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Phase space dynamics
- Fixed point analysis



0 Phase space dyn:

A Valuable description when examining
trajectories in phase space(u, py,)

A Existence of integral of motion imposes
geometrical constraints on phase flow

A For the simple harmonic oscillator

1 | —
2 2 -1} -
phase space curves areellipses around = U

the equilibrium point parameterized by
the Hamiltonian (energy)
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0 Phase space ci

A Valuable description when examining
trajectories in phase space(u, py,)

~ e ——

A Existence of integral of motion imposes .

geometrical constraints on phase flow 4 ﬁ o
~ . . . u_l'. | .'I_
A For the simple harmonic oscillator pu\ N~ i

2 2 -t} -

phase space curves aresllipses around

the equilibrium point parameterized by

the Hamiltonian (energy)

A By simply changing the sign of the
potential in the harmonic oscillator, the
phase trajectories becomehyperbolas,
symmetric around the equilibrium point
where two straight lines cross, moving
towards and away from it
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O Non -linear oscillator:

A Conservative non-linear oscillators have Hamiltonian

1
H=E=_p,+V(u

with the potential being a general (polynomial) function of positions
A Equilibrium points are associated with extrema of the potential
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Non -linear oscll

1

A Conservative non-linear oscillators have Hamiltonian

1
H=E=_p,+V(u

with the potential being a general (polynomial) function of positions

Equilibrium points are associated with extrema of the potential

Considering three non-linear oscillators
C Quartic potential (left): two minima and one maximum
¢ Cubic potential (center): one minimum and one maximum
¢ Pendulum (right): periodic minima and maxima 7

A
A
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o Fixed point analysi

du

A : T fl (uapu)
A Consider a general second order system ddt
Pu

. f2(uapu)

2

dt
A $ @U D 0D E UdrOurOQ)mid l.4) Ui pdu®w W W W
determinant for topology of trajectories at their vicinity
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du
~ . d_ — fl (uapu)
A Consider a general second order system y t
ﬁ — f2(u7pu)

dt
A $ @ U D 0P E UidOurODMmi .4 ufiital budUd WU W W W
determinant for topology of trajectories at their vicinity
A The linearized equations of motion at their vicinity are

"0 f1(uo, pu0) 0 f1(uo, Puo)”
d | du M ou | ou Oy, du
dt [52%] - [52%] | Of2(uo,puo)  Of2(uo, Puo) lépu]
i ou Opu, i

\ J
I

Jacobian matrix
A Fixed point nature is revealed by eigenvalues of M ; , i.e.
solutions of the characteristic polynomial det | M ; — AI| =0
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0O Fixed point for conservat

A For conservative systems of 1 degree of freedom, the second
order characteristic polynomial for any fixed point has two
possible solutions:

¢ Two complex eigenvalues with opposite sign, corresponding to
elliptic fixed points. Phase space flow is described byellipses, with
particles evolving clockwise or anti -clockwise
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0O Fixed point for conse

=

A For conservative systems of 1 degree of freedom, the second
order characteristic polynomial for any fixed point has two
possible solutions:

Two complex eigenvalues with opposite sign, corresponding to
elliptic fixed points. Phase space flow is described byellipses, with
particles evolving clockwise or anti -clockwise

Two real eigenvalues with opposite sign, corresponding to hyperbolic
(or saddle) fixed points. Flow described by two lines (or manifolds),
mcomlng (stable) and outgomg (unstable)

elllptlc
pu,, ) D)
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o) Pendulum fixed point : @
A3l 1T w?1 BRI E2 wuxOBbOUUwl OUWE
(6, ps) = (£nm,0), n=0,1,2...

A The Jacobianmatrix is [ 0 1]

—Zdcos¢p, 0

A The eigenvalues are \, , = ii\/% cOS ¢,
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o Pendulum fixed po i

A3T 1T w?21 PRI E?2 wx O
(¢’mp¢) — (__TL?T,O) y TV
A The Jacobianmatrix is [ 0 1]

—Zdcos¢p, 0

A The eigenvalues are \, , = ﬂ\/ﬁ COS .
A I ~elliptic
A Two cases can be distinguished: |

. 19
C @n = 2nm , for which A1,2 = £y / T
corresponding to elliptic fixed points

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024



O Pendulum fixed g

A3T 1T w?21 PRI E?2 wx O
(¢’mp¢) — (__TL?T,O) , TV =

A The Jacobianmatrix is [ . 0 1]
—7coso, 0

A The eigenvalues are \, , = iz’\/% cOS ¢,

A Two cases can be distinguished:

. |19
Gn = 2n7 |, for which A1,2 = %4/ T
corresponding to elliptic fixed points

elliptic

¢n = (2n+ 1)7 , for which A1 2 = £ %

corresponding to hyperbolic fixed points

The separatrix are the stable and unstable
manifolds through the hyperbolic points,
separating bounded librations and unbounded rotations 14
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f) Phase space for timedepende

A Consider now a simple harmonic oscillator
where the frequency is time -dependent

H=3 (0 +udn?) Pl

A Plotting the evolution in phase space, provides
trajectories that intersect each other

A The phase space hasime asextra dimension
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f) Phase space for timede
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A

>

> >

Consider now a simple harmonic oscillator
where the frequency is time -dependent

1
H = 5 (pi -+ w%(t)uQ)

Plotting the evolution in phase space, provides
trajectories that intersect each other

The phase space hasime asextra dimension

By rescaling the time to becomeT = wqt and
cqnsidAering every integer interval of the new pu
?U B Ovariable, the phase spacelooks like the |
one of the harmonic oscillator

This is the simplest version of a Poincaré
surface of section, which is useful for studying
geometrically phase space of multi-dimensional
systems
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f) Phase space for timede

A Consider now a simple harmonic oscillator
where the frequency is time -dependent

1
H = 5 (pi -+ w%(t)u2)

Plotting the evolution in phase space, provides
trajectories that intersect each other

>

>

The phase space hasime asextra dimension

T

By rescaling the time to becomeT = wqt and
ccznsidAering every integer interval of the new pu
U D Ovanable, the phase spacelooks like the |
one of the harmonic oscillator

A This is the simplest version of a Poincare
surface of section, which is useful for studying
geometrically phase space of multi-dimensional
systems

A The fixed point in the surface of section is how
a periodic orbit
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0 Poincaré map

A First recurrence or Poincaré map

(or surface of section) is defined by the

Intersection of trajectories of a dynamical \ \
system, with a fixed surface in phase space *\<
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o Poincarémap

A First recurrence or Poincaré map
(or surface of section) is defined by the e

Intersection of trajectories of a dynamical vy Ty ™
system, with a fixed surface in phase space + * S/
A For an autonomous Hamiltonian system Te———

H(q, p) (no explicit time dependence), it can be chosen to be
any fixed surface in phase space, e.g.q; — 0

A For anon-autonomous Hamiltonian system H(q, P, t)
(explicit time dependence), which is periodic, it can be chosen as
the period T = T()

y, CERN Accelerator School, November 2024

Non-linear dynamics Phenomenolog




: 4 |
O Poincare map

A First recurrence or Poincaré map

(or surface of section) is defined by the e N
Intersection of trajectories of a dynamical /,f il s
system, with a fixed surface in phase space * *. -

h\'--. T —_

A For an autonomous Hamiltonian system —
H(q, p) (no explicit time dependence), it can be chosen to be
any fixed surface in phase space, e.g.q; — 0

A For anon-autonomous Hamiltonian system H(q, P, t)
(explicit time dependence), which is periodic, it can be chosen as
the period t = 1

A In a system with 70 degrees of freedom (orn + 1
including time), the phase space has2n

(or 2n + 2) dimensions
A By fixing the value of the Hamiltonian to Ho , the [} &
motion on a Poincaré map is reduced to 2n — 2 e
(or 2n)
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0o Poincare map

A Particularly useful for a system with 2 degreesof freedom, or
1 degreeof freedom + time , as the motion on Poincaré map is
described by 2-dimensional curves

A For continuous system, numerical techniques exist to compute
the surface exactly (e.g.M.Henon PhysicaD 5, 1982)

=
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0O Poincaré me

A Particularly useful for a system with 2 degreesof freedom, or
1 degree of freedom + time , as the motion on Poincaré map is
described by 2-dimensional curves

A For continuous system, numerical techniques exist to compute
the surface exactly (e.g.M.Henon PhysicaD 5, 1982)

A Example from Astronomy: the logarithmic galactic potential

2

X .
(CE,Z/,X, Y) = (¢$7 ¢yv Jx? J?J)

1
H,(z,y,X,Y)==(X*+Y?) +In (w2+ % + R?

3
|
-

>
o
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A Record the particle coordinates at one
location in a ring

5 A Unperturbed motion lies on a circle in
normalized coordinates (simple rotation)

1Pu

AN
NCARE .Y
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0 Poincare Sectio

A Record the particle coordinates at one N

location in a ring
A Unperturbed motion lies on a circle in Y |
normalized i:oordmates (simple rotation) A //

Pu Pu

3 X
/ \ f RN
u u
kj / Pu
1

V2 V2,

A Resonance condition corresponds to a

-

~

periodic orbit or fixed points in phase
space

A For a non-linear kick, the radius will
change by d(v'2J) and the particles stop

lying on circles V2T, + 6(\/20,
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A Simple map with single
octupole kick with integrated
strength k3 + rotation with

phase advances( Mo s ,Lby)

