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<latexit sha1_base64="C0JytxXjWrpZIQ8pJxjorXo4OM0="></latexit>

Thermodynamic
entropy of remaining

black hole

<latexit sha1_base64="Uvpq6T0XPtrl2eU4vSozQ4QX49Q=">AAACJnicdZDLTgJBEEV7fCK+Rly66UhMXBgyg0RhR3TjEhN5JDAhNU2BHeaV7h4iIfyKW/kad8a480dM7BkgUYO1uqlbt7vquJHHpbKsD2NtfWNzazuzk93d2z84NI9yDRnGgmGdhV4oWi5I9HiAdcWVh61IIPiuh013eJv4zREKycPgQY0jdHwYBLzPGSjd6pq5DsNAoaA1GCBlsRhh18xbBatSti4rdC5KxaWwqF2w0sqTRdW65lenF7LY1w8xD6RsQymCCMWFbUfKmbhhOJxmO7HECNhQf9PWMgAfpTNJD5jSs1iCCqnOUO7RtIk/ExPwpRz7rp70QT3Kv17SXOm5AoaoVlntWPXLzoQHUawwYMkOinuY7iCZ4Boa0h4XqBQklyHlAWUgQGlanAJLuMWaYlbzWkKh/4tGsWBfFUr3xXz1ZkEuQ07IKTknNrkmVXJHaqROGHkiz+SFzIyZ8Wq8Ge/z0TVjkTkmv8r4/AZ4UaWm</latexit>

Page curve

<latexit sha1_base64="Adi5QHrWo7X8TSJrV6x16LjHxow="></latexit>

D. N. Page, Phys. Rev. Lett. 71, 3743 (1993)



What are the implications of unitarity to symmetries in the 
evaporating black holes? 

<latexit sha1_base64="59/zRt4vJnYyphxk9DVnF+F7ez0="></latexit>

No global symmetries in evaporating black holes.

<latexit sha1_base64="HUCnJYFdzTq/6DnkFfhky4bUES0="></latexit>

C. Misner, J. Wheeler, Ann. Phys. 2, 525 (1957).
T. Banks, L. Dixon, Nucl. Phys. B 307, 93 (1988).
R. Kallos, L. Susskind, Phys. Rev. D 52, 912 (1995).
T. Banks, N. Seiberg, Phys. Rev. D 83, 084019 (2011).
D. Harlow and H. Ooguri, Phys. Rev. Lett. 122, 191601 (2019).
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AdS-CFT



What are the implications of unitarity to symmetries in the 
evaporating black holes? 

<latexit sha1_base64="59/zRt4vJnYyphxk9DVnF+F7ez0="></latexit>

No global symmetries in evaporating black holes.

<latexit sha1_base64="Od5JsUX0TI4kCB5djCmTZixtLV8="></latexit>

Goal of this talk: How a broken global U(1) symmetry evolves during

the black hole evaporation, modelled by random pure states.

<latexit sha1_base64="HUCnJYFdzTq/6DnkFfhky4bUES0="></latexit>

C. Misner, J. Wheeler, Ann. Phys. 2, 525 (1957).
T. Banks, L. Dixon, Nucl. Phys. B 307, 93 (1988).
R. Kallos, L. Susskind, Phys. Rev. D 52, 912 (1995).
T. Banks, N. Seiberg, Phys. Rev. D 83, 084019 (2011).
D. Harlow and H. Ooguri, Phys. Rev. Lett. 122, 191601 (2019).

Long history 

AdS-CFT



Outline:

<latexit sha1_base64="DIVIhYUZl40dSDJU3DSS/xkGsQg="></latexit>

Entanglement entropy and the computation by Page

<latexit sha1_base64="NkVnY27GeMrHbINDlFKCYrSatsw="></latexit>

How to quantify the symmetry breaking in a subsystem:

technical details and physical interpretation

<latexit sha1_base64="Hd/S4ObY7dBhdK3dRWwpGa7mjbY="></latexit>

Conclusions & outlook



Outline:

<latexit sha1_base64="DIVIhYUZl40dSDJU3DSS/xkGsQg="></latexit>

Entanglement entropy and the computation by Page

<latexit sha1_base64="NkVnY27GeMrHbINDlFKCYrSatsw="></latexit>

How to quantify the symmetry breaking in a subsystem:

technical details and physical interpretation

<latexit sha1_base64="Hd/S4ObY7dBhdK3dRWwpGa7mjbY="></latexit>

Conclusions & outlook



How to quantify entanglement

A

B

H = HA ⌦HB , ⇢ = | i h |

| i

⇢A = TrB⇢

A B

<latexit sha1_base64="MxI8ww3HrI/cgWR+ia5MMtb/Wfo=">AAACHnicdVC5TgMxEPVyE64AJY1FhESBol2IODqOhhIkAkghQrNmEqx47ZU9C4qifAE/wS/QQk+HaKHlS/CGIHFO9fQOj+fFqZKOwvA1GBgcGh4ZHRsvTExOTc8UZ+eOncmswKowytjTGBwqqbFKkhSephYhiRWexK29XD+5Quuk0UfUTrGeQFPLhhRAnjovLu3wBMFlFrlpcLpEjppANxUmHvAY6RrR+0phOdzaDNe2+G8QlcPelFh/Ds6Lb2cXRmT5G0KBczWopJCiXYmilOqd2JhWt3CWOUxBtKCJNQ81JOjqnd5NXb6UOSDDfYZLxXskfk10IHGuncTemQBdup9aTv6l1TJqbNY7UqcZoRb5IpIKe4ucsNKXhfxCWiSC/PvIpeYCLBChlRyE8GTm2yv4Uj4v5/+D49VytF6uHK6Wtnf79YyxBbbIllnENtg222cHrMoEu2F37J49BLfBY/AUPH9YB4J+Zp59m+DlHeu1opQ=</latexit>

