Supergeometry - Oddities of the Square
Take-Home Exercise

Part 1

In this part of the exercise sheet we want to derive the Chevalley-FEilenberg
differential of a Lie algebra from super geometry.
Let G be a Lie group and consider its odd tangent space

n7rG = R = G). (1)

Let
R;:G—G , hw—hg (2)

be the operation of right multiplication on G (which is a smooth map because
G is a Lie group). We define the (right) Maurer-Cartan form by the map

eg = (Rg_l)*: TgG — ng—lG = TeG =9 (3)

Notice that 8 can be seen as a g-valued 1-form on G, i.e. as an element of

0l(G.g)

Exercise 1.

1. Assume G is a matrix group. Show that (R,-1). = gh
2. Show that df = 1[0, 0],
3. Argue that TG =G x g
Recall that a map z°(f): R — G is locally of the form
'+ 0y, (4)
where 2’ is a local coordinate in G and ' € IIT,G. Let
¢ = 0%() = 0%" € Tlg. (5)

(Here the superscript denotes the component in g.)



Exercise 2. Recall that d = 1°9;. Show that

1 1

dc®* = 3 actch = 5[6, cl®. (6)
This exercise shows that d acting on
C(IITG) = Q*(G) (7)
can be represented by
1 . 0
d=dcp = 5[0’ 4 Hea (8)
acting on '
Cop =Ag" :A'[cl,...,cdlmg] (9)
The complex
(Cep,dor) (10)

is called the Chevalley-FEilenberg complex and its cohomology computes the
cohomology of g.

Part 11

This part of the exercise sheet is about integration over odd variables.
The idea is to define the integral in analogy to usual integration, namely by
a linear, translational invariant map which sends total derivatives to zero.

Definition 1. Let V = V;®V; be a super vector space with even coordinates
2 and odd coordinates 6. The left derivative with respect to 6 are defined
on monomials in 67 by
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97 = § 11
6019 0 (11)
and is extended to C*°(V') as a (super)derivation, i.e.
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Analogously, the right derivative with respect to §° are defined on monomials
in 67 by

e
) A
VR ¥ 13
f 06 0 (13)
and is extended to C*°(V') as a (super)derivation, i.e.
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Definition 2. Let V be an ordinary vector space of dimension n. The
Grassmann/Berezin integral

/ doy ..., (=): C(IV) - R (15)
v
over IV, with coordinates 6 is defined by the relations

/del...dma"...éi...el—o : /del...denen...91—1 (16)
v 150%

where ' means omission of the i-th factor #°.

Exercise 3 (Gaussian/Berezinian integration). Let V' be a one-dimensional
vector space and ITV the super vector space with odd coordinate 6. Verify
the following

a) Linearity

/ af(8) + g(6)d6 = a f(e)d9+/ 4(8)d6.
110%

v v

b) Translation invariance

fO+0) =

F(0)do.
v v

c¢) Total derivatives are mapped to zero

F10) 9
/HV S = [ o) =o.

d
d) Let 6 = J¢, 0,¢, J € R odd, then df = %.

¢) Let ¢ = J'¢, then df' ... do" = ="

Hint 1: Any function f € C*°(IIV) is of the form f(0) = fo + f16.

Hint to (e): Express fi._, as a Grassmann-Berezin integral once over 6" and
once over &".



Part 111

In this part we want to derive the action functional for N = 1 quantum
mechanics.

Exercise 4 (N = 1 superalgebra). Consider R'' with even coordinate t
and odd coordinate 0. The space R has actually the structure of a super
group with multiplication defined by

(t,0)(t',0)=(t+t +00,0+6) (17)
a) Show that left multiplication inside R is generated by the vector field

Q = 0y + 00; (18)

b) Show that right multiplication inside R! is generated by the vector field
D = 0y — 00, (19)

c¢) Verify the commutation relations

[D,D] =-20, , [@Q=20 , [D,Q=0 (20)

Exercise 5 (Supersymmetry Transformations). We will assume that @, will
generate the supersymmetry. Let

B(t,0) = 2(t) + 0u(t) (21)

be a super field, i.e. a function on R,
Compute the supersymmetry transformations

5.0 = eQ(0(t,0)) (22)
component-wise.

Exercise 6. Consider the action functional

S[e] = —1/dt/ df 6,, O DP” = —1/dt/ o (b, D®)  (23)
2 R ROI1 2 R ROIL

1. Show that

1 1

siel =5 [ dt (a3 +vmir) = 5 [a ol + b))

2. Show that the model is supersymmetric, i.e.

0cS[z,¥] =0 (25)

3. Show (25) directly from (23)



Part IV

We now want to study the construction of N = 2 quantum mechanics based
on the ideas of the previous exercises.

Exercise 7 (N = 2 Superalgebra). Consider R'? with coordinates (t, 6, 0)
and the super group multiplication

(t,0,0)(t',0',0)=(t+t +00 +00,0+6,0+0) (26)
a) Show that left multiplication inside R'? is generated by the vector fields

Q=89+§8t , Qzag-i-eat (27)

b) Show that right multiplication inside R'? is generated by the vector fields
D=0y—00, , D=0;—00 (28)
c¢) Verify the commutation relations
[D,D] = =20, , [Q,Q]=20 (29)
and show that all other commutators are zero.

Exercise 8 (Supersymmetry Transformations). As in the lecture, @, Q will
generate the supersymmetry. Let

O(t,0,0) = z(t) + 0(t) + 0p(t) + 00F (30)

be a super field, i.e. a function on R!I2.
Compute the supersymmetry transformations

5.0 =eQ® , 6:D=:QP (31)
component-wise.

Exercise 9. Consider the action
S[®] = / dt / dodo 15,ch1>“D<1>'/ (32)
R ROI2 2
1. Show that
1,. - 1
st = [ ae (el - @.00) + J101) @)
R
2. Show that S[®] is supersymmetric, i.e.
0:S[®] = 6=5[®] =0 (34)

3. Show that (34) directly from (32).



