A (VERY) SHORT COURSE IN GENERAL RELATIVITY

FRIDRICH VALACH

1. VERY BRIEF INTRODUCTION

This is a set of brief lecture notes for a very short course on general relativity
delivered at MAPSS 2024 in Les Diablerets.

The notes are mostly based on the excellent differential geometry book Differen-
tial geometry and Lie groups for physicists by Marian Fecko. Other good literature
might be Geometry, topology and physics by Mikio Nakahara.
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2. PRELIMINARIES/LANGUAGE FROM DIFFERENTIAL GEOMETRY

manifold (space) M = nice topological space with a smooth atlas

tangent vector at p € M = equivalence class of curves passing through p
tangent space T, M = vector space of tangent vectors at p

cotangent space Ty M = dual of T, M

(local) frame {e, } = collection of bases at each p € U C M

coordinate frame = frame of type e, = 0,» for some coordinates ="
Einstein summation convention = summation over repeated index assumed
tensor at p = element of a tensor of type k,[ at every point

tensor field t € ‘J’l’C = choice of an element in the above space at every point
C* = space of smooth functions on M, i.e. T)

X = space of vector fields on M, i.e. T}

components %% of t = coefficients in t = t%%(2)e, Rep @+ e el ®. ..
differential form = completely antisymmetric tensor field in T?,

Q™ = space of differential forms of degree m

de Rham differential = operator d on the space ™ of differential forms
wedge product A: Q™ ® Q" — Q™" = “multiplication” operation on €
pullback of a tensor field o € T9, along a map f: M — N:

fra= o p(@)de" @ @ da”) = oy, o (f(2)df*(2) © - - @ df* (z)

(¢]

Lie derivative £ x along a vector field X = expresses change along the flow

3. BASIC NOTIONS IN RIEMANNIAN GEOMETRY

3.1. Metric.

Definition. A metric (or metric tensor) is a tensor field g € T3 which is both

[¢]

(¢]

symmetric, i.e. g(x,y) = g(y,z) Vr,y € T, M
nondegenerate, i.e. the map

ToM = TF M, z+—g(x, )

s an isomorphism

at all points m € M.

Definition. Metric is called Riemannian if it is positive definite. Otherwise we call
it pseudo-Riemannian. A (pseudo-)Riemannian manifold is a manifold equipped
with a (pseudo-)Riemannian metric.
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In coordinates we have g,, = gup, (9(z, - ))p = G’

Convention. We identify T,, M = T} M via © — g(x, - ). In other words we just

m
write x,, for (g(z, - ))# = G’

This is also the reason why in Riemannian geometry we are careful with the
horizontal spacing of indices, e.g. we write t##,, instead of t#*?, for coefficients of a
tensor of type T7. One exception is (sometimes) &~.

Ezxercise. Why don’t we care about the horizontal index positioning for §#7 )

Convention. We denote the components of the inverse of g by g"¥ (instead of
(g=H™ ), i.e. we have for instance

gHVng = 6,5’ guz/gyp = 6Z> xh = ngxV_
Definition. Any submanifoldi: N — M of a pseudo-Riemannian manifold (M, g)

inherits an induced metric i*g. (Note that if g has indefinite signature then i*g
does not have to be a true metric as it can be degenerate.)

Ezercise. Calculate the induced metric on a unit 2-sphere S?, embedded in the
Euclidean 3-dimensional space, parametrised by

x =sindcosp, y=sindsiny, z=cosv.
The result should be i*g = di ® dv) + sin® ¥ dp @ dep. o

Definition. The length of a curve y: [a,b] = M in a pseudo-Riemannian manifold
is defined as

b
tength(1) i= [ Vgl Aldr, A7) i= dha(r) € Ty M.
Definition. We say that £ € X s a Killing vector field if £¢g = 0.

3.2. Connection.

Definition. A connection (or covariant derivative) on a manifold M is a bilinear
map V: X x X = X, denoted VxY :=V(X,Y), satisfying

VixY = fVxY, Vx(fY)=fVxY + (Xf)Y, VX,YeX, feC™.
Given a connection V, we can also define the action of Vx on C* and T by
Vxf:=X/, (Vxa,Y):=Vx(a,Y)—{a,VxY), VfeC®acT)YecX
and then to any T9 by requiring that for any tensors ¢, s we have

Vx(t®s)=(Vxt)@s+t® Vxs.