A measure of the entanglement between
<latexit sha1_base64="HHLSsBPqD+7EbAgOWURIbqUuHqk=">AAAB+nicdVC7TsNAEDyHVwivACXNiQiJAlk2RJB0ETSUQZCHlFjR+rIJp9hn6+6MFIV8Ai30dIiWn6HlSzibIPGcajSzo90dPw640o7zauXm5hcWl/LLhZXVtfWN4uZWU0WJZNhgURDJtg8KAy6wobkOsB1LhNAPsOWPzlK/dYNS8Uhc6XGMXghDwQecgTbSJYh+r1hybKdacY6q9DdxbSdDicxQ7xXfuv2IJSEKzQJQqgPlGGKUB64ba2/iR9FoWugmCmNgIxhix1ABISpvkt07pXuJAh1Rk6E8oJmIXxMTCJUah76ZDEFfq59eKv7ldRI9qHgTLuJEo2DpIs0DzBYpJrkpAmmfS9Qa0vORckEZSNAaJafAmBET00zBlPL5Of2fNA9t99guXxyWaqezevJkh+ySfeKSE1Ij56ROGoSRIbkj9+TBurUerSfr+WM0Z80y2+QbrJd3oqaUbQ==</latexit>

and
<latexit sha1_base64="SbnTZ5Re3o2EQNfU2J8zN/rk8Ec=">AAACE3icdVDLSgNBEJz1GeMr6k0vg0HwIGE3BjU30YsnUTAqxBB6x1aH7M4MM72BEAR/wl/wqndv4tUP8OqXOIkRfNapqOqiuys2iXQUhq/B0PDI6Nh4biI/OTU9M1uYmz92OrMCa0In2p7G4DCRCmskKcFTYxHSOMGTuLXb80/aaJ3U6og6BhspXCp5IQWQl5qFRek4XSFva8X3MUtBKY6KrDadZqEYlsLqVrhe5b9JVAr7KLIBDpqFt7NzLbLU50UCztWhYsCgXYsiQ41urHXrOn+WOTQgWnCJdU8VpOga3f4j13wlc0Ca+wyXCe+L+DXRhdS5Thr7yRToyv30euJfXj2ji61GVyqTESrRW0Qywf4iJ6z0DSE/lxaJoHc+cqm4AAtEaCUHIbyY+cryvpTPz/n/5LhcijZKlcNycXtnUE+OLbFltsoitsm22R47YDUm2A27Y/fsIbgNHoOn4PljdCgYZBbYNwQv74PYniQ=</latexit>

is the von Neumann entropy
<latexit sha1_base64="zXKAklAm+gv0YKR374AVmd7dRv4="></latexit>

SA = �Tr(⇢A log ⇢A)

<latexit sha1_base64="5lo24TMiUfcQYO18Dv8VR9BRD4M="></latexit>

S(n)
A =

1

1� n
log Tr⇢nA

<latexit sha1_base64="r5wP8qalCHkdSjh938eLFuAK4oA=">AAACC3icdVC7TgMxEPSFVwivACWNRYSgQNFdQECoEDSUgAggJadoz9kEK3e2ZfsQUcQn8Au00NMhWj6Cli/BOYLEc6rRzI7XO5GKubG+/+rlRkbHxifyk4Wp6ZnZueL8wpmRqWZYYzKW+iICgzEXWLPcxnihNEISxXgedQ8G/vkVasOlOLU9hWECHcHbnIF1UrO4cNJYRdHjFIXVUnE0u81iyS/71R1/o0p/k6DsZyiRIY6axbdGS7I0cU+wGIypw6YChXo9CJQN+5GU3ZtCIzWogHWhg3VHBSRown52wA1dSQ1YSV2G8phmIn5N9CExppdEbjIBe2l+egPxL6+e2vZO2OdCpRYFGyyyPMZskWGau2aQtrhGa2HwfaRcUAYarEXNKTDmxNRVVXClfF5O/ydnlXKwVd48rpT29of15MkSWSZrJCDbZI8ckiNSI4xckztyTx68W+/Re/KeP0Zz3jCzSL7Be3kHPIyavg==</latexit>

Rényi entropies:

