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Outline
We havediscussedlongitudinal wake fields and impedancesand their impacton both the machineaswell asthe
beam.

Wehavelearnedaboutbeaminducedheatingandhow it is relatedto the beampowerspectrumandthe machine
impedance.

We have discussedthe effects of potential well distortion (stable phase and synchrotron tune shifts, bunch
lengtheningandshortening).

Wehaveseenoneexampleof longitudinal instabilities (Microwave).
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Part 3: Multiparticle dynamics with wake fields ςtheir different types and impact on transverse beam 
dynamics

ÅTransverse wake function and impedance

ÅEffecton a bunchand transverseαǇƻǘŜƴǘƛŀƭ well distortionά 

ÅSomeexamplesof beam instabilities



Outline
Wewill moveto the descriptionandthe impactof transversewakefields.

We will discussthe different types of transversewake fields, outline how they can be implemented
numericallyandthen investigatetheir impacton beamdynamics.

Wewill seesomeexamplesof transverseinstabilities suchasthe transversemodecouplinginstability(TMCI)
or headtailinstabilities.
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Recap: wake functions in general

Definition as the integrated force ŦŜƭǘ ōȅ ŀ ǿƛǘƴŜǎǎ ŎƘŀǊƎŜ ŦƻƭƭƻǿƛƴƎ ŀ ǎƻǳǊŎŜ ŎƘŀǊƎŜ όΨŜƴŜǊƎȅ ƪƛŎƪΩύΥ

ÅIn general, for two point-like particles, we have

w is typically expanded in the transverse offsets of source and witness particles. This yields the different types of wake 
fields (dipole, quadrupole, coupling wakes)
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Transverse wake functions

ÅTransverse wake fields
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Transverse wake functions
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2b
z

L

Dx1 (or Dy1)

Dx2 (or Dy2)

Source, q1

Witness, q2

Zeroth order for
asymmetric structures
ĄOrbit offset

Dipole wakes ς
depends on source particle

Quadrupolewakesς
depends on witness particle

We have truncated to the first order, thus 
neglecting

ᵼ First order coupling terms between x and y 
planes

ᵼ All higher order terms in the wake expansion 
(including mixed higher order terms with 
products of the dipolar/quadrupolaroffsets)

ÅTransverse wake fields



Transverse dipolar wake function (driving)

ÅThevalueof the transversedipolar wake function in z=0 vanishesbecausesourceand witnessparticles
are travelingparalleland they canonlyςmutuallyςinteract through spacecharge,which is not included
in this framework

ÅWDx(0ς)<0 sincetrailing particlesare deflected toward the sourceparticle (ɲx1 andɲȄΩ2 havethe same
sign)
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Transverse dipolar wake function (driving)

ÅThevalueof the transversedipolar wake function in z=0 vanishesbecausesourceand witnessparticles
are travelingparalleland they canonlyςmutuallyςinteract through spacecharge,which is not included
in this framework

ÅWDx(0ς)<0 sincetrailing particlesare deflected toward the sourceparticle (ɲx1 andɲȄΩ2 havethe same
sign)

ÅWDx(z) has a discontinuousderivative in z=0 and it vanishesfor all z>0 becauseof the ultra-relativistic
approximation
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Transverse quadrupolar wake function (detuning)

ÅThe value of the transversequadrupolar wake function in z=0 vanishesbecausesource and witness
particlesare travelingparalleland they canonlyςmutuallyςinteract through spacecharge,which is not
includedin this framework

ÅWQx(0ς)<0 canbe of either signsincetrailing particlescanbe either attracted or deflectedyet further off
axis(dependingon geometryandboundaryconditions)
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Transverse impedance

Å Thewake function of an acceleratorcomponentis basicallyits Greenfunction in time domain (i.e., its
responseto a pulseexcitation)
Ҧ Veryuseful for macroparticlemodelsand simulations,becauseit canbe usedto describethe driving terms in

the singleparticleequationsof motion!