Definition. Let z* be any local coordinates on M. We define the Christoffel sym-
bols T, ,(x) by

Vo,0, =T1",,0,.
We also set Iy := guol'?1p. Note that these are non-tensorial, i.e. they are not
coefficients of a tensor.

Erercise. Calculate (in terms of Christoffel symbols) what is Vg, dx”. Check that
(VxY)* =X"0,Y" + X"T*,, Y7, VX,V e X.
Write down the corresponding formula for Vxt for an arbitrary tensor field ¢t. o

Definition. Fix a connection V. For any pair of vector fields X,Y we define the
curvature operator as the map

R(X,Y):%—HS, R(X,Y) = vay—VYVX—V[ny].
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Ezercise. Check that the expression R(X, Y)W is C*°-linear in all three of X, Y, W,
ie. R(fX, Y)W = fR(X, Y)W, etc., for any function f € C°. Thus the curvature
operator is in fact a “pointwise” operator

T, M @ Ty M & Ty, M — Ty, M,
i.e. it is a tensor field of type T3. o

Definition. This tensor field is called the Riemann tensor R € T3 (associated to
V). Ezxplicitly, in any frame e,

R%ca = (e, R(ec, eq)ep) = (€, ([Veo, Veal = Ve, ea])eb)-
Definition. The torsion of a connection V is the map
T:XxX—>X, T(X,Y):=VxY -VyX —[X,Y].

Ezercise. Check that T(X,Y) is C*-linear in X,Y, i.e. it defines a tensor T' € T3.
Explicitly, in any frame T%,. = (e®, Ve, ec — Ve €p — [€p, €c])- )

3.3. Levi-Civita connection. Let (M, g) be a pseudo-Riemannian manifold.

Theorem (Fundamental theorem of pseudo-Riemannian geometry). There exists
a unique connection s.t. T =0 and Vg = 0.

Definition. This is called the Levi-Civita connection.

Exercise. Prove the theorem and derive the formula for the Levi-Civita connection:
T, = 39" (0p9ov + 0ugop — Osgup)-

In particular, note that I'*,, is symmetric in vp. o

From now on, V will always be the Levi-Civita connection, unless otherwise stated.

Ezercise. Show that (for a Levi-Civita connection) the Riemann tensor has the
following symmetries:

Raped = Riabjed = Rabled) = Redab, Rifpea) = 0 °

Ezercise. How many independent components does a tensor satisfying the above
symmetries have (in d dimensions)? o

Definition. Let (M,g) be a pseudo-Riemannian manifold.

o The Ricci tensor R € T9 is defined as Rap := RCqeh-
o The scalar curvature R € T) = C™ is defined as R := g**Rap.

Exzercise. Show that the Ricci tensor is symmetric. )

Ezxercise. Why do we take the contraction on first and third index in defining the
Ricci tensor? (What do we get if we contract other pairs of indices?) o

4. REMARK ON ALTERNATIVE NOTATION

Let us now briefly comment on an alternative notation, which is very often quite
convenient, especially with more complex expressions. Returning to the general
setup, let us consider any connection V on M. First, since Vyxt = fVxt for any
JeC™ X eX, teTl, weactually obtain a tensor VI € ‘J'f;+17 ie.

(VO(X,...)=(Vxt)(...).
Similarly, iterating this construction we obtain

V..VteTr,,.

n times



4 FRIDRICH VALACH

Crucially, we will denote the components of this tensor (in a given frame e,) by
putting indices on the V’s — for instance if the tensor ¢ has components t%;. then

(1) (VVV)abeler = VaVpVetes.
This is to be contrasted with an expression like
Vea Veb Vectdefa

which simply means considering the components ¢%;. of the tensor ¢, and taking the
derivative of these (seen as functions) in the direction of e, then it the direction of
ep, and then e,, or with an expression like

(Veu Ve, Ve t)%e f,

which means taking the covariant derivative of the tensor ¢ in the direction of e,
then taking the covariant derivative of the resulting fensor in the direction of e
and then finally e,, and then we take the components of the final result. The big
advantage of the notation (1) is that the resulting expression forms components of
a tensor, which is not the case with the other two formulas.