<latexit sha1_base64="6AmMmT29ocqKTW0QTrcSjx0uGdc="></latexit>

A replica approach

<latexit sha1_base64="uRdBWRniSTSnyUiOwc/yhgwb05w="></latexit>

Analytic continuation in n and limit n ! 1 gives SA



How to quantify entanglement

H = HA ⌦HB , ⇢ = | i h | ⇢A = TrB⇢

<latexit sha1_base64="qWEK0nQD1x3Z02SxVqnKi4KfV10="></latexit>

Fraction of radiated volume plays the role of time

A

B| i
<latexit sha1_base64="nciRuy5OBo8WYptgBy7SEuIESM4="></latexit>

B=black
hole

<latexit sha1_base64="yu5uqTzuQyfvSY5fXbzRelCoKHY="></latexit>

d`A

<latexit sha1_base64="ClG+PzqW48z37kXc9fVWImPeGC8=">AAACKHicdZDJSgNBEIZ74h63uNy8NCaCBwkzMbjcJF48KpgFMjHUdCqxSc9Cd48Qh7yLV/M03sSr7yHYM0ZQiXX6qb/+ourzIsGVtu03Kzc3v7C4tLySX11b39gsbG03VBhLhnUWilC2PFAoeIB1zbXAViQRfE9g0xtepn7zAaXiYXCrRxF2fBgEvM8ZaNPqFnZdhoFGSUu9u8RFIbq1calbKNpl+/zMPj6nX6Ja+RY2dcp2VkUyretu4cPthSz2zSomQKk2VCOIUB45TqQ7iReGw3HejRVGwIYwwLaRAfioOkn2wpgexAp0SE2GckGzJv5MJOArNfI9M+mDvld/vbQ50/MkDFHPstqx7p91Eh5EscaApTdoLjC7QTHJDTakPS5Ra0g/Q8oDykCCNrw4BZaSiw3HvOH1DYX+LxqVsnNSrt5Uihe1Kbllskf2ySFxyCm5IFfkmtQJI4/kiTyTiTWxXqxX6+1rNGdNMzvkV1nvn53cpjQ=</latexit>

d`B

<latexit sha1_base64="1FEqCicy1XBoiOOtjJyp3JD1rHM="></latexit>

dL = d`A+`B



Warm-up: The Page curve
<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A



Warm-up: The Page curve

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="XYKw2ouB0VTGQii0vf0xMxV8RTg="></latexit>

Goal: E[Tr⇢2A] = h�+|E[U⌦2 ⌦ (U⇤)⌦2] |0i⌦4

<latexit sha1_base64="ZZDHd8OGHB0wBuir7O8kioi7O+w="></latexit>

|�+i =
N

k2A |�ik
N

k2B |+ik

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A

<latexit sha1_base64="ohVq72KEjiPG3pYptF4eps+gH3Y="></latexit>

|+ik =
d�1X

a1,a2=0

(|a1ik ⌦ |a1ik)(|a2ik ⌦ |a2ik)
<latexit sha1_base64="lmH1QLhP2VFSk0r9/lcdSH/e74E="></latexit>

|�ik =
d�1X

a1,a2=0

(|a1ik ⌦ |a2ik)(|a2ik ⌦ |a1ik)



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="ZZDHd8OGHB0wBuir7O8kioi7O+w="></latexit>

|�+i =
N

k2A |�ik
N

k2B |+ik

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="XYKw2ouB0VTGQii0vf0xMxV8RTg="></latexit>

Goal: E[Tr⇢2A] = h�+|E[U⌦2 ⌦ (U⇤)⌦2] |0i⌦4

<latexit sha1_base64="RR5DMWCtC8/fvOIOywswWD9yahc="></latexit>

Weingarten formula

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A

<latexit sha1_base64="ohVq72KEjiPG3pYptF4eps+gH3Y="></latexit>

|+ik =
d�1X

a1,a2=0

(|a1ik ⌦ |a1ik)(|a2ik ⌦ |a2ik)
<latexit sha1_base64="lmH1QLhP2VFSk0r9/lcdSH/e74E="></latexit>

|�ik =
d�1X

a1,a2=0

(|a1ik ⌦ |a2ik)(|a2ik ⌦ |a1ik)

<latexit sha1_base64="YvQ2V86LXpNrSBQMlodrzurxxiA="></latexit>

D. Weingarten, J. Math. Phys. 19, 999 (1978).

<latexit sha1_base64="OSp7PDlgmkCGzpnS/9szKXNghNs="></latexit>

E[U⌦2 ⌦ (U⇤)⌦2] = 1
d2L�1

[|++i h++|+ |��i h��|
� 1

dL
(|++i h��|+ |��i h++|)

⇤



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="XYKw2ouB0VTGQii0vf0xMxV8RTg="></latexit>

Goal: E[Tr⇢2A] = h�+|E[U⌦2 ⌦ (U⇤)⌦2] |0i⌦4

<latexit sha1_base64="y3ugkt2X6iqw55fKTGLl4GUM3mI="></latexit>

j h±|±ik = d2�jk

<latexit sha1_base64="szqCneOdvF3/ZzUSB+EU3cfVLmM="></latexit>

j h⌥|±ik = d�jk

<latexit sha1_base64="oRXZlOpcHZjkJeAgGhK+HcYJSJ8="></latexit>

j h±|0ik = �jk

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A

<latexit sha1_base64="OSp7PDlgmkCGzpnS/9szKXNghNs="></latexit>

E[U⌦2 ⌦ (U⇤)⌦2] = 1
d2L�1

[|++i h++|+ |��i h��|
� 1

dL
(|++i h��|+ |��i h++|)

⇤
<latexit sha1_base64="RR5DMWCtC8/fvOIOywswWD9yahc="></latexit>

Weingarten formula



Warm-up: The Page curve

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="tq4OJMrgYVoBKfKpsft/Bwn9CTg=">AAACS3icdZDPSsNAEMY31Wqt/6oevSxWoYKUpBZrb0UvHhVMFZq0TLZjXZp/7G4ECXkUn8arfQCfw5souKkVVHQu+zHfDDvfz4t9LpVpPhuFufniwmJpqby8srq2XtnY7MooEQxtFvmRuPZAos9DtBVXPl7HAiHwfLzyxqe5f3WHQvIovFT3MboBjEJ+wxko3RpUWg7DUKGguz0nAHUrgvRSZIOTmu2MUaVm5ngC9GP3U2cIox GKbN/tN3YHlapZN9vH5mGbfopm40uY1Kqb06qSWZ0PKu/OMGJJoH9jPkjZg2YMMYoDy4qVm3pRNM7KTiIxBjaGEfa0DCFA6abTlBndSySoiOodyn06beL3jRQCKe8DT0/mSeRvL2/+6emEOutfVi9RN8duysM4URiy/AbFfZzeIJngmizSIReoFOTJkPKQMhCgNFJOgeVwE426rHl9QaH/i26jbh3VmxeNaudkRq5EtskOqRGLtEiHnJFzYhNGHsgjeSITY2K8GK/G2+dowZjtbJEfVSh+ANrMs8M=</latexit>

