.24 BeamInstabilities I - Giovanni Rumolo and Kevin Li - Spa 3

In this introductory part, we will provide a qualitative descriptionof collective effects and their impact on
particlebeams.

We will introduce multiparticle systemsand investigatemultiparticle effects. This will be the first step
towardsa more involvedunderstandingof collectiveeffectsandtheir effect (next lectures).



What are collective effects?
ÅWe will study the dynamicsof chargedparticle beamsin a particle acceleratorenvironment, taking into accountthe

beamself-inducedelectromagneticfields, i.e. not only the impact of the machineonto the beambut alsothe impact
of the beamonto the machine.

14.11.24 Beam Instabilities I - Giovanni Rumolo and Kevin Li - Spa 4/40



What are collective effects?
ÅWe will study the dynamicsof chargedparticle beamsin a particle acceleratorenvironment, taking into accountthe

beamself-inducedelectromagneticfields, i.e. not only the impact of the machineonto the beambut alsothe impact
of the beamonto the machine.

ÅFirststepĄCoordinatessystemwe will usethroughoutthis setof lectures

ÅTheoriginOismovingalongwith theάǎȅƴŎƘǊƻƴƻǳǎǇŀǊǘƛŎƭŜέΣi.e. a referenceparticlethat hasthe designmomentumandfollows
the designorbit

ÅTransversecoordinatesx (Horizontal)and y (Vertical)relative to referenceparticle (x,y << R), typically x is in the plane of the
bending

ÅLongitudinalcoordinatez relativeto referenceparticle

ÅPositionalongacceleratorisdescribedby independentvariables= vt
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What are collective effects?
ÅA chargedparticle beam is generallydescribedas a multiparticle system via the coordinates and the canonically

conjugatemomentaof all of its particlesςthis makesup a distribution in the 6-dimensionalphasespacewhichcanbe
describedby a particledistribution function.

ÅHence,we will study the evolution of the phasespaceoccupiedby this particle distribution (and describedby its
particledistribution function):
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What are collective effects?
ÅA chargedparticle beam is generallydescribedas a multiparticle system via the coordinates and the canonically

conjugatemomentaof all of its particlesςthis makesup a distribution in the 6-dimensionalphasespacewhichcanbe
describedby a particledistribution function.

ÅHence,we will study the evolution of the phasespaceoccupiedby this particle distribution (and describedby its
particledistribution function):

o Opticsdefinedby the machinelattice providesthe external force fields (magnets,electrostaticfields,RFfields),e.g. for guidance
andfocusing

o Collectiveeffectsaddto this distribution dependentforce fields (spacecharge,wakefields)
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ÅWewill seelater how multiparticle dynamicscanbe modeledandsolved
ÅCanbe just the descriptionof the evolution of a set of particleswithout

mutual interactions(lineardynamics& matching,nonlineardynamicsand
incoherenteffects)

ÅCan include mutual interactions among particles (coherent and
incoherenteffects)



What is a beam coherent instability?
ÅA beambecomesunstablewhen a moment of its distribution exhibitsan exponential growth (e.g. mean

positions,standarddeviations,etc.), resultinginto beamlossor emittancegrowth!
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The instability loop
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Multi-bunch beam
s = vt

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

Interaction with the 
external 

environment

Equations of motion 
of the beam particles



The instability loop
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Multi-bunch beam

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

s = vt

Equations of motion 
of the beam particles

Χ ǿƘŜƴ ǘƘŜ ƭƻƻǇ ŎƭƻǎŜǎΣ ŜƛǘƘŜǊ ǘƘŜ ōŜŀƳ ǿƛƭƭ ŦƛƴŘ ŀ ƴŜǿ ǎǘŀōƭŜ ŜǉǳƛƭƛōǊƛǳƳ ŎƻƴŦƛƎǳǊŀǘƛƻƴ



The instability loop
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Multi-bunch beam

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

s = vt

Equations of motion 
of the beam particles

Χ ƻǊ ƛǘ ƳƛƎƘǘ ŘŜǾŜƭƻǇ ŀƴ ƛƴǎǘŀōƛƭƛǘȅ ŀƭƻƴƎ ǘƘŜ ōǳƴŎƘ ǘǊŀƛƴ



The instability loop

14.11.24
Beam Instabilities I - Giovanni Rumolo and Kevin Li -

Spa
13

Multi-bunch beam

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

s = vt

Equations of motion 
of the beam particles

Χ ƻǊ ŀƭǎƻ ŀƴ ƛƴǎǘŀōƛƭƛǘȅ ŀŦŦŜŎǘƛƴƎ ŘƛŦŦŜǊŜƴǘ ōǳƴŎƘŜǎ ƛƴŘŜǇŜƴŘŜƴǘƭȅ ƻŦ ŜŀŎƘ ƻǘƘŜǊ



The instability loop
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Multi-bunch beam
s = vt