Exzxercise. Check that for any tensor field ¢
VaVit:i = (Ve, Vet = Vie, e)t)
Exercise. Check that for a torsion-free connection we have the Ricci identity

[Va, Vo] X¢ 1=V, V X¢ — Vy Vo X¢ = Reyp X4, VX €X. o

5. GEODESICS

We start with the observation that on a given pseudo-Riemannian manifold
(M, g) the natural notion of acceleration for a curve v: [a,b] — M is V47.

FEzercise. Check that V¥ is well-defined, even though + is not a vector field. o
In the special case of no acceleration we get the following:
Definition. A geodesic is a curve «v: [a,b] — M satisfying V47 = 0.
Exercise. Show that this condition can be written as
@t 4+ T 2ve? = 0. o

Note that here by “curve” we mean the entire map [a, b] — M, not just its image
in M.
Ezercise. Show that g(%,%) (the square of the length of the velocity vector) is
preserved along the geodesic. o

Ezxercise. Show that if we parametrise the geodesic differently, i.e. we replace v by
v =~y op for ¢: [a,b] — [a,b] a diffeomorphism, then

(2) Vird = 1Y,
where f is a function on [a, b]. Conversely, if we start with a solution of (2) we can
reparametrise it to obtain V4% = 0. o

Proposition. The geodesic equation is the Fuler—Lagrange equation for

b
S() =14 [ gl
Ezercise. Show this. o

Note that this provides a very easy way to derive the Christoffel symbols.
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Exercise. Calculate the Christoffel symbols on S? and find out if there are any
geodesics with constant ¢ or constant 9J. )

Proposition. The Euler-Lagrange equation for the (reparametrisation-invariant)
functional

b
length(y) = / VIgG3ldr

has the form (2), i.e. the length-extremising curves are precisely geodesics up to
parametrisation.

FEzercise. Show this. o

Ezercise. Are geodesics always local minima of the length functional? (hint: con-
sider going from Quito to Campala by taking the “wrong way”). o

6. NORMAL COORDINATES AND APPLICATIONS

Fix a pseudo-Riemannian manifold (M, g). Note that for every point m € M
and for every v € T,,M there exists a unique geodesic v’ with v¥(0) = m and
4¥(0) = v defined on some interval [—¢, €].

Proposition. There exists an open set U C T,,, M, containing the origin, such that
the exponential map
exp: U — M, v =Y (1)

is a diffeomorphism between U and a neighbourhood of m € M.

Definition. Fiz a point m € M. Let e, be any orthonormal basis' of T,, M, giving
(linear) coordinates x* on U. The corresponding local coordinates (also denoted
at) on M, defined via the exponential map, are called normal coordinates.

Proposition. In normal coordinates we have 0,9,, = 0 at the point m. In partic-
ular ', ,(m) = 0.

It is extremely useful to know that these coordinates exist, even without know-
ing their explicit form. To see this in practice, consider the following coordinate
expressions for the Lie derivative and the exterior differential:

(3) (LxY)' =X0;Y'-YI9;X", (dov)i; = 2007, XYeXx aecT

We now claim that in all these expressions we can replace 0 by V, and the equalities
will still hold, i.e.

(4) (LxY)' =X'V;Y'-YIV;X", (do)ij = 2V, X, YeX acTl.
To see this, we reason as follows. First, note that both the expressions
X79;Y'—Y'0;X" and  X'V,;Y'-Y'V,;X"

are tensorial (i.e. are components of a tensor) — in the first case this is because
it is merely the component of the Lie derivative. Second, if we take the normal
coordinates around any point m, the two expressions coincide (since I'*,,,(m) = 0).
However, the equality of any two given tensors is independent of any coordinate
choice, i.e. the two expressions must coincide in any coordinate system, which
establishes the equivalence. The same argument holds for d. In fact, for the Lie
derivative of any tensor field, and for d of any differential form, we can always make

the replacement
8i — V.

LThis is the basis such that all members of the basis are orthogonal to each other, and the
inner product of each member with itself is 1 (depending on what is the signature of the metric).
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Finally, note that in the expression (4) (in contrast to (3)) we can in fact use any
frame, not just a coordinate frame (i.e. frame of a type 9« for some coordinates
xh).

