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Emittance

The emittance of an electron beam is a measure of the area
occupied by the beam in phase space.

In the absence of coupling and dispersion, the horizontal
emittance is given by:

&x =/ (X2NP2) — (xDy)? (1)

x is the horizontal coordinate with respect to a chosen reference trajectory

p, = ymx /P, is the horizontal momentum, scaled by a fixed reference momentum, P,

: dx . . . . : :
For |p,| « 1, we find p,, = d—:, i.e. p, IS approximately the angle of the particle’s trajectory with respect to the
reference trajectory



Emittance

Y
Similarly, the vertical emittance is given by:
2 l'E‘[‘E‘I'E‘ll{"{‘ | k
&y = \/<y2><p32/> — (ypy> (2) particle N
—— __'"--..’f*
and the longitudinal emittance is given by: \9
reference
&, = /(22)(62) — (26)? (3) trajectory

e zisthe longitudinal position of the particle with respect to a reference particle, with z > 0 for a particle
arriving early

« § = AP /P, is the relative deviation from the reference momentum, P,

These definitions can be generalised to include betatron coupling and coupling between longitudinal and
transverse motion through dispersion.



Why is emittance a useful concept?

The emittance of a beam of particles remains constant as the distribution moves around a storage ring, as long

as the following conditions are satisfied:

* Thereis no synchrotron radiation
* There are no collective effects

* There are no external damping or
excitation processes, e.g. stochastic
cooling

In a lattice with given focussing strength (i.e.

fixed optics), a smaller emittance leads to a
smaller beam size and divergence.
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Emittance is a key parameter for both synchrotron light sources and colliders

radiation power per unit bandwidth () Luminosity depends directly on the horizontal and vertical
emittances

brightness =
phase space area of source
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Dynamical effects associated with the collisions mean that
itis sometimes helpful to increase the horizontal emittance,
but generally, reducing the vertical emittance as far as
possible helps to increase the luminosity.
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Lecture 1 objectives: linear beam dynamics with synchrotron radiation

In this lecture we shall:

* Begin with a reminder of the equations of motion in the absence of synchrotron radiation
* Describe the damping of synchrotron and betatron oscillations by the emission of electromagnetic radiation

* Discuss how quantum excitation leads to equilibrium values for the longitudinal and transverse beam
emittances

Many of the parameters that characterise synchrotron radiation damping and quantum excitation depend on
integrals of lattice properties such as local beta-functions, dispersion and dipole bend radius.

As such, itis useful to begin by defining some variables that capture this information.



The synchrotron radiation integrals

The synchrotron radiation integrals are:

I = gﬁ%ds, (5)
L= §-ds, (6)
I; = gﬁﬁds (7)
Iy =§% (p_12 + 2k1) ds (8)
Is = gﬁ%ds 9)
Where 1, is the horizontal dispersion, p is the local bending radius, k; = Pio% is the quadrupole strength and the

chromatic (or dispersion) invariant is defined as:

Hy = yxnyzc + Zaxnxnpx + lgxn}zox (10)



Radiation damping

Our first goal is to understand how the emission of synchrotron radiation leads to the damping of synchrotron and
betatron oscillations, starting with synchrotron motion.

We shall proceed as follows:

* We write down the equations of motion for a particle performing synchrotron motion in the absence of
synchrotron radiation

* Weinclude a term in the equation of motion representing the effect of classical radiation as a ‘frictional’ force

Later we will add a term to the equation of motion representing the effect of photon emission (Quantum radiation) as
stochastic ‘noise’. This adds growth in the amplitude of oscillation, and counters the damping term, eventually
leading to equilibrium values.



Synchrotron oscillations without radiation
eV

RF cavities in a storage ring change the energy of particles A A /
t=-z/c
N

passing through them.
£ o

Consider a cavity with peak voltage Vpr and an angular

frequency wgp

eV0 -
time at cavity
A particle passing through the cavity attime t = —z/c with respect to the reference particle sees a voltage:
. . WRFZ

V(t) = Vg sin(prp + wrpt) = Vgp sin (¢RF - RCF ) (11)

If z is small compared to the RF wavelength Az and taking the convention that ¢ = m, the change in ¢ is:
(12)

ev ; WRFZ eV WREFZ
AS = EYRE n( RF ) ~ EVRF WRF
0 ) c
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Synchrotron oscillations without radiation

If the storage ring has circumference C,, then averaged over many turns, the change of § per unit distance is:

dé eVRF WRFZ

~
~

ds E()CO c

We need to take into account of changes in orbit length from changes in energy deviation:

dz

% = —aC(S
where a. is the momentum compaction factor:
1 Nx(s) Iy
a. =—¢P—=ds =—
¢ C0§ p(s) Co

I is the first synchrotron radiation integral.