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

Equations of motion 
of the beam particles

Act on the right side of the loop 
ĄMinimisethe creation of EM fields 
potentially detrimental to the beam

This will translate eventually into 
reducing/controlling/optimisingthe impedance
of the single components of an accelerator ring



The instability loop
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Multi-bunch beam
s = vt

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

Equations of motion 
of the beam particles

Act on the left side of the loop 
Ą Introduce stabilisingterms in the 

equations of motion

This will translate eventually adding 
cooling/damping terms or nonlinear driving 
terms that can provide stabilisationof the 

system through Landau damping



The instability loop
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Multi-bunch beam
s = vt

Interaction with the 
external 

environment

Additional electromagnetic field 
acting on the beam, besides RF and 

external magnetic fields

Equations of motion 
of the beam particles

Χor we actively create another loop in 
which we first detect a selected moment of 
the beam distribution and we then kick the 
particles accordingly to cancel deviations 

from the desired steady state

Detect 
moments

Kick beam 
particles



Formal description of collective beam motion
ÅFormally,insteadof investigatingthe full setof equationsfor a multiparticlesystem,we typicallyinsteaddescribe

the latter by a particle distribution function:

where

ÅTheacceleratorenvironmenttogether with the multiparticle systemforms a Hamiltonian systemfor which the
Hamiltonequationsof motion hold:
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We can now derive the Vlasov equation which forms the foundation of the
theoretical treatment of beamdynamicswith collectiveeffects:

Å Consideran infinitesimal volume element dʍcontaininga finite number of particlesdN in
phasespacewhichevolvein time
Å dNisconservedasno particlescanenter or leavethe area(Picard-Lindelöf)
Å dʍisconservedby meansof the Hamiltonequationsof motion

Å It followsthat:



Formal description of collective beam motion
ÅTheevolutionof a multiparticle systemisgivenby the evolutionof its particle distribution function

ÅWith the Hamiltoniancomposedof an external and a collective part, and the particle distribution function
decomposedinto an unperturbed part anda smallperturbation onecanwrite

ÅThisbecomesto first order
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Weare lookingfor the EVof the evolution
Ą becomesan EVproblem!

Temporal componentSpatial component



Formal description of collective beam motion
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ÅThisbecomesto first order
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Weare lookingfor the EVof the evolution
Ą becomesan EVproblem!

Temporal componentSpatial component

We call these distinct eigenvalues k̞ the coherent k-mode. 

The mode and thus for example also an instability is fully characterized by 
a single number:

the complex tune shift ʍk



Formal description of collective beam motion
ÅTheevolutionof a multiparticle systemisgivenby the evolutionof its particle distribution function

ÅWith the Hamiltoniancomposedof an external and a collective part, and the particle distribution function
decomposedinto an unperturbed part anda smallperturbation onecanwrite

ÅThisbecomesto first order
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Weare lookingfor the EVof the evolution
Ą becomesan EVproblem!

Temporal componentSpacialcomponent

Remark:

Solvingfor or findingthe stationarysolutionfor a givenH0 will be later
referredto asmatching.



Formal description of collective beam motion
ÅTheevolutionof a multiparticle systemcanalsobe studiedviadirect macro-particle simulation

ÅNumberof macro-particlesneedsto be chosento haveresultsstatisticallysignificantbut in reasonableexecutiontimes within
the availablecomputingpower

ÅHerewe need to solvenumericallya set of equationsof motion correspondingto macro-particlesrepresenting
the beam
ÅThedrivingtermsof theseequationsarethe EMfieldsexternallyappliedaswell asthe EMfieldsgeneratedby the macro-particle

distribution itself

ÅTherefore,we typicallyneedto couplewith anEMsolver
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Solutions of 
aŀȄǿŜƭƭΩǎ Ŝǉǳŀǘƛƻƴǎ



Signpost
We have seen the difference between external forces and self-induced forces and how these lead to
collectiveeffects.

We haveseenschematicallyhow thesecollectiveeffects can inducecoherent beam instabilities and some
knobsto avoid them.

We havebriefly sketchedthe theoretical framework within which the beamdynamicsof collectiveeffectsis
usuallytreatedςwe haveencounteredthe Vlasovequation,bunch/ beameigenmodesandthe complextune
shift.
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Why worry about beam instabilities?
ÅWhy study beam instabilities?

