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ANon -linear effects and their impact

AReminder of Lagrangian and
Hamiltonian formalism, canonical
transformation , and symplecticity

AThe relativistic Hamiltonian for E/M
flelds

ACanonical perturbation theory and its
limitations
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(m Non-linear effects ‘

A Non-linear magnets, such as
chromaticity sextupoles
(especially in low emittance o
UPOT UAOWOEUUxOOI UOb

Magnet imperfections and
misalignments

Insertion devices (wigglers,
undulators) for synchrotron
radiation storage rings

Magnet fringe fields
(especially in high-intensity
rngs)

Power supply ripple
Ground motion (for e+/e-)
Electron (lon) cloud

Beam-beam effect (for
colliders)

Space-charge effect (especially
In high -intensity ring)

T
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A Non -linear magnets, such as A Performance impact
chromaticity sextupoles ¢ Reducedinjection efficiency
(especially in low emittance _ C Particle losses causing
UPDOT UAOQWOEUUx OOI1 U OAdReduced intensity and beam

lifetime
Magnet imperfections and A Radio-activation (equipment

misalignments _ maintenance and lifetime)
Insertion devices (wigglers, A Super-conducting magnet quench
undulators) for synchrotron A Reduced machine availability
radiation storage rings ¢ Emittance increase

f field ¢ Reduced number of bunches,
Magnet fringe fields _ increased crossing angle, affecting
(especially in high-intensity luminosity (for colliders)
rngs) ¢ Allow to damp instabilities (see

Ground motion (for e+/e—) C Can be used forbeam extraction

Electron (lon) cloud

Beam-beam effect (for
colliders)

Space-charge effect (especially
In high -intensity rings)
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Non-linear magnets, such as
chromaticity sextupoles
(especially in low emittance
UDbOI

Magnet imperfections and
misalignments

Insertion devices (wigglers,
undulators) for synchrotron
radiation storage rings

Magnet fringe fields
(especially in high-intensity
rngs)

Power supply ripple
Ground motion (for e+/e-)
Electron (lon) cloud

Beam-beam effect (for
colliders)

Space-charge effect (especially
In high -intensity rings)

UAXOwWOEUUxOOI

O/

A Performance impact

Reducedinjection efficiency
Particle losses causing

U OABReduced intensity and beam

lifetime
A Radio-activation (equipment
maintenance and lifetime)
A Super-conducting magnet quench
A Reduced machine availability
Emittance increase
Reduced number of bunches,

increased crossing angle, affecting
luminosity (for colliders)

Allow to damp instabilities (see
Ol EOUUI wOOw?+EOET

Can be used forbeam extraction

A Cost issues

Magnet field quality, alignment
tolerances

Number of magnet corrector,
power convertor families and
specifications

Design of collimation system
Operational efficiency (energy) 8
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C The Hamiltonian of the system is defined as theLegendre
transformation of the Lagrangian

H(q7 p7 Z Qsz B L(qa q, )
0L

where the generalised momenta are P; =

3%‘
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u,\q Hamiltonian forn |

2

C The Hamiltonian of the system is defined as theLegendre
transformation of the Lagrangian L =1 —V

H(q7 p7 Z Qsz B L(q7 q, )
0L

where the generalised momenta are pP; = 3(]
i

C The generalised velocities can be expressed as a function of
the generalised momenta if the previous equation is

Invertible, and thereby define the Hamiltonian of the system

Non-linear dynamics, CERN Accelerator School, November 2024
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Jsle, Hamiltonian f &

C The Hamiltonian of the system is defined as theLegendre
transformation of the Lagrangian L =1 —V

2 OL
04
C The generalised velocities can be expressed as a function of

the generalised momenta if the previous equation is
Invertible, and thereby define the Hamiltonian of the system

. - 1
C Example: consider  1(q,q) = > > mi@; = Vi, an)

: i : OL ,
C From this, the momentum can be determined as p; = 7— = mgq;

dq;
which can be trivially inverted to provide the Hamiltonian
2

b5

where the generalised momenta are pP; —

Non-linear dynamics, CERN Accelerator School, November 2024
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C The equations of motion can be derived

dynamics, CERN Accelerator School, November 2024
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from the Hamiltonian following the

variational principleof PUUEUDOOE U¢
but also by simply taking the differential of

the Hamiltonian (see appendix)

—9oH _ 0H 0L 0
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C The equations of motion can be derived

from the Hamiltonian following the

variational principleof PUUEUDOOE U¢

but also by simply taking the differential of

the Hamiltonian (see appendix)

—9oH 00 9L  0H

C These are indeed2n + 2 equations describing
the motioninthe ? 1 RUI OEIl E? wx |

(Q17 e lnyP1y .- 7pn7t7 _H)

dynamics, CERN Accelerator School, November 2024
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c‘x) Properties of Ha |

C The variables (q1,---,gn,p1,-.-,pn,t, —H) are called
canonically conjugate (or canonical) and define the
evolution of the system in phase space

C These variables have the special property that they
preserve volume in phase space, I.e. satisfy the
well -known + D O U Y héoteinz U

C The variables used in the Lagrangian do not
necessarily have this property

2
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c‘x) Properties of F I

¢ The variables(q1,---,¢n,p1,...,pn,t,—H) are called
canonically conjugate (or canonical) and define the
evolution of the system in phase space

C These variables have the special property that they
preserve volume in phase space, I.e. satisfy the
well -known + D O U Y héoteinz U

C The variables used in the Lagrangian do not
necessarlly have this property

C' EOPOUOOz Uwli @UE UPD GéxtonidentE O
z=J-VH(z) with z=(q1,---,Gn,P1;---:DPn)
and V = (8Q17 sy 6Qn78p17 R 78pn)

C The 2n x 2nmatrix j = ( ‘i é) IS called the

Non-linear dynamics, CERN Accelerator School, November 2024
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dele, Poisson brack

C Crucial step in study of Hamlltonlan systems is
identification of Integrals of motion

C Consider atime dependent function of phase
space. Its time evolution Is given by

d ~—(dg; Of  dp; Of of
g Pt = ; ( dt og;  di ap,,;> T

" (OH Of OH Of f Of
_Z<3pzf9qz 3qiﬁpi>+3t H 15y

ot

where [H, f] is thePoisson bracket of f with H

Non-linear dynamics, CERN Accelerator School, November 2024
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Jele Poisson br. 52

C Crucial step in study of Hamiltonian systems is
identification of integrals of motion

C Consider atime dependent function of phase
space. Its time evolution Is given by

d ~—(dg; Of  dp; Of of
g Pt = ; ( dt og;  di 3p7;> T

"\ (OH 0f OH Of\  Of of
_Z<8pz dgi  Da, api>+ or — 11+ %
where [H, f] is thePoisson bracket of f with H

C If a quantity is explicitly time -independent and its
Poisson bracket with the Hamiltonian vanishes (i.e.
commutes with the H), itis a constant (or integral )
of motion (as an autonomous Hamiltonian itself) 18
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C From the definition, and for any three given

functions, the following properties can be shown

laf + bg,h| = alf,h] +blg,h] ,a,b € R bilinearity

f,ql = —lg, f] anticommutativity
S5 lg: Ml + g, [h, fl] + [, [f,9]l =0) EEOEDZ U
fogh] = [f,glh + glf, h] +1 DPEODPAZ

C Poisson brackets operation satisfies a.ie algebra

dynamics, CERN Accelerator School, November 2024
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C Find a function for transforming the Hamiltonian from
variable (4, p) to(Q,P) , so system becomesmpler to study

¢ Transformation should be canonical (or symplectic ), so that
Hamiltonian properties (phase-space volume) are preserved

21
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dee. Canonical Tran

C Find a function for transforming the Hamiltonian from
variable (4, p) to(Q,P) , so system becomesmpler to study

C Transformation should be canonical (or symplectic ), so that
Hamiltonian properties (phase-space volume) are preserved

C31 1 Ul w? Ob R I denemtind) rictions hre derived by

2

OF} OF} 0F3 OF35
F P — , Pz = — F y g, = — y Pz = —
(a4, Q) :p 90, 90, 3(Q,p) : g . 0.
8F2 8F2 8F4 aFél
C A general non-autonomous Hamiltonian is transformed to

OF;
H(Q7P7t) :H(q7p7t)+8—tj? ]: 1727374

Non-linear dynamics, CERN Accelerator School, November 2024
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Je'e) Canonical Tr 2

C Find a function for transforming the Hamiltonian from
variable (4, p) to(Q,P) , so system becomesmpler to study

C Transformation should be canonical (or symplectic ), so that
Hamiltonian properties (phase-space volume) are preserved

C31 1 Ul w? Ob R I denemtind) rictions hre derived by

OF, OF, OF3 OF3
F - Pi — 9 PZ — F: ’ -4y — — ) Pz —
3F2 (9F2 8F4 (‘9F4
C A general non-autonomous Hamiltonian is transformed to
HQ.P.t)= H(ap.t)+ 52, j=1234

C One generating function can be constructed by the other
through Legendre transformations , e.g.

FZ(qap):Fl(an)_Qpa F3(Q7p):F1(q7Q)_qp7
with the inner product define as a-p=)» _ap:

Non-linear dynamics, CERN Accelerator School, November 2024
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C A fundamental property of canonical transformations is the
preservation of phase space volume

C This volume preservation in phase space can be represented
In the old and new variables as

24



(Q') Preservation of Ph @

C A fundamental property of canonlcal transformations is the
preservation of phase space volume

C This volume preservation in phase space can be represented
In the old and new variables as

/ﬁdpz’d%: :/ﬁdpisz‘
i=1 i=1

C The volume element in old and new variables are related
through the Jacobian

Py, ..., Py, Q1. O
Hdpquz— ]_7 Y Q]. Q HdeQZ
(pla"'apn7Q17°"7qn i—1

Non-linear dynamics, CERN Accelerator School, November 2024
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Jele, Preservation of 2

C A fundamental property of canonical transformations is the
preservation of phase space volume

C This volume preservation in phase space can be represented
In the old and new variables as

/ﬁdpid%' = /ﬁdpisz’
i—1 i—1

C The volume element in old and new variables are related
through the Jacobian

O(Pr,....,Py.Q1,...,Qn
Hdp,&dq,&— ]_7 Y Q]. Q HdeQZ
OP1;- 3Py Qs -5 Gn) -5

C These two relationships imply that the Jacobian of a

canonical transformation should have determinant equal to
1

O(Pi,...,Py,Q1,...,Qn)
a(plv"' 7pn7Q17'°°7qn)

Non-linear dynamics, CERN Accelerator School, November 2024

:| a(pla"'7pn7Q17"'7qn) _
8(P1,...,PR,Q1,...,QR) 26
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The Accelerator ring
Hamiltonian
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H(x,p,t) = C\/(p — A (x, t))2 + m?c? 4+ e®P(x,t)

C

C Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

C The Hamiltonian represents the total energy
H=F =~vmc*+ed

Non-linear dynamics, CERN Accelerator School, November 2024
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(m Single -particle relativistic @

H(x,p,t) = \/(p — SA(x, t)) + m?c? + ed(x, 1)

C Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

C The Hamiltonian represents the total energy
H=F =~vmc*+ed
¢ Thetotal kinetic momentum is
H2 1/2
P = ( > m202>
C
C Using Hamilton's equations

(x,p) = [(x,p), H]

It can be shown that motion is governed by Lorentz equations

Non-linear dynamics, CERN Accelerator School, November 2024
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The CERN Accelerator School

C Summary of canonical transformations and
approximations for simplifying Hamiltonian
C From Cartesian to Frenet-Serret (rotating)

coordinate system (bending in the horizontal plane),
useful for rings

2

b 4 Particle trajectory

(Q,P) or

(@, p) —
(wayvz7pxapy7pz) — (X,Y,S,Pm,Py,PS) 30

Non-linear dynamics, CERN Accelerator School, November 2024
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CQ Canonical transformations and

The CERN Accelerator School

C Summary of canonical transformations and
approximations for simplifying Hamiltonian
¢ From Cartesian to Frenet-Serret (rotating)

coordinate system (bending in the horizontal plane),
useful for rings

¢ Changing the independent variable from time ¢
to the path length s

C The Hamiltonian can be considered as having4
degrees of freedom, where the4h ? x OUD Id in@O > w
with conjugate momentum P, = —H or P, = —H

2

—

__ Coordinate
tranformations

—

Non-linear dynamics, CERN Accelerator School, November 2024

31



| 4 . . ’
CQ Canonical transformations and

The CERN Accelerator School

C Summary of canonical transformations and
approximations for simplifying Hamiltonian

¢ From Cartesian to Frenet-Serret (rotating)
coordinate system (bending in the horizontal plane),

2

—

__ Coordinate

tranformations
useful for rings
¢ Changing the independent variable from time ¢
to the path length s _
C Electric field set tozero, aslongitudinal
(synchrotron) motion is much slower than Field
transverse (betatron) one approximations

C Consider static and transverse magnetic fields

Non-linear dynamics, CERN Accelerator School, November 2024
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CQ Canonical transformations
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2

and 0 =5

with [ = —ct +
50 PO

C Summary of canonical transformations and
approximations for simplifying Hamiltonian
From Cartesian to Frenet-Serret (rotating) __ Coordinate
coordinate system (bending in the horizontal plane), (G aniormations
useful for rings
Changing the independent variable from time ¢
3 to the path length s _
3 Electric field set tozero, aslongitudinal
g (synchrotron) motion is much slower than Field
- transverse (betatron) one approximations
: Consider static and transverse magnetic fields
: Rescalethe momentum with the reference one and
2 move the origin to the periodic orbit 1
. For the ultra -relativistic limit Bo—1, — > — 0
o] the Hamiltonian becomes 07
3 . x
.g %(337y7 lapwapya 5) — (1 + 5) _ eAS _ (1 + m> \/(1 + 5)2 _p% o p::QJ
? S — S50 P, —

33
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(m High -energy, large ring ¢ |
C Itis useful for study purposes (espemallyf

N N N N d

| POEDPOI WEOQwW?HOUITUEEOI 2 w
to make an extraapproximation

¢ For this, transverse momenta (rescaled to the
reference momentum) are considered to bemuch
smaller than 1, i.e. the square root can be expanded.

