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QOutline 0D

The CERN Accelerator School

We have discussed longitudinal wake fields and impedances and their impact on both the machine as well as the
beam.

We have learned about beam induced heating and how it is related to the beam power spectrum and the machine
impedance.

We have discussed the effects of potential well distortion (stable phase and synchrotron tune shifts, bunch
lengthening and shortening).

We have seen one example of longitudinal instabilities (Microwave).

Part 3: Multiparticle dynamics with wake fields — their different types and impact on transverse beam
dynamics

* Transverse wake function and impedance
e Effect on a bunch and transverse ,potential well distortion”
* Some examples of beam instabilities
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Outline 0D

The CERN Accelerator School

We will move to the description and the impact of transverse wake fields.

We will discuss the different types of transverse wake fields, outline how they can be implemented
numerically and then investigate their impact on beam dynamics.

We will see some examples of transverse instabilities such as the transverse mode coupling instability (TMCI)
or headtail instabilities.

Part 3: Multiparticle dynamics with wake fields — their different types and impact on transverse beam
dynamics

* Transverse wake function and impedance

e Effect on a bunch and transverse ,potential well distortion”
* Some examples of beam instabilities
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QOutline 0D

The CERN Accelerator School

We will move to the description and the impact of transverse wake fields.

We will discuss the different types of transverse wake fields, outline how they can be implemented
numerically and then investigate their impact on beam dynamics.

We will see some examples of transverse instabilities such as the transverse mode coupling instability (TMCI)
or headtail instabilities.

Part 3: Multiparticle dynamics with wake fields — their different types and impact on transverse beam
dynamics

* Transverse wake function and impedance
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Recap: wake functions in general Je'e,

The CERN Accelerator School

‘ Source, q;

. Witness, g,

Definition as the integrated force felt by a witness charge following a source charge (‘energy kick’):

* In general, for two point-like particles, we have

AEQ = /F(I1,$2,Z,S) ds = —{q142 w(a:l,scz,z)

w is typically expanded in the transverse offsets of source and witness particles. This yields the different types of wake
fields (dipole, quadrupole, coupling wakes)
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Transverse wake functions 0D

The CERN Accelerator School

<
™~

Vv

- ‘ Source, q,

‘ Witness, q,

‘ T Ax, (or Ay,)

————————————————————————————————— ——> -t >
‘ z ‘l’sz(orAyz)

* Transverse wake fields

/Fw(xl,xg,z,s) ds
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Transverse wake functions

™~ 7

- ‘ Source, q,

' Witness, q,

* Transverse wake fields

BeApyo = / Fo(r1,29,2,8)ds = —q1q2 W, (2) + Wpa(z) Axy + We (2) Axs)
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Transverse wake functions

<
™~

Vv

L ‘ Source, q;

‘ Witness, q,

‘ T Ax, (or Ay,)

————————————————————————————————— ——> -t >
‘ z ‘l’sz(orAyz)

* Transverse wake fields

BeApyo = / Fo(r1,29,2,8)ds = —q1q2 W, (2) + Wpa(z) Axy + We (2) Axs)

. Apa:2 — Ag! Transverse deflecting kick of the
’ Do 2 witness particle from transverse wakes
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Transverse wake functions 0D

The CERN Accelerator School

™~ 7

- ‘ Source, q,

' Witness, q,

‘ T Ax, (or Ay,)

————————————————————————————————— ——> -t >
‘ z ‘l’sz(orAyz)

* Transverse wake fields
BeApy, = / Fo(z1,29,2,8)ds = —q1q2 (We, (2) HWpa(2)|Axy + (W, (2)|Axs)

| ; I

Zeroth order for Dipole wakes — Quadrupole wakes —
asymmetric structures depends on source particle depends on witness particle
- Orbit offset
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o
Transverse wake functions 0D

The CERN Accelerator School

-

) Source, q,
We have truncated to the first order, thus

neglecting Witness, g,
= First order coupling terms between x and y
planes 1)

= All higher order terms in the wake expansion v,)
(including mixed higher order terms with
products of the dipolar/quadrupolar offsets)

* Transverse wake fields

BeApyo = / Fo(z1,29,2,8)ds = —q1q2 (We, (2) HWpa(2)|Axy + (W, (2)|Axs)
|

) ; 17

Zeroth order for Dipole wakes — Quadrupole wakes —
asymmetric structures depends on source particle depends on witness particle
- Orbit offset
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o
Transverse dipolar wake function (driving) CL\'D
B 62 Ey ACLJQ z—0 _
WDw (Z) = — "o ACE’l E— Wszo(O) =0

* The value of the transverse dipolar wake function in z=0 vanishes because source and witness particles
are traveling parallel and they can only — mutually — interact through space charge, which is not included
in this framework

* W,,(0-)<0 since trailing particles are deflected toward the source particle (Ax, and Ax’, have the same
sign)

Axs, A
—= >0
Aﬂﬁl -
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Transverse dipolar wake function (driving) de'e

[5’2 5 Aw’z - o CERi Actblerator Sthoo
( ) q1q2 Az ( )

* The value of the transverse dipolar wake function in z=0 vanishes because source and witness particles

are traveling parallel and they can only — mutually — interact through space charge, which is not included
in this framework

W,,(0-)<0 since trailing particles are deflected toward the source particle (Ax, and Ax’, have the same
sign)

* W,,(z) has a discontinuous derivative in z=0 and it vanishes for all z>0 because of the ultra-relativistic
approximation

/
W, ,(2)
VA
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o
Transverse quadrupolar wake function (detuning) CA’)
- BQEO AZEIQ z—0 _
Wq,(z) = — i Are Wq,=0(0) =0