(14)

(15)

(13)

particle trajectory,
length dC

1

X \ ]
reference \

\ trajectory,
v length ds !
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Synchrotron oscillations without radiation

Combining equations (13) and (14):

aé eVpr WRrZ dz
@0 . E€YRF WRF , az _ —ac6
ds EqCy ¢ ds
we have the result:
d?s = w?
Ie2 + —25 = (16)

Particles perform harmonic oscillations at the synchrotron oscillation frequency, wq:

eVpprC, w
W, = RFCACWRF (17)
EyCo

Note that choosing an RF phase ¢pr = ™ ensures stable oscillations (a)s2 > (0 fora,. > 0)

12



Synchrotron oscillations with classical radiation

Now let us consider the impact of synchrotron radiation.

In a classical (hon-quantum) approximation, synchrotron radiation has two effects:

* First, the energy that a particle loses by
radiation must be replaced by the RF cavities
(shifting the synchronous phase of the beam
with respect to the RF phase)

 Second, the amount of energy radiated by a
particle depends on the energy deviation
(leading to a damping of its synchrotron
motion)

We shall consider each of these effects in turn.

13



Synchrotron oscillations with classical radiation

First, we consider how much energy is being lost each revolution due to radiation emission.

From classical electromagnetism (e.g. ref. [1]), the power B, radiated by a charged particle moving with energy E
through a constant magnetic field B is given by:

4 2
2 where €, = ——— (18)

" 3ep(mc?)*

~—(C—

Y " on p?’
For electrons, C, = 8.846 x 107> m/GeV?, for protons C,, ~ 7.783 x 107'% m/GeV-2.

By multiplying the radiation power by the time spent in the dipoles (Tg = 2mp/c), we find that the reference
particle with energy E, has an energy loss per turn:

Up = LE{l, where I = gip(;z ds (19)

I, is the second synchrotron radiation integral.
14



The energy lost by particles through synchrotron radiation must be replaced by the RF cavities. This shifts the

Synchrotron oscillations with classical radiation

phase at which particles cross the cavities.

The reference particle (losing energy U,) crosses the RF cavities at the synchronous phase ¢:

Then, the energy change of a particle (per turn) is in general:
WRFZ

V(1)

A6 =

Uo

sin(¢s) = eV rr

eVRF

0

sin (qbs -

eV

Negative RF
slope for a,>0

time at cavity

(20)

(21)
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Synchrotron oscillations with classical radiation

Equation (18) shows that the radiated power depends on the square of the particle energy (E*/p? « E?B?). We can
write (for |6] < 1)

E?=(1+46)E¢ ~(1+28)E;, so U=(1+28)U, (22)

Then, including the energy gain from the RF cavities, the rate of change of the energy deviation (13) becomes

s _ 05 (14 28)-2 (23)

ds  acc? E¢Co

Taking the derivative with respect to s and substituting dz/ds from (14) gives the equation of motion:

d*s | 2Ug d§ | w§ o _
ds? + EoCo ds + c? 0=0 (24)

16



Synchrotron oscillations with classical radiation

The termin dé/ds means that synchrotron radiation has a damping effect similar to friction in a mechanical
oscillator.

The equation of motion can be written:

2 2
a0, 2 A W5e_ (25)
c?2

ds? = ct,ds

Where the synchrotron oscillation frequency wg is now

w§ = — ZRE cos(¢s) =ERE Ac (26)
Eo To

Ty = Cy/cis the revolution period, and the damping time t,, is

2 E
T, =——

— 27
Jjz Uo (27)

T, is roughly the time it would take the reference particle to lose all its energy, if it lost energy at a constant rate1fy



Synchrotron oscillations with classical radiation

The longitudinal damping partition number j, (typically ~2) takes into account the variation in magnetic field
associated with any quadrupole component in the dipoles:

jr=2+7 (28)
I

I, is defined in (6), and the fourth synchrotron radiation integral I, (8) is:

I, = 93n_x(p_12 +2ky)ds, kg =22 (29)

p _PO dx

1, is the horizontal dispersion, p is the local radius of curvature of the trajectory, and k, is the local quadrupole
strength.

A negative gradient in the bending magnets will reduce I, decreasing j, and causing the longitudinal damping time
to increase (i.e. it reduces the amount of damping in the longitudinal plane).