(k3,X,pX,y,py):
X
pX — k3% (x*k*3-3%x*y**2)
y
py — K3k (=3kx*k*2xy+y**3)
x1,px1,y1,pyl

(mux,muy, X, px,y,py):
cos (mux)*x+sin(mux)*px
—sin(mux)*x+cos (mux)xpx
cos (muy)xy+sin(muy)*xpy
—sin(muy)*xy+cos (muy)*py
x1,px1,y1,pyl

A Restrict motion in (Zb,g;,;)
plane i.e. Yo = Py0 =

A lterate for a number of
F00U0U>2 wopl 1 UI whiYY Y A w

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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A Simple map with single
octupole kick with integrated
strength k3 + rotation with

phase advances( Mo s ,Lby)

(k3,X,px,y,py):
X
pX — k3% (x*k*3-3%x*y**2)
y
py — K3k (=3kx*k*2xy+y**3)
return x1,px1,y1,pyl

(mux,muy, X, px,y,py):
cos (mux)*x+sin(mux)*px
—sin(mux)*x+cos (mux)*px
cos (muy)xy+sin(muy)*xpy
=—sin(muy)x*xy+cos (muy)*xpy

return x1,px1,yl,pyl L]';4
- _ . T
A Restrict motion In (56,69:(;)
plane i.e. Yo = Py0 =

A lterate for a number of
F00UO0U> wopl 1 UT wt
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O Example: §

A Appearance of invariant
curves? EPUUOUUI E-
bl 1 Ul wW?PEEUDPOO? L .|
motion

A Resonant islands with stable Pgz?°]
and separatrices with unstable

fixed points

_0.5 -

A Chaotic motion 10y

A Electromagnetic fields L0 ~0.5 0.0 05 10
coming from multi -pole 08 L

expansions (polynomials) do 07{ ERY

not bound phase space and
chaotic trajectories may
eventually escape to infinity
(Dynamic Aperture )

A For some fields like beam-
beam and spacecharge this is
not true, i.e. chaotic motion
leads to halo formation
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Motion close to a
resonance



2

A The vicinity of a resonance 71w1 +n2w2 =0 can be
studied through secular perturbation theory (see
appendix) or transforming the 1 -turn map (see
$UPI OOl zUwOI EVUUI UK

A A canonical transformation is applied such that the
new variables are in a frame remaining on top of the
resonance

A If one frequency is slow, one can average the motion
and remain only with a 1 degree of freedom
Hamiltonian which looks like the one of the
pendulum

A Thereby, one can find the location and nature of the
fixed points measure the width of the resonance

0 Secular pert

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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2

A For any polynomial perturbation of the form " the
Ul UOOEOU? w EOPOUOOPEOwWPUwbU

k/2
Hy = 6Jy + aJy) + J, / Apyp cos(/ﬂbg)
With the distance to the resonance defined asv = § +0, d<<1

A
A The non-linear shift of the tune is described by the term «a(Js)
A The conditions for the fixed points are

sin(ky2) =0, 0+ 025]2) + ng/Q_lAkp cos(kis) =0
2

A There are fixed points for which cos(ki20) = —1 and the
fixed points are stable (elliptic). They are surrounded by

ellipses

A There are also fixed points for which cos(ki29) =1 and
the fixed points are unstable (hyperbolic). The trajectories

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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Note the absence of the nonllnear tune-shift term (in this 1 st

OFixed points for 3

A The Hamiltonian for a sextupole close to a third order
resonance is  ff, = §.J, + J3/ Asp, cos(31)2)

T

order approximation!)

AlawUl OUDOT wOIl T w' EODOUOOzUyIQ
points can be found at , — T 3T 5T ( )

A 5 37 37 3 343,

A For Y. > 0 all three points are unstable
Close to the elliptic one at %20 =0 e
the motion in phase space is Unstable

fixed points

//‘
A
/ unstable
/

—1| %20 = 3

described by circles that they get
more and more distorted to end
Ux wubOwUT | wSephthDiE
uniting the unstable fixed points

A The tune separatg o from the \
3p J1/2 \ .

resonance IS o =

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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A Simple map with single
sextupole kick with integrated
strength kK2 + rotation with

phase advances( Mo s ,Lby)

(k2,x,px,y,py):
X
pX — K2x(x*k%k2-y**x2)

y
Dy — k2% (-2%xxy)
turn Xl,pxl,yl;pyl

(mux,muy, X, px,y,py):
cos (mux)*x+sin(mux)*px
—sin(mux)*x+cos (mux)xpx
cos (muy)xy+sin(muy)*xpy
—sin(muy)*xy+cos (muy)*py
x1,px1,y1,pyl