 The value of the transverse quadrupolar wake function in z=0 vanishes because source and witness

particles are traveling parallel and they can only — mutually — interact through space charge, which is not
included in this framework

* W,,(0-)<0 can be of either sign since trailing particles can be either attracted or deflected yet further off
axis (depending on geometry and boundary conditions)
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Transverse quadrupolar wake function (detuning) do'e,

P B A o Wb d
Weo (2) = — 220 Weo _o(0) =0
Q.(2) 0a Aty Q.=0(0)

 The value of the transverse quadrupolar wake function in z=0 vanishes because source and witness

particles are traveling parallel and they can only — mutually — interact through space charge, which is not
included in this framework

W, {0-)<0 can be of either sign since trailing particles can be either attracted or deflected yet further off
axis (depending on geometry and boundary conditions)

* W,,(z) has a discontinuous derivative in z=0 and it vanishes for all z>0 because of the ultra-relativistic
approximation

v
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Transverse impedance 0D

62 EO Axfz 62 EO Amfz ¢ CERN Accelerator Schoo
WD;,, Z) = — W L\R) = —
(2) Q. (%) s Aty

q1q2 Az

 The wake function of an accelerator component is basically its Green function in time domain (i.e., its
response to a pulse excitation)

— Very useful for macroparticle models and simulations, because it can be used to describe the driving terms in
the single particle equations of motion!

* We can also describe it as a transfer function in frequency domain

— This is the definition of transverse beam coupling impedance of the element under study

Dipolar (or driving) Zp. (w)|=1 / Wp, (z)exp (— %uz) dz

e c c

Y wz\ dz
Quadrupolar (or detuning) ZQ. (W)= 1/ WQm(z) exp (- )

\ e c C

[€2/m]
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Examples of transverse wakes/impedances deo'e

The CERN Accelerator School

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach

- An example: axisymmetric beam chamber with several
layers with different EM properties

V xE=—iwB V-E= @

€n€1l w)
V X E:,uom(w@m'wﬂﬂwc);l(mﬁ
V-B=0

+ Boundary conditions
N q1 WS
p(r, 0, s,w) - (r—r1)dp(0) Xp( . )

J(r,0,s,w) = p(r,0,s,w)v
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach
* But we have to calculate the transverse force from an (offset) source to an (offset) witness

- We are interested in the transverse force on a
test charge g, following the source g, at a
distance z (wake per unit length of chamber)

F\ = q |(E, — cBy)i + (Eg + ¢B,)0 —
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Examples of transverse wakes/impedances

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach
But we have to calculate the transverse force from an (offset) source to an (offset) witness

- We are interested in the transverse force on a
test charge q, following the source q, at a
distance z (wake per unit length of chamber)

Fi =q [(Er — cBy)# + (Ep + ¢B,.)0

oV OF oV OF
FT»:@ o = 27 Sameasfo
w Oor wr 06 "the Iopy;
S'tuding, Plan
e
10 0 1 07 0% W
[;E (TE) " 2 062 i 0s? i c? El(w)'ul(w)] Fe =
1 9dp . .
= e (@) 0s + dwpo i1 (w)pv
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o
Examples of transverse wakes/impedances 0D

The CERN Accelerator School

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach
* But we have to calculate the transverse force from an (offset) source to an (offset) witness
* We just need E, also to characterize the transverse wake function

- An example: a 1 m long Cu pipe with radius b=2 cm and
thickness t =4 mm in vacuum

108
4 | —Re()
10? J -_—— Im(Z)

——————

104 J

* Highlighted region shows the
typical w2 scaling
e Scaling with respect to b:
* Transverse impedance ~b3 101

103 J

102 J

100,
101 \ J

10° 102 10* 108 108 10 1022 10M

Frequency [Hz]
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach
* But we have to calculate the transverse force from an (offset) source to an (offset) witness
* We just need E, also to characterize the transverse wake function

- An example: a 1 m long Cu pipe with radius b=2 cm and
thickness t =4 mm in vacuum

%l

Z, , (/m")
Y
108 1
— Re(2) 10
107 == Im(Z2)
1061
1091
10°4 =
£
4] -
10 Lm)_
= 10714
10% 2.
(]
®
1074 =
- 107 —3/2
x (—2)
10°4
107 0 02 4 16 08 110 ST V14 10734 : " " : : . |
10 10 10 10 10 10 10 10 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5

Frequency [Hz] z [ns]
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@
Examples of transverse wakes/impedances deo'e,

The CERN Accelerator School

* Analytical or semi-analytical approach, when geometry is simple (or simplified)
e Same as in the longitudinal plane in terms of approach
* But we have to calculate the transverse force from an (offset) source to an (offset) witness
* We just need E, also to characterize the transverse wake function

- An example: a 1 m long Cu pipe with radius b=2 cm and
thickness t =4 mm in vacuum

%l

Z, , (/m")
Y
108 1
— Re(2) 10
107, _—— Im(z)
106,
15
10°1
1044 gm
S
1034 Zos
=
1024
0.0 /
104 /
o -06 -05 -04 -03 -02 -01 0.0 0.1
10%4 z[ps]
107 0 n2 NG 6 n8 110 TR 114 10734 : " r ; ; } i :
10 10 10 10 10 10 10 10 -35 -30 -25 -20 -15 -10 -05 0.0 0.5

Frequency [Hz] z [ns]
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School
* Numerical approach
e Same as in the longitudinal plane
* Use numerical codes to solve Maxwell’s equations numerically

E.g. CST Particle Studio — provides driving and detuning wakes in the two planes by offsetting source and witness, respectively