18



Synchrotron oscillations with classical radiation

The longitudinal coordinate z obeys an identical equation of motion to the energy deviation §:
—+——+—=z=0 (30)

If the synchrotron oscillation period is short compared to the damping time (so that wi « 1,), then the solution to the

S
equations of motion can be written:

8(t) = Age t"zsin(wgt — 6,) (31)

z(t) = %A(ge_t/fzcos(wst —6p) (32)

Where A5 and 8, are constants (respectively, the amplitude and phase of the oscillation at time t = 0)

19
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Radiation damping of longitudinal emittance

From the definition of the longitudinal emittance:

£, = v/ (22)(62) — (z6)? (33)

We find using (31) and (32) that synchrotron radiation leads to an exponential damping of the longitudinal emittance
with a damping time that is half the damping time of the synchrotron oscillation amplitude.

() = £,(0) exp (~27) (34)

VA

It appears that in an electron storage ring, over many damping times the longitudinal emittance will approach zero.

But, as we will see later, the longitudinal emittance approaches a non-zero equilibrium value due to the quantum
nature of synchrotron radiation ...

21



Damping of betatron oscillations

Let us now consider the effect of synchrotron radiation on betatron oscillations.

In the case of synchrotron oscillations, we assumed that the synchrotron frequency was small compared to the
revolution frequency.

But for betatron motion, the oscillation frequency in a storage ring is usually much larger than the revolution
frequency: we shall have to take a different approach to the analysis.

We shall first consider vertical betatron oscillations: this turns out to be a simpler case than horizontal betatron
oscillations.

22



Betatron motion without synchrotron radiation

Betatron oscillations can be expressed as harmonic motion:

y = Zﬁy]y COS(¢y)’ py == %(Sin(qby) + ay COS(¢Y))

y

where B, is the vertical beta function, ¢,, is the betatron phase, and J,, is the vertical action:

2]y = yyyz + zayypy + .Bypjzl

The beam emittance is the average action over all particles:

ey = (Jy)

Using By¥y — a5 = 1, (35), (36) and (37) give (2):

= (0203~ (om,)
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Damping of vertical emittance

In the absence of radiation, the action J,, of each particle remains constant as the particles move around a storage
ring.

Radiation damping is a result of particles losing momentum by emitting synchrotron radiation.

Synchrotron radiation is emitted in a narrow
cone (opening angle 1/y) around the direction
of motion of the particle.

This means that each component of the particle momentum changes in the same way. If the radiation carries
momentum AP, then

A
Ap, Dy Ap, AP ( 3 9)

24



Damping of vertical emittance

In the vertical plane, we have:
Apy = _P_Opy (40)

This change in vertical momentum will result in a change in
the vertical action J,, but the amount by which it changes is

dependent upon the phase space coordinates of the
particle at the time of emission.

If all particles (at random betatron phases) lose equal momentum AP, after substituting (40) into equations (35) and
(36) and averaging over all phases, we find the expectation value for the change in vertical emittance to be:

Dey = (B)y) = —&y 5 (41)

25



Damping of vertical emittance

If the momentum lost through radiation on each turn is small (compared to the total momentum of each particle),
then the rate of change of the emittance can be found by averaging the momentum loss around the ring:

dey . _1
i EOTO y o Tygy (42)

Here, T, is the revolution period, Ej is the reference energy, U, is the energy loss per turn and we have introduced the
vertical damping time 7,,.

The approximation in the above formula is valid for an ultra-relativistic particle, forwhich E = Pc

26



Damping of vertical emittance

Similar to the longitudinal emittance (34), the evolution of the vertical emittance is given by

&y (t) = £,(0) exp (—2 TL) (43)

y

and the vertical damping time 7,, takes a similar form to the longitudinal damping time (27)

=——Ty (44)

The vertical damping partition number in this case is j,, = 1, whereas for the longitudinal damping partition number
(28) itis typically j, = 2.

As such, the vertical damping is usually about twice the longitudinal damping time.

27



Damping of vertical emittance

Typically, in an electron storage ring, the damping time is of the order of tens of milliseconds, while the revolution
time is of the order of a microsecond. Therefore, radiation effects are indeed ‘slow’ compared to the revolution
frequency.

Note that we made the assumption that the momentum of the particle was close to the reference momentum, (i.e.
P = P,). If the particle continues to radiate away without any restoration of energy, eventually this assumption will
no longer be valid ...

However, the lost energy will be restored by the RF cavities. These are usually
designed to provide a longitudinal electric field.

\

There is then no change in the transverse momentum when a particle passes —
through the cavity.