Exercise. Check that such a reasoning is no longer possible if we have an expression
which is second (or higher) order in derivatives. o
Ezercise. Show that in normal coordinates around point m we have at that point:
R,uupa = _(aua[pga]u - ax/a[pga]u)' °
Ezercise. Use this, together with the above reasoning, to easily derive the symme-
tries of the Riemann tensor (which hold in any coordinates/frame). o
Exzercise. Show that the Killing equations can be written as
V(alp) = 0. o

7. EINSTEIN EQUATIONS AND EINSTEIN—HILBERT ACTION

7.1. An aside on the metric volume form. Consider an oriented (n-dimensio-
nal) pseudo-Riemannian manifold. For any point m € M, pick any oriented or-
thonormal basis e, of T}, M. Define

wyi=e Ao Ae
FEzercise. Show that w, is independent of the choice of the particular frame e,. o©

Definition. This gives a globally-defined and nowhere vanishing differential form
wg of the top degree, called the metric volume form.

Proposition. In local (oriented) coordinates x*

wy = /| det g |dzt Ao Ada™.

7.2. Einstein equations. We wish to write down some equations governing the
dynamics of spacetime, and we wish them to take the form

some sort of curvature = k X something describing the matter content,

where k£ € R is some constant. Physics supplies a pretty good candidate for the
RHS, namely the stress-energy tensor. This is a symmetric tensor 7T}, which is
conserved, i.e.
VHT,, = 0.

Let’s see if we can find a suitable candidate for the LHS. Furthermore, we want to
follow the usual physical lore which suggests to find an expression that is at most
of second order in derivatives of the physical field, i.e. in this case the metric. A
reasonable quantity which has the required form (symmetric tensor 79) is

E,, =aR,, +bRgu +cguu,

for some constants a, b, ¢ € R. We can absorb one of the constants in the redefinition
of k; we will use this to set a = 1. Next, we need to impose V*E,,, = 0. For this
we will use the contracted Bianchi identity

V¥R, = %VVR.
Ezercise. Check that (with a = 1) we have V*E,,,, = 0 if and only if b = —3.
Finally, renaming the constant ¢ to A, we obtain the Einstein equations
R, — %Rg,“, +Agu = kT,

The constants A and « are called the cosmological constant and the Einstein grav-
itational constant, respectively.
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Ezercise. Show that in the vacuum, i.e. for 7, and A vanishing, the Einstein
equations are equivalent to R, = 0 (provided the dimension is more than 2). o

7.3. Einstein—Hilbert action.

Definition. Define the Einstein—Hilbert action as
1
Seu(g) = 7/ (R —2M)w,.
K Jm
Proposition. FEinstein equations arise as the FEuler—Lagrange equations for

where Sy, is the matter action, and
2 6Sp,

T = —— .
Wy 0Guv

8. DICTIONARY BETWEEN GENERAL RELATIVITY AND DIFFERENTIAL GEOMETRY

8.1. A brief reminder of special relativity.

o The spacetime in special relativity is described by the Minkowsk:i space
M := R*, with the following metric of signature (3, 1):

n = diag(—1,1,1,1).

The first direction (denoted t) is the time, other directions (denoted z,y, z)
correspond to space, thus

n=—-dtdt +dxr ®dr+dy @ dy + dz ® dz.

This corresponds to a “viewpoint” of a fixed “inertial” observer (in these
units we set the speed of light to 1).

o Points of M are called events (they correspond to things that happen at a
precise time and in a precise location). Real movement of a particle traces
out a curve v in M, called the worldline. The space of vectors v € M with
g(v,v) = 0 is called the lightcone. Massive particles move along curves
which are contained within this lightcone, i.e. with g(¥,7) < 0.

o The group of isometries of M is called the Poincaré group. It can be de-
scribed as SO(3,1) x R*, where R* corresponds to translations and SO(3,1)
is corresponds to transformations fixing the origin in M and is called the
Lorentz group. An isometry of M is interpreted as passing to a coordinate
system corresponding to a different observer. More explicitly,

— elements in R* correspond to translated observers

— elements of SO(3) C SO(3,1) correspond to rotated observers

— observer moving with a constant velocity @ = (ug,uy,u,) and pass-
ing through the origin at time 0 corresponds to a (Lorentz) boost; in
particular if the velocity is (u,0,0) then the transformation is