- An example: A (simplified) kicker made of two ferrite plates

- | = Horizontal driving wake

- | ——\ertical driving wake

. |=——Horizontal detuning wake
- |=Vertical detuning wake

Material Ferritesns

Type Normal .
Epsilon 12 i _

_ Disp. mue 1st order model (fit)
E1l. cond. 1e-006 [S/m]
: T i d

* Wake is generated for a finite
length excitation

* Note than Wq,(z) = -Wq(2) =2
general property from Maxwell’s
equations

Wake potential [V/ipCm]

z[m]

CE?W 1954-2024
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School
* Numerical approach
e Same as in the longitudinal plane
* Use numerical codes to solve Maxwell’s equations numerically

E.g. CST Particle Studio — provides driving and detuning wakes in the two planes by offsetting source and witness, respectively

- An example: A (simplified) kicker made of two ferrite plates

. Horizontal impedance
T T ,qx 10 g . . i
— Horizontal driving wake .
¢ | —Vertical driving wake . \
¢ |—Horizontal detuning wake 2
g - i-|=Vertical detuning wake
2 | | E
= Sof 0 s
& p
i o ——
S so0l M = —Re(Z. ™)
2 a-? :_
W £ ___Im{zxnv]
T - = ! »
s 4! —Re(Z™)
= ===Im(Z2*)
I _5 1 i 1 I |
] 08 1 0 2 4 & 8 10
z[m] Frequency [GHz]

N
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School
* Numerical approach
e Same as in the longitudinal plane
* Use numerical codes to solve Maxwell’s equations numerically

E.g. CST Particle Studio — provides driving and detuning wakes in the two planes by offsetting source and witness, respectively

- An example: A (simplified) kicker made of two ferrite plates

- Vertical impedance
. ! 2107 O | | |
— Horizontal driving wake prey
: —Rel(Z
| —Vertical driving wake o ¥ )
z i |—Horizontal detuning wake - |m[Z:'wJ
- | ==Vertical detuning wake _ det 1
?g : : T Heizy )
g ———
= o mE, |4
g :
R o TSl ] A
-1 & el
g E - Lo _“_E:"‘-""—ﬁ:
= -
g lr'l-qlu-__,.._._---h-h‘
=i T —
: 2 i i I i |
. 08 1 a 2 4 & 2] 10
z[m] Frequency [GHz]

N
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O
Examples of transverse wakes/impedances Jo'e

The CERN Accelerator School

* Numerical approach
e Same as in the longitudinal plane

* As in the longitudinal case, sometimes it is useful to approximate the impedance with one or more resonators (e.g. one broad
band resonator in the case of the kicker)

- An example: A (simplified) kicker made of two ferrite plates

. Horizontal impedance ZReS(w) _ Wr RS(w,y)
4210 . , . . : T,y T W w w
. 1+iQ (— - =
R, |~ Q=1 | (wr W )

E
S of 1 eI
Py R w? O 2 Wz
= —— s(x, t . .
g —Re(z?™) Res # exp <—) sin (—) if z<0
E“ —--Im(Z™) W:z:,y (2) = Qi ¢ ¢
] det .
a4 i —Relz) | 0if 2>0
~ ===Im(Z2*)
i 2 4 6 8 10 Wy _— 2 2
Frequency [GHz] Oy — — W = Wy — Oy
2Q)
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L Signpost 00

: I i The CERN Accelerator School

We have seen the definition of transverse wake fields and how they can be classified into constant, dipolar
and quadrupolar wake fields.

We have discussed how to calculate the transverse wakes and impedances.

We will now look into how the impact of wake fields onto charged particle beams can be modeled
numerically to prepare for investigating the different types of coherent instabilities further along.

Part 3: Multiparticle dynamics with wake fields — their different types and impact on transverse beam
dynamics

e Effect on a bunch and transverse ,potential well distortion”
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Transverse impedance kick 0D

The CERN Accelerator School

» Single traversal of a bunch through an impedance source

Particle i Particle j 9 WCm(Zi - Zj)
receives kick excites / €
Ax, = _52E0 2;Wpa(2i — 25)
/\ ‘L SU@WQQC (Zz — Zj)
™~

v Wee(zi — ])

Ny Ny

<A${3unch> — Nb52EO Z Z x] WD.T( T )
ImHE L iWoa(2i — 2j)

CERN 1954-2024
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Transverse impedance kick 0D

The CERN Accelerator School

» Single traversal of a bunch through an impedance source
* Let’s neglect the quadrupolar wake in first instance = equal kicks on particles in slice i

‘ lice j
ive excites
TN
\\ /// N 7
M
N
2
Ay = =g NI Woel(i = )A2] 4+ (@) [IWpal(i — /)]

2 {

e

Az = = o 2 N Weal(i = A2 + (@) [[IWpa[(i - H)Az]

t =0
CE?W 1954-2024 J
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Transverse impedance kick 0D

The CERN Accelerator School

» Single traversal of a bunch through an impedance source
* Let’s neglect the quadrupolar wake in first instance = equal kicks on particles in slice i

A)

B)

Ax, = —

1

CE?W 1954-2024
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O
Transverse impedance kick

Joe

» Single traversal of a bunch through an impedance source
* Let’s neglect the quadrupolar wake in first instance = equal kicks on particles in slice i
o %0 L ¥ @ o p
& 0 °
&S s
lice j
| excites
AT
\\ /// / 1 Nshces
~+ \ / <Ax/>bunch — ﬁ Z sz
\,z b=
NTi| — A(z)dz 2")dz'