Non-linear dynamics, CERN Accelerator School, November 2024
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(Q’) High -energy, larc

C Itis useful for study purposes (espeually for
| POEDPOT wEOQwW?HPOUITUEEOI 72 w
to make an extraapproximation

¢ For this, transverse momenta (rescaled to the
reference momentum) are considered to bemuch
smaller than 1, I.e. the square root can be expanded.

C Considering also the large machine approximation
xr << p , (dropping cubic terms), the Hamiltonian
IS simplified to
ot 140 .
H = p: py (1 +9) eA,
2(1+40)  p(s)

C This expansion may not be a good idea, especially
for low energy , small sizerings -

Non-linear dynamics, CERN Accelerator School, November 2024
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A Considering the general expression of the the longitudinal
component of the vector potential is (see appendix)
C In curvilinear coordinates (curved elements)

O

x b, + ia,
A, =(1+ ——)B
( +p(8)) 0%7;) n+ 1

n+1

(x4 iy)

oo

b, + 1a,,
— n—+1

with the multipole coefficients being written as

_ 1 oB, and j, _ 1 "B,
Bon! 0x™ lz=y=0 Bon! oz™

(x4 dy)"

C In Cartesian coordinates As = BofRe Z

Qp

z=y=0

A The general non-linear Hamiltonian can be written as

H(2, Y, Pas Py, 8) = Hol(, Y, Do Dys 8) + Y hey i, (8)2 =y
k. ky

with the periodic functions  hx, &, (5) = bk, .k, (s + C)

Non-linear dynamics, CERN Accelerator School, November 2024
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A Dipole: 2

o0 T Pz + P,
2(1 + 6)

A Quadrupole:

1 ps +p;

H — _k 2 2 | x Yy

A M@ =) 50
A Sextupole: | p2 —|—p2
322 =30+ 5

A Octupole: 5 5
Pz T Dy

1
H ="k 4_622 4 |
4 3( YY) 2(1+9)

37
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Linear magnetic fields
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2

A Assume a simple case oflinear transverse magnetic

fields , B, = bi(s)y
B, =—0bo(s) +bi1(s)x
¢ main bending field — By = by(s) = 61;%5) T]
C normalized B bl(s)
quadrupole gradient K(s) = bu(s )CPo o [1/m®
P()C
C magnetic rigidity Bp = T - m]

€

39
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2

A Assume a S|mple case oflinear transverse magnetlc

flelds : Bg; — bl( )
B, =—0bo(s) +bi1(s)x
main bending field —By =by(s) = 61;%5) T]
normalized B bl(s)
quadrupole gradient K(s) = bi(s) cPo 1/m?
P()C
magnetic rigidity Bp = - T - m]

A The vector potential has only a longitudinal
component which in curvilinear coordinates Is

_ 1 0A; _ 1  0A,
Ce T TG oy 0 Oy T T o

A The previous expressions can be integrated to give
Ag(w,y,s) =12 |—ts = (e + K(9)) 5+ K()% | = Poc Au(,y,5)
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A The Hamiltonian for linear fields can be finally written as

p2+p> 5 2 K(s)/..9 9
H=5073) ~ o9 T 257 T 2 (5’3 — )
dr  po dp, (1 LK

A EOPOUODZ ULuidS@lBFU?OO)ﬁJELfI(SEU

ds 1+6 ds

2

)

41
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OO The integrable He

A The Hamiltonian for linear fields can be finally written as

_ Piﬂ?i rd z? . K(s)
=315 o) T 3P T 2 (xQ_yQ)

2

8

dr  po dps ( 1 (s))
A'EODOUOOZUwWQ%EU§od@EWNw

ds 1 +57 ds
and they can be written as two second order uncoupled

differential equations, i.e. ' D 00z U wl (&&TEabske:® U
Dynamics lecture )

Non-linear dynamics, CERN Accelerator School, November 2024

K,
1
1/ > 5
"+ < 5 (p( E + K(s) |z = o0s) with the usual sglutlon for
! 0o=0and u=uwx,y
5'_’ =0 u(s) = v/ €uBu(s) cos (Yu(s) + Puo)
K, 0= =50 i )+ )+ cos (6,(5) + o)
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Action -Angle Variables
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gx) Action -angle variab

2

A There Is a canonical transformation to someoptimal set of
variables which can simplify the phase -space motion

A This set of variables are theaction-angle variables

A The action vector is defined as the integral J = %pdq
over closed paths in phase space.

Non-linear dynamics, CERN Accelerator School, November 2024
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A There is a canonical transformation to someoptimal set of

Non-linear dynamics, CERN Accelerator School, November 2024

2

variables which can simplify the phase -space motion

A This set of variables are theaction-angle variables

A The action vector is defined as the integral J = ]{pdq

over closed paths in phase space.

A An integrable Hamiltonian is written as a function of only

the actions, i.e. Hy = Hy(J)0 w' EODPOUOOz VUwl @

- OHq(J
i = 8({)](- ) = w;(J) = ¢ = wi(I)t + dio
jz- = — ag(q)b(;]) = 0 = J; = const. !

l.e. the actions are integrals of motion and the angles are
evolving linearly with time , with constant frequencies
which depend on the actions

A The actions define the surface of aninvariant torus |,

topologically equivalent to the product of 7 circles 45
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A From definition of the action

1 ]. 1 Uext H
Ju:—%Puduz—f\/2ﬂ—w§u2du=—[ \/QH—wgu%u:—
2T 2T m wo

—Uext

V2H
Wo

With  Uext = the position extrema, obtained forp,, =0 .

=

A The Hamiltonian for the hfrmonic oscillator can be written as
L 2 2 2
H(uﬁpu) — § ( u_l_w[]u )

with the canonical position and momentum (u,pu)

46



(L\') Harmonic oscillato

=

A The Hamiltonian for the harmonic oscillator can be written as

1
H(u!pu) T 2 (pu_l_wQ 2)

with the canonical position and momentum (u,pu)

A From definition of the action

Uext H
= —%pudu = —%\/257 wiuldu = / \/2H—w§u2d’u, = —
Wo

Uext

With  Uext = w— the position extrema, obtained forp,, =0 .

A The Hamlltonlan in these new variables H(¢y, J,) = wody
A ThephasePUwl OUOEwWEaw' EOPOUOOz Uw

Non-linear dynamics, CERN Accelerator School, November 2024

: OH (pu, Ju _
Pu = SSJ ) =wy andhence Pu = wot + ‘fbu,ﬂ
A The action is J, = —aHgb;’J”) =0, i.e.J, = const.

an integral of motion. 47
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A Another way to calculate the action is through canonical
transformation using a generating function

A First, observe from solution of harmonic oscillator that
Py = —woutan (wot + ¢y,0) = —wou tan (¢y,)
relationship already connecting phase with old variables

2

48



(L\') Harmonic oscillato

A Another way to calculate the action is through canonical
transformation using a generating function

A First, observe from solution of harmonic oscillator that
Py = —wou tan (wot + ¢u,0) = —woutan (¢,)
relationship already connecting phase with old variables

A Using first generating function F (u, ¢,,)

OF
Dy = 3—11,1 = —wou tan (¢,,)

2
A By integrating, we obtain Fi = / pudu = —wo; tan(¢.)

2

o

A New momentum conjugate to the phase is given by

oF 2 1 H
Ju= o=y (L tan*(u) = 5 (wfu® +p%) = -

0, 2
l.e. exactly the same relationship as with the previous
method.

Non-linear dynamics, CERN Accelerator School, November 2024
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AcCcelerator Hamiltonian In ac

m variables

2

A Con3|der|ng on-momentum motion, the Hamiltonian can be
written as

2, 2
Y — PrtDPy | Kw(S){BQ—Ky(S)’yQ

2 | 2

A As for harmonic oscillator, use Courant -Snyder solutions to

build generating function from original to action -angles
2 2

Y
QBx(S) [tan ¢£B(S) + a,x(s)] o 26y(8)

Fi(x,y, ¢z, Dy; ) = — tan ¢y(3) + ay(s)]

Non-linear dynamics, CERN Accelerator School, November 2024
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Accelerator Hamiltonian

m variables

2

A ConS|der|ng on-momentum motion, the Hamiltonian can be
written as

1 — Patp. | K.(s)z?—K,(s)y>

2 | 2

A As for harmonic oscillator, use Courant -Snyder solutions to

build generating function from original to action -angles
2 2

Y
25:)@(3) [ta’n ¢$(S) + Cl,x(S)] o 26y(8)

A The old variables with respect to actions and angles are

u(s) = \/2Bu(8)Jy cos dy(8) , pu(s) = — Bi‘](’;) (Sin ¢y (8) + au(8) cos Py (s))
and the Hamiltonian takes the form

J. Jy
B(5) By(s) o

Fl(x7y7¢xa¢y;8) —

tan ¢y (s) + ay(s)]

HQ(JQC, Jy, 8) —
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@ . .
m Normalised coordinates

A The transformation to normalized coordinates

=2 %) () o (4)=var (o)

transforms motion to simple rotations.

2
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| 4 . .
Yele) Nomaiced CHI @)

A The transformation to normalized coordinates

() = ( %OB) () o (o) =27 (£30)

transforms motion to simple rotations.
A In the present coordinates, the phase isnot a linear function

N

A A further transformation will be needed to eliminate the
1 { UBEQIxIuWE]I OEIl OwEaw?EYI UEI PO
previous Hamiltonian over one turn ( Floquet
transformation)

Non-linear dynamics, CERN Accelerator School, November 2024
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® . .
(m Normalised coordin

A The transformation to normalized coordinates

() = ( fﬁ) () o (i) =var (30

transforms motion to simple rotations.
A In the present coordinates, the phase isnot a linear function

2

N

A A further transformation will be needed to eliminate the
1 { UBEQIxIuWE]I OEIl OwEaw?EYI UEI PO
previous Hamiltonian over one turn ( Floquet
transformation)

A The 1-turn Hamiltonian is
HoerJy) = 1 § 5255+ 1y § 55 = 20 (Que + Q)

A The motion is the one of two linearly independent harmonic
oscillators with frequencies the tunes 54
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Canonical perturbation
theory



® ] \
(L\’) Canonical perturb @

A Consider a general Hamiltonian with mdegrees of freedom
H(J, P, (9) — H()(J) + GHl(J, @, (9) + 0(62)
where the non-integrable part H1(J,®,0) L7 -periodic
OOwUT | EOT Ol UwwwwwEOEwWUT I w? I
A Provided that € is sufficiently small, tori should still exist
but they are distorted

A We seek a canonical transformation thatE OU O E w? U U
up" the tori , i.e. it could transform the non -integrable part
of the Hamiltonian (at first order in ¢ to a function only of
some new actions H (J) plus higher orders in €

Non-linear dynamics, CERN Accelerator School, November 2024




Jele, Canonical pertt 2

A Consider a general Hamiltonian with ndegrees of freedom
where the non-integrable part Hl(J,so,H) is?7T -periodic
OOwUT | EOT Ol UwwwwwEOEwWUT I w? I

A Provided that ¢ is sufficiently small, tori should still exist
but they are distorted

A We seek a canonical transformation thatE OU O E w? U U
up" the tori , i.e. it could transform the non -integrable part
of the Hamiltonian (at first order in ¢ to a function only of
some new actions H (J) plus higher orders in €

A This can be performed by amixed variable close to identity
generating function S(J,p,0) =J -+ eS1(J,p,0) + O(€?)
for transforming old variables to new ones -
(J,P)

A In principle, this procedure can be carried
to arbitrary powers of the perturbation

Non-linear dynamics, CERN Accelerator School, November 2024




(Q’) Canonical perturbation t

A By the canonical transformation equations (slide 19), the

2

the old action and new angle can be also represented by a

power series in €

J = j—l— €8Sl(J’SO7(9) —+ 0(62) J = j—|— 851(]_ 9) + 0(62)
Jp 0P

— aSl(J_acp?H) 2 or - 8S1(j,95,9) 2
— — O — — —

P=@+e o7 + O(e?) Y =@—c¢ 57 + O(e)

Non-linear dynamics, CERN Accelerator School, November 2024
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C&\’) Canonical pertu

A By the canonical transformation equations (slide 23), the
the old action and new angle can be also represented by a

power series in €
= 851 (J, @, (9)

2

_8S.(J, @, 0)

_ 2 _ 2
J=J+e€ 90 + O(€*) J=J+e¢ i + O(€”)
] 09T, 0.0 0 O 9510

— _ O — O — -

P =@+e 57 + O(€”) p=@—¢ 57 + O(e)

A The previous equations expressing the old as a function of
the new variables assume that there is possibility to invert
the equation on the left, so that S1(J,®,0) becomes a
function of the new variables

A The new Hamiltonian is then 85,(7. 3.6)
H(J,$,0) = H(J(J,8),0(J, §).0) + e—= 5= + O(e*)
A3T 1 wUIl EOOCOEwWUTl UOwWDPUWE stimd2BW D O
dependence through 6

Non-linear dynamics, CERN Accelerator School, November 2024

59



(Q') Form of the generatin

2

A The guestion is what is the form of the generating function
that eliminates the angle dependence

A The procedure is cumbersome (see appendix for details),
but here is the final result,

_ _ Hix(J
SJ.@)=J-@+ei » uc(J) etk @tp0) L 0(?)

k-w(J)+p
OHo(J)

oJ

kA0 §
with the frequency vector w(J) =
and the integers k,p # 0

Non-linear dynamics, CERN Accelerator School, November 2024
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C&\’) Form of the ge

2

A The guestion is what is the form of the generating function
that eliminates the angle dependence

A The procedure is cumbersome (see appendix for details),
but here is the final result,

H
SJ.@)=J-@+ei » 1 eill-#+r9) L O (€2)

k-w(J) —I—p
OHo(J)

o0J

k0 |
with the frequency vector w(J) =
and the integers k,p # 0

A If the denominator vanishes, i.e. for the resonance
condition k -+ w(J) + p =0, the Fourier series
coefficients (driving terms ) becomeinfinite

A It actually implies that even at first order in the
perturbation parameter and in the vicinity of a resonance,
It Is iImpossible to construct a generating function for
seeking someapproximate integrals of motion 61

Non-linear dynamics, CERN Accelerator School, November 2024



e
‘de @ Problem of small den 1:

A In principle, the technique works for arbitrary order , but the
disentangling of variables becomes difficult even to 2nd order!!!