[TrB(U |0i h0|U †)]2

<latexit sha1_base64="gq6XB7FST3/LOsOg3BadzRMA65U=">AAACWHicdZDbSsNAEIan8dBaT1UvvVmsgoKUpBa1d54uvFQwKjSxTLZjXZoTuxtBQl7Ip/FW30VwUyuo6Nzsv/PvsPN/QRoKpW37tWJNTc/MVmtz9fmFxaXlxsrqtUoyycnlSZjI2wAVhSImVwsd0m0qCaMgpJtgdFr6N48klUjiK/2Ukh/hMBb3gqM2rX7jzOMUa5Js04tQP8gov5JF/7j3/Xay7Xoj0rldeIFEc7h3uTfA4Z BksePftTf7jabdsruH9l6XfYpO+0vYzGnZ42rCpC76jXdvkPAsMl/zEJXqYSfFlOSu46Taz4MkGRV1L1OUIh/hkHpGxhiR8vNx5IJtZQp1wswMEyEbN+n7RI6RUk9RYF6WSdRvr2z+6ZmEJutfVi/T94d+LuI00xTzcgctQhrvoLgUBjOxgZCkNZbJiImYcZSoDV/BkJekM8O9bnh9QWH/i+t2y9lvdS7bzaOTCbkarMMGbIMDB3AE53ABLnB4hhd4hbfKmwVW1Zr7fGpVJjNr8KOs1Q9zDbaL</latexit>

TrA[TrB(U |0i h0|U †)]2

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="tTZ8FO7FTRXyuWMBLUfKwe9ptgA="></latexit>

E[Tr⇢2A] =
2`A + 2`B

2`A+`B + 1

<latexit sha1_base64="wyF5U5DjlEnC4HrIdr4KcrQDiwI=">AAACH3icdZBJSwNBEIV74hbjFvXopTERPEiYGYMmByHoxWMEs0AyhJpOJTaZze4eIYT8Dq/m13gTr/kxgj1ZQCW+0+O9qqb6cyOPS2WaUyO1tr6xuZXezuzs7u0fZA+P6jKMBcMaC71QNF2Q6PEAa4orD5uRQPBdDxvu4C7pGy8oJA+DRzWM0PGhH/AeZ6B05LQZBgoFzXdv7HwnmzMLZrlkXpbp3BTtpTGpVTBnypGFqp3sV7 sbstjXbzAPpGxBMYIIxYVlRcoZuWE4GGfascQI2AD62NI2AB+lM5pdPqZnsQQVUr1DuUdnIf7cGIEv5dB39aQP6kn+7ZJwZecKGKBaVbVi1Ss5Ix5EscKAJTco7uHsBskE17SQdrlApSD5GVIeUAYClAbFKbAEWazxZTSvJRT6v6nbBeuqUHywc5XbBbk0OSGn5JxY5JpUyD2pkhph5Jm8kjcyMSbGu/FhfM5HU8Zi55j8kjH9Bq07opw=</latexit>

d = 2

<latexit sha1_base64="mCAJaCSPOy8bjCtWvTics1D2BYA="></latexit>

2`A
<latexit sha1_base64="PcR1J/YQMmrJGmEnckJSiUlJyjM="></latexit>

2`B
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<latexit sha1_base64="ZnUxF8gkE2+StbxyIIpJr6noBZs="></latexit>

Assumption: E[log Tr(⇢2A)] ' logE[Tr(⇢2A)]

<latexit sha1_base64="Bv6k5/YxtPf0XDfReV6wibyQt9U="></latexit>

E[�S(2)
A ] = �E[log Tr⇢2A] ' � log

2`B + 2`A

2`A+`B + 1



Outline:

<latexit sha1_base64="DIVIhYUZl40dSDJU3DSS/xkGsQg="></latexit>

Entanglement entropy and the computation by Page

<latexit sha1_base64="NkVnY27GeMrHbINDlFKCYrSatsw="></latexit>

How to quantify the symmetry breaking in a subsystem:

technical details and physical interpretation

<latexit sha1_base64="Hd/S4ObY7dBhdK3dRWwpGa7mjbY="></latexit>

Conclusions & outlook



<latexit sha1_base64="9xYhQfF8LC58SBO7LkKiCoLHLQc=">AAACH3icdVDLSgNBEJyN7/iKevQyGAUPEnZj0OQg+Lh4VDCJkCyhd2zNkN2ddaZXCEu+w6t+jTfx6scITmIEA7FORVUXVFeQhNKQ6346uZnZufmFxaX88srq2nphY7NhVKoF1oUKlb4NwGAoY6yTpBBvE40QBSE2g97F0G8+oTZSxTfUT9CP4CGW91IAWcnfbeuu6mRnB9eDk91OoeiW3FrVPazxH1Ip/xKXeyV3hCIb46pT+GrfKZFGGJMIwZgWVBJIUB94XkJ+FijVG+TbqcEERA8esGVpDBEaPxs1H/C91AApbjNchnwk4t9EBpEx/SiwlxFQ10x4gYYe0lTLxobiNK+V0n3Vz2ScpISxGHYgGeKogxFa2rWQ30mNRDD8DLmMuQANRKglByGsmNr58nav31H4/6RRLnlHpcp1uXh6Pl5ukW2zHbbPPHbMTtklu2J1Jtgje2Yv7NV5dd6cd+fj5zTnjDNbbALO5zfriqLD</latexit>⇢A,Q =
<latexit sha1_base64="If3F1XtzO+tkyxiLPzraCkHFCI4=">AAACCHicdVC7TsMwFHV4lvIqMLJYFCQGFCWotHSrYGEsEi1IbRXduBewmtjBdpBQ1R/gF1hhZ0Os/AUrX4KTFgkQnOnonHt8r0+YRFwbz3t3pqZnZufmCwvFxaXlldXS2npby1QxbDEZSXURgsaIC2wZbiK8SBRCHEZ4Hg6OM//8FpXmUpyZuwR7MVwJfskZGCsFpdWukFz0URi6fRP420Gp7Ll1z68f1OiYHFYmpFqnvuvlKJMJmkHpo9uXLI3tCywCrTtQSSBBtef7iekNQykHo2I31ZgAG8AVdiwVEKPuDfPrR3Qn1WAktRnKI5qL+D0xhFjruzi0kzGYa/3by8S/vE5qLg97Qy6S1KBg2SLDI8wXaaa4rQVpnys0BrLzkXJBGSgwBhWnwJgVU9tT0Zby9XP6P2nvu37VrZzulxtHk3oKZJNskV3ikxppkBPSJC3CSEoeyCN5cu6dZ+fFeR2PTjmTzAb5AeftE0YUmRA=</latexit>q1

<latexit sha1_base64="2beFGxvdqJ9pnJqRKktJ2MFnGaM=">AAACCHicdVC7TgJBFJ3FNz5YtbSZCCYWhuwSVOiMNpaaCJgAIXeHK07YnVlnZk0I8Qf8BVvt7Yytf2Hrlzi7YKJGT3Vyzj1z75wgDrk2nvfu5GZm5+YXFpfyyyurawV3faOpZaIYNpgMpboMQGPIBTYMNyFexgohCkJsBcOT1G/dotJcigszirEbwUDwK87AWKnnFjpCctFHYWjpplcp9dyiV657fn3/kE5IrTolB3Xql70MRTLFWc/96PQlSyL7AgtB6zZUY4hR7fl+bLrjQMrhXb6TaIyBDWGAbUsFRKi74+z6O7qTaDCS2gzlIc1E/J4YQ6T1KArsZATmWv/2UvEvr52Yq1p3zEWcGBQsXWR4iNkizRS3tSDtc4XGQHo+Ui4oAwXGoOIUGLNiYnvK21K+fk7/J81K2T8oV88rxaPjaT2LZItsk13ik0NyRE7JGWkQRhLyQB7Jk3PvPDsvzutkNOdMM5vkB5y3T0epmRE=</latexit>q2

<latexit sha1_base64="TFuLHKFNpwH8a+/CbnHl+cFDFr4=">AAACCHicdVC7TgMxEPSFd3gdUNJYJEgUKLoLgSQdgoYSJBKQkijac5Zg5c4+bB9SFOUH+AVa6OkQLX9By5fgO4IECKYazex41xPEIdfG896c3NT0zOzc/EJ+cWl5ZdVdW29qmSiGDSZDqS4D0BhygQ3DTYiXsUKIghAvgsFx6l/cotJcinMzjLETQV/wK87AWKnrrraF5KKHwtDiTXev2HULXqnu+fX9Kv0ktcqEHNSpX/IyFMgEp133vd2TLInsCywErVtQiSFGtev7semMAikH43w70RgDG0AfW5YKiFB3Rtn1Y7qdaDCS2gzlIc1E/J4YQaT1MArsZATmWv/2UvEvr5WYq1pnxEWcGBQsXWR4iNkizRS3tSDtcYXGQHo+Ui4oAwXGoOIUGLNiYnvK21K+fk7/J81yyT8oVc7KhcOjST3zZJNskR3ikyo5JCfklDQIIwm5Jw/k0blznpxn5+VzNOdMMhvkB5zXD0k+mRI=</latexit>q3

<latexit sha1_base64="tfnOlPQ8ix/txtbRnS8wuU5HfFA=">AAACCHicdVC7TgJBFJ31ifgAtbSZCCYWhuwS5NERbSwxkUcChNwdLjphd2admTUhhB/wF2y1tzO2/oWtX+LwMFGjpzo55565d44fBVwb1313lpZXVtfWExvJza3tnVR6d6+hZawY1pkMpGr5oDHgAuuGmwBbkUII/QCb/vB86jfvUGkuxZUZRdgN4VrwAWdgrNRLpzpCctFHYWj2tlfI9tIZN1dxvcppic5JubAgxQr1cu4MGbJArZf+6PQli0P7AgtA6zYUIohQnXheZLpjX8rhJNmJNUbAhnCNbUsFhKi749n1E3oUazCS2gzlAZ2J+D0xhlDrUejbyRDMjf7tTcW/vHZsBuXumIsoNijYdJHhAc4Waaa4rQVpnys0BqbnI+WCMlBgDCpOgTErxranpC3l6+f0f9LI57xirnCZz1TPFvUkyAE5JMfEIyVSJRekRuqEkZg8kEfy5Nw7z86L8zofXXIWmX3yA87bJ0rTmRM=</latexit>q4