(AT ) buneh = Nb62EO / dz/ Y [Wee(z —2") + (2) (2 YWpe(z — 2)] d2’

J \ J

Y
”Constant” kick, dlpole type,

Kick dependent on <x>, quadrupole
associated to a closed orbit distortion type, associated to a detuning
) 13.11.2024
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Transverse impedance kick 00

The CERN Accelerator School

» Single traversal of a bunch through an impedance source
* Let’s neglect the quadrupolar wake in first instance = equal kicks on particles in slice i

(A2 Younen =~z [ Moz [ M) WX» ¥ <x><zmx /)]

8262 oo
(B2 Youmer = — f M) [Zeg ()] du

(AZ Ypunch = —eNcbgOO /DO IA(w) [P Im [Z pg (w)] dw
(B2 Youmer =~ 5 | M@ [ImlZ g ()] + I Zgs ()]

CE?W 1954-2024
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o
Transverse wakes in beam dynamics 0D

The CERN Accelerator School

* Same approach as in the longitudinal plane to build the impedance model of a machine

* For simulations, the impedance is lumped in one place and kicks to beam particles are applied once per turn, with
linear matrix transport between turns
* One word of caution: The effect of the transverse impedance results in a combination of a dipole-type and quadrupole-type kick,

therefore the beta functions at the real locations of the impedance source has to be taken into account when combining
wakes/impedances

Az’ = —

/ !
2 T
B2 Eq
CE?W 1954-2024
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N
YEARS /ANS CERN



o
Effect of a transverse impedance on a bunch 0D

The CERN Accelerator School

SPS ring Single Gaussian bunch
C=6900 m G,=0.2m (0.67 ns)

E,,=25 GeV

Constant horizontal wake from a kicker
(non-axisymmetric)

Two examples:
Frozen synchrotron motion

or

Single RF system

o, =200 MHz
V. max = 3 MV
2
Az’ = _ﬁsEo /)\(z’)Wg;Cker(z —2"d7
AFE = eVi(2)

CE?W 1954-2024
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CERN

Examples — constant wakes

i 1954-2024 '
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. e . o
Ax'[i] = TR ZN[J] - Wesli — j]
— FO\/ _

Slice dependent change of closed orbit

Dipolar term = orbit kick (if line density does not change)

0.0010 6
0.004
5
0.0005
0.002 ‘ ” 4
S | T
~5 0.0000 — 0.000 3 3
¥ =1 &
2
-0.002
-0.0005 H i
1
-0.004
-0.0010 0
-004 -0.02 000 002 004 0 50 100 150 200 250
z[m)] Turn
0.10 0.5
0.04
0.05 b
0.02
- E‘ 0.3=
£ 000 £ 000 =
& =
~ 02
-0.02
-0.05
0.1
-0.04
-0.10 0.0
-1.0 -05 0.0 0.5 1.0 0 50 100 150 200 250
z[m] Turn
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Examples — constant wakes

0.0010

0.0005

~3  0.0000

—0.0005

—0.0010

~004 -002 000 002 004
x|m]

0.04

0.02 o _
Closed orbit distortion

£ 0.00 O~

-0.02

—-0.04

—1.0 —-0.5 0.0 0.5

(& o
\ 13.11.2024
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0.004

0.002

0.000

—0.002

—0.004

0.10

0.05

gL
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-

W

50 100 150
Turn

250

0.5

0.4

0.3 @’

e, leV

0.2

0.1

0.0

50 100 150
Turn
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Examples — constant wakes w/o synchrotron motion

0.0010
0.0005

~%  0.0000
~0.0005

—0.0010

0.04
0.02

£ 0.00
~0.02

-0.04

—1..0
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-0.04 -0.02 0.00 0.02

z[m]

-0.5 0.0 0.5
2[m]

0.004

0.002

—

— 0.000

—0.002

—0.004

0.10

0.05

50 100 150 200
Turn

250

0.5

0.4

0.3
A
o,

02

0.1

50 100 150 200
Turn
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Examples — constant wakes with synchrotron motion

0.0010
0.0005

~%  0.0000
~0.0005

—0.0010

0.04
0.02

£ 0.00
~0.02

-0.04

—1..0

CE?W 1954-202¢
\ ;C

N
YEARS /ANS CERN

—-0.04

~002 000 002
z|m]
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-0.5 0.0 0.5
2[m]

i, [m]

0.004

0.002

0.000

—0.002

—0.004

0.10

0.05
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We have seen how the impact of wake fields on charged particle beams can be implemented numerically in
an efficient manner via the longitudinal discretization of bunches.

We have used the simulation models to show orbit effects from transverse wake fields.

We will now look at some transverse instabilities.

Part 3: Multiparticle dynamics with wake fields — their different types and impact on transverse beam
dynamics

* Some examples of beam instabilities
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Effect of dipole wakes on a particle bunch Je'e,

The CERN Accelerator School

9 )
. € ) . . .
Aw,[z]:—mqﬂzczC ZN[J] <£B>[J]WD:U[Z_J]
“ =0 —
N A 4
Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs, instabilities much faster than
synchrotron motion, e.g. close to transition crossing
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Effect of dipole wakes on a particle bunch deo'e

/ \ The CERN Accelerator School

Al = == ae 2N @) - Woeli - j

& % ~
Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

'

With synchrotron motion
we can get into a loop

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs, instabilities much faster than
synchrotron motion, e.g. close to transition crossing

e With synchrotron motion:
* Chromaticity=0
* Modes related to longitudinal motion appear in transverse motion
* Existence of an instability threshold
* Chromaticity #0
* Headtail modes - beam is unstable (can be very weak and often damped by non-linearities)
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Effect of dipole wakes on a particle bunch