Therefore, we do not have to consider explicitly the effects of RF cavities on
the emittance of the beam.

28



Damping of horizontal emittance

Analysis of radiation effects on the vertical emittance was relatively straightforward.

When we consider the horizontal emittance, there are three complications that we need to address:

1) The horizontal motion of a particle is often strongly
coupled to the longitudinal motion (by dispersion): X
when a particle emits radiation, its horizontal Photon with
coordinate with respect to the closed orbit will change. energy =dp
60 \/ 'I
2) Where the reference trajectory is curved (usually, in d
dipoles), the path length taken by a particle depends 0o —

on the horizontal coordinate with respect to the
reference trajectory

\
\
ap |
P Closed orbit
‘\‘ ndipole electron
L path
\
\

'
\
'
'
'
'

6=0

3) Dipole magnets are sometimes built with a gradient, so
that the vertical field seen by a particle in a dipole

depends on the horizontal coordinate of the particle. before after

emission emission
29



Damping of horizontal emittance

Taking all the above effects into account, we can proceed along the same lines as for the analysis of the vertical
emittance:

1) Write down the changes in coordinate x and momentum p, resulting from an emission of radiation with
momentum dp (taking into account the additional effects of dispersion)

2) Substitute expressions for the new coordinate and momentum into the expression for the horizontal betatron
action, to find the change in the action resulting from the radiation emission

3) Average over all particles in the beam, to find the change in the emittance resulting from radiation emission from
each particle

4) Integrate around the ring (taking into account changes in path length and field strength with x in the bends) to
find the change in emittance over one turn.

The algebra gets somewhat cumbersome and is not especially enlightening. See for example ref. [2] for more details.
Here, we just quote the result ...

30



Damping of horizontal emittance

The horizontal emittance decays exponentially:

dey 2
dt 1y Ex
where the horizontal damping time is given by:
2 Eg
T =_——T
X Jx Uo
The horizontal damping partition number j, is:
. I
Jx = _i

where the fourth synchrotron radiation integral is given by (8):

<1 0B
I, = 95%(;+2k1)ds, ky =2

31
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Quantum excitation of longitudinal emittance

The longitudinal emittance is a measure of the average amplitude of synchrotron oscillations of particles in a bunch.

The emission of a photon leads to a ‘jump’in the amplitude of synchrotron oscillations performed by a particle.

>

O The change in the synchrotron oscillation amplitude from
the emission of a photon depends on the energy of the

photon and on the synchrotron phase of the particle at the
point of emission.

The effect is analogous to a pendulum receiving random
kicks at random times during its oscillation.

32



Quantum excitation of longitudinal emittance

If a particle emits a photon with energy u,,, the change in the energy deviation is
AS = —-F (49)
Since the rms energy spread in a bunch of particles is given by:
of = (62%) (50)
and (6) = 0, the change in the rms energy spread when the particles emit a large number of photonsiis:
2 2 2 2 (up)
Acos = ((6 + Ad)?) — (6)° = (A ):? (51)
0

Photon emission leads to an increase in the rms energy spread, and hence an increase in the longitudinal emittance
that depends on the rms energy of the emitted photons.

33



Quantum excitation of longitudinal emittance

Using knowledge of the photon energy distribution from bending magnet radiation and including the effects of
radiation damping (see for example refs. [3-5]), it can be shown that the rate of change of the mean square energy

deviation is:

995 = ¢y -2 -2 g2 (52)

=——=0

Where y is the relativistic factor for the electrons and the ‘quantum radiation constant’ C, is given by:

_ 55 h ~ -13
Cq = 3273 me (= 3.832 X 10™ *° for electrons) (53)
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Natural energy spread

Quantum excitation gives a steady increase in the mean square energy spread, while damping gives an exponential
decay.

It follows that there is an equilibrium energy spread for which the quantum excitation is exactly balanced by the
2

damping. The equilibrium can be found by setting% = 0:

2 I
o = Cr? =2 (54)

This is often referred to as the ‘natural’ energy spread, since collective effects can often lead to an increase in the
energy spread with increasing bunch charge.

The natural energy spread is determined by the beam energy and by the bending radii and gradient of the dipoles:
note that it does not depend on the RF parameters (voltage or frequency).

35



Natural bunch length

The equilibrium bunch length g, in a distribution with energy spread oy is then:

For a given energy spread, we can reduce the bunch length, either

* Byincreasing the RF voltage, or

* Byincreasing the RF frequency

An increase in RF voltage or frequency increases the synchrotron frequency ws but does not change the energy

spread.