A The solution was given in the late 60s by introducing the Lie
transforms (e.g. seeDeprit 1969), which arealgorithmic for
constructing generating functions and were adapted to beam
dynamics by Dragt and Finn (1976)

2
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@
de @ Problem of s

A In principle, the technique works for arbitrary order , but the
disentangling of variables becomes difficult even to 2nd order!!!

A The solution was given in the late 60s by introducing the Lie
transforms (e.g. seeDeprit 1969), which arealgorithmic for
constructing generating functions and were adapted to beam
dynamics by Dragt and Finn (1976)

A On the other hand, the problem of small denominators due to
resonancesis not just a mathematical one. The inability to
construct solutions close to aresonance has to do with the un-
predictable nature of motion and the onset of chaos

KAM theory (see appendix) developed the mathematical
framework into which local solutions could be constructed,
provided some general conditions on the size of the perturbation
and the distance of the system from resonances are satisfied

A Very difficult though to apply directly this theorem to realistic
physical systems, such as a particle accelerator

2
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. Example: Perturbation
. treatment of a sextupole



o
m Perturbation treatment for a

eeeeeeeeeeeeeeeeeeeeeeee

A Consider the simple case of aperiodic sextupole
perturbation and restrict the study only to one plane. The
Hamiltonian is written as,

2

2 2 3
p,.+K(s)x K
H(x,px, 8) — 2( ) | ({39)33
where K(s) and K;(s) are periodic functions of time.

Non-linear dynamics, CERN Accelerator School, November 2024
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® ]
Cm Perturbation treatment for

2

A Consider the simple case of aperiodic sextupole
perturbation and restrict the study only to one plane. The
Hamiltonian is written as,

2 2 3
p,.+K(s)x K
H(ZIZ‘,]?QC, S) — 2( ) | ({;)a:
where K(s) and K;(s) are periodic functions of time.

A We proceed to the transformation in action angle variables
to write the Hamiltonian in the form

H=Hy(J)+ Hi(¢p,J) = 5{«9) + 2\/52(8(8) (JB(5))*? cos® ¢
J K( )

3/2 COS COS
5 T s (TBE)Y (cos36 + Beoso)
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® ]
m Perturbation treatment for |

2

A The perturbation procedure implies to split the
perturbation in an average part over the angles and
an oscillating part

FTTNS N TN \/ik S
= (i) g+ (i) = 5 (86" (00836 + Bcoso)

1
where (F)), = (%> %Hl(J, ©)dp
and  {H} = H; — (Hy),
— ZHM(J)ei(k'@ pb)
k,p

Non-linear dynamics, CERN Accelerator School, November 2024
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@ .
COORL Sl from

A The average part should be only a function of the action

2

A Its derivative with respect to the action should provide the
frequency shift (tune -shift) due to the non-linearity

A It can be shown that this quantity vanishes for a sextupole
perturbation

(o)), = B (5(6)) 72 [ cos 36+ Bcosd)do = 0

A Sextupolesdo not provide any tune -shift at first order

A But we know by experience that this is not true, i.e. first
order perturbation theory fails to give the correct answer

A One has to go tohigher order (see appendix)
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A The oscillating part is then the same as the original
Hamiltonian

{1} =Hy— (Hi)g = Hy =

m Perturbation treatment for a ¢

2

K (s)
3v/2

A Following the canonical perturbation procedure the
generating function is

T D H..(.J o
ST =T d+i 3 ) iwdien o
o kov(J) +p

A The only non -zero Fourier terms are for £ = 1,3 and

(JB(s ))3/2 (cos 3¢ + 3 cos @)

3V +p vV+p

_ _ — K(s) - P ci(30+p0)  g,i(d+ph)
S(1.0) =T d+i- > = (T8()™" 32 < +

p=—00
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(m Perturbation treatme

A We derived (with a lot of effort) the common result that
sextupoles at first order excite integer and third integer
resonances

A Again, this is not the full story ! It is known that sextupoles
can drive any resonance, either because theirstrength is
large, or because theparticle is far away from the closed
orbit

A This can be shown again by pursuing the perturbation
approach to second order (as for the tune-shift)

A A useful application is to use the generating function for
computing the correction to the original invariant , as the
new one should be an integral of motion (at first order)

J%j | BSI(Jaspae)
ote

2
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appendix)
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1] 05

Phase space for sextupole [

10"

10°F

10

10

2

A For small perturbations, the new action variable is almost an
iInvariant but for larger ones phase space gets deformed

A Close to the integer or third integer resonance, canonical
perturbation theory cannot be applied

A The solution is provided by secular perturbation theory (see

™~ T, _//-. o -"l

NS =

[’ 'H-..H\. /__.-" s -~ - 1

— — A

f_ B - — - i i --:.:
0 100 200 300 400 500 71



Jefe, Content of

AFrom linear to non-linear or
from matrices to maps

ALie formalism for building maps
ASympIectlc Integration

ANormal forms for non-linear
systems

ATruncated Power Series through
differential Algebra

2

mber 2024
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From linear to non -linear
or
from matrices to maps



(A') Linear system In bea

A Linear (uncoupled) transverse particle
motion is described by’ POOz Uuw

"+ Ky(s)x = 0

A Linear equations with s-dependent George Hil
coefficients (harmonic oscillator with time
dependent frequency)

Non-linear dynamics, CERN Accelerator School, November 2024
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Je'e) Linear system in b

A Linear (uncoupled) transverse particle
motion is described by’ POOz Uuw

"+ Ky(s)x = 0

A Linear equations with s-dependent George Hil
coefficients (harmonic oscillator with time
dependent frequency)

A In aring (or in transport line with symmetries),
coefficients areperiodic K.(s) =K, (s+0)

N N Fa L] N —

| OUwUT | whi OOl WEEEI Ol UEUOUS®
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Jele) Linear system in &

A Linear (uncoupled) transverse particle
motion is described by’ POOz Uuw

"+ Ky(s)x = 0

A Linear equations with s-dependent George Hil
coefficients (harmonic oscillator with time
dependent frequency)

A In aring (or in transport line with symmetries),
coefficients areperiodic K.(s) =K, (s+0)

N N Fa L] N —

| OUwUT | whi OOl WEEEI Ol UEUOUS®

o A~ - Vs X ~

A6 EUU wE O w kcareyit paEicu@rdowa system
composed by discrete building blocks ?

ynamics, CERN Accelerator School, November 2024
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€>€

u(s)

/

uw(s)

2

+ A Consider K(s) =k, = constant
w' + ko u=0

A Equations of harmonic
oscillator with solution

= C(s) u(0) + S(s) u'(0)
= C'(s)u(0) + S'(s)u’(0)
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2

+ A Consider K(s) =k, = constant
uw' 4+ ko u=0
A Equations of harmonic

(Q') Harmonic oscillat

oscillator with solution

% v v $ u

c I u(s) = C(s) u(0) + S(s) u'(0)
% u'(s) = C'(s)u(0) + S'(s)u’(0)
£ with |

P C(s) = cos(Wkos) , S(s)= = sin(Vkos for k> 0
8 0

: 1

@_ C(s) = cosh(y/|kols) , S(s) = \/W sinh(y/|kols) , fork,< O
38 0

A Note that the solution can be writtennmatrix form

(5'(@))) - (g’(@)) 5’8) <5'(<%)>> .

-linear

Non



CAQ Matrix formalism

A General transfer matrix from syto s

(> = M) () - (o Sam) <>

A Note that det(M (s|sg)) = C(s|s0)S’(s|s0) — S(s|s0)C"(s|s0) = 1
which is always true for conservative systems

2
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gcx) Matrix formalis

A General transfer matrix from syto s

() = M) () - (o Sam) (>

A Note that det(M(s|so)) = C(s|s0)S’(s|s0) — S(s|se)C’(s|s) = 1
which is always true for conservative systems

2

A Any line can be build by a series of matrix multiplications
M(splso) = M(sp|sn_1) ... M(s3|s2) - M(s3]s1) - M(s1]s0)

\ &

S, S, S,€ s, R - Jom%toa
o fromstos, »
—~—
froms to s,
from s, to s,

A For a full ring, the matrix multiplication will provide the full
transfer matrix for 1-turn M (COS 1+ asin B sin p )
Ci p—

—y sin W COS 4 — (¢ SIN 4

Non-linear dynamics, CERN Accelerator School, November 2024
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de’e, Non-linear moti

A Nonlinear elements can be represented bygeneralized
polynomials

/1 L 1.1
' Ky(s)x = E a;;(s)z'y’
]
A For example, general magnetic fields can be represented by
the multi -pole expansion

O

By +iBy =Y (b —iay)(z +iy)" "

n=1

2

A Equations of motion in the horizontal plane become

B
"+ K,(s)x = (2, Y, 5)
P

A Closed solution does not exist, in principle! 81
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Jolel Maps NS

A A generalization of the matrix (which can only describe linear
systems), is amap, which transforms a system from some
Initial to some final coordinates

Non-linear dynamics, CERN Accelerator School, November 2024

NI

Z

A Analyzing the map, will give useful information about the
behavior of the system

2
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Jele Maps

2

A A generalization of the matrix (which can only describe linear
systems), is amap, which transforms a system from some
Initial to some final coordinates

yM:ZHZ\Z,

A Analyzing the map, will give useful information about the
behavior of the system

A There are different ways to build the map:
Taylor (Power) maps
Lie transformations

Truncated Power Series Algebra (TPSA), can generate
maps from straight -forward tracking

A Preservation of symplecticity Is important 83
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A For athin quadrupole the equivalent map can be written

[« (= [0 )
. B Q_’:I o 33! n kl " Lgy
A2 =1 | 0
\v /), \v /), \hiy,)
or through the matrix M, as Z(s9) = M - Z(s1).

A For athin sextupole , we can right the coordinate
transformation as
/ x! \ / xf \ / g 2 \
Z(s9) = o . - by (5361 ~ Ys,)

Y Y
\yf/gg \y;]ﬂ \ ko« (Tsy * Ysy) )

b=

—

or Z(s2) = Mo Z(s1) where now M is a non-linear map.

2

84



de'e, Building a Taylor

A A general representation for the map for the horizontal
position can be

2

matrix part (power 1)

o

”~

Xnew = R“-X +R12'-xl +R21'}’ +R22-}7’+

sextupole part (power 2)

M

7 ' 9
+T111 . .,’(,'2 + T112 cxx + T122 X+ T113 - Xy + T114 . Xy! + ...

octupole part (power 3)

N

+U1111 . .)C3 + U1112 . .)szf + ...

or, in a more compact form up to 3 order, for 7 = 1,...,6

Snew Z ngzk + Z ZTjkleZl + S‘ S‘ S‘ nglmzkzlzm

k=1 1=1 k=1 1l=1 m=1

Non-linear dynamics, CERN Accelerator School, November 2024
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Jeoe, Taylor map for a s

2

A For a sextupole in one plane, the representation is written as

[ x

X

X Ryy Rp T T T
= o JC2

X’ Ry1 Ry Trin Tri2 Tox

new xx’
\ ¥ )
or in general for a sextupole of length L and strength ko
> 3 4
X2 =x+Lxy -k (LT(X% — D) + G x] —yi) + 5O -y )
2 3

Y=o — ko (503 =3 + §(ax -y + G2 -)D))

2 3 4
2 =n+tly +k (%xlyl + ey )+ g—4<x;y1>)

2 3
Yo =V + ko (%xm + Z(ny + X)) + %(xi)”i))

A But what about symplecticity ?