¥y —uy 0 0

—uy v 00 . 1
o o 10" 7T A&
0O 0 01

in other words, boosts in the ¢,z subspace correspond to hyperbolic
rotations

coshf@  —sinh6
<— sinh@® cosh@ ) € 50(L,1),

where 6 (defined by tanh 6 = ) is called rapidity
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— other elements in (the connected component of the identity of) the
Poincaré group can be obtained by combining the above
o The time measured by the clock of any observer moving along some curve
~(7) in M corresponds to the length (measured using 1) of the curve, i.e.

b
time from a to b = / v I, A)|dr

8.2. Dictionary in general relativity.

o Spacetime is a pseudo-Riemannian manifold of signature (3,1), potentially
also carrying some “matter” (described in terms of some fields whose dy-
namics is governed by S,,,), satisfying the Einstein equations.

o Test particles? move along geodesics.

o Normal coordinates correspond to a freely falling observer — such an ob-
server feels that the surrounding metric looks at first approximation like the
Minkowski metric, and then deviates from it in second order, corresponding
to the fact that in normal coordinates g, (z) = 7., + O(z?).

o Time measured by the clock of any observer moving along some curve
corresponds to the length of the curve.

9. CARTAN STRUCTURE EQUATIONS

Let us now try to reformulate the story of (general) connections in terms of
differential forms.

Definition. Consider a connection V on M, and choose a local frame e,. We then
define the associated forms® w®, € Q', T* € Q', Q% € Q2 by
(W*)e =T, (T)pe =T, (%) ca = R"bca-

Ezercise. Show that under the change of frame e}, = Al e, we have

W' = (A7) 2wy A% 4 (A71)2d A%, or in short w' = A7'wA + A71dA. o
Proposition. The following Cartan structure equations hold

de+wNhe=T, dwt+wAhw=2,
or, written more fully,
de® + wiy Ne® =T, dw + w Aw, = Q%

Ezercise. Show this. o
Corollary. Let now (M,g) be a pseudo-Riemannian manifold, V the Levi-Civita

connection, and e, a local orthonormal frame. Then wqap = Ne W are antisym-
metric, and we have

de® +wh Aeb =0,  dw® +we Aw = Q%.

Let us now look at the particularly interesting case of a Riemannian (i.e. positive-
definite) metric in 2 dimensions.

Ezercise. Show that in this case, if e, is an orthonormal frame,*

(5) Rabcd = Keabecdy Rab = K(Saba R= %K7 Qab = I(Gabe1 A €Qa
for some function K (called Gaussian curvature). o

2j.e. small objects whose presence doesn’t affect the surrounding spacetime

3Here "%, is the obvious extension of the definition of Christoffel symbols (defined for a
coordinate basis d,,) to an arbitrary frame e,.

4eab here is the completely antisymmetric tensor normalised such that €15 = 1.
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Similarly, in an orthonormal basis we have we, = €qp, for some 1-form a. The
Cartan structure equations then give a particularly nice system:

(6) de' +ane? =0, de? —aNe' =0, da = Ke' Aé?.

This gives the following simple algorithm for determining all the curvature tensors
for a given 2d Riemannian space:

o Find an orthonormal coframe e!, e2. This can be often quickly read off

from the metric, e.g. for 2 with g = d ® d + sin® ¥dp @ dp we can take
el = dv, e? = sin¥dy)

o Calculate « from the first two equations in (6).

o Calculate K from the last equation.

o Express the desired curvature tensors using (5).

Ezercise. Calculate the curvature tensors for S2. o
Ezercise. Consider the 2-dimensional surface embedded in R? as
x = (a+ bsin) cos p, y = (a+bsinvy)sinyp, z = bcos.

What is this? Calculate the Gaussian curvature. o

10. SOME FAMOUS SOLUTIONS

Let us now very briefly discuss some famous solutions to Einstein equations.

10.1. Maximally symmetric spacetimes. This subsection applies to any dimen-
sion d > 3. Before listing the options, let us define the pseudo-Riemannian space
M, 4 to be RPT? with constant diagonal metric of signature (p, q).