Å Wecanalsodescribeit asa transfer function in frequencydomain

Ҧ Thisis the definition of transversebeamcouplingimpedanceof the elementunderstudy
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Dipolar (or driving)

Quadrupolar (or detuning)



Examples of transverse wakes/impedances
ÅAnalyticalor semi-analyticalapproach,whengeometryissimple(or simplified)

ÅSameasin the longitudinalplanein termsof approach
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b

+ Boundary conditions

Ҧ An example: axisymmetric beam chamber with several
layerswith different EMproperties



Examples of transverse wakes/impedances
ÅAnalyticalor semi-analyticalapproach,whengeometryissimple(or simplified)

ÅSameasin the longitudinalplanein termsof approach

ÅButwe haveto calculatethe transverseforcefrom an(offset)sourceto an(offset)witness
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Ҧ We are interested in the transverse force on a 
test charge q2 following the source q1 at a 
distance z (wake per unit length of chamber)
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Examples of transverse wakes/impedances
ÅAnalyticalor semi-analyticalapproach,whengeometryissimple(or simplified)

ÅSameasin the longitudinalplanein termsof approach

ÅButwe haveto calculatethe transverseforcefrom an(offset)sourceto an(offset)witness

ÅWejust needEs alsoto characterizethe transversewakefunction
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b

t

Ҧ An example: a 1 m long Cu pipe with radius b=2 cm and
thicknesst = 4 mm in vacuum

Å Highlighted region shows the
typical -̟1/2 scaling

Å Scalingwith respectto b:
Å TransverseimpedanceḐb-3
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Examples of transverse wakes/impedances
ÅNumericalapproach

ÅSameasin the longitudinalplane

ÅUsenumericalcodesto solveaŀȄǿŜƭƭΩǎequationsnumerically

ÅE.g. CSTParticleStudioςprovidesdrivinganddetuningwakesin the two planesby offsettingsourceandwitness,respectively
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Ҧ Anexample: A (simplified)kickermadeof two ferrite plates

Å Wake is generated for a finite
lengthexcitation

Å Note than WQx(z) = -WQy(z) Ą
general property from aŀȄǿŜƭƭΩǎ
equations



Horizontal impedance

Examples of transverse wakes/impedances
ÅNumericalapproach

ÅSameasin the longitudinalplane

ÅUsenumericalcodesto solveaŀȄǿŜƭƭΩǎequationsnumerically

ÅE.g. CSTParticleStudioςprovidesdrivinganddetuningwakesin the two planesby offsettingsourceandwitness,respectively
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Ҧ Anexample: A (simplified)kickermadeof two ferrite plates



Vertical impedance

Examples of transverse wakes/impedances
ÅNumericalapproach

ÅSameasin the longitudinalplane

ÅUsenumericalcodesto solveaŀȄǿŜƭƭΩǎequationsnumerically

ÅE.g. CSTParticleStudioςprovidesdrivinganddetuningwakesin the two planesby offsettingsourceandwitness,respectively
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Ҧ Anexample: A (simplified)kickermadeof two ferrite plates



Horizontal impedance

Examples of transverse wakes/impedances
ÅNumericalapproach

ÅSameasin the longitudinalplane

ÅAsin the longitudinalcase,sometimesit is useful to approximatethe impedancewith one or more resonators(e.g. one broad
bandresonatorin the caseof the kicker)

13.11.2024 Beam Instabilities III - Giovanni Rumolo and Kevin Li - Spa 26

Ҧ Anexample: A (simplified)kickermadeof two ferrite plates
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Signpost
We haveseenthe definition of transversewake fields and how they canbe classifiedinto constant,dipolar
andquadrupolarwakefields.

Wehavediscussedhow to calculatethe transversewakesand impedances.