Non-linear dynamics, CERN Accelerator School, November 2024
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Lie formalism
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2

A Consider two sets of canonical variables Z , Z which
may be even considered as the evolution of the system
between two points in phase space

A A transformation from the one to the other set can be
constructed througha map Af : 7z 3 7Z

88



dele Symplectic maj

A Consider two sets of canonical variables Z , Z which
may be even considered as the evolution of the system
between two points in phase space

A A transformation from the one to the other set can be
constructed througha map Af : 7z 3 7Z

A The Jacobian matrix of the map M = M (z,1) is

composed by the elements M;; = gz@
<]

A The map is symplectic if M* JM = J where J = (_(I) (I)>
A It can be shown that det(M) =1

Non-linear dynamics, CERN Accelerator School, November 2024
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dele, Symplectic @)

A ConS|der two sets of canonical variables Z 7 which
may be even considered as the evolution of the system
between two points in phase space

A A transformation from the one to the other set can be
constructed througha map Af : 7z 3 7Z

A The Jacobian matrix of the map M = M (z,1) is
0Z;
T 0z
A The map is symplectic if MY JM = .J where J = (_? (I))
It can be shown that det(M) =1

It can be shown that the variables defined through a
symplectic map |z, Z;] = |2i, 2;] = Zi; which is a known
relation satisfied by canonical variables

A In other words, symplectic maps preserve Poisson brackets

90

composed by the elements M, =

A
A
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®
de'e Are Taylor maps

A To test the symplecticity of Taylor maps, we have to 9%,
construct the Jacobian matrix with elements M;; = —

A3i1 w207 BE OFayidl ndp QiShwited] w07
X =xi+Llyy -k (L?f(-’f% —yD + B -y + 07 —y’iz))
4 = ks (503 - 3D + Boax -y + £GP - D))
2 =n+Ly, +k (L?fxl}ﬁ + {“—;(Jfl}’i +y1X)) + %(x'i}”l))

2 3
Vo =) +ky (%Xl}’l + L (ay) +yix) + %(xiy'l))

A All the coefficients of the Jacobian depend on initial
conditions, e.g.

5’y2 L2 L3
and unless appropriately chosen they cannot satisfy det(M) =1

A In general, Taylor maps are not-symplectic! o1

Non-linear dynamics, CERN Accelerator School, November 2024



COORRER IRy

A The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

2

A They can be represented by (Lie) operators of the form

frg=1[fg] and: f:?g=1[f[f g]] et

Non-linear dynamics, CERN Accelerator School, November 2024
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dele Lie formalism

A The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

2

A They can be represented by (Lie) operators of the form

frg=1[fg] and: f:?g=1[f[f g]] et

A For a Hamiltonian system H(z,t) there is aformal

solution of the equatlons of motion % = |H,z| = H : z

written as z(t) = Z LI, — et Higy with @ symplectic
map M = et

Non-linear dynamics, CERN Accelerator School, November 2024
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de'e Lie formalis

A The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

2

A They can be represented by (Lie) operators of the form

frg=1[fg] and: f:?g=1[f[f g]] et

A For a Hamiltonian system H(z,t) there is aformal

solution of the equatlons of motion % = |H,z| = H : z
written as z(t) = Z tk " 20 = etz with a symplectic
map M = ¢t

A The (1-turn) accelerator map can be represented by the
composition of the maps of each element
M = ef2t gifst gifar  where f; (called the
generator) is the Hamiltonian for each element, a
polynomial of degree 777 in the variables 21, ..., Zn

Non-linear dynamics, CERN Accelerator School, November 2024
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@ . .
'de @ Li€ Operators for simple el
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Element Map Lie Operator

Drift space r=x9+ Lpg exp(: — %LpQ:)
P =DPo

Thin-lens Quadrupole o = xg exp(: — %;1:2:)
P=Po— %iﬂﬂ

Thin-lens Multipole T = I exp(:Ax™:)
p =po+ Anz" !

Thin-lens kick r=uxg exp(: [, f(z)dz":)
p=po+ f(z)

Thick focusing quad r=xgcoskL 4 B sin kL exp|: — s L(k%2? + p?):]

Thick defocusing quad
Coordinate shift
Coordinate rotation

Scale change

p = —kxrgsinkL + pgcoskL
x = rgcosh kL + £ sinh kL
p = kxgsinh kL + pg cosh kL
rT=x9— b

P=Dpota

T = T COS [l + po SIn [

P = —xg SIn j1 + Po COS L4
r=e "z

P = EAPD

«e}v:p[:%l}(k%c2 — p?):]
exp(:ax + bp:)
exp[: — gu(2® + p?)]

exp(:Azxp:)
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de'e Formulas for Lie operators

a: =0, e® =1
fia=0, el'a=a
Ff=0, elif=f

{:f:0g:) =[], gl
el'g(X) = g(eX)

el G:g)e ™ = Qe g
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-linear

Non

A Consider the 1D quadrupole Hamiltonian
1 2 2
H = 5(k1x* + p*)
A For a quadrupole of length I, the map is written as
e%:(16151324—}92):

2
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de'e Map for quadrupc

A Consider the 1D quadrupole Hamiltonian
1 2 2
H = 5 (kiz= + p?)
A For a quadrupole of length I, the map is written as
e%:(k1:ﬂ2—|—p2):
A Its application to the transverse variables is

5 o O o 2\n o 2\n
6—%:(16133 +p“): _Z(( le) CL’—|—L( le) p>

=\ ) (2n+ 1)

2\n 2\n
—%:(k‘lmz—F ) § : —k1L ) / (_le )
€ ’ ( (2n)! 1 v

(2n +1)!

2
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de%e Map for quadr

A Consider the 1D quadrupole Hamiltonian
1 2 2
H = 5 (kiz= + p?)
A For a quadrupole of length L, the map is written as
6%:(kle—l—p2):
A Its application to the transverse variables is

o0 2\n 2\n
—%:(k1x2—|—p2): L (_le ) L(_le )
‘ Z( el T enr 0 ?

—k LQ) (—k1 L)
— 5 :(k1z®+p®): 1 / 1
P= Z ( (2n)! *1 90 1+ 1)1 3’)
A This finally prowdes the usual quadrupole matrix

1
e~ % (Bt +p%) g cos(v/ k1 L)x + NG sin(v/k1L)p
1
e~z e+, = |l sin(v/k1L)x 4 cos(\/ k1 L)p 99

2
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‘ .
deoe Map for general monomial

A Consider a monomial in the positions and
n_.m
momenta X P

2

A The map is writen as e®* P -

Non-linear dynamics, CERN Accelerator School, November 2024
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@
‘de @ Map for general mo

Non-linear dynamics, CERN Accelerator School, November 2024

A Consider a monomial in the positions and
n_.m
momenta X P
n.__m.

A The map is written as e** P

A Its application to the transverse variables is
c For 1 75 m

6:axnpm:x — 21+ a(n _ m)xn—lpm—l'

n—1. .m—1]

e P iy = p 14+ a(n —m)xz" p

c For b = 1N

. n_n, L n—1 n—1
6.@513 D ‘r = 1€ oanx D
n—1 n—1

RSN B
e TP .p:peomx D
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(Qq Map Concatenatio

2

A For combining together the different maps, the Campbell -
Baker-Hausdorff formula can be used. It states that for {1, {2
sufficiently small, and A, B real matrices, there is a real
matrix C' for which

t1A6t2B C

€ — €

Non-linear dynamics, CERN Accelerator School, November 2024
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Je'e Map CONGEIS

2

A For combining together the different maps, the Campbell -
Baker-Hausdorff formula can be used. It states that for {1, {2
sufficiently small, and A, B real matrices, there is a real
matrix C' for which

1A B _ C

A For map composition through Lie operators, this is
translated to Pt — oif 19" with

h=f4gty frotos fPgtaig? fho fag?fmrmigh fon i fihgt .
or
h=1f+g+ g lhhal + gl ol + 500 [0 A1+ 5 119, 09 A0 = [0, o o £ = o [, 0F, (£ ol +

l.e. a serles of Poisson bracket operations.

Non-linear dynamics, CERN Accelerator School, November 2024
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Zete Map CONER

2

A For combining together the dlfferent maps, the Campbell -
Baker-Hausdorff formula can be used. It states that for {1, {2
sufficiently small, and A, B real matrices, there is a real
matrix C' for which

1A B _ C

A For map composition through Lie operators, this is
translated to Pt — oif 19" with

1 1

h=f4gty frotos fPgtaig? fho fag?fmrmigh fon i fihgt .
or
h=F+g+ g0+ U 10 + 15l 9,7 + 5515 .09 71 = sl 91 090 A1) — s U 1 Ll -

l.e. a serles of Poisson bracket operations.

L ~ Ve N ~ L] e N

Note that the full map PUWE a&a w? EOOUUUUE UD(

By truncating the map to a certain order, symplecticity is
lost. 104

A
A
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2

A The Campbell -Baker-Hausdorff formula for
Lie maps has another useful form,
depending if the summation is done over
one or the other function

mq Useful form of C

it _ ot (et 1)+ O(F2)

or
6=f+(1 L g)+0(g%);

6:f:ezg:

Non-linear dynamics, CERN Accelerator School, November 2024
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The CERN Accelerator Schoo_ [A

Symplectic integration

Non-linear dynamics, CERN Accelerator School, November 2024
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CL\') Why symplecticity is | @

A Symplect|C|ty guarantees that thetransformations in phase
Space arearea preserving

A To understand what deviation from symplecticity produces
consider the simple case of thequadrupole with the general
matrix written as

Mq = ( cos(vVkL) ﬁsin(ﬂL))

—Vksin(vVkL)  cos(vVkL)

Non-linear dynamics, CERN Accelerator School, November 2024
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Zele Why SYMDIERS 2

A Symplect|C|ty guarantees that thetransformations in phase
Space arearea preserving

A To understand what deviation from symplecticity produces
consider the simple case of thequadrupole with the general
matrix written as

Mo — cos(VkL) ﬁ sin(vkL)
@ —VEksin(vVEkL)  cos(VkL)

A Take the Taylor expansion for small lengths, up to first

order
Mo=(_y, 7)o

—kL 1
A This is indeed not symplectic as the determinant of the
matrix is equalto 1 + kL7, ie.there is a deviation from
symplecticity at 2"d order in the quadrupole length

Non-linear dynamics, CERN Accelerator School, November 2024
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m Phase portrait for non-symg

The C

2

‘A The iterated does not
provide the well -know elliptic trajectory in phase
space

A Although the trajectory is very close to the original
one, it spirals outwards towards infinity

00004

I
exact gqu ad upole m
mwmplemlc Dﬁp

00003

N

0.0002 |- = £ .

0.0001

Non-linear dynamics, CERN Accelerator School, November 2024

1 1 1
0.5 1 1.5 2

xor
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de'e Restoring symplec @

A Symplecticity be canrestored Ea WEEEDOT w? EUU
correcting term to the matrix to become

1 L 1 0\ (1l L
MQ:(-kL 1—kL2>:<—kL 1) (0 1)

kL
A In fact, the matrix now ; |
can be decomposed as alrift | |
with a thin quadrupole — L -
at the end T

2R

A This representation,
although not exact
produces an ellipse
In phase space

S

Non-linear dynamics, CERN Accelerator School, November 2024
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CL\') Restoring symple

'A The same approach can be contlnued to2"d order of the
Taylor map, by adding a 39 order correction

Non-linear dynamics, CERN Accelerator School, November 2024

—Ller? - Llprs
—_ 2
“”“Q“< —kL %kL2

A The matrix now can be
decomposed astwo half

drifts with a thin kick at the

center

A This representation
IS even more exact asx
the error now Is at
3 order in the
length

20N

: EE

3

2
)

(1 L/2 0\ (1 L/2
0 1 —kL 1)\0 1
< }l.-r,—.—. =
T
L kL 5
T 2 2
“HReERED




de'e 3-kick symplectic in

A The idea is to distribute three kicks with different
strengths so as to get a final map which is more accurate
then the previous ones

A For the quadrupole, one can write

ra- (s %) e D6 (e D6 (D6 9
which imposes Y di=)» ¢ =1

A A symmetry condition of this form can be added
d1:d4, d2:d3, C1 — C3

2

Non-linear dynamics, CERN Accelerator School, November 2024
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de'e 3-kick symplectic

The CERN Accelerator School

A The idea is to distribute three kicks with different
strengths so as to get a final map which is more accurate
then the previous ones

A For the quadrupole, one can write

a3 ) (e D6 ) (e D6 1) (e D6 )
which imposes Y di=)» ¢ =1
A A symmetry condition of this form can be added
di =dy, dog=d3z, c1 =c3

A This provides the matrix Mg = ZH 212> with
21 22

2

M1 = Moy = ——kL + c1da(di + = )k2L4 didacicok’ LO

mys = L — (2 L T hda + 2d1d201)kL + 2dydacy (didy + —= )k2L5 + d?d3cicok LT

Non-linear dynamics, CERN Accelerator School, November 2024

mao1 = —kL + c1da(1 + ¢c2)k* L — dacicak® LP
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CQ’) 3-kick symplectic integre

A By imposing that the determinant is 1, the following
additional relations are obtained

Cldz(d1 +

2

c
ZQ + dids + 2d1dsc; =

c1da(1 4 ¢co) =

Non-linear dynamics, CERN Accelerator School, November 2024
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dele 3-kick symplectic inte

A By imposing that the determinant is 1, the following
additional relations are obtained

2

o) 1
c1da(dy + 5) = 51

C2 1
— 4+ dids + 2didocy = =
4+ 102 + 2a1asCq 6
1

c1da(1 4+ ¢o) = 6

A Although these are 5 equations
with 4 unknowns, solutions exist

1 1—21/3
1 21/3
TS T o T 2T T 0173

Non-linear dynamics, CERN Accelerator School, November 2024
\)
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DO
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DO
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~~
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® . !
Je'e, 3-kick symplect