<latexit sha1_base64="ew29H9fcK9HluJiqZ5p2w+/eNLQ=">AAACDHicdVC7SgNBFJ31GeMrmtJmMBEsJOzG4KMQojaWEUwMZJdwd3LVIbszy8ysEEJ+wV+w1d5ObP0HW7/EyQtU9FSHc+6ZO/eEScS1cd0PZ2Z2bn5hMbOUXV5ZXVvPbWw2tEwVwzqTkVTNEDRGXGDdcBNhM1EIcRjhddg9H/rX96g0l+LK9BIMYrgV/IYzMFZq5/K+kFx0UBha9NWdbJ+eFNu5gltyj4/c/WM6JpXylLjUK7kjFMgEtXbu0+9Ilsb2FRaB1i2oJJCg2vO8xAT9UMruIOunGhNgXbjFlqUCYtRBf3TBgO6kGoykNkN5REcifk/0Ida6F4d2MgZzp397Q/Evr5Wam6Ogz0WSGhRsuMjwCEeLNFPcVoO0wxUaA8PvI+WCMlBgDCpOgTErprarrC1lejn9nzTKJe+gVLksF6pnk3oyZItsk13ikUNSJRekRuqEkR55JE/k2XlwXpxX5208OuNMMnnyA877FzDwmqI=</latexit>⇢A =

What happens in a symmetric state

<latexit sha1_base64="zSwQWFsAnFpvcESckNfDSolck48="></latexit>

M. Goldstein and E. Sela, Phys. Rev. Lett. 120, 200602 (2018)

The charge is local:

Q: charge operator generating a U(1) symmetry

<latexit sha1_base64="tr87HAAOGjanp/2QEJWylfP1gK0="></latexit>

Q = QA +QB

[⇢, Q] = 0
TrB

[⇢A, QA] = 0

<latexit sha1_base64="qaeIdi/FD9HGt53mSgIxIS1czyY="></latexit>

S(n)
A (q) = 1

1�n log Tr(⇢nA(q))

Symmetry-resolved Renyi entropies



<latexit sha1_base64="If3F1XtzO+tkyxiLPzraCkHFCI4=">AAACCHicdVC7TsMwFHV4lvIqMLJYFCQGFCWotHSrYGEsEi1IbRXduBewmtjBdpBQ1R/gF1hhZ0Os/AUrX4KTFgkQnOnonHt8r0+YRFwbz3t3pqZnZufmCwvFxaXlldXS2npby1QxbDEZSXURgsaIC2wZbiK8SBRCHEZ4Hg6OM//8FpXmUpyZuwR7MVwJfskZGCsFpdWukFz0URi6fRP420Gp7Ll1z68f1OiYHFYmpFqnvuvlKJMJmkHpo9uXLI3tCywCrTtQSSBBtef7iekNQykHo2I31ZgAG8AVdiwVEKPuDfPrR3Qn1WAktRnKI5qL+D0xhFjruzi0kzGYa/3by8S/vE5qLg97Qy6S1KBg2SLDI8wXaaa4rQVpnys0BrLzkXJBGSgwBhWnwJgVU9tT0Zby9XP6P2nvu37VrZzulxtHk3oKZJNskV3ikxppkBPSJC3CSEoeyCN5cu6dZ+fFeR2PTjmTzAb5AeftE0YUmRA=</latexit>q1

<latexit sha1_base64="2beFGxvdqJ9pnJqRKktJ2MFnGaM=">AAACCHicdVC7TgJBFJ3FNz5YtbSZCCYWhuwSVOiMNpaaCJgAIXeHK07YnVlnZk0I8Qf8BVvt7Yytf2Hrlzi7YKJGT3Vyzj1z75wgDrk2nvfu5GZm5+YXFpfyyyurawV3faOpZaIYNpgMpboMQGPIBTYMNyFexgohCkJsBcOT1G/dotJcigszirEbwUDwK87AWKnnFjpCctFHYWjpplcp9dyiV657fn3/kE5IrTolB3Xql70MRTLFWc/96PQlSyL7AgtB6zZUY4hR7fl+bLrjQMrhXb6TaIyBDWGAbUsFRKi74+z6O7qTaDCS2gzlIc1E/J4YQ6T1KArsZATmWv/2UvEvr52Yq1p3zEWcGBQsXWR4iNkizRS3tSDtc4XGQHo+Ui4oAwXGoOIUGLNiYnvK21K+fk7/J81K2T8oV88rxaPjaT2LZItsk13ik0NyRE7JGWkQRhLyQB7Jk3PvPDsvzutkNOdMM5vkB5y3T0epmRE=</latexit>q2