We will now look into how the impact of wake fields onto charged particle beams can be modeled
numericallyto preparefor investigatingthe different typesof coherentinstabilitiesfurther along.
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Part 3: Multiparticle dynamics with wake fields ςtheir different types and impact on transverse beam 
dynamics

ÅTransverse wake function and impedance

ÅEffecton a bunchand transverseαǇƻǘŜƴǘƛŀƭ well distortionά 

ÅSomeexamplesof beam instabilities



Particle j
excites

Particle i
receives kick

Transverse impedance kick
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ÅSingle traversal of a bunch through an impedance source



Transverse impedance kick
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ÅSingle traversal of a bunch through an impedance source

Å[ŜǘΩǎ ƴŜƎƭŜŎǘ ǘƘŜ ǉǳŀŘǊǳǇƻƭŀǊ ǿŀƪŜ ƛƴ ŦƛǊǎǘ ƛƴǎǘŀƴŎŜ Ą equal kicks on particles in slice i

Slice j
excites

Slice i
receives kick



Transverse impedance kick
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ÅSingle traversal of a bunch through an impedance source

Å[ŜǘΩǎ ƴŜƎƭŜŎǘ ǘƘŜ ǉǳŀŘǊǳǇƻƭŀǊ ǿŀƪŜ ƛƴ ŦƛǊǎǘ ƛƴǎǘŀƴŎŜĄ equal kicks on particles in slice i



Transverse impedance kick
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ÅSingle traversal of a bunch through an impedance source

Å[ŜǘΩǎ ƴŜƎƭŜŎǘ ǘƘŜ ǉǳŀŘǊǳǇƻƭŀǊ ǿŀƪŜ ƛƴ ŦƛǊǎǘ ƛƴǎǘŀƴŎŜĄ equal kicks on particles in slice i

έ/ƻƴǎǘŀƴǘέ ƪƛŎƪ, dipole type, 
associated to a closed orbit distortion

Kick dependent on <x>, quadrupole 
type, associated to a detuning

Slice j
excites

Slice i
receives kick



Transverse impedance kick
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ÅSingle traversal of a bunch through an impedance source

Å[ŜǘΩǎ ƴŜƎƭŜŎǘ ǘƘŜ ǉǳŀŘǊǳǇƻƭŀǊ ǿŀƪŜ ƛƴ ŦƛǊǎǘ ƛƴǎǘŀƴŎŜĄ equal kicks on particles in slice i

beam

x0

beam



Transverse wakes in beam dynamics
ÅSame approach as in the longitudinal plane to build the impedance model of a machine

ÅFor simulations, the impedance is lumped in one place and kicks to beam particles are applied once per turn, with 
linear matrix transport between turns
ÅOne word of caution: The effect of the transverse impedance results in a combination of a dipole-type and quadrupole-type kick, 

therefore the beta functions at the real locations of the impedance source has to be taken into account when combining 
wakes/impedances
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Effectof a transverseimpedanceon a bunch
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SPS ring 
C = 6900 m
Ekin=25 GeV

Single Gaussian bunch
sz = 0.2 m (0.67 ns)

Constant horizontal wake from a kicker 
(non-axisymmetric)

Two examples:
Frozen synchrotron motion

or 

Single RF system
wrf = 200 MHz
Vrf

max= 3 MV



Examples ςconstant wakes
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Dipolar term Ą orbit kick
Slice dependent change of closed orbit
(if line density does not change)



Closed orbit distortion

Examples ςconstant wakes
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Injected beam



Examples ςconstant wakes w/o synchrotron motion
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Examples ςconstant wakes with synchrotron motion
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Signpost
Wehaveseenhow the impactof wake fields on chargedparticle beamscanbe implementednumerically in
anefficientmannervia the longitudinaldiscretizationof bunches.

Wehaveusedthe simulationmodelsto showorbit effectsfrom transversewakefields.

Wewill now lookat sometransverseinstabilities.
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Part 3: Multiparticle dynamics with wake fields ςtheir different types and impact on transverse beam 
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Effect of dipole wakes on a particle bunch

ÅWithout synchrotron motion:
kicks accumulate turn after turn ςthe beam is unstableĄ beam break-up in linacs, instabilities much faster than 
synchrotron motion, e.g. close to transition crossing
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Offset dependent orbit kick
Ą kicks can accumulateDipolar term Ą orbit kick



Effect of dipole wakes on a particle bunch

ÅWithout synchrotron motion:
kicks accumulate turn after turn ςthe beam is unstableĄ beam break-up in linacs, instabilities much faster than 
synchrotron motion, e.g. close to transition crossing