A Restrict motion in (Z, Pz )
plane i.e. Yo = Py0 = 0

A lterate for a number of
00UOQOU2 wopl 1 Ul whiY Y Y A w

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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O Example: §

A Simple map with single
sextupole kick with integrated
strength kK2 + rotation with

phase advances( Mo s ,Lby)

(k2,x,pX,y,py):

X — k2% (x*%k2-y*x*2)

X
P
y
py — Kk2x(—2%xxy)
return x1,px1,yl,pyl

(mux,muy, X, px,y,py):
cos (mux)*x+sin(mux)*px
—sin(mux)*x+cos (mux)xpx
cos (muy)*y+sin(muy)*py
pyl =-sin(muy)s*y+cos(muy)x*py
x1,px1,yl,pyl

A Restrict motion in (Z, Pz ) _ _ _
plane i.e. Yo = Py0 = 0 X

A lterate for a number of

~ s ~ ~ Ve

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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0o Example: Single

A Appearance of 39 order
resonance for certain phase
& advance
A6 wE U U uredds O wK =
2 resonance

pxo.o 1

dynamics Phenomenology, CERN Accelerator Scho

-linear

Non

35



0 Example: Single

A Appearance of 39 order
resonance for certain phase
& advance

Ao wE U U uredder O wK
resonance

0.0}
Px
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o Example: Sin

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024

A Appearance of 39 order

resonance for certain phase

advance

A6 wE U U uweddr O wK

resonance

A6 w E O'Eowdkr resonance

A6 wE O'Eouder and 7t
order and several higher
OUEI UUO?

Dz

-1.0+

1.0t

-1.0 -0.5 0.0 0.5

1.0
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&

A The resonant Hamiltonian close to the 4" order resonance
IS written as

s 2 2
Hy = 0J2 + cJ5 + J5 Ay cos(4)s)
A The fixed points are found by taking the derivative over
the two variables and setting them to zero, i.e.

sin(4v2) =0, 0+ 2¢cJy + 2J5 Ak, cos(41y) =0

A The flxed pomts are at )

'7T \ 7T\ ,37'(" lf\\ D \“ 1'3 : /77'(}“ ;N
¢20:'— '_ '_:'7 '7T { :'7 \ ' 1)

4,\2' N4, N4 N4 N

A For harf of them, there is a mlnlmum in“the pofentlal as

—————————————
L
~

-
‘—

- -

's -’
-~y -
e -
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O Topology of an oct

A Regular motion near the
center, with curves getting more UFP
deformed towards Bectangular LT

SEP.~
shape AN N B
A Theseparatrix passes C PN BN
through 4 unstable fixed points, '

but motion seems well containet :

A Four stable fixed points

exist and they are surrounded b
stable motioniglands of
stability)
A Question: Can theentral e
fixed point becomehyperbolic
(answer in the appendix)

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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2

A Now, if ¢ = () the solution for the action is Joq = 0

f)OctupoIe with hyperbolic central fi

A So there isno minima in the potential, i.e. the central fixed

point is hyperbolic
0.8 1 | 1 | ] | T

0.6

04

Px
o
|

-06

.08 I | 1 - | 1 | O
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o Single Octt

A As for the sextupole, the octupole
can excite any resonance

A Multi -pole magnets can exciteany
resonance order

A It depends on the tunes, strength of _*
the magnet and particle amplitudes
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O Single Octupole

A Adding a sextupole and an
octupole increases the chaotic motion
region, when close to the 4" order ’
resonance

Pz,

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024




A Adding a sextupole and an
octupole increases the chaotic motion

region, when close to the 4" order
resonance Dol

A But also allows the appearance of
3rd order resonance stable fixed
points

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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Onset of chaos
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0O Path to chaos

A Whenperturbation becomeshigher, motion around the
separatrix becomeshaotic (producingtonguesor

=

24

S splitting of theseparatrix

s A Unstablefixed points are indeed tls®urce of chaos

s when a perturbation is added

)

% Se-06 T : ; . Y .

g 4e-06 | /
(ui (\ (\ [/f\ H+ 3e-06 | é/
§ \\ \\ \\\ \\ \) k//v 2e-06 :e ; J
g O NN\ “\, 5

2 \‘:\‘i‘\\ \\ le-06 _“‘:é B : ]
o \S\\\\J X / o P e «
O S~ T f

: Q:“D\ ' / le-06 +

S, ~x G

g -2e-06 -

E -3e-06 ‘ : . . A LR,
2 -0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 5



0 Chaotic mc

A Poincare-Birkhoff theorem states that under
perturbation of aresonanceonly an even
number of fixed points survives (half stable and
the other half unstable )

A Themselves get destroyed when perturbation
gets higher, etc. celf-similar fixed points)

A Resonanceislands grow and resonancescan
overlap allowing diffusion of particles

1.0

-~
.

