
DIFFERENTIAL GEOMETRY IN 1, 2, 3 AND MORE DIMENSIONS

OLGA CHEKERES

1. Metric tensor

First step into the space-time: generalize scalar product to smooth manifolds.

Exercise 1. Show that tensors transform as tensors. Do it for tensors of rank 0, (0,1), (1,0),
(2,0), (0,2), (1,1) and (m,n).

Exercise 2. Consider S2 embedded in pR3, δq by the inclusion map

f : pθ, ϕq ÞÑ psin θ cosϕ, sin θ sinϕ, cos θq.

Find the induced metric on S2.
The answer: gµνdx

µ b dxν “ dθ b dθ ` sin2 θdϕ b dϕ.

Exercise 3. Let pM, gM q and pN, gN q be Riemannian manifolds of dimension 2.
Let gM be defined by

ds2 “ p1 ` u2qdu2 ` p1 ` 4v2qdv2 ` 2p2v ´ uqdudv

and gN by

ds2 “ p1 ` u2qdu2 ` p1 ` 2v2qdv2 ` 2p2v ´ uqdudv.

One of them is flat, another one is curved. Find out, which is which.

2. Connection

Connection connects. Connection parallel transports.
Connection covariantly differentiates.

Exercise 4. Show that for covariant derivative of covector fields one finds

∇Xpαqν “ XµBµαν ´ XµΓλ
µνα

λ.

Generalize this result to arbitrary p2, 0q, p1, 1q, p0, 2q tensor fields.

Exercise 5. Show that connection coefficients are (in general) not tensors.
Hint: in the transformation formula, recover an extra term of the form:

B2xν

ByαByβ
Byγ

Bxν

Note that under affine and linear coordinate transformations the connection coefficients do
behave as tensors.

Exercise 6. Verify that the transformation rule for Γγ
αβ makes ∇XY a vector (independently

of the chosen coordinate system), if Y is a vector:

X̃αpB̃αỸ
γ ` Γ̃γ

αβỸ
βqfγ “ XλpBλY

ν ` Γν
λµY

µqeν
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Exercise 7. Show that for a connection compatible with a metric the operations of lowering
and raising indeces commute with covariant derivatives.

Exercise 8. Show that a connection is compatible with a metric if and only if for any triple of
vector fields η, ξ1, ξ2,

Bηgpξ1, ξ2q “ gp∇ηξ1, ξ2q ` gpξ1,∇ηξ2q

3. Various guises of curvature

Where dimension may make a difference.

Exercise 9. For the curvature tensor of a symmetric connection compatible with a metric
deduce the following Bianchi identity:

∇mRn
ikl ` ∇lR

n
imk ` ∇mRn

ilm “ 0

Exercise 10. From the previous exercise deduce the following property of the divergence of the
Ricci tensor:

∇lR
l
m “

1

2

BR

Bxm

Exercise 11. Show that for 2-dimensional surfaces embedded in 3-dimensional Euclidean space
scalar curvature is equal to twice the Gaussian curvature.

Exercise 12. Quantize gravity.
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