Non-linear dynamics, CERN Accelerator School, November 2024

A By imposing that the determinant is 1, the following

additional relations are obtained

2

C 1
Cldg(dl + 52) — 2—
. n ® @
, 1 : =
i + dida 4 2d1dac; = 6 @ _
1
Cld2(1-+-62):= 6
A Although these are 5 equations
with 4 unknowns, solutions exist

1 1 —21/3
== o0 gy 20 50 0

1 21/3
TS Ty T T T o1

A This is actually the famous 7 step

4™ order symplectic integrator of Forest, Ruth and Yoshida
(1990). It can be generalized forany non-linear element

A It imposes neqgative drifts 6
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(Qq Higher order integrator

2

A Yoshida has proved that a general integrator map of order
2k can be used to built amap of order 2k + 2
Sgk+2(t) = SQk(SUlt) O Sgk(ﬁﬁgt) O Sgk(xlt)

1

—9D2k+1 1

. Tn = 71‘:
with 507 5 —awta © T T 9w

Non-linear dynamics, CERN Accelerator School, November 2024
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(Qq Higher order integ

2

A Yoshida has proved that a general integrator map of order
2k can be used to built amap of order 2k + 2
Sok+2(t) = Sar(x1t) o Sar(xot) o Sop (1)

_22k:1—|—1 1
. Tn = , €T1 —
With =07 5 owle © 1T 9 oan

A For example the 4" order scheme
can be considered as acomposition
of three 2" order ones (single kicks)
S4(t) — SQ (CElt) O SQ (ZBQt) O SQ (xlt)

—23 1
T, L1 = 1
2 — 23 2 — 23

Non-linear dynamics, CERN Accelerator School, November 2024
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2

" A Yoshida has proved that a general integrator map of order
2k can be used to built amap of order 2k + 2
Sgk+2(t) = SQk (.Tlt) O Sgk (.CL‘Qt) O Sgk(iljlt)

1
—9D2k+1 1
y L1

with 5’70:2_2ﬁ :2_2ﬁ
A For example the 4" order scheme

can be considered as acomposition

of three 2"d order ones (single kicks)

S4(t) — SQ (iElt) O SQ (513075) O SQ (.CClt)
—23 1

Y £ —
A A 6™ order integrator can be

produced by three interleaved 4 ™ order ones (9 kicks)
S@ (t) — S4(£Ult)1 O S4(£I?()t) o S4(£I?1t)
with Lo = _231 y L1 = : 1

92— 925 2925 1

Non-linear dynamics, CERN Accelerator School, November 2024
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Normal forms
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Non-linear dynamics, CERN Accelerator School, November 2024

A Make a coordinate transformation so that we get a simpler
form of the matrix, i.e. ellipses are transformed to circles
(simple rotation)

N\ -C

M=AoRoA "' or: R=A'oMoHA

A Using linear algebra, the solution is

VB(50) 0 cos(uy)  sin(uy)
A= a(s) 1 and = —sin(y)  cos(uy)
VB(so)  VB(so0) A l

A This transformation can be extended to a non-linear system

2

121



(Qq Generic normal for

2

"A Normal forms consists of finding a canonical transformation
of the 1-turn map, so that it becomes simpler to analyze

A In the linear case, theFloquet transformation is a kind a
normal form as it turns ellipses into circles

Non-linear dynamics, CERN Accelerator School, November 2024
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Jele Normal IONHSI 2

A Normal forms consists of finding a canonical transformation
of the 1-turn map, so that it becomes simpler to analyze

A In the linear case, theFloquet transformation is a kind a
normal form as it turns ellipses into circles

A The transformation can be written formally as
z Mz
with the originalmap M =®"1oN o ®
‘I’_ll l‘l’_l and its normal form

" N=doMod ! =¢herr
N

Non-linear dynamics, CERN Accelerator School, November 2024
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dele Normal forn

A Normal forms consists of finding a canonical transformation

Non-linear dynamics, CERN Accelerator School, November 2024

A N _ .
A The transformation ® = ¢

2

of the 1-turn map, so that it becomes simpler to analyze

A In the linear case, theFloquet transformation is a kind a

normal form as it turns ellipses into circles

A The transformation can be written formally as

7z —M g

1 with the original map M = P loNod
* l lq’_ and its normal form

u —— u’ N=bdoMod ! =¢ehers

F: is petter suited in action

angle variables, i.e. ¢ =e " h taking the system from

the original action -angle hy , = \/2J,, e7'*v to a new set
;—Ly(N) = /21, , e T (V) with the angles being just

simple rotations, Vu,y(IN) = 27NV y + 94y, and the

new effective Hamiltonian depends only on the new actions



S&\') Effective Hamil

A The generating function can be written as a polynomial in

Non-linear dynamics, CERN Accelerator School, November 2024

2

_iwjk:lm

the new actions, I.e.

=N GGG = fam (21) 1 (21,) e

Jkim

There are software tools that built this transformation

OEIl wUT T w?2O01 P2rwl I 11 EUBDYI w' EC
Interesting quantities can be derived

A This Hamiltonian is a function only of the new actions, and
to 3'9 order it is obtained as
heff —v, 1, + Vy]y
1

+ 504652 + 1130 + cy1 L0 + c30°

+ Copll + Cayluly + cyy Ll + co2ln0” + cyoly6°cad’

A
A .
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gcx? Effective Hamilton

Non-linear dynamics, CERN Accelerator School, November 2024

A The correction of the tunes is given by

_______
-~ ‘\

—————
f‘ ~N

S
-------

tunes tuneshlft W|th 15tand 2d order

chromaticity

1 Oh,
Qx — 9 8Iff 27_‘_ (V:r; \‘|‘ 20:13:18] + C:I;y]g C£U15 + C:L'QCSZ\)
L Oheypy
@y = 2w 0l T o7 ‘(\Vy' ~~~~~
amplitude
A The correction to the path length is
Ao Ohepr oo

g5 w<lT”

’
-
————————

compaction
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CA’) Normal form for perturb

2

A Usmg the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 109)

e e’ = exp [:f + (1 _:J;:_:f:) g+ @(92):]

Non-linear dynamics, CERN Accelerator School, November 2024
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(Qq Normal form for per

2

A Usmg the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 109)

e e’ = exp [:f + (1 _:J;:_:f:) g+ @(92):]

A Consider a linear map (rotation) followed by a small
perturbation A — ef2io
A We are seeking for transformation such that

N = DMD 1 = elief2igifaiei—

Non-linear dynamics, CERN Accelerator School, November 2024
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(L\') Normal form for ¢

2

A Usmg the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 9)

efie'9 = exp [:er (1 _:f: 7 )g+0( )}

A Consider a linear map (rotation) followed by a small
perturbation A — ef2io
A We are seeking for transformation such that
N = DMD 1 = elief2igifaiei—
A This can be written as
N _ e:fg:6—:f2:6:F:6:f2:€:f3:6:—F

— e:fQ‘eze_:fQ:FJrfS_F: + ... F = f3

1 _ p—:fa:
_ezfgz :(e_:fQ’—l)F—ng:_'_ % 1 €

This will transform the new map to arotation to leading
arder

Non-linear dynamics, CERN Accelerator School, November 2024
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Non-linear dynamics, CERN Accelerator School, November 2024

2

A Consider a linear map followed by an octupole4
M = e 5% TP

33

— e f2 k
A The generating function has to be chosen such as to
make the following expressmn simpler

—if2r VP
)P+ 2
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OC.\') Example: Octu

A Consider a linear map followed by an octupole4
M = e 5% TP g

2

3’)

— e’ f2 k
A The generating function has to be chosen such as to
make the following expressmn simpler
(e7 /2 —1)F + I
A The simplest expression is the one that theangles are

eliminated and there is only dependence on the
action

Non-linear dynamics, CERN Accelerator School, November 2024
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(&\’) Example: Oc

A Consider a linear map followe4d by an octupole4
M = e 50+

2

33

— e’ f2 k
A The generating function has to be chosen such as to
make the following expressmn simpler

(e7 /2 —1)F + I
A The simplest expression is the one that theangles are

eliminated and there is only dependence on the
action

A We pass to theaction angle variable (resonance

basis) |
ht =V2J e =z Fip

A The perturbation is
zt = (hy +h ) = h* = hL +4h3 h_ 4+ 6h2 h2 + 4hy b + b

Non-linear dynamics, CERN Accelerator School, November 2024
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S&\G Example: Octupole

2

A The term 6h2 h? = 247 isindependent on the angles.
Thus we may choosethe generating functions such that the
other terms are eliminated . It takes the form

4 3 3 4
1 ( hZ 4h h_ 4h h? h* )
1

T + — — 4

I = _ 64@'1/ 1 — 6221/ 1 — 6221/ 1 — 642'1/
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Je's, Example: Octup

2

A The term 6h2 h? = 247 is independent on the angles.
Thus we may choosethe generating functions such that the
other terms are eliminated . It takes the form

1 ( hi AR3h_  4hih® ht )
1 —

F = . .
T + + +

64i1/ 1 — 6221/ 1 — 6221/ 1 — 642'1/
A The map is now written as 5
./\/l — e~ F: I/J—I— S J<: 'F'

A The new effective Hamlltonlan IS dependlng only on the
actions and contains the tune-shift terms
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“x) Example: Oct

2

A The term 6h2 h? = 247 is independent on the angles.
Thus we may choosethe generating functions such that the
other terms are eliminated . It takes the form

1 ( hi. +4hih._ +4h+h§ N h‘i.)
16 1 — 647,1/ 1 — 6221/ 1 — 6221/ 1 — 6421/
A The map is now written as
M :e—:F VJ—|—3J2 'F'

A The new effective Hamiltonian is dependlng only on the
actions and contains the tune-shift terms

A The generator in the original variables is written as

F =

- 614 [—52* + 3p* + 62°p” + 42°p(2 cot(v) + cot(2v)) + 4xp® (2 cot(v) — cot(2v))]
A Constant values of the generator describe thetrajectories in
phase space

135
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Introduction to
Truncated Power Series
Algebra (TPSA)



Taylor series from tré @)

A+1 UzUWEOOUDEI U uwbBasitdn Ertamo la §malk E U
deviation = X. The Taylor series around this position is

> (g
flat ax) = f(a) + 3 T pan

n=1 n

= f(a) + Az® -

Non-linear dynamics, CERN Accelerator School, November 2024
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® i
Jeoe, Taylor series f

2

A+1 UzUWEOOUDEI U uwbBasitdn Ertamo la §malk E U
deviation = X. The Taylor series around this position is

0 t(n)(,
fla+ Azx) = f(a )—|—Zf ( )A:L‘“

n=1
= f(a) + ffz)ﬂmhrfg(!a)&m f3( a
A By truncating we have  f(a + Az) = Z i n,

and the function f(z) can be represented by the vector
(f(@), f'(a), f'(a),.... f'™ ()

A This vector is a Truncated Power Series Algebra

A We need thederivatives [ (a)of f(x) at o with

() = fla+¢€) — f(a) whichis numerically non -trivial
B € (small divisors, accuracy for
I DT T 1T UWwOUEIT UUOOG¥
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ma Differential Algebra

A The basic idea is theautomatic differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

2

Non-linear dynamics, CERN Accelerator School, November 2024
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mq Differential Algeb

A The basic idea is theautomatic differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

2

A Consider a pair of real numbers (o, q1) and efine
operations on a pair like

(QO7Q1) T (T07T1) — (QO —|—T0,(]1 —|—’I°1)
C- (Clqul) — (C°QO,C'Q1)
(Qm(h) ' (7“077“1) — (QO T0,q0 " T1 + q1 °7‘o)

Non-linear dynamics, CERN Accelerator School, November 2024
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SL\') Differential Alg

A The basic idea is theautomatlc differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

2

A Consider a pair of real numbers (C]o7 Q1) and efine
operations on a pair like

(90,q1) + (ro,7m1) = (g0 + 710, q1 +71)
C- (CIO,Q1) — (C°QO,C'Q1)
(QO>Q1) ' (7“077“1) — (QO T0,q0 " T1 + q1 °7“0)

and some ordering
(CIO,Ch) < (7“0,7“1) if g <ry or (CZO =79 and ¢ < ?“1)
(g0, q1) > (ro,m1) if qo>r9 or (go=r1r9 and ¢ > 1)

Implying strange relations of the form
(0,0) < (0,1) < (r,0), Vr>0
(0,1)-(0,1) =(0,0) — (0,1) = 4/(0,0)

Non-linear dynamics, CERN Accelerator School, November 2024
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2

A We define the differential unit € = , which is located
between 0 and any real number (|nf|n|te3|mally small)

A As(qo,0) is just a real number, we can define areal part and a
differential part

qo = R(q0,q1) and ¢ = D(qo,q1)
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de'e, Differential Alg

2

A We define the differential unit € = (0,1) , which is located
between 0 and any real number (infinitesimally small)

A As(qo,0) is just a real number, we can define areal part and a
differential part

qo = R(q0,q1) and ¢ = D(qo,q1)

A Using the previous rules we can show

(1,0) - (q0,91) = (g0, q1)

1

A The differential is

D[f(z +¢)] =D[f((x,0) + (0,1))] = D[f (=, 1)] = f'(=)

Non-linear dynamics, CERN Accelerator School, November 2024



de'e Differential Algebra exa @)

A Consider the function f(x —x + — W|th the derivative

X
f/( ) =2z — % For x = 2, we obtain (f(2), f'(2)) = (g’ %)

dynamics, CERN Accelerator School, November 2024

-linear

Non
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de'e Differential Algebre @)

,\ 1
A Consider the function f(z) = 2* + = with the derivative

1 o
f(x) =2z — - For x = 2, we obtain (f(2), f (9 15)
A+1 UOzUwUOUI webPiii Ui 60bESWELDF (2B
to the function and use the rules
fl2,1)] = 217+ (2,17

(4,4) + (% —%)
(3:7) = (fe).r@)

A We computed exactly the derivative, only by using algebral

Non-linear dynamics, CERN Accelerator School, November 2024
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de'e Higher orders @)

A The operation can be extended toderivatives of order N by
considering that the pair becomes

(go,1) — (g0,1,0,0,...,0) with € =(0,1,0,0,...,0)

A We can extend theoperations as
(QO7Q17QQ7°°'an)—l_(rOaTl)’rQa"‘arN) — (QO+T07Q1+T17QQ+T27"'7QN+TN:
C'(QO?Ql)QQ?"')QN) — (C'9070‘6_1170‘CI27---70'QN)

(QO7Q17QZ7°'°7QN) ) (T07T17T27°"7TN) — (807817827"‘78]\7)

_ : i
with S; = kz:;) R — k)!QkTi—k

A For example (z,0,0,0,...,0)" = (2",0,0,0,...,0)
n+1
~ N

(0,1,0,0,...,0)" = (0,0,0,..., n!,...,0)

(2,1,0,0,...,0)* = (2%,22,2,0,...,0)
(2,1,0,0,...,0)° = (2,327, 62,6,0,...,0) 146
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de'e Higher dimensior

A The operation can be extendedto more variables
x=(a,1,0,0,0...) € =(0,1,0,0,0,.)