0.65

0.60

0.55

0.50+

045+

0.40

. <
035 JAN =
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0O Resonance overl

When perturbation grows, the resonance island width grows

Chirikov (1960, 1979) proposed ariterion for the overlap of two
neighboring resonances and the onset of orbit diffusion

A
A

1 . 2 1 - 7 : 7
The distance between two resonances is 5., ,, ,, = ("1+”2 ”1+"2)

The S|mple overlap crlterlon IS 92Ho(J)

A
A dJ 2

Ji=Jio

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024
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A

>

O Resonance ove

)

When perturbation grows, the resonance island width grows

Chirikov (1960, 1979) proposed ariterion for the overlap of two
neighboring resonances and the onset of orbit diffusion

~ _ _ 2(—— — 1
A The distance between two resonances is s, ,,,, = (”1+ na Mt ”)
A The simple overlap criterion is Zoed)

. . - C L=

AJn maz T AJn’ max > 5<]n,n’
A Considering the width of chaotic layer and secondary islandsOwU T | u
A Example:" T D U D &d@hdazdthap
Pn+1 = Pn + KSln(en) HTH—}O — (977, + Pn+1

ddddd

0.6

0.4

0.0 0.2 04 0.6 0.8.1+1.0



O Resonance ove

)

When perturbation grows, the resonance island width grows

Chirikov (1960, 1979) proposed ariterion for the overlap of two
neighboring resonances and the onset of orbit diffusion

T T>

: : 2(—4— — 1

The distance between two resonances is 5., ,, ,, = ("1+”2 n1+n2>

The simple overlap criterion is %@
AJn maz T AJn’ max > 5Jn,n’

> >

Ji=Jio

)

Considering the width of chaotic layer and secondary islandsOwU 1 | u
A The main limitation is the geometrical nature of the criterion (difficulty
to be extended for > 2 degrees offreedom)
Pni1 = pn + K sin(6,) 9n+}0
p/21n'01\\\ M/ o B p

Ny

Z———1 o8 0.8

0.6

0.4—F

e g 0

o Z M W oW

;
00 02 04 06 0.8.m-1.0 00 02 04 06 08ygl.0

5
0.2
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O Increasing d

A For(yoapyO) + (O, 0) , I.e. by adding another
degree of freedom chaotic motion is enhanced

1.0

1.0+

05 + sl

0.5}

pxo.of - .. . 4pxo‘o» ' ok, 7
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O Increasing

A For(yoapyO) + (O, 0) , I.e. by adding another
degree of freedom chaotic motion is enhanced
A At the same time, analysis of phase space onsurface

of section becomesdifficult to interpret, as these are
projections of 4D objects on a 2D plane

1.0

= (0.22,0.24)

Py

05 + sl

-0.5f

pxo.of .

- ety




O Chaos detection

2

A Computing/measuring dynamic aperture (DA) or

particle survival

A. Chao etal.,, PRL 61, 24, 2752, 1988;
F. Willeke , PAC95, 24, 109, 1989.

A Computation of Lyapunov exponents

F. Schmidt, F. Willeke and F. Zimmermann, PA, 35, 249, 1991;
M. Giovannozi , W. Scandale and E. Todesco, PA 56, 195, 1997

A Variance of unperturbed action (a la Chirikov )

B. Chirikov , J. Ford and F. Vivaldi, AIP CP  -57, 323, 1979
J. Tennyson, SSC -155, 1988;
J. Irwin, SSC -233, 1989

A Fokker-Planck diffusion coefficient in actions

T. Sen and J.A. Elisson , PRL 77, 1051, 1996
YP and F. Zimmerman, PRSTAB, 5 (7), 074001

A Frequency map analysis
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Dynamic aperture
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A The most direct way to evaluate the non-linear dynamics
performance of a ring is the computation of Dynamic
Aperture

Particle motion due to multi -pole errors is generally non-
bounded, so chaotic particles canescape to infinity

A This is not true for all non -linearities (e.g. the beam-beam
force)

A Need a symplectic tracking code to follow particle trajectories
(a lot of initial conditions) for a number of turns (depending
on the given problem) until the particles start getting lost. This
boundary defines the Dynamic aperture

A As multi -pole errors may not be completely known, one has to
track through several machine models built by random
distribution of these errors

A One could start with 4D (only transverse) tracking but
certainly needs to simulate 5D (constant energy deviation)
and finally 6D (synchrotron motion included) 55

T
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0 Dynamic Aperture plots @

A Dynamic aperture plots show the maximum initial
values of stable trajectories in xy coordinate space at a
particular point in the lattice, for a range of energy
errors.