ÅThe onset of a beam instability usually determines the maximum beam intensity that a machine can 
store/accelerate (performance limitation)

ÅUnderstanding the type of instability limiting the performance, and its underlying mechanism, is essential because 
it:

ÅAllows identifying the source and possible measures to mitigate/suppress the effect

ÅAllows dimensioning an active feedback system to prevent the instability
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The CERN accelerator complex
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For the examples in the next 
slides we will refer to the SPS



Coupled bunch instability in the SPS

ÅInjectionof 4 batchesof 72bunchtrainsinto the SPS

ÅLater trains feature strong losses(intensity) and large blow-up
(emittance)ςthis leadsto a stronglossof beambrightness
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72 bunches per injection

Intensity

Beam size



Coupled bunch instability in the SPS

Å Injection of 4 batchesof 72 bunch trains
into the SPS

ÅA closerlook into one train exhibitsstrong
coherentcoupledbunchoscillations
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72 bunches

Bunch # 60



Coupled bunch instability in the SPS

Å Injection of 4 batchesof 72 bunch trains
into the SPS

ÅA closerlook into one train exhibitsstrong
coherentcoupledbunchoscillations
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72 bunches

Bunch # 60

Transverse 
damper shut 
down



Single bunch instability in the SPS

ÅLossof more than 30%of the bunchintensitydueto a slow transversemodecouplinginstability (TMCI)
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Open loop

Bunch charge profile

Vertical intra-bunch motion



Single bunch instability in the SPS

ÅLossof more than 30%of the bunchintensitydueto a slow transversemodecouplinginstability (TMCI)Ą canbe
mitigatedby a widebandfeedbacksystem.
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Closed loop

Bunch charge profile

Vertical intra-bunch motion



Signpost
Wenow understandthat collectiveeffectscanhavea hugedetrimental impact on the machineperformance
andwhy,therefore,the studyandthe understandingof instabilitiesis important.

We haveencounteredsomereal world examplesof instabilitiesobservedthroughout the CERNaccelerator
chain.

Before moving on to a more detail view of collectiveeffects, we will have a quick look at some distinct
characteristicsof multi-particlebeamdynamics.
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Beam matching
ÅAs seen earlier, given a particle distribution function and a machine (described by a Hamiltonian H) the 

stationary solution is given by:

ŀƴŘ Ŏŀƴ ōŜ ŎƻƴǎǘǊǳŎǘŜŘ Ǿƛŀ ƳŀǘŎƘƛƴƎΧ
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Beam matching
ÅAs seen earlier, given a particle distribution function and a machine (described by a Hamiltonian H) the 

stationary solution is given by:

ŀƴŘ Ŏŀƴ ōŜ ŎƻƴǎǘǊǳŎǘŜŘ Ǿƛŀ ƳŀǘŎƘƛƴƎΧ
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Å In real life, an injected beam ought to be matched to the machinefor best performance. 

Å Given a particle distribution functionand a machine opticslocally described by a 
Hamiltonian we ensure matching by targeting for:

Matching

Beam Machine



Matching examples

ÅBetatronmotion

ÅSynchrotron motion - linear
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Matching examples

ÅBetatronmotion

ÅSynchrotron motion - linear
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In reality the synchrotron motion is described by the Hamiltonian:

This leads to nonlinear equationsand the matching procedure becomes more involved.



Matching illustration ςmatched beams

ÅBetatronmotion ς
linear 

ÅSynchrotron motion ς
nonlinear
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Matched beams 
maintain their beam 
momentsand their 
shape in phase space



Matching illustration ςmatched beams

ÅBetatronmotion ς
linear 

ÅSynchrotron motion ς
nonlinear
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Matched beams 
maintain their beam 
momentsand their 
shape in phase space



Matching illustration ςmismatched beams

ÅBetatronmotion ς
linear 

ÅSynchrotron motion ς
nonlinear
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Mismatched beams 
showoscillations in 
their beam moments
and may change their 
shape due to 
filamentation



Matching illustration ςlinear vs. nonlinear

ÅBetatronmotion ς
linear 

ÅSynchrotron motion ς
nonlinear
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Nonlinearities lead to 
detuning with 
amplitude. This is 
visible as the 
characteristic spiraling
of larger amplitude 
particles.



Signpost
Wehavelearnedabout the meaningof matchinga beamto the machineoptics.

Wehaveseenhow to formally matcha beamto a givendescriptionof a machine.

We haveseenexamplesof matchedand mismatchedbeamsand haveseenthe differencebetween linear
andnon-linear motion.
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Sources and impact of transverse nonlinearities
ÅWe have learned or we may know from operational experience that there are a set of crucial machine 

parameters to influence beam stabilityςamong them chromaticity and amplitude detuning

ÅChromaticity
o Controlled with sextupolesςprovides chromatic shift of bunch spectrum wrt. impedance

o Changes interaction of beam with impedance

o Damping or excitation ofheadtailmodes

ÅAmplitude detuning
o Controlled with octupolesςprovides (incoherent) tune spread

o Leads to absorption of coherent power into the incoherent spectrum Ą Landau damping

ÅOf course, to study intensity effects, these need to be included in our model ςfortunately, this is pretty 
simple!