2

px =(0,0,1,0,0..) ¢, =(0,0,1,0,0,.)

A With some modified multiplication rules
(oo, q10, qo1, G20, -.) - (roo, 10, 701> 720,..) = (So00, S10, S01, $20,--)

S m! n!
with mn — * Vin—k n—
Son = ) Q) Tk "R = 1 (n= D)

k=0 =0
. of of o°f 0°f
d ; X — ’ ’ ’ s 9 e ,b
providing /(. P-) (f Ox Opyx Ox* 0xdp, (@.5)

A Using the formalism above, a truncated Taylor map with the
desired accuracy and toany order, directly from tracking
data
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e, SUMMary

A
A

T

2

Natural way to represent motion in an accelerator is by using maps

Powerful tools to build them from straight -forward tracking
(TPSA)

Canonical (symplectic ) transformations enable to move from
variables describing a distorted phase space to something simpler
(ideally circles)

The generating functions passing from the old to the new variables
are bounded to diverge in the vicinity of resonances(emergence of
chaos, see Lectures of NLD Phenomenology)

Calculating this generating function with canonical perturbation
theory becomeshopeless for higher orders

Lie transformations of accelerator maps enables derivation of the
generating functions in an algorithmic way , in principle to
arbitrary order

For real accelerator models, we have to rely onsymplectic
Integration, i.e. particle tracking and methods to analyseit (see
Lectures of NLD Phenomenology) 148
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de'e Lagrangian for

C Describe motion of particles in g, coordinates
(n degrees of freedom) from time t;, to time t,

C It can be achieved by thelLagrangian function
L(Qla oo 5 Qn, q.la sy Qnat)wnh (QIa .. 7Q’n) the
generalized coordinates and(qi,--.,¢») the
generalized velocities
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Jee, Lagrangiar

C Describe motion of particles in g, coordinates
(n degrees of freedom) from time t, to time t,

C It can be achieved by thelLagrangian function

L(Ql? vy {n, q.la JEILE Qth)Wlth (QIa SR 7Q’n) the
generalized coordinates and (g1, ..., q,) the
generalized velocities

C ThelLagrangian is definedas L =T — V , i.e.
difference between kinetic and potential energy

C The integral W = /L(qi,q'i,t)dt | :
defines the action %
C' EOPOUOOz UuystéehD OE| .

evolves so as the action becomes
extremum (principle of stationary action )
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Jole, Euler - Lagre

=

CByusing' EODPOUOOz U uexdUbHE b
over some time interval t; and t, for two
stationary points dq(t1) = dq(t2) =0 (see
appendix), the following differential
equations for each degree of freedom are
obtained, the Euler-Lagrange equations

d OL OL

C In other words, by knowing the form of the

Lagrangian, the equations of motion can be
°  derived

:OI
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de'e Lagrangian

C For a simple force law contained in a potential
function, governing motion among interacting
particles, the Lagrangian is (or as Landau-Lifshitz
X UUuJE)ULu’PinBXI UbIl OEIl wl EVUwU

I
L=T-V=) cmi —V(g,. . qn)

2

i=1
C For velocity independent potentials, Lagrange
equations become
X 1%
mig; = ’
dq;

ie.- 1 PUOOzUwlL UEUDPOOU
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Jele) From Lagrangian tc 2

(; Somedlsadvantages of the Lagrangian formalism:

C No unigueness : different Lagrangians can lead to same
equations

C Physical significance not straightforward (even its basic
| OUOwWI YT OwOOUI wEaw?i BRx1 UDI
actually works that way!)

C Note: Lagrangian is very useful in particle physics
(invariant under Lorentz transformations)
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Je’e) From Lagrang &

(; Somedlsadvantages of the Lagrangian formalism:

No unigueness : different Lagrangians can lead to same
equations

Ehys[cql signiﬁca,m\ce~ notﬂstrai\ghtforvyard (evgn Its bgsip \
| OUOwI!l DYl OwOOUIl wEaw?!1 Bx1 UDI
actually works that way!)
Note: Lagrangian is very useful in particle physics
(invariant under Lorentz transformations)
C Lagrangian function provides in general 72 second
order differential equations ( coordinate space)

C Advantage to move to system of 2n first order
differential equations, which are more
straightforward to solve ( phase space

C Derived by the Hamiltonian of the system
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CL\’) Derivation of Lag

C The variation of the action can be written as

to

2

OL oL
5w = [ (Lg+ 00,4+ 64,0) — Llq.4.1)) dt = / (—6q —5q)dt
t1

dq dq

t1

¢ Taking into account that 54 = ddif, the 29 part of the

Integral can be integrated by parts giving

t2 t
> (0L d (0L
+ — — : dqdt =0

C The first term Is zero because d6q(t1) = dq(t2) =0
so the second integrant should also vanish,
providing the following differential equations for

each degree of freedom, theLagrange equations
d oL 0L 0

dt (‘9(__]7, B 8(__]1 B 156

oW = '—5(]
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On O

(2

C The equations of motion can be derived from the
Hamiltonian following the same variational principle as for
Ul w+ET UEOT PEQw®? Ol EUU> WEEU®B
differential of the Hamiltonian

o oL .- OL OL
dH = Zl?jd% + gidp; — a—cjft{% — 6’—q-d% — Edt
Gy O,

Di Di
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coollIMRET

C The equations of motion can be derived from the
Hamiltonian following the same variational principle as for

1=

Ul'l w+ET UEOT PEOQwm? Ol EUU? WEEUD

differential of the Hamiltonian

Qi: s Pi — — 7 Y

Op; dq = Ot ot
C These are indeed2n + 2 equations describing the motion In
the? 1 ROT OET E2 wkgl, E.Ud, wlx EEJt, —H)

R < 0L 0L
s dH = ijd%' + qidp; — 8 — —dqz — 8_d
= or Di
5 . . OH OH
%dH(Qopv t) — ;(J'Ldpz — pidq; — _d — Z Ap; dpz g, dq; + 8—dt
§ C By equating terms," EOPOU OOz U ark égivedUD OO |
o OH . OH 0L OH



m’) Examples of transformatl

C The transformation ) = —p ,

Non-linear dynamics, CERN Accelerator School, November 2024

o(P,Q)
2(p,q)

oP

Op

opP

dq

oQ
19,
ite,

dq

2

— @, which interchanges
conjugate variables is area preservmg as theJacobianis

0 —1
I 0

-
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;Q’) Examples of transfo ‘

2

C The transformation ) = —p , — @, which interchanges
conjugate variables is area preservmg as theJacobianis
oP  9Q
oPQ) _|ap op|_ [0 —1)_4
3(p,q) or 04 1 0
0q 0q

C On the other hand, the transformation from Cartesian to
polar coordinates ¢ = Pcos(), p = Psin() is not, since

0(q,p) _ |—PsinQ Pcos @

cos () sin () =—r

Non-linear dynamics, CERN Accelerator School, November 2024
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gc,\') Examples of tran

2

C The transformation ) = —p , — @, which interchanges
conjugate variables is area preservmg, as theJacobianis
oP  0Q
oPQ) _|ap op|_ [0 —1)_4
3(p,q) or 04 1 0
0q 0q

C On the other hand, the transformation from Cartesian to
polar coordinates ¢ = Pcos(), p = Psin() is not, since

aqp) _ |—Psin@ Pcos(@
9(Q.P) | cos(Q sin ()
C There are actually? x OO E U? wE that bre @mokidall, U u
givenby ¢ =—V2PcosQ, p=+v2Psin(Q for which

5 V2Psin() 2P cos()
o (q,z;) — cos @ sin ) =1

=P
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The CERN Accelerator Schoo_

The Relativistic
Hamiltonian for
electromagnetic fields



[ )
de @ Single -particle relativistic 1

2

C Neglecting self fields and radiation, motion can be
El UEUDPEI Ewx&EWEDDEODOWOEOD

H(x,p,t) = C\/(p — SA(x, t))2 + m?c? 4+ e®(x,t)
C x = (az, Y, 2) Cartesian positions
C p= (px,py,pz) conjugate momenta
C A= (A,;,A,,A,) magnetic vector potential
cC P electric scalar potential

Non-linear dynamics, CERN Accelerator School, November 2024
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@
‘de @ Single -particle relativis

2

C Neglecting self fields and radiation, motion can be
El UEUDPEI Ewx&EWEDDEODOWOEOD

H(x,p,t) = C\/(p — SA(x, t))2 + m?c? 4+ e®(x,t)
C x = (az, Y, 2) Cartesian positions
C p= (pa;,py,pz) conjugate momenta
C A= (A,;,A,,A,) magnetic vector potential
cC P electric scalar potential

C The ordinary kinetic momentum vector is written
— — _ £
P=ymv=p—%A

with v the velocity vector and v = (1 — v2?/c?)~ /2 the
relativistic factor
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‘d e @, Single -particle relativistic Hami

eeeeeeeeeeeeeeeeeeeeeeee

2

H(x,p,t) = C\/(p — A (x, t))2 + m?c? 4+ e®P(x,t)

C

C Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

C The Hamiltonian represents the total energy
H=F =~vmc*+ed

Non-linear dynamics, CERN Accelerator School, November 2024
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(m Single -particle relativistic @

H(x,p,t) = \/(p — SA(x, t)) + m?c? + ed(x, 1)

C Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

C The Hamiltonian represents the total energy
H=F =~vmc*+ed
¢ Thetotal kinetic momentum is
H2 1/2
P = ( > m202>
C
C Using Hamilton's equations

(x,p) = [(x,p), H]

It can be shown that motion is governed by Lorentz equations
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[ 4
Jefe)From cart

C Itis useful (especially for rings) Ly Parice siecn
to transform the Cartesian -
coordinate system to the N
Frenet-Serret system moving .
to a closed curve, with path Iength s

C The position coordinates in the two systems are
connected by r = ro(s) + Xn(s) + Yb(s) = zu, + yu, + zu,

C The Frenet-Serret unit vectors and the|2r derivatives

are defined as (t,n,b) = (%ro(s) —p(s)—ro( ),t X n)

d t 0 _p(S) 0 t
— |n] =1 0 0 7(s) n
‘)L )l

with p(s)the radius of curvature and 7(s)the torsion
which vanishes in case of planar motion 167
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o

C We are seeking a canonical transformation between

(a,p) — (Q,P) or
(w,y,z,pm,py,pz) — (X,Y,S,Px,Py,PS)

(
Jole From Cartes

¢ The generating function is

0Fs(p, 0Fs3(p,
(q,P) = —( :a{gng)7 36(5Q))

C By using the relationship between the positions, the
generating function is

F5(p, Q) =—-p-r+F3(Q)=—-p-r

dynamics, CERN Accelerator School, November 2024

-linear

Non
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Jel, From Cartes

C for planar motion, the momenta are

X
P = (Px,Py,PS) — p-(n,b, (1 + ;)t)

)

C Taking into account that the vector potential is also
transformed Iin the same way

X
(Ax, Ay,AS) = A-(Il,b, (1 -+ ;)t)

the new Hamiltonian is given by

H(Q,P,t) = C\/(PX — %AX)2 + (Py — SAy)2 + S 8))2 + m2c2 4 ed

Non-linear dynamics, CERN Accelerator School, November 2024
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(Q') Changing of the independ

C Itis more convenient to use the path length s,
mstead of the time asindependent variable

C The Hamiltonian can be considered as having 4
degrees of freedom, wherethe4h ? x OUDP 8D OC
time and its conjugate momentumis F; = —H

2
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2

(Q’) Changing of the | |

C Itis more convenient to use the path length s,
iInstead of the time asindependent variable

C The Hamiltonian can be considered as having 4
degrees of freedom, wherethe4h 2 x OUD 8D O C
time and its conjugate momentumis F; = —H

C In the same way, the new Hamiltonian with the

path length as the independent variable is just
P, = —H(X,Y,t,Px, Py, P;,s) with

= —ZAS—(1 + %) \/(Pt +C Lo _p2e2 — (p, - ZAX)2 —(Py — ZAY)2
C It can be proved that this is indeed a canonical
transformation

C Note the existence of thereference orbit for zero
vector potential, for which (x,v, Px, Py, P,) = (0,0,0,0, Py) _
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de'e Neglecting el

C Due to the fact that longitudinal (synchrotron)
motion is much slower than the transverse
(betatron) one, the electric field can be set to zero
and the Hamiltonian is written as

VL i ﬂ2_ 2.2 _ _ ¢ 2 _ _ ¢ 2
H— CAS <1+,0(S)> \/‘(C) m C, (Pa; CAX) (Py CAY)

2

P2
¢ The Hamiltonian is then written as

VR U S o

C If static magnetic fields are considered, the time
dependence Is also dropped, and the system is
having | wEIT T Ul T UwOIl wli (pdth Idagind u

172
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— |
deeo, Momentum re

2

C Due to the fact that total momentum is much larger
than the transverse ones, another transformation
may be considered, where the transverse momenta
are rescaled

(Q,P) — (a,p) or

Px Py P

P, P, ’_ch)

C The new variables are indeed canonical if the
Hamiltonian is also rescaled and written as

(X7Y7t7PX7PY7Pt) = (jag7aﬁx7ﬁy7ﬁt):(X7Y7_c ta

— H - x o m2c? _ - _ -
H(Z, Y, 1, Du, Dy, Pt) = P —eAs— (1 + —) \/p% - — (py — €Ay)? — (p, — €A,)?