/\

A'li] = W}/,@zc2 C

>INl (=
7=0

il Woa[i — j]

_/

—

A\ 4

Offset dependent orbit kick

Dipolar term = orbit kick —> kicks can accumulate

With synchrotron motion
we can get into a loop

* Without synchrotron motion:

gL

The CERN Accelerator School

kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs, instabilities much faster than
synchrotron motion, e.g. close to transition crossing
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Effect of a transverse impedance on a bunch 0D
SPS ring Single Gaussian bunch e
C=6900 m , G,=0.2m (0.67 ns)

E..,=25 GeV
Dipole horizontal wake in the form of broad-
band resonator

Frozen longitudinal motion or crossing
transition (n=0)

~ 43
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Dipole wakes — beam break-up
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Dipole wakes — beam break-up
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Measurement at CERN PS de @)
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 Beam break up type instabilities have been seen in the CERN PS when crossing transition with high intensity
beams
04~

1.% 1077 1.5%10°7 2% 1077

-04lL
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Measurement at CERN PS 0D

The CERN Accelerator School

 Beam break up type instabilities have been seen in the CERN PS when crossing transition with high intensity
beams

* To increase the intensity reach, it is necessary to cross transition more quickly, gamma jump scheme
implemented

TOF
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Effect of dipole wakes on a particle bunch

/\

Ax'[i] =

2 9 N[ []WDCL‘[Z_]
mfyﬂc C’JZO il J

_/

e

A\ 4

Dipolar term = orbit kick

Offset dependent orbit kick
- kicks can accumulate

With synchrotron motion
we can get into a loop

e With synchrotron motion:
* Chromaticity=0

* Modes related to longitudinal motion appear in transverse motion

* Existence of an instability threshold
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Effect of a transverse impedance on a bunch 0D
SPS ring Single Gaussian bunch e
C=6900 m , G,=0.2m (0.67 ns)

E,,=25 GeV

£ =0 Dipole horizontal wake in the form of broad-
X

band resonator

Single RF system
o, =200 MHz
V max=3 MV

A =& / M) (@) (ZYWEPE (5 21 ay
- B%E Da
AFE = eVi(2)
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Dipole wakes — below instability threshold

* Bunch is stable up to a certain intensity (N, < N)
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Coherent modes of the bunch 0D

The CERN Accelerator School

* Bunch is stable up to a certain intensity (N, < N,

* Fourier analysis of bunch centroid reveals the existence of many modes

Spectral power
[normalised]

0.00 0.05 0.10 0.15 0.20 0.25

o
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Coherent modes of the bunch

* Bunch is stable up to a certain intensity (N, < N)

* Fourier analysis of bunch centroid reveals the existence of many modes
* Separated by o, at very low intensity
» Shifting closer to each other for increasing intensity and eventually merging

CEEW

N

i 1954-2024 '
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— 1.0

Mode number
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Intensity [1ell ppb] lell
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Dipole wakes — above instability threshold (Je'e,
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Dipole wakes — above instability threshold
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Typical mode shift patterns de'@

The CERN Accelerator School

* Modes exhibit a complicated shift pattern depending on the bunch parameters

* The shift of the modes can be calculated via Vlasov equation, analytical expression available for low intensity

1 > Z Zi (Whi(w' = we)
Q(l) —wn — . A~ — 1 F(Z + 5) Negﬁx,y p=—o0
P Tar 2 mgnCo, =
D (W = we)
p=—00
wg = gm?yw,@x?y
1

[Jl+1/2(w2/c)]2

fu(w) = w2/c parabolic
wz/c
21 2 2 : I
hi(w) = (WUz) exp <_W 20z> Gaussian e —- 3
c c

Spectra of h|(o—®;) and real + imaginary part of a broad-

band impedance
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Typical mode shift patterns D

The CERN Accelerator School

* Modes exhibit a complicated shift pattern depending on the bunch parameters

* The shift of the modes can be calculated via Vlasov equation

1 b RS
2 1-2 :
Simplified calculation
: for a short bunch
=1

-2 i=-2 =
| 1 I . . .
0 0.1 0.2 0.3 0.4 I, (mA)
Rough criterion for instability threshold is when Full calculation for a long SPS bunch (red lines) +

Awyg | o= 0y/2 macroparticle simulation (white traces)
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Effect of dipole wakes on a particle bunch

/\

Ax'[i] =

m*y,@zc2 C

il Wpali — j]

> N[l (=
7=0

_/

—

A\ 4

Offset dependent orbit kick

Dipolar term = orbit kick —> kicks can accumulate

With synchrotron motion
we can get into a loop

e With synchrotron motion:

* Chromaticity #0

* Headtail modes - beam is unstable (can be very weak and often damped by non-linearities)
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Dipole wakes — headtail modes do'e

The CERN Accelerator School

* As soon as chromaticity is non-zero, a ‘resonant’ condition can be met as particles now can ‘synchronize’
their synchrotron amplitude dependent betatron motion with the action of the wake fields.