<latexit sha1_base64="TFuLHKFNpwH8a+/CbnHl+cFDFr4=">AAACCHicdVC7TgMxEPSFd3gdUNJYJEgUKLoLgSQdgoYSJBKQkijac5Zg5c4+bB9SFOUH+AVa6OkQLX9By5fgO4IECKYazex41xPEIdfG896c3NT0zOzc/EJ+cWl5ZdVdW29qmSiGDSZDqS4D0BhygQ3DTYiXsUKIghAvgsFx6l/cotJcinMzjLETQV/wK87AWKnrrraF5KKHwtDiTXev2HULXqnu+fX9Kv0ktcqEHNSpX/IyFMgEp133vd2TLInsCywErVtQiSFGtev7semMAikH43w70RgDG0AfW5YKiFB3Rtn1Y7qdaDCS2gzlIc1E/J4YQaT1MArsZATmWv/2UvEvr5WYq1pnxEWcGBQsXWR4iNkizRS3tSDtcYXGQHo+Ui4oAwXGoOIUGLNiYnvK21K+fk7/J81yyT8oVc7KhcOjST3zZJNskR3ikyo5JCfklDQIIwm5Jw/k0blznpxn5+VzNOdMMhvkB5zXD0k+mRI=</latexit>q3

<latexit sha1_base64="tfnOlPQ8ix/txtbRnS8wuU5HfFA=">AAACCHicdVC7TgJBFJ31ifgAtbSZCCYWhuwS5NERbSwxkUcChNwdLjphd2admTUhhB/wF2y1tzO2/oWtX+LwMFGjpzo55565d44fBVwb1313lpZXVtfWExvJza3tnVR6d6+hZawY1pkMpGr5oDHgAuuGmwBbkUII/QCb/vB86jfvUGkuxZUZRdgN4VrwAWdgrNRLpzpCctFHYWj2tlfI9tIZN1dxvcppic5JubAgxQr1cu4MGbJArZf+6PQli0P7AgtA6zYUIohQnXheZLpjX8rhJNmJNUbAhnCNbUsFhKi749n1E3oUazCS2gzlAZ2J+D0xhlDrUejbyRDMjf7tTcW/vHZsBuXumIsoNijYdJHhAc4Waaa4rQVpnys0BqbnI+WCMlBgDCpOgTErxranpC3l6+f0f9LI57xirnCZz1TPFvUkyAE5JMfEIyVSJRekRuqEkZg8kEfy5Nw7z86L8zofXXIWmX3yA87bJ0rTmRM=</latexit>q4

<latexit sha1_base64="ew29H9fcK9HluJiqZ5p2w+/eNLQ=">AAACDHicdVC7SgNBFJ31GeMrmtJmMBEsJOzG4KMQojaWEUwMZJdwd3LVIbszy8ysEEJ+wV+w1d5ObP0HW7/EyQtU9FSHc+6ZO/eEScS1cd0PZ2Z2bn5hMbOUXV5ZXVvPbWw2tEwVwzqTkVTNEDRGXGDdcBNhM1EIcRjhddg9H/rX96g0l+LK9BIMYrgV/IYzMFZq5/K+kFx0UBha9NWdbJ+eFNu5gltyj4/c/WM6JpXylLjUK7kjFMgEtXbu0+9Ilsb2FRaB1i2oJJCg2vO8xAT9UMruIOunGhNgXbjFlqUCYtRBf3TBgO6kGoykNkN5REcifk/0Ida6F4d2MgZzp397Q/Evr5Wam6Ogz0WSGhRsuMjwCEeLNFPcVoO0wxUaA8PvI+WCMlBgDCpOgTErprarrC1lejn9nzTKJe+gVLksF6pnk3oyZItsk13ikUNSJRekRuqEkR55JE/k2XlwXpxX5208OuNMMnnyA877FzDwmqI=</latexit>⇢A =

What happens in a symmetric state

<latexit sha1_base64="qaeIdi/FD9HGt53mSgIxIS1czyY="></latexit>

S(n)
A (q) = 1

1�n log Tr(⇢nA(q))

Symmetry-resolved Renyi entropies
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<latexit sha1_base64="bnbGHiqJ31P92tEcGvG4mKVjf0M=">AAACJnicdVDLSgNBEJz1bXzFePQyGAUPEndj8HETvXjwEMGokITQO2l1yOzMMtMrSvBXvJqv8SbizR8RnMQIKlqnoqqr6a44VdJRGL4GI6Nj4xOTU9O5mdm5+YX8YuHMmcwKrAmjjL2IwaGSGmskSeFFahGSWOF53Dns++c3aJ00+pTuUmwmcKXlpRRAXmrlCw1tpG6jJr7aQKU2j1db+WJYCvd2w609/kkq5S8S8qgUDlBkQ1Rb+fdG24gs8UuEAufqUEkhRbsRRSk1u7ExnftcI3OYgujAFdY91ZCga3YHD9zztcwBGe4zXCo+EPF7oguJc3dJ7CcToGv32+uLf3qxhQ7SX1Y9o8vdZlfqNCPUon8DSYWDG5yw0peGvC0tEkH/M+RScwEWiNBKDkJ4MfMt5nxfX6Xw/8lZuRRtlyon5eL+wbC5KbbMVtg6i9gO22dHrMpqTLBb9sAeWS/oBU/Bc/DyOToSDDNL7AeCtw+UUKUe</latexit>

`/L

<latexit sha1_base64="E4XHwOEeWzkx8NpvZmuK141dMUk="></latexit>

Symmetry-resolved Page curve in

Gaussian Haar random ensemble with U(1) symmetry

<latexit sha1_base64="VPpX4Sekaw39Ruhf4pWI3Iha30c="></latexit>

SM, P. Calabrese, L. Piroli, Phys. Rev. D 106, 046015 (2022).