Non-linear dynamics, CERN Accelerator School, November 2024

p(s) P
- o 1
Wlth ( xaAyaAz) — m(A:UaA?ﬁAS)
m?c? 1
and j2) — 68’78 173



2

(Q') Moving the referenc

C Along the reference trajectory p, _ﬁi and

dt OH B 1 0

‘P Py —|p= Poz—ptoz—%

Opy
C It IS thus useful to move the reference frame to the

reference trajectory for which another canonical

transformation is performed
(@,p) — (@p) or
- N AP oA A oA .- — 1
(Eag7tapxapyapt) — (x7y7tapxapyapt) — (CU,y,t‘|‘ ” Soapxapyapt )
Bo Bo
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® I
dee, Moving the refe

C Along the reference trajectory pyg :Bi and

dt _oH 1 ’

C It IS thus useful to move the reference frame to the

reference trajectory for which another canonical

transformation is performed
(@,p) — (@p) or

2

- A S — Sy . 1
(x7y7t7pxapyapt) = (xayatapxapyapt) (ZU y7t+ Oapxapyapt )
B

. . B
C The mixed variable generating function Is O

A — OF> OF5 (
(@ p) = (#5B, ) providing

~ _ A — — S N
Fy(qQ, ) = Zps + Gy + (T + ° 3 )P+ —
C The Hamiltonian is then ’
1

v A 1 (h AN _(H A2
£ @01y e) = o (o) —eAu = (1+p(8))\/<pt+ GV g~ (b= At = (= edy)
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m Relativistic and transverse field appr

eeeeeeeeeeeeeeeeeeeeeeee

=

. 1 P, — P,
C First note that p; = pr — — = pr — oo = ———— =
A /80 P
and | ={ 1
C In the ultra -relativistic imit 3y — 1, —— —0
and the Hamiltonian is written as sl

A A

H(z,y, L, pa, py, 6) = (146)—e A — <1 + %)) \/(1 +6)2 — (py — eAy)?2 — (p, — €A,)?

bi 1 Ul wUT T w?21T EVUU2 WwEUI wgeuod
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m Relativistic and transvers

=

P, — P,
C First note that p: = pr — — = pr — pro = ———— =
50 P
and [ =1 |
C In the ultra -relativistic imit 3y — 1, —— —0
and the Hamiltonian is written as 07

H(2,, 1, pa, Py, 8) = (148) —e Ay~ (1 + %) \/(1 +0)2 — (o — €A)? — (p, — eA,)?

PT 1 Ul wOIl T w?T EVCU2 WEUI WwEUO
C If we consider only transverse field components,

the vector potential hasonly alongitudinal
component and the Hamiltonian is written as

- T
= (1 —eA, — [ 14+ —— 1+ 6)2 — p2 — p2
H(z,y,l, pz,py,0) = (1 +0) — edy ( +p(s).> \/( +0)? —pz — p;

C Note that the Hamiltonian is non -linear even in the
absence of any field component (i.e. for a drift)! .
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2

(Q’) High -energy, larc

C Itis useful for study purposes (especially for
| DOE b GnktegrdbB®w@Y | UUDPOOwWOI wU
to make an extra approximation

¢ For this, transverse momenta (rescaled to the
reference momentum) are considered to bemuch
smaller than 1, I.e. the square root can be expanded.

C Considering also the large machine approximation
xr << p , (dropping cubic terms), the Hamiltonian
IS simplified to
ot 140 .
H = p: py (1 +9) eA,
2(1+40)  p(s)

C This expansion may not be a good idea, especially
for low energy , small sizerings -
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m Relativistic and transvers

=

P, — P,
C First note that p: = pr — — = pr — pro = ———— =
50 P
and [ =1 |
C In the ultra -relativistic imit gy -1, —— — 0
and the Hamiltonian is written as 07

H(2,, 1, pa, Py, 8) = (148) —e Ay~ (1 + %) \/(1 +0)2 — (o — €A)? — (p, — eA,)?

PT 1 Ul wOIl T w?T EVCU2 WEUI WwEUO
C If we consider only transverse field components, the

vector potential has only a longitudinal component
and the Hamiltonian is written as

- T
= (1 —eA, — [ 14+ —— 1+ 6)2 — p2 — p2
H(z,y,l, pz,py,0) = (1 +0) — edy ( +p(s).> \/( +0)? —pz — p;

C Note that the Hamiltonian is non -linear even in the
absence of any field component (i.e. for a drift)! 176
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o .
de ¢, Magnetic mul

2

A From Gauss law of magnetostatics, a vector potential exist

) V.-B=0 — 3JA: B=VxA
A Assuming transverse 2D field, vector potential has only one
component A, The Ampere s law in vacuum (inside the

beampipe) V x B=0 — 3JV: B=-VV

A Using the previous equations, the relations between field
components and potentials are
A, A
p— OV _0A o OV_ 9
Ox oy oy ox y

l.e. Riemann conditions of an analytic function

4

Exists complex potential of z = = + 1y  with e
power series expansion convergent in a circle X
with radius |z| = r. (distance from iron yoke)

Az +iy) = As(z,y) + iV (2,y) = Z%nz —Z n i) (z +iy)"

n=1

lIron
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‘ u
de’e. Multipole expans

A From the complex potential we can derive the fields
9,

2

By+z’B$:—%(A (x,y) +1V(z,y)) Zn i) (z +iy)" !
A Setting b, = —n)\,, a,=nu,
O
: : : 1
B, +iB, = E (bp, — tan)(x +1y)"
~ n=1
A Define normalized coefficients
b a
b/ n n 1 / — n n—1
n = 10-4B, 0  “n T 10-4B, ©

on a reference radiusr,, 104 of the main field to get
O
. _ x 1
B, +1B, =10 ‘B, Z(b’ —ia, )( y)
ro
n=1
A Note:n' = n — 1 is the US convention 181
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(A') Canonical perturbatic @

The CERN A

A Expand term by term the Hamiltonian H(J(J, ), o (J, @), 6)

to leading order in ¢ ) U
T = OHy(J) 0S1(J,®,0
Ho(J (T, )) = Ho(J) + ¢ 80}> 1(3; )

cHi(J(J,8),(J,¢),0) = cHi(J, ) + O(e?)
A The new Hamiltonian can also be expanded in orders of €
ﬁ:ﬁO—I—Eﬁl—l-...
A Equating the terms of equal orders in € , we obtain
¢ Zero order Hy = Hy(J)

+ O(€?)

. _ 981(J, 5,0 _ 958,(J, .0 _
C Firstorder H; = 1(8990 ) + w(J) - 1(8_9590 ) H,(J,®)
OHo(J)

where the frequency vectoris  w(J) =

Non-linear dynamics, CERN Accelerator School, November 2024
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CL\’) Canonical pertur

“A From the first order Hamiltonian, the angles have to be
eliminated. For this purpose, it can be spllt In two parts:

Average part: (H; ( ) %Hl

Oscillating part: {Hl} Hy —
A The Ist order perturbation part of the Hamiltonian then

2

becomes B
- 051(J,p,0 — 051(J,p,0 - -
iy = P2 D o) BULBD (1 (T @) + (11T 0))

A Thus, the generating function should be chosen such that
the angle dependence is eliminated, for which

i(0) = (m(T.g)s and PULEO L o) BU2D 1,7, p))

A The new Hamiltonian is a function of the new actions
H(J) = Ho(J) + ¢ (Hi(J,$))p + O(*) With the
new frequency vector )
5 OH(J) = O(H1(J,P))g
@(J) = 57 =w(J)+e€ 57 L

Non-linear dynamics, CERN Accelerator School, November 2024
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g(x) Form of the gene

A The guestion that remains to be answered is whether a
generating function can be found that eliminates the angle
dependence

A The oscillating part of the perturbation and the generating
function can be expanded in Fourier series

J @)} = ZHlk 7J(k: @+p0) S Z Slk Z(k - @+pb)

with k - p = klgpl dan anDn
A Following the relationship for the angle elimination, the
Fourier coefficients of the generating function should

satisfy _ H. (T
Sik(J) =i LiC)

k-w(J)+p

A Then, the generating function can be written as

N Hix(I) ikt 2
S(J,p)=J -+ el = !k P+r0) 4 O (e
(J,p)=J ¢ I;k-w(J)er (¢?)

2

f—H

with k,p 7é 0
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cfx) Second order sext

2

A It can be shown that at second order in perturbation theory
the Hamiltonian depending only on the actions can be

written _ _ 192H, /85, \> OH; S
H() =55 |57 ) + 575
2 0J 0J0) 5 }?Jas(%
A This can be simplifiedto H,(J) = (== 1>
OH K, 07 8gb

A The two terms are a—Jl — 2}) JY25(5)3/2(cos 3¢ + 3 cos )
85, JE e (32 [ o8P Y(s) —d(s) —mv) | cos3(@+ () —d(s) —m)|
o9 - 2v2 Ko(5)8(5) [ sm(m/) i sin(37v) ]d

A The 2 order Hamiltonian is given by the angle -averaged
product of the last two terms.
A It is quadratic in the sextupole strength and the new action.

The 29 order tunecshlft IS the derivative in the action
_ OH, J

s+C
VD) = (G0 = g [ a8 [ KB

y [cos(qb +(s") —P(s) — wv) | cos 3(p +Y(s") —Y(s) — mv) ds/

sin(mv) sin(37v) 185
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2

A Expand both the perturbation and generating function in
Fourier series of the form

51(J,9,9) —Zsm (7,00 and {Hi(J.6,0)) = 3 Hin(], )

A The equatlon relating the amplitudes is
051k

v kv Sip + = —Hyp
which can be solved yielding o

0-+2m
S, — .z )/ Hy etk (@ =0=m) g
0

2 sin(mkv
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A Expand both the perturbation and generating function in
Fourier series of the form

$1(J,6,0) =3 " Sun(J,0)e™ and {Hi(J,6,0)} = > Hix(J,0)e™
k

~ k
A The equation relating the amplitudes is

0S
ikVSlk"‘ 1k:—H1k
which can be solved yielding o
( " .
S, = H ikv (6 —0—7‘(‘)d9/
Y 9 sin(rky) /9 th€

A Following the canonical perturbation procedure the
generating function is

0+2m
(4 - /
— E H ik[o+v (0 —Q—W)]del
o1 - 281n(7rku)/ the

A For the sextupole, and letting (s /

B(s
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P a2 [SI(@ + U(s) —U(s) — ) | sin3(¢+(s)) — v(s) — )]
51 = 22 . Ka(s)B(s") [ sin(7v) i 3sin(37v) i;



m Single resonance for acc

A The single resonance accelerator Hamiltonian
(Hagedorn (1957),Schoch(1957),Guignhard (1976,
1978))

2

1 ky
H(Jxa Jyv ¢x7 gbya S) — E(Vacjzc + Vny) + gn:C My RJ Jy2 COS(nbea: + ny¢y + qu —p@)
plPo —

A From the generating function

(¢x7¢yajxajy78) — (naj¢x+ny¢y ) ] +¢y ]
the relationships between old and new varlables are

¢ (n:v¢:1: T ny¢y ) J — nxJ

T g.] k7l7m7p
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by = by Jy, = nyJ, +J,
A The following Hamiltonian is obtained
(ngVy + nyvy — p)JAx + jy 2

A A A oA A kg ky
H(Jy, Jy, ¢z) = R +gnx,nyﬁ(nx=]w)7(ny<] +J y)? COS(ﬁbx“‘gbOi%



@ .
oo, Resonance WIC

A There are two integrals of motion
311l w EOPOUOOPEOOWEUwWPUwWPUWDOET x 1
The new action jy as the Hamiltonian is independent on (/Ey

A The two invariants in the old variables are written as:

2

J, J
I
Ng Ny

P P - p

co = (Vg — — ny)Jx + (vy — — ny)Jy + 200, n, 2 Jy* cos(Ngpdz + nydy + G — po)