* Headtail modes arise — the order of the respective mode depends on the chromaticity together with the
impedance and bunch spectrum

* Different transverse head-tail modes correspond to different parts of the bunch oscillating with relative
phase differences, for example:
* Mode O is a rigid bunch mode
* Mode 1 has head and tail oscillating in counter-phase
* Mode 2 has head and tail oscillating in phase and the bunch center in opposition

g + O W <>

o 20, RS RFP =
CE?W 1954-2024
13.11.2024
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Dipole wakes — headtail modes Je'e,

The CERN Accelerator School

* Assoon asch ‘synchronize’

their synchro Remark:

 Headtail mod her with the

impedance a Due to this ,synchronicity’, below transition (n<0):

e Different tran Mode 0 is unstable if Q‘>0. ith relative

phase differen , Higher order modes tend to be unstable if Q'<0 (though at lower growth rates).
e ModeOis
* Modelh The situation is reversed when a machine is operated above transition.
e Mode2h
. - D e ﬁ-""
B == -
S~z

g + O W <>

Z g + 20, é % — Qé S
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Dipole wakes — headtail modes Je'e,

The CERN Accelerator School
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Exampl
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* LHC Beam 2 Head-Tail HDF5 Viewer
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We have discussed transverse wake fields and impedances, their classification into different types along with their impact
on the beam dynamics.

We have modeled the wake field interaction with a charged particle beam.

We have seen some examples of the effects of transverse wake fields on the beam such as

Closed orbit distortion
Some types of transverse beam instability

Tomorrow Part 4

— Electron cloud build up and effects on beam dynamics

N
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End part 3 Je'e
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The Strong Head Tail Instability

* Aka the Transverse Mode Coupling Instability:

o To illustrate TMCI we will need to make use of some simplifications:

= The bunch is represented through two particles carrying half the total bunch charge
and placed in opposite phase in the longitudinal phase space

= They both feel external linear focusing in all three directions (i.e. linear betatron
focusing + linear synchrotron focusing).

= Zero chromaticity (Q'x,y=0)
= Constant transverse wake left behind by the leading particle
= Smooth approximation = constant focusing + distributed wake

We will:

* Calculate a stability condition (threshold) for the transverse motion
* Have a look at the excited oscillation modes of the centroid
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The Strong Head Tail Instability 00

uring the first half of the synchrotron motion, particle 1 is leading and executes The GERN Accalerator School
free betatron oscillations, while particle 2 is trailing and feels the defocusing wake of
particle 1
—
TC
< 0<s< —
Ws
N—

@ Particle 1 (+Ne/2)

@ Particle 2 (+Ne/2)

N
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The Stror_\% Head Tail Instability 0D

uring the first half of the synchrotron motion, particle 1 is leading and executes The GERN Accalerator School
free betatron oscillations, while particle 2 is trailing and feels the defocusing wake of
particle 1

e During the second half of the synchrotron period, the situation is reversed:

d*y1 + N Wy (s)
ds? m002 2vC V2 e 27me
0

o (’8)
\dszjL c

T=T/2

—

@ Particle 1 (+Ne/2)

@
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The Strcng Head Tail Instability

We solve with respect to the complex variables defined below during the first half of
synchrotron period

* yl1(s) is a free betatron oscillation

* y2(s) is the sum of a free betatron oscillation plus a driven oscillation with y1(s)
being its driving term

- . C
U1,2(8) = y1,2(8) +i—yy o(s)
W

51(5) = 1(0) exp (—“"53)

C
- N W3S
J2(s) = 72(0) exp (— ° )
¢ . . e
A ~ < since we consider s = —
Free oscillation term Wg
. Ne2W, C % s W3aS
+ 1 0 ( U B )—I—yl(O)seXp(— p ))
4moycCwg \ w c

"
Driven oscillation term

* Second term in RHS equation for y2(s) negligible if w, << w;

erfod

b * We can now transform these equations into linear mapping across half synchrotron
13.11.5)024 Beam Instabilities Ill - Giovanni Rumolo and Kevin Li - Spa
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The Strong Head Tail Instability 00

« We can now transform these equations into linear mapping across half synchrotron e e e
period

~ . ~ 2
) b C58) (e D) G) L e
Y2 s=mc/ws Ws r 1 Y2 s=0 4 moy CW@L{JS

* In the second half of synchrotron period, particles 1 and 2 exchange their roles — we
can therefore find the transfer matrix over the full synchrotron period for both
particles. We can analyze the eigenvalues of the two particle system

i (21w (1 iT) | (1 0)] | (yl)
(QQ)SZQWC/LLJS -exp( Ws ) <O 1 {LT 1 Qz s=0
T i2mwg\ (1-=7% Y 1
() LG
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Strong Head Tail Instability — stability condition (Je'e,

The CERN Accelerator School

M- =1= )\1’2 = exXp (:l:Z(,O)

)\1+)\2:2—T2:>sin(£) !
2 2
2
T — mNe Wo §2
4moy Cwpwg

* Since the product of the eigenvalues is 1, the only condition for stability is that they
both be purely imaginary exponentials

* From the second equation for the eigenvalues, it is clear that this is true only when
sin(p/2)<1

* This translates into a stability condition on the beam/wake parameters

N
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Strong Head Tail Instability — stability condition (Je'e,

The CERN Accelerator School

8 PoWs g
Te? By Wo

N S Nthreshold —

Proportional to p, = bunches with higher energy tend to be more
stable

Proportional to w, = the quicker is the longitudinal motion within
the bunch, the more stable is the bunch

Inversely proportional to B, - the effect of the impedance is
enhanced if the kick is given at a location with large beta function

* Inversely proportional to the wake per unit length along the ring, W,/C
- a large integrated wake (impedance) lowers the instability threshold
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Strong Head Tail Instability — mode frequencies do'e

 The evolution of the eigenstates follows: e e

Vin B _2mwp \ [ exp [—22’ arcsin (I) : n] 0 Vio
( Vi, ) - ( ! W n) ( 0 i exp [2@' arcsin (%) n} Voo

| - W .Y They shift with increasi
Eigenfrequencies: wg + lws £ =S aresin — They shift with increasing
T ) Intensity

w — T T T T T T T T T T T T T T T T T T T T T T T T ]
e \\ wg 1 T
w i — — arcsin — |
T —~ w s 2
L =0 \ & il
T \ ! Unstable region
I 4
_ ,/
”,,
_ | I = '1 a""’ 1 \N |
Be e wa 1 R
I " — — 1+ —arcsin —-
_ LT Wi s 2 -