The maximally symmetric spacetimes of signature (d — 1,1), which solve the
Einstein equations with 7" = 0, are now:

o Minkowski space My_1 1
o de Sitter space

d—1)(d—2
dS,; = {‘TGMdJ s.t. |:L‘|2(2)/(\)}7 A>0

o anti-de Sitter space

d—1)(d—-2
Ade = {]} S Md_LQ s.t. |.73|2 = (2)1(\d)} ) A < 0

The parameter A corresponds to the value of the cosmological constant for these
solutions. (Minkowski spacetime has A = 0.) We see that both de Sitter and anti-de
Sitter spacetimes can be understood as (pseudo)spheres.

Exercise. What is the topology of de Sitter and anti-de Sitter space? o

Ezercise. Calculate the scalar curvature of AdS and dS (in an easy way) in terms
of A, using the fact that the scalar curvature is constant. o

Proposition. A pseudo-Riemannian manifold of signature (p, q) is locally isomet-
ric® to M, 4 iff the Riemann tensor vanishes.

5ie. isomorphic as a pseudo-Riemannian manifold
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10.2. Black hole solutions. Let us now discuss black hole solutions in 4d (i.e.
with signature (3,1)). The simplest black hole solution was found by Schwarzschild
in 1916. It has A = T = 0 and it look as follows:

oM oM\
g=— (1 - > dt* + (1 — > dr? + r2d0?, dQ? = dv? + sin® 9dp?.
r r

Here 9, ¢ parametrise a 2-sphere, r € (2M,00), t € R, and M > 0 is a parameter
(mass of the black hole). Note that something wrong seems to be happening as
r — 2M. However, one can check that this is merely a problem of the coordinates,
and nothing terrible happens to the metric itself — although the subspace r = 2M
is actually physically interesting and corresponds to the black hole horizon. In fact,
there are other coordinates, such as Kruszkal-Szekeres coordinates, which extend
the Schwarzschild ones beyond the horizon and give an expression for g which is
nonsingular at the horizon. Still, one can show that there is a point hidden under
the horizon, where the curvature goes to infinity — this is a true singularity.

Theorem (Birkhoff). The Schwarzschild solution is the most general spherically
symmetric solution of Finstein equations in vacuum (i.e. with A =0 and T =0).

Assuming the presence of the electromagnetic field, i.e. allowing a nonzero 7},
of a specific form, one has the more general Reissner—Nordstrom solution

oM 2 oM 2\ !
9:—(1—r+%)dt2+<1—T—|—§2>dr2+r2dﬂ2,

describing the charged black hole of mass M and electric charge Q.
Even more generally, one has the Kerr—Newman solution, describing a rotating
charged black hole with a mass.

10.3. Cosmological spacetimes. Observational data suggests that on very large
scales our universe is, to a very good approximation, spatially homogeneous and
isotropic. The most general such metric is the FLRW (Friedmann—Lemaitre—
Robertson—Walker) metric

sinr
g = —dt* + a*(t)(dr® + S%(r)d?), S(ry=4qr
sinh r

the three options corresponding to a spatially spherical, flat, and hyperbolic uni-
verse, respectively. We see that this metric has only one parameter a(t), depending
on a single variable. Plugging this into Einstein equations (with a suitable choice
of matter content and A) we obtain the Friedmann equations for the parameter a
and the matter parameters.

11. GRAVITATIONAL WAVES

Let us now look at perturbation of the flat Minkowski metric. Starting with the
Minkowski spacetime Ml = M3 1, we perturb the metric to

Guv = My + P
with h,, very small.
Ezxercise. Show that the Ricci tensor takes the form
R, = _%apaphw - %auavhpp + ava(uhau) + O<h2)v

where the indices are raised/lowered using the flat constant metric 7. o
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Now note that after a change of coordinates the metric stays physically the same
but we can get a different expression for h,,. If the infinitesimal diffeomorphism
which performs this change of coordinates is given by a vector field &, we should
therefore consider the equivalence

h~h+elen, ie. hyy ~ by + 258(N§,,).
Using this freedom, we can “fix a (harmonic/Lorenz) gauge”
O, = 20,07,

i.e. in each class of physically equivalent metric perturbations we choose a repre-
sentative h satisfying this condition.

Ezercise. Show that, after imposing the harmonic gauge condition, the vacuum (i.e.
A =T = 0) Einstein equations R, = 0 reduce (up to O(h?)) to

0°9phy = 0,

which we recognise as the wave equation. o
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