A Two cases can be distinguished

ng , N, have opposite sign, i.e.difference resonance, the motion is
the one of an ellipse, so bounded

ng , Ny have the samesign, i.e. sum resonance, the motion is the one
of an hyperbola, sonot bounded

These arefirst order perturbation theory considerations
The distance from the resonance is obtained as

z—2 ky—2

k
A = 9nEny Je 2 Jy 7 (kenaJy + kynyJ,)

A
A
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@ ]
(Q') General accelerator Hamil

A The general accelerator Hamiltonian is written as
H(x’y’px’py’ 8) — Ho(xayap:mpy? S) + Z hkx,ky (S>$kmyky

2

~ . kfﬂ’ky . .
A The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Juﬁ;(s) (KO0 4 =ilou(+0.(2))
A The Hamiltonian in action -angle variables is

H/(Jx, Jy, ¢g;, ¢y) — HO(Jac) Jy) + Hl(Jata Jya ¢af:7 Qby)

Non-linear dynamics, CERN Accelerator School, November 2024
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®
(Q') General accelerator Ha

A The general accelerator Hamiltonian is written as
H(x’y’px’py’ 8) — Ho(x,y,px,py, S) + Z hkx,ky (S>$kmyky

2

~ . kfﬂ’ky . .
A The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Juﬁ;(s) (KO0 4 =ilou(+0.(2))
A The Hamiltonian in action -angle variables is

H/(Jx, Jy, ¢;U, ¢y) — HO(ij Jy) + Hl(J:Ba Jya ¢:IJ7 Qby)

1
¢ The integrable part Hy(J,, Jy,) = E(ijx + vy Jy)

C The perturbation

k:z: ky
Hy(Jar Dy 62, 0438) = 30 BT30S gy ()00
kz,ky j l
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@
‘deo @ General accelerator :

A The general accelerator Hamiltonian is written as
H<x’y’px’py7 8) — Ho(xvyapxapya S) + Z hkx,ky (8>$kmyky

~ . kfﬂ’ky . .
A The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Juﬁ;(s) (KO0 4 =ilou(+0.(2))
A The Hamiltonian in action -angle variables is

H/(Jx, Jy, ¢;U, ¢y) — HO(J:I;) Jy) + Hl(J:L'a Jya ¢:E7 Qby)
1
E(ijx + Vny)

2

¢ Theintegrable part Hy(J, J,) =

C The perturbation
Hy(Jyy Jyy Puy by S) Z ka/2jk /222229‘7 kL ot —k) o+ (l—m)¢y]

A The coefficients gj,k:,l,m(s) _ Tea e, (5) <kx> ( l >5§x/2(8)5l;y/2(8)6 i[(— k)0 (5)+(1—m)By (5)]

jtktitm .
2 2 J

depend on the optics, with the indexes &k, =j+k, k,=1+m
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m Resonance driving terms

2

A As the coefficients hy, Ky are periodic, the perturbation
can be expanded in Fourler Serles

Hl(Jw7Jy7¢x7¢ya Z Jk /QJky/2S‘Y Y 9j.k.lm (.7 k)pz+(l—m)py —pb]

J Il p=—o0

with the resonancedrlvmg terms

ko (K 11 s
9j.k,lmip = ( ) ( ly) — T j{hkm,ky(3)5§w/2(8)ﬁ59/2(5)6 [(G=F)¢a (s)+(1—m) ¢y (s)+pb]
J 2 ) 27T
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(m Resonance driving te

2

A As the coefficients hy, Ky are periodic, the perturbation
can be expanded in Fourler serles

Hl(Jx>Jy7¢:ca¢ya Z Jk /2Jk /QS‘S‘ S‘ 9j.k.lm (] k)pr+(1—m)py,—pb]

Il p=—o0

with the resonance drlvmg terms

ko (K 11 v
Fltamp = (j)(zy)g—”kwm om j’é By ey () B2 (5) /2 (5)e 1= R)9= (5) +(1=m) b (o):+£6]

A Forng =j—k, n, =[1—m, resonance conditions
appear for n v, + nyv, = p
A Goal of accelerator design and correction systems is to
minimize the resonance driving terms
Change magnet design so that Ay, &, (s) become smaller
Introduce magnetic elements capable of creating a cancelling effect

Sort magnets or non-linear elements in a way that phase terms are
minimised
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(‘:\q Tune -shift and tun

A First order correction to the tunes is computed by the
derivatives with respect to the action of the average part of
perturbation. For a given term, hy, 1, (s)z"*y"vthe leading

order correction to the tunes are
ky/2 ki ky

Sy = 22 _Jy ZZ%M %ei[(j—kwx—l-(l—m)ﬁby]
v 4T

ky/2—1 kn Ky

T2 0y (G —k)bat(I—m)dy]
Ovy = — 3 ZZW ]{e” R

where G k.1.m isthé average ofg; 1.1.m(s) around the ring.

A In the accelerator jargon if 0V, 4 is independent of the
action, it is referred to astune-shift , whereas, if it depends
on the action, it is called tune-spread (or amplitude
detuning)

A At first order, v, , = 0, for odd multi -poles k. =ij+k,
k, = 1 +m (trigonometric functions give zero averages). 195

2
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. Resonance classification



@
deo'e, General resonance @)

A The general resonance conditions is 1,V + nNyVy =P
with order 710y + 72y

AFor all the polynomial field terms of a 2m-pole, the excited
resonances ét first order ) satisfy the condition 1z + 1y = T
but there are alsosub-resonancesfor which 7, Ty, < m
A For normal (erect) multi-poles, the resonances &t first

order) are (nz,ny) = (m,0), (m —2,£2),... whereas for skew
multi -poles (n,,n,) = (m —1,£1), (m — 3,£3),...

0.8
06
(P e———

02

Non-linear dynamics, CERN Accelerator School, November 2024




o
deo @ General reso
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order) are (ns,ny) = (m,0), (m —2,£2),...

multi -poles (n;,ny) = (m —1,£1), (m — 3,43), ...

Alf perturbation is large, all resonances
can be potentially excited

A The resonance conditions form lines
In frequency space and fill it up as the
order grows (the rational numbers

form a dense set inside the real
numbers), but Fourier amplitudes
should also decrease

whereas for skew

2

A The general resonance conditions is 1,V + nNyVy =P
with order 710y + 72y

AFor all the polynomial field terms of a 2m-pole, the excited
resonances ét first order ) satisfy the condition 1z + 1y = T
but there are alsosub-resonancesfor which 7, Ty, < m
A For normal (erect) multi-poles, the resonances &t first

0% k

0.6 e

04 0o

02

0

0

02

0.8
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(L\') Systematic and r

2

A If lattice is made out of N identical cells, and the
perturbation follows the same periodicity, resulting In
a reduction of the resonance conditions to the ones
satisfying Ny Vz + Nyl = JIN

A These are called

6.45

N

Q

- Systematic resonances R AT

g A . . i ’.a"r\.-.?::-\#f ’ \?f: 'I[‘,_LI:.?%" i ”f

s A Practically, any (linear) sl LN AL T
3} . . Wi (135~ ' Lot T T g
N I : . I , I -~
s lattice perturbation breaks | |

S g oas [-o-t0A L oot -
g super-periodicity and any £ | - o ;

< 2 ~ & l

= random resonance can be s @ & T

© . =3 N o 1 3

g excited e o </ o2 g

E tam ot ¢ J,-—"I’ ! '

© - T L 4 _.."J U '3\ | Yo

s 2 . 6.05 :?\’-‘;.‘ e e | ' =

¢ ACareful choice of the N2 B

£ . . . AN I
¢ working point is necessary . [/l A

P T 505 6.05 I”f.e, 6.15 625 635 645

Horizontal Tune



de'e Example: Thetl t

2

A Consider two identical sextupoles separated by a beam line
represented by a map /X

A The sextupole map can be represented atsecond order as

52 _ 6—%L31HdI€—LsIHsie—%Lsini
1
with the sextupole effective Hamiltonian Hs = gkz(x?’ — 3xy?)

and H; thedrift Hamiltonian
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de'e Example: Thet |

2

A Consider two identical sextupoles separated by a beam line
represented by a map R

A The sextupole map can be represented atsecond order as

1 . . . . 1 . .
S, — e 3LeiHaig—LeiHy: =5 Lo:Ha;

1
with the sextupole effective Hamiltonian Hs = gkz(:v?’ — 3zy°)
and H; thedrift Hamiltonian

A The total map can be approximated at 2'd order by
M — SRS ~ 82RS2 — 6_%Ls:Hdze_Ls:Hs:ﬁe—leHs26—%LS:Hd:

with the map R = e~ 2LsHaiRe—2Ls:Ha:
S~ S

-

Non-linear dynamics, CERN Accelerator School, November 2024
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A The similarity transformatlon can be used

— _ . . = _ o —1 .
R 16 LS.]'—IS.72:6 L,R " Hg:

A The map is then rewritten as

o —lr.H;HS —L.oR YH.:! —L.:H.:
M~e 2 Re e

2

—%LS:Hd:
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(L\') Example: Thet

A Inserting the identity RR~! = Z, we have

1 . - _ . - : N § . .
M~ e~ 3LsiHaipp—1o=LsiHs: g ,~Ls:Hs: y— 3 La:Ha:

A The similarity transformation can be used

_ _ . . = _ o —1 .
R 16 LS.]‘—IS.72/:6 L,R " Hg:

2

A The map is then rewritten as

1 . = __ o —1 A 1 ) )
M%fi 2L3-Hd-R6 LR " Hg he LL{_I__JGB LS.Hd.

A If the map R is chosen such that—R_ H. = H,

or RH, = —H, sothat
— 1 . . . . _ . .
e L,R™"Hg: ‘o —Lgs:Hs: __ QLS'_HS'_Q L:S.HS. — 7
A In that way, the sextupole non -linearity is getting
eliminated in the final map

1 . . = 1 . . . . . .
M ~ €—§LS.H(1.R€—§LS.H(1. — B—LS.Hd.Re—LS.H%é
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@ i |
Example. Thetl |

2

A Inspecting the form of H, (oddin r and evenin /), this
can be achieved if the map is such that B
Rr = —=x, Rps = —Pq, Ry — LY, pr — LDy

A In matrix form this can be written as

-1 0 0 0 COS by + Qg SIN iy b, sin i, 0 0
B 0O -1 0 01 —Cg SIN Uy COS [by — Qg SIN [iy 0 0
0 0 £1 0 0 0 COS [hy + Gy SIN [iy by Sin fiy
0 0 0 =1 0 0 —Cy SIN [y COS Ly — (g SIN [Uy,

A The horizontal part of the matrix is —Z, and the vertical
partis =475, which is obtained for phase advances

po = (2ng + 1), fy = TyT

A This is why this beam line is called a -I-transformer

Non-linear dynamics, CERN Accelerator School, November 2024

204



Fee Moder i

A Symplectic mtegrators wgbsitive steps for Hamiltonian
system 7 — A + ¢B Wwith both4 and3 integrablewere
proposed bcLachlan(1995).

A LaskarandRobutel(2001) derived all orders of such
Integrators

A Consider the formal solution of the Hamiltonian systenr
written in the Lie representatlon

Pt =3 n.L 7(0) = el 7(0).

n>0
A A Symplectic integrator of orger frefm ¢ ~+ T

consists of approximating the Lie ne7tx — ¢7(La+Lep)
by products ok 74 andediTler 4§ =1, ..., nwhich
integrate exactly andB over the timespans; ™ and;T

A The constants; aillare chosen to reduce the error:os
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dete SABAC inte
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/\ |-

A Integrator IS written as

SABA, = eC17ha eleLeB eC27La eleLeB c17L A

with ¢, ; oL !

y Co =

7

€ )

1
d = 3.

\/_
A Wher{{A, B}, B} Isintegrablge e.g. WheA IS quadratic I
momenta an& depends only in positions, the accuracy
the integrator IS Improved by two small negative step:

SABA,C =77 € sLutamm (SABA;) e —T e 5 L(a,5).5)

with ¢ = (2 - f)/24
A The accuracy of SABAIs one _
order of magnitude higher thig

E/E

the ForesRuth 4" order schen |

A The us ukalc kood r:

corresponds to thé&®order inte
SABA; = ezlaemleneala

-14 12 -1 -08 -06 -04 -02 O
log10(s)
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A From 1 to several orders of magnitude better precision
of SABA C with respect to classical integrators

K. Skoufaris et al. PRAB 2022
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@ :
0D Graphical resonance

A It is possible by constructing the one turn map to
built the generatlng (sometimes called

distortion 2 Awl UOEUP QO 7,7 J, 7 eivsmn
Jkim
2 A For any resonance av, + bg,, = ¢, and setting
§ wjklm — (), the associated part of the functions is
H Flap) = Z Fikim Ji2 J
: jklm
g Jt+k+l+m<n

Jj+k=a , [+m=b
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de'e Normal forms for L

The CERN Accelerator School

2

A In the LHC at injection (450
07 70 GeV), beam stabillity is

necessary over a very large
number of turns (107)

A Stability is reduced from
random multi -pole
Imperfections mainly in the

LN () super-conducting magnets

] A Area of stability (Dynamic
B U G aperture - DA) computed with

Resonances particle tracking for a large
number of random magnet
error distributions

A Numerical tool based on
O O O normal form analysis (GRR)
O O O permitted identification of DA
reduction reason (errors in the
warm quadrupoles)

0.6 1

o9 o With warm quad. errors

0.4 1
o Without warm quad. errors

0.3 1

0.2 (2,0)

0.1 -

Average A.R.D. of resonances
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