N

T
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O
Strong Head Tail Instability — mode frequencies (Je'e,

* The evolution of the eigenstates follows:

The CERN Accelerator School

( ‘:/+" ) — oxp (_Z_Qmug n) . ( exp [—2iarcsin (%) - n] 0 ) ( Vio )
V_, Wy 0

exp [22’ arcsin (%) : n}

V_o
. : Ws T They shift with increasing
Eigenfrequencies: wg + lwg = — arcsin — . )
T 2 Intensity
w [ T T T T T T T T T T T T T T T T L L L L L L L L I
ws | T — — arcsin — |
_ —— w T 9
L | = O \ S
\ ! Unstable region
That’s the reason why this type of instability is !
called Transverse Mode Coupling Instability! S
/,,
- I=-1 | wp 1 i)
T — 1+ —arcsin —|
F e W 78 2
o | 2 :
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Raising the TMCI threshold — SPS Q20 optics

In simulations we have the possibility to perform scans of variables, e.g. we can run 100 simulations in

gL

The CERN Accelerator School

parallel changing the beam intensity

Mode number

We can then perform a spectral analysis of each simulation...
... and stack all obtained plot behind one another to obtain...

... the typical visualization plots of TMCI

—

0_6% The mode number is given as
£

050
= Qa: - Q:L'O

0.4 9 m =

: Qs

The modes are separated
by the synchrotron tune.

lell

0.5 1.0 %5 2.0

Intensity [1ell ppb

IMClthreshold

N
AAAAAAAAAAAAA
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Wakefields — rough formalism 0D
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1
H—ipxjt K +Zm762020/// Tsy2s) W(T, 5,2 — 25 — kC)das dzs dx
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Wakefields — rough formalism
02
H = %pi - %K(s)x2 + ; T REC ///p(ws,zs)w(x,xs,z — zs — kC)drsdzs dx
= ...+ Zk: T REC /// p(xs,zs);xnm;” Won(z — zs — kC) dxs dzs dx

e’ .
“'+Zm7626202/m /)\m(zs)Wmn(z—zs—kC)dzsdx
k mn

Am(zs) = | plxs, zs)xl day

* Expansion

N
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Wakefields — rough formalism de'e,

1
H—ipxjt K +Zm’yﬁzcz€z/ f (z5) Win(z — zs — kC') dzs dx

Am(zs) = /p(ws,zs)x? dx

dg _9H(p,q) dp _ 9H(p,q)
ds  Op = ds Oq

H=_-p>+C+Az[+|zB2z*+..., with

A 4

Dipole term (nF1) = change of orbit
e Expansion — up to second order: y

Quadrupole term (n=2) - change of tune
n_Im _ type

0 0,1
1

Constant transverse wake (n=0, m=0)
Dipole transverse wake (n=0, m=1)

Quadrupole transverse wake (n=1, m=0)
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Examples — constant wakes deo'e

The CERN Accelerator School

1 e?
H = 5 i, + §K(S)332 -+ m’yﬁQCQ C X Z )\(Zj) ng(Z — Zj) AZj

_slices—1

=0

A 4

Dipolar term > orbit kick

Slice dependent change of closed orbit
(if line density does not change)

0.0010 6
0.004
5
0.0005
0.002 a
T g
~s  0.0000 . 0,000 3.3
3 W
-0.002 2
-0.0005 :
1
-0.004
-0.0010 0
-0.04 -0.02 000 002 004 0 50 100 150 200 250
x[m] Turn
0.10 0.5
0.04
0.05 4
0.02
— 'E* 03™@
£ 000 =, 0.00 i
q e 02
-0.02 .
0.1
-0.04
-0.10 0.0
-1.0 -0.5 0.0 0.5 1.0 0 50 100 150 200 250
Turn

z[m]
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Examples — constant wakes

gL
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0.0010 10°
10
10
0.0005 gg 10
10
1.830 L&l g‘ S_E 10-5
b = ©0® ¥
‘ s 5 g 10
1.825 = 8 8 10~
o.c 8
N 10
1.820 10'9
101
1.815 10—11
0.00 0.05 0.10 0.15 0.20 0.25
o 1810 Qx
1.805 1.0
1.800 L o _ 0.8
20
1795 2206 !
§ SE
1790 o 38504 |
1.270 1.275 1.280 1.285 1.290 1.295 1.300 1.305 1.310 3 (.%"—' R
Qm le-1
- N ' 0.2
. 0.0
D04 0.00 0.05 0.10 0.15 0.20 0.25
~1.0 0.5 0.0 05 1.0 Qs
z[m] Turn

CE?W 1954-202¢
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Examples — quadrupole wakes deo'e

The CERN Accelerator School

_ 12 2 € 2
H = 5Pz + §K(S)$ + A BEC T jgo Azj) Woa(z — zj) Az,

9 n_slices—“l

\ 4

Quadrupole term = tune kick

Slice dependent change of tune
(if line density does not change)