[⇢A, QA] 6= 0

Entanglement asymmetry as a probe of symmetry breaking 

<latexit sha1_base64="svPhhipSw5kr7U2TFx9gCJ4avJM=">AAACHXicdVDLSgNBEJz1GeMr6tHLYBQ8SNiNQeNBiHrxGMGYQBJC79gmQ3Z3lpleQZZ8hlfzNd7Eq/gxgpMXKGidiqouqC4/DqQh1/105uYXFpeWMyvZ1bX1jc3c1vadUYkWWBMqULrhg8FARlgjSQE2Yo0Q+gHW/f7VyK8/ojZSRbf0FGM7hG4kH6QAslJzv6V7qpNeDM73O7m8W3DPyu7xGZ+QUnFGXO4V3DHybIpqJ/fVulciCTEiEYAxTSjFEKM+8ryY2qmvVH+QbSUGYxB96GLT0ghCNO103HvADxIDpLjNcBnwsYg/EymExjyFvr0MgXrml+dr6CP9adnYSPzLayb0UG6nMooTwkiMOpAMcNzBCC3tVsjvpUYiGH2GXEZcgAYi1JKDEFZM7HhZu9dsFP4/uSsWvJNC6aaYr1xOl8uwXbbHDpnHTlmFXbMqqzHBFHtmL2zoDJ1X5815n5zOOdPMDvsF5+Mbx1WiMg==</latexit>⇢A =



[⇢A, QA] 6= 0

Entanglement asymmetry as a probe of symmetry breaking 

<latexit sha1_base64="mSxFNqoL0JK2gmLZLlUHAcIdPcY="></latexit>

F. Ares, S. M., P. Calabrese, Nat. Comm. 14, 2036 (2023).

<latexit sha1_base64="zZqqhix0SgC/7DSXkKjnYkxKKo8="></latexit>

�SA = 0 , [⇢A, QA] = 0
<latexit sha1_base64="gSIc/aDlBlXCqUU1vOYHfiJbEUQ=">AAACJnicdVDJSgNBFOyJW4xb1KOXxkTwIGEmBk1ucTl4jGiikITwpn2JzfQsdr8RJfgrXvVrvIl480cEJxuoaJ2KqlfwqtxISUO2/W6lpqZnZufS85mFxaXllezqWsOEsRZYF6EK9aULBpUMsE6SFF5GGsF3FV643tHAv7hFbWQYnNN9hG0feoHsSgGUSJ3sWr51jIqAn3UOWj284Xa+k83ZBbtStncrfERKxQmxuVOwh8ixMWqd7GfrKhSxjwEJBcY0oRRBhHrHcSJq990w9B4yrdhgBMKDHjYTGoCPpt0fFnjgW7EBCnmS4VLxoYjfE33wjbn33eTSB7o2v72B+KfnavCQ/rKaMXXL7b4MopgwEIMfSCoc/mCElsloyK+kRiIYNEMuAy5AAxFqyUGIRIyTFTPJXpNR+P+kUSw4e4XSaTFXPRwvl2YbbJNtM4ftsyo7YTVWZ4LdsUf2xJ6tZ+vFerXeRqcpa5xZZz9gfXwBaDSkcQ==</latexit>

�SA � 0

<latexit sha1_base64="svPhhipSw5kr7U2TFx9gCJ4avJM=">AAACHXicdVDLSgNBEJz1GeMr6tHLYBQ8SNiNQeNBiHrxGMGYQBJC79gmQ3Z3lpleQZZ8hlfzNd7Eq/gxgpMXKGidiqouqC4/DqQh1/105uYXFpeWMyvZ1bX1jc3c1vadUYkWWBMqULrhg8FARlgjSQE2Yo0Q+gHW/f7VyK8/ojZSRbf0FGM7hG4kH6QAslJzv6V7qpNeDM73O7m8W3DPyu7xGZ+QUnFGXO4V3DHybIpqJ/fVulciCTEiEYAxTSjFEKM+8ryY2qmvVH+QbSUGYxB96GLT0ghCNO103HvADxIDpLjNcBnwsYg/EymExjyFvr0MgXrml+dr6CP9adnYSPzLayb0UG6nMooTwkiMOpAMcNzBCC3tVsjvpUYiGH2GXEZcgAYi1JKDEFZM7HhZu9dsFP4/uSsWvJNC6aaYr1xOl8uwXbbHDpnHTlmFXbMqqzHBFHtmL2zoDJ1X5815n5zOOdPMDvsF5+Mbx1WiMg==</latexit>⇢A =
<latexit sha1_base64="9xYhQfF8LC58SBO7LkKiCoLHLQc=">AAACH3icdVDLSgNBEJyN7/iKevQyGAUPEnZj0OQg+Lh4VDCJkCyhd2zNkN2ddaZXCEu+w6t+jTfx6scITmIEA7FORVUXVFeQhNKQ6346uZnZufmFxaX88srq2nphY7NhVKoF1oUKlb4NwGAoY6yTpBBvE40QBSE2g97F0G8+oTZSxTfUT9CP4CGW91IAWcnfbeuu6mRnB9eDk91OoeiW3FrVPazxH1Ip/xKXeyV3hCIb46pT+GrfKZFGGJMIwZgWVBJIUB94XkJ+FijVG+TbqcEERA8esGVpDBEaPxs1H/C91AApbjNchnwk4t9EBpEx/SiwlxFQ10x4gYYe0lTLxobiNK+V0n3Vz2ScpISxGHYgGeKogxFa2rWQ30mNRDD8DLmMuQANRKglByGsmNr58nav31H4/6RRLnlHpcp1uXh6Pl5ukW2zHbbPPHbMTtklu2J1Jtgje2Yv7