¢ The beam size can be shown on the same plot.

¢ Generally, the goal is to allow some significant margin in the
design - the measured dynamic aperture is often smaller than
the predicted dynamic aperture.
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QDynamic aperture incluc

e A
1 mieR o e

O0:12ms .| 0.6ms | _| 1.2 ms |

| G =70 1277 Q=26 41 B2

-t | =f | =t {A Including radiation damping and
| excitation shows that 0.7% of the
/o particles are lost during the damping

i = . . IA Certain particles seem to damp awa
from the beam core, on resonance
Islands
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O DA scanning f
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Min. Dynamic Aperture
(DA) with intensity vs
crossing angle, for nominal
optics (¢"= 40 cn) and BCMS
beam (2.5%m emittance), 15
units of chromaticity

For 1.1x10G'p

¢C At gJ2=185%4rad (~12h

separation), DA around 6 h

(good lifetime observed)

¢C AtgJ2=1404rad (9b

separation), DA below 5h

(reduced lifetime observed)

C Improvement for low
octupoles, low chromaticity
and WP optimisation
(observed in operation)

R R =N
A O 00 O
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Total intensity

A B1 suffering from lower

lifetime In the LHC

59.326

A DA simulations predicted
the required adjustment >

A Fine-tune scan performed
and applied in operation, soane (1
solving B1 lifetime problem

(10" p ]

D. Pellegrini et al., 2016

2.5

[ S W S
(51 I == & ) B

0.0

i i i
64.306 64.308 64.31 64.312 64.314 64.316 64.318 64.32
Qx

Tune adjusted during this fill

¥
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=
Energy [TeV]
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O HL-LHC operational

2

A Reduction of crossing angle at constant luminosity , reducespileup
density (by elongating the luminous region) and triplet irradiation

YP, N. Karastathis and D. Pellegrinietal., 2018

Relaxed DA
gressive DA

%0 —— DA[R]
— Luminosity [p i wé ]

8.5 :
=== [.M.S Luminous
8.0 Region Length [cm]
801 7.5 i
o * Relaxed (6 R)
' * Aggressive (5 R)
6.5 )
T 5 GR
60 )
& 6.0
*&_ [a]
5.5
5.0
40

20
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|
{)Genetic Algorithms for |

A MOGA ¢ Multi
Objective Genetic
Algorithms are being 3
recently used to
optimise linear but also _*¥
non-linear dynamics of
electron low emittance
storage rings

A Use knobs quadrupole
strengths, chromaticity
sextupoles and 05/
correctors with some ;|
ConStralntS ?'5 | 2 Hr:rr%gntaleréittanceaéﬁ{mm—n{rad} 4f5 5

A Target ultra-low x
horizontal emittance,

Increased lifetime and
high dynamic aperture

)

Dynamics aperture area (m
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DMeasuring Dyna

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024

A During LHC design phase,
DA target was 2x higher
than collimator position,
due to statistical
fluctuation, finite mesh,
linear imperfections, short
tracking time, multi -pole
time dependence ripple
and a 20% safety margin

A Better knowledge of the
model led to good
agreement between
measurements and
simulations for actual LHC

A Necessity to build an
accurate magnetic model
(from beam based
measurements)

2

DA inferred from measured loss data

Simulations: IGI_Exm -
IC1=4x10" ==

L[ —
10- A

EEE
8"

o

E.Mclean , PhD thesis, 2014
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Lyapunov exponent



2

A Chaotic motion implies sensitivity to initial
condition
A Two infinitesimally close chaotic trajectories in
phase space with initial difference 0Zg will end -
up diverging with rate
0Z(t)| =~ e™M|0Zy
with A the maximum Lyapunov exponent

A There is as many exponents as thephase space
dimensions (Lyapunov spectrum)

A The largest one is theMaximal Lyapunov
exponent (MLE) is defined as
o1 |0Z(1)]
A= lim lim -1In
t—00 6Zo—0 1 07
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Lyapunov exponent:

L4 ¢
N 0.5 - .'o" -i{
E . I’y ‘z' 0.3
£ . s
e Dwoo| P 4 ~4
2 ) k<] " )\0.2— KN
RS & N
2 H '’ 0.1 i Nt ¥ M
§ 104 .l."?s g P 0”';"'.' - w
é —1I.O —(|).5 OI.O 015 1:0 0.00 2|O 4|0 6IO 8|O 1{|)0 1.'|20 1£|10
z t
¢ A Maximum Lyapounov exponent converges
= towards a positive value for a chaotic orbit
T 0Z(1)|
: A= lim Iim - ln

t—00§Zo—0 T |5Z0‘ 65
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pr.O 1

A= lim lim
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O Lyapunov exponent:

0.10
0.08 :E

0.06 A

0.04 +

0.02 1

0.00

A Maximum Lyapounov exponent converges
towards zero for a chaotic orbit

L 0Z(1)
— 111
t—00 §Zo—0 { 07

1000 1500 2000 2500 3000




=l

O Lyapunov exponent:

0.10
1.0 1
0.08 -
0.5 -
o o 0.06 -
D007 )\
o o =

—0.5 -
0.02
—1.0 -
I I I I I 0.00 I I I I
-1.0 -0.5 0.0 0.5 1.0 0 500 1000 1500 2000 2500 3000

R . z 5
A Maximum Lyapounov exponent converges more

slowly towards zero for a resonant orbit

. 07Z(t)|
A= 1 | — 1
ti;[gl() 5Z{)H—l>0 H |5ZO‘ 67
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O Lyapunov exponen !

0.10
1.0 1

0.08 &
0.5 1 .

»
0.06 4,
pxo.o— )\O 0
04 +
~0.5 1
0.02 -
_1.0_
T T T T T O-OO T T T T T 1
~1.0 —0.5 0.0 0.5 1.0 0 500 1000 1500 2000 2500 3000

x t
A Maximum Lyapounov exponent converges more
slowly towards zero for a resonant orbit, In

particular close to the separatrix

S 0Z(1)]
A= lim lim —1
1500 0700 L 07| o

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024



52

. Frequency Map Analysis



O Frequency

A Frequency Map Analysis (FMA) is a numerical method
which springs from the studies of J. Laskar (Paris
Observatory) putting in evidence the chaotic motion In
the Solar Systems

2

A FMA was successively applied to several dynamical
systems

Stability of Earth Obliquity and climate stabilization ( Laskar,
Robutel, 1993)

4D maps (Laskar 1993)
Galactic Dynamics (Y.P and Laskar, 1996 and 1998)

Accelerator beam dynamics: lepton and hadron rings (Dumas,
Laskar, 1993,Laskar, Robin, 1996,Y.P, 1999 Nadolski and
Laskar 2001) 70
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2

O Motion on torus

A Consider an integrable Hamiltonian system of the usual form
H(J7 P, 0) — HO(J)

Y 10 |
" EOPOUOOz Uwi @UE TR0 OYWT ®YII)+ b

o>

jy = -

=0 = J, = counst.
0, J

A The actions define the surface of an invariant torus
A In complex coordinates the motion is described by

Cj (t) _ Jj (O)eiwjt _ Zjoeiwjt 2

A For anon-degenerate system det ‘&58’]) ‘ 5;5‘”\ # 0
there is a oneto-one correspondence between the actions and
the frequency, a frequency map
can be defined parameterizing
the tori in the frequency space

F: (J)— (w)

':det
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O Quasi -periodic

A If a transformation is made to some new variables
(; = Jje“"f)jt =2;+eG(z) = z; + eZcmz;mz;”’Q R A

-~ m
A The system is still integrable but the tori are distorted
A The motion is then described by

G (t) = 2joe™" + ) ame’ ) ¢

l.e.
N . » N m . N
a quastperiodic function of time, with
Um = € CmZ10 290 -+ Zpg" and m - w = miwy + Mowa + - - - + My W,

A For a non-integrable Hamiltonian, H(J,0) = Hy(J) + eH'(J, )
and especially if the perturbation is small, most tori persist
(KAM theory)

A In that case, the motion is still quasi-periodic and a
frequency map can be built

A Theregularity (or not) of the map reveals stable (or chaotic)
motion 72
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&

A When a quasi-periodic function f(t) = q(t) + ip(t) in
the complex domain is given numerically, it is

possible to recover a quastperiodic approximation
N

f'(t) = ajes!
k=1
In a very precise way over a finite time span =1, T
several orders of magnitude more precisely than
simple Fourier technigues

A This approximation is provided by the Numerical
Analysis of Fundamental Frequencies t+ NAFF
algorithm

A The frequencies w,; and complex amplitudes a), are
computed through an iterative scheme. 73
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2

O The NAFF alge

A The first frequency «’ is found by the location of the
maximum of

o) = (0™ = 5 [ f(oe oyt

where X(t) is a weight function
A In most of the cases theHanning window filter is

used  x1(t) =1+ cos(nt/T)

A Once the first term e™1t js found, its complex

amplitude a’1 IS obtained and the process is restarted
on the remaining part of the function

fult) = f(t) — aye

A The procedure is continued for the number of desired
terms, or until a required precision Is reached
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O Frequency determ