14.11.24 Beam Instabilities I - Giovanni Rumolo and Kevin Li - Spa 41



Example: filamentationas result of detuning
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Example: filamentationas result of detuning
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Å Takingan FFTof the centroid motion (blackcurve)
revealsthe tuneςinterestinglythere is a spread

Å In the simulationwe haveaccessto the trajectory of
eachindividual particleςwe canequallyperforman
FFTof every particle and plot the horizontal vs.
verticaltune to obtain the tune footprint



Example: chromaticity ςde- & recoherence
ÅChromaticdetuning:

ÅConsidera particle in 6d phasespaceperformingboth betatron and
synchrotronoscillations

ÅThe accumulatedbetatron detuning after one half, resp. one full
synchrotronperiodreads

ÅAfter one full synchrotronperiod all tune shifts havevanished(i.e.,
alsothe tune spreadhasvanishedςthe beamhasre-cohered)

14.11.24 Beam Instabilities I - Giovanni Rumolo and Kevin Li - Spa 44



Example: chromaticity ςde- & recoherence
ÅChromaticdetuning:

ÅConsidera particle in 6d phasespaceperformingboth betatron and
synchrotronoscillations

ÅThe accumulatedbetatron detuning after one half, resp. one full
synchrotronperiodreads

ÅAfter one full synchrotronperiod all tune shifts havevanished(i.e.,
alsothe tune spreadhasvanishedςthe beamhasre-cohered)

14.11.24 Beam Instabilities I - Giovanni Rumolo and Kevin Li - Spa 45



Signpost
Sourcesfor transversenonlinearitiesare,e.g., chromaticityanddetuningwith amplitude from octupoles.

Transversenonlinearitiescanleadto decoherenceandemittanceblow-up.

Theeffectsseensofar arechacteristicsfor multiparticle systemsbut arenot collectiveeffects.
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Signpost
Wehavelearnedaboutsomeof the peculiaritiesof collectiveeffects. Wehavealsointroducedmulti-particle
systemsandhaveseenhow thesecanbedescribedandtreated theoretically.

We have seen some real-world example of collective effects manifestingthemselvesas coherent beam
instabilities.

We havelookedat somespecificfeatures of multi-particle beam dynamicssuchasmatching,decoherence
andemittanceblow-up dueto filamentation. Thesearenot to beconfusedwith collectiveeffects.
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End part 1





Backup



Signpost
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ÅWehavelearnedabout the particledescriptionof a beam.

ÅWehaveseenmacroparticlesand macroparticlemodels.

ÅWe have seen how macroparticle models are mapped and represented in a
computationalenvironment.

ÅPart 1: Introduction ςmultiparticlesystems, macroparticle
models and wake functions

ÅIntroduction to beam instabilities

ÅBasic concepts
ÅParticles and macroparticlesςmacroparticledistributions

ÅBeam matching

ÅMultiparticleeffects ςfilamentationand decoherence

ÅWakefieldsas sources of collective effects



The particle description
ÅAs seenearlier, and especiallyfor the analyticaltreatment, we can representa chargedparticle beam via a particle

distribution function.

ÅIn computer simulations,a chargedparticle beam is still representedas a multiparticle system. However, to be
compatiblewith computationalresources, we needto rely on macroparticlemodels.

ÅA macroparticleisa numericalrepresentationof a clusterof neighbouringphysicalparticles.

ÅThus,instead of solvingthe systemfor the N (~1011) physicalparticlesone can significantlyreduce the number of
degreesof freedom to NMP(~106). At the sametime one must be awarethat this increasesof the granularity of the
systemwhichgivesriseto numericalnoise.
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Macroparticlerepresentation of the beam
ÅMacroparticle models permit a seamlessmapping of realistic systems into a

computationalenvironmentςthey are fairly easyto implement
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Macroparticlenumber

Canonically conjugate 
coordinates and momenta



Macroparticlerepresentation of the beam
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ÅInitial conditions of the beam/particles

ÅWe use random number generatorsto 
obtain random distributions of 
coordinates and momenta

ÅExample transverse Gaussian beam in 
the SPS with normalized emittance of
2 um (0.35 eVs longitudinal)

Profile Size Matching

Gaussian Emittance Optics

Parabolic

Flat

Χ



Wake fields illustrative examples
ÅResonator wake: fr = 200 MHz, Q = 20 ςGaussian bunch charge profile

ÅThe plots show how the bunch moments and the wake function convolve into an integrated deflecting kickat the 
different positions along the bunch
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