36
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Quantum excitation of horizontal emittance

As in the case of longitudinal motion, if radiation were a purely classical process, the analysis of radiation damping
effects suggests the horizontal emittance should eventually damp to zero.

However, radiation is emitted in discrete quanta (photons).

Because of dispersion, the horizontal betatron amplitude of a particle can change when it emits a photon.

37



Quantum excitation of horizontal emittance

Photon emission gives random ‘kicks’ to the horizontal motion, just as it does to the synchrotron motion.
The difference is that the horizontal kicks depend on the dispersion in the lattice.

It can be shown that (see for example refs. [3-5]), with radiation damping and quantum excitation, the evolution of
the emittance is given by:

@—C ZLI_S_igx (56)

Where C, is the quantum radiation constant that we saw earlier (53).

The fifth synchrotron radiation integral I is given by:

H
Is = iﬁds’ where }[x - Vxnazc + ZOfxTIxpr + ,anzz)x (57)
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Equilibrium horizontal emittance

Using (56) we see that there is an equilibrium horizontal emittance g;, for which that damping an excitation rates are
equal:

de I
—* =0 when & =g = quzﬁ (58)

Note that g, is determined by the square of the beam energy, the lattice functions (beta and dispersion) in the
dipoles, and the bend radius and gradient of the dipoles.

&o IS sometimes called the ‘natural emittance’ of the lattice, since it includes only the most fundamental effects that
contribute to the emittance: radiation damping and quantum excitation (collective effects are neglected).

Typically, third generation synchrotron light sources have natural emittances of the order of a few nanometres and
the latest fourth generation of rings are reaching values below 100 picometres. With beta functions of a few metres,
this implies horizontal beam sizes in the range of tens of microns.
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Quantum excitation of vertical emittance

Finally, let us consider the quantum excitation of vertical emittance.

In principle, we can apply the formulae that we derived for the quantum excitation of the horizontal emittance,
making the appropriate substitutions of vertical quantities for the horizontal ones.

In many storage rings however, the vertical dispersion in the absence of alignment, steering and coupling errors is
Zero, SO }[y = 0.

However, the equilibrium vertical emittance is larger than zero, because the vertical opening angle of the radiation
excites some vertical betatron oscillations.

40



Quantum excitation of vertical emittance

The fundamental lower limit on the vertical emittance, from the opening angle of the synchrotron radiation, is given
by (see ref. [6]):

_18~ 1 By
&y = - Cq [N ATS] ds (59)

Note that, unlikely the horizontal emittance, the natural vertical emittance does not scale with beam energy.

In most storage rings the natural vertical emittance is an extremely small value, typically 3-4 orders of magnitude
smaller than the horizontal emittance.

In practice, the actual vertical emittance is dominated by magnet alignment errors or deliberately-introduced
betatron coupling and vertical dispersion. Storage rings typically operate with a vertical emittance that is of the
order 0.1-1% of the horizontal emittance, but many can achieve emittance ratios somewhat smaller than this.
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Summary (1): synchrotron radiation damping

The energy loss per turn is given by:

C
= L EI
2 072

Uo

The emittances (&, €, and €,;) damp exponentially:

C, ~ 8.846 X 107>m/GeV?

g(t) = €(0) exp (—2%)

The radiation damping times are:

2 E
T, = ——

JjxUg 9’

The damping partition numbers are (Robinson theorem: j, + j,, + j, =

]x - Iz,

Ty:

2 E,
Jy Uo

jyzl’

0>

2 E,
T, — ——
z Jz Ug
= 4):
]z:2-|'1_4
I
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Summary (2): beam dynamics with synchrotron radiation

Including the effects of radiation damping and quantum excitation, the emittances vary as:

o(t) = o(0) exp (~2%) + (=) [1 - exp (2]

The natural emittance is:

s

g0 = Cqy*— C, =3.832x107m

Jxl2’

The natural energy spread and bunch length are given by:

13 acc

0-6 N qu Jzl2”’ - Wg

The synchrotron frequency and synchronous phase are given by:

eV . U
w} =~ cos(d) Fas,  sin(gy) =5
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Summary (3): synchrotron radiation integrals

The synchrotron radiation integrals are:

I, = gﬁ%ds,
I, = gﬁ%ds,
I; = gﬁﬁlglds
I, = gﬁ%(p—12+ 2ky ) ds
Is = gﬁ%ds

The chromatic (or dispersion) invariant is:

Hy = Vxnyzc + Zaxnxnpx + ﬁxnzzox
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