A The accuracy of a simple FFT even for a simplel
sinusoidal signal is not better than v —vp| = =

2

%A Calculating the Fourier integral explicitly

(S

5 . 1 7T |

= =< f(t), ! :/ft —etdt

3 o) =<Hl), &= >==7 | H)e shows that the
¢ maximum lies in between the main peaks of the FFT
g ) . . [ T T T | | ]
: y(t) = sin(vt) A o)) = fsine” =T

_§ L 0.8 [ 2 .
W\/\/\ o

g 0

& 05k 04

E 02| |

% 0 2 4 6 8 10 -1 0 1 2 3 4 W 5



1k Y} \‘ -
| I

0.8 | \.{‘. S -

A ] 0.6 - n
A A more complicated

. . 04 _

signal with two
frequencies 20 |

f(t) = Cbleiwlt + CLQGint °. 0 I1 \/Iz 3 4 5

—
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shifts slightly the 1.05 | |
maximum with |
respect to its real r
location
0.95 |-
0.9 :
0.9 1.05
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O Window function @)

A A window function like the Hanning filter
x1(t) = 1 4 cos(wt/T) kills side-lobs and
allows a very accurate determination of the

frequency

'l | ' oo(x)
p1(z)

08 r

06 r

04 r

02 r

0

VAVAV/\\/"\/
02 |
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A For a general window function of order p

27 (p!)*
Xp(t) = 1 + cosmt)?
Laskar (1996) proved a theorem stating that the

solution provided by the NAFF algorithm
converges asymptotically towards the real KAM
guasi-periodic solution with precision

1
T
A In particular, for no filter (i.,e. p = 0) the precision

1
T2
precision is of the order of i

T4
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is _—_, whereas for the Hanning filter (p = 1), the

Non-linear
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O Aspects of the freque I

A In the vicinity of a resonance the system behaves like a

Non-linear dynamics Phenomenology, CERN Accelerator School, November 2024

pendulum

N

2

A Passing through the elliptic point for a fixed angle, afixed

frequency (or rotation number) is observed

A Passing through the hyperbolic point , afrequency jump is

observed
~

(v-
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Example: Freque

A Simple Beam-beam
g e XX long range (BBLR)

03105 [ 4 35t . . :
kick and a rotation
03104 1 0314 f i
03103 | 1 o3t EE; .
: 56—
03102 | {1 sz} .
A" : Vv
0.3101 | : 1 0311t 1
: 99—
031 | . 031 .
13042 ——= \ 1753
03000 : / g 0300 \\ Pf“\«%’% ’/m-u’ 1 2168
03008 [ 41 o308 | LA .
413 —==—
-7 ; 10 " 2 s s 10 s 20 2
o X’(G’) 3 a3 -5 X’(G,) 3 2 23
= T+ f (@) o 52
s « B COS 1 B* sin (@) = K 1 1 —(220—/3) i 1 512
<\ 2 ~\ —sinp/B*  cos fla') = Sy — € } 0 —e
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oExampIe: Freque

A Simple Beam-beam

T et I PR long range (BBLR)
£ o) e | kick and a rotation
' B
T§: 03T i 033 b TR -
3
gv 032 + V o032 L 1
3
g o3t 031 , . . :
v _
g 03 03
S
-?c 029 020
£
_g x B COS 1 B* sin 1 1 —2352”2
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2

A For a2 degrees of freedom Hamiltonian system, the
frequency space is aline, the tori are dots on this lines, and
the chaotic zones are confined by the existing KAM tori

A For a system with 3 or more

-
-
-
-

£

2 degrees of freedom, KAM i

¢ tori are still represented by **®** * ¢ oo
¢ dots but do not prevent 2 /0
; chaotic trajectories to diffusg v

= A This topological possibility ¥ « . o

§ of particles diffusing Is o %% 4. e e

= called Amnold diffusion o “o% Ceet o

: A This diffusion is supposed * .' A S .: { °*

¢ to be extremely small in % % %% ‘o8

s their vicinity, as tori act as e e _
£ effective barriers Vo IV

(Nechoroshev theory) 82
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0O Building the frequency

A Choose coordinates &, y;) with p, and p,=0
A Numerically integrate the phase trajectories through the lattice for

sufficient number of turns

2

A Compute through NAFF Q, and Q, after sufficient number of turns
A Plot them in the tune diagram

Rn

. p|q:‘I0

MAP

1 I 1 I 1 I 1 I 1 I I l 1 ' T I 1 ] ] 5
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ijxampIe: Frequency maps for the

A Fregquency maps for the target error table (left) and an
Increased random skew octupole error in the super -
conducting dipoles (right) 84
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