ÅWith synchrotron motion:
ÅChromaticity = 0

ÅModes related to longitudinal motion appear in transverse motion

ÅExistence of an instability threshold

Å/ƘǊƻƳŀǘƛŎƛǘȅ ґ л

ÅHeadtailmodesĄ beam is unstable (can be very weak and often damped by non-linearities)
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With synchrotron motion 
we can get into a loop

Offset dependent orbit kick
Ą kicks can accumulateDipolar term Ą orbit kick
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With synchrotron motion 
we can get into a loop

Offset dependent orbit kick
Ą kicks can accumulateDipolar term Ą orbit kick



Effectof a transverseimpedanceon a bunch
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SPS ring 
C = 6900 m
Ekin=25 GeV

Single Gaussian bunch
sz = 0.2 m (0.67 ns)

Dipole horizontal wake in the form of broad-
band resonator

Frozen longitudinal motion or crossing 
transition (hҒлύ



Dipole wakes ςbeam break-up
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Dipole wakes ςbeam break-up
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Measurement at CERN PS
ÅBeambreakup type instabilitieshavebeenseenin the CERNPSwhencrossingtransitionwith highintensity

beams
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Measurement at CERN PS
ÅBeambreakup type instabilitieshavebeenseenin the CERNPSwhencrossingtransitionwith highintensity

beams

ÅTo increasethe intensity reach, it is necessaryto cross transition more quickly, gammajump scheme
implemented
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Effect of dipole wakes on a particle bunch

ÅWithout synchrotron motion:
kicks accumulate turn after turn ςthe beam is unstable Ą beam break-up in linacs, instabilities much faster than 
synchrotron motion, e.g. close to transition crossing

ÅWith synchrotron motion:
ÅChromaticity = 0

ÅModes related to longitudinal motion appear in transverse motion

ÅExistence of an instability threshold

Å/ƘǊƻƳŀǘƛŎƛǘȅ ґ л

ÅHeadtailmodesĄ beam is unstable (can be very weak and often damped by non-linearities)
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With synchrotron motion 
we can get into a loop

Offset dependent orbit kick
Ą kicks can accumulateDipolar term Ą orbit kick



Effectof a transverseimpedanceon a bunch

13.11.2024 Beam Instabilities III - Giovanni Rumolo and Kevin Li - Spa 49

SPS ring 
C = 6900 m
Ekin=25 GeV
xx = 0

Single Gaussian bunch
sz = 0.2 m (0.67 ns)

Dipole horizontal wake in the form of broad-
band resonator

Single RF system
wrf = 200 MHz
Vrf

max= 3 MV



Dipole wakes ςbelow instability threshold
ÅBunch is stable up to a certain intensity (Nb < Nthr)
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Coherent modes of the bunch
ÅBunch is stable up to a certain intensity (Nb < Nthr)

ÅFourier analysis of bunch centroid reveals the existence of many modes
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Q 26 Mode A Mode B



Coherent modes of the bunch
ÅBunch is stable up to a certain intensity (Nb < Nthr)

ÅFourier analysis of bunch centroid reveals the existence of many modes

ÅSeparated by ws at very low intensity

ÅShifting closer to each other for increasing intensity and eventually merging
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Qs 

Nb



Dipole wakes ςabove instability threshold
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Mode A Mode B

When the two modes merge a fast 
coherent instability arises ςthe transverse 

mode coupling instability (TMCI) which 
often is a hard intensity limit in many 

machines



Dipole wakes ςabove instability threshold
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Typical mode shift patterns
ÅModes exhibit a complicated shift pattern depending on the bunch parameters

ÅThe shift of the modes can be calculated via Vlasovequation, analytical expression available for low intensity
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Spectra of hl(w-wx) and real + imaginary part of a broad-
band impedance



Typical mode shift patterns
ÅModes exhibit a complicated shift pattern depending on the bunch parameters

ÅThe shift of the modes can be calculated via Vlasovequation
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Simplified calculation 
for a short bunch

Full calculation for a long SPS bunch (red lines) + 
macroparticle simulation (white traces)

Rough criterion for instability threshold is when
Dwb| l=0 = ws/2