0.0010 0.0020 40
0.0015 35
0.0005 0.0010 30
. 0.0005 25
~  0.0000 % 0.0000 20 3
= _0.0005 15 W
~0.0005 ~0.0010 10
-0.0015 05
~0.0010 ~0.0020 0.0
-004 -002 000 002 004 0 1000 2000 3000 4000 5000 6000 7000 8000
:z[m] Turn
0.10 05
0.04
005 0.4
0.02
_ 3 03%
£ 000 = 0,00 3
5 =z 02
-0.02 008
0.1
-0.04
-0.10 0.0
-1.0 —05 0.0 05 1.0 0 1000 2000 3000 4000 5000 6000 7000 8000
z[m] Turn
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Examples — quadrupole wakes

0.0010
0.0005

~% 0.0000
~0.0005

—0.0010

0.04
0.02

£ 000
~0.02

—-0.04

CE?W 1954-202¢
\ ;C

XL

YEARS /ANS CERN

-0.04 -0.02

0.00
x[m]

0.02

0.04

Detuning

13.11.2024

0.0
z[m]

0.5

0.0020
0.0015
0.0010
0.0005
0.0000
—0.0005
—0.0010
—-0.0015
—0.0020

i, [m]

0.10

0.05

0.00

f, [m]

—-0.05

—-0.10

gL
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4.0
89
3.0

25—

=

20 X

8

15 %
1.0
0.5
0.0

0O 1000 2000 3000 4000 5000 6000 7000 8000

Turn

0.5

0.4

0.3 ®
~

—_

02 =

0.1

0.0

0 1000 2000 3000 4000 5000 6000 7000 8000

Turn
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Examples — quadrupole wakes 00
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0.0010 10°
10"
-2
0.0005 5 10
=g 10°
1.830 fe=1 a4 |
2 == 10
~ 4 T |
8 | = = I
1.825 i ég 10 g
% n 7
1.820 ° S - 10
s | 10°®
1815 ¢ 10°
? 1 0.00 0.05 0.10 0.15 0.20 0.25
o 1810 T — Qm
1.805 S 1.0
1.800 “ s 08
25
2%qgp
1.795 . ==0
. @©
§ 5E
1.790 R, 8 0.4 k
1270 1275 1280 1285 1290 1295 1300  1.305 1310 | = C%'_' ?
Qm le-1
N ' 0.2
. 0.0
%04 0.00 0.05 0.10 0.15 0.20 0.25

~1.0 0.5 0.0 05 1.0 Qs

2[m) Turn
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Examples — dipole wakes

n slices-1

1 1 e?
H=-p> + -K(s)x”
oPa + 2 (s)2” + myB2c? C * Z

7=0

A 4

Azj) (2)]; Whii(z — z5) Az

Dipolar term = orbit kick

e Without synchrotron motion:

kicks accumulate turn after turn — the beam is unstable = beam break-up in linacs

A 4

Offset dependent orbit kick

- kicks can accumulate

N
YEARS /ANS CERN
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Examples — dipole wakes m

77 1 2 1K( ) 2 e?
_= — — ST i
ol T 5 myB2c? C

2 P

|, Wii(z — 2j) Az

Dipolar term ka*l/

With synchrotron motion we
can get into a feedback loop

e Without synchrotron motion:

A 4

Offset dependent orbit kick
- kicks can accumulate

kicks accumulate turn after turn — the beam is unstable = beam break-up in linacs

e With synchrotron motion:
e Chromaticity =0

* Synchrotron sidebands are well separated = beam is stable

* Synchrotron sidebands couple = (transverse) mode coupling instability

* Chromaticity #0

* Headtail modes = beam is unstable (can be very weak and often damped by non-

linearities)

YEARS /ANS CERN
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Dipole wakes — TMCI below threshold

- As the intensity increases the coherent
modes shift — here, modes A and B are

approaching each other

Spectral power
[normalised]

0.04
0.02

£ 0.00
-0.02

—-0.04

-1.0

CE?W 1954-202¢
\ ;C 13.11.2024

N
YEARS /ANS CERN

-0.5 0.0 0.5 1.0

z[m]

11 I-frrﬂ

10
10  C—

10” Mode A Mode B
10°
10
10
10

-4
5

-6

0.00 0.05 0.10 0.15 0.20

Qs

0.25

o
e

[normalised]
o
(@)]

Spectral power
o
B

o
N

o
o

o
o
s]

005 010 015  0.20
Qs

Turn
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Dipole wakes — TMCI above threshold (Je'e,

The CERN Accelerator School

° — | (—

10 Mode A Mode B

o
NS

When the two modes merge a fast

- coherent instability arises — the transverse

mode coupling instability (TMCI) which
often is a hard intensity limit in many

e
oI
w
a1

Spectral power
[normalised]
ol
N

=
OI
al

&

machines 10
107
0.00 0.05 0.10 0.15 0.20 0.25
Q.
1.0
0.04
5 . 0.8
o
0.02 s 3
E-c__cs 0.6
- - | [
£ 0.00 LI
8 . 3 c%'E ' i
~0.02 0.2
_ 0.0
0.04 0.00 0.05 0.10 0.15 0.20 0.25

~1.0 —0.5 0.0 05 1.0 Qs

z[m] Turn
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Transverse impedance kick

» Single traversal of a bunch through an impedance source

* Including the quadrupolar wake, kicks are different on different particles in slice i

K0 £ 7 282, ° 0
& i ek B
lice j
‘ excites
TN
™~ /// N i
S "/
N
Ni] = Mz2)dz  N[j] = A(2")dz’
2 (]
€ : : : : . : : }
Ay, = ~ g, > N[ Weal(i — 5)AZ] + (@) [[IWpa[(i — ) A2] + 2 Wea (i — §)AZ]]
=0 With k=1 ... # of particles in slice i
2

Ax = ~ R /)\(z’) (Wew(z — 2") + () (2" YWpa(z — 2') + 2Wea(z — 2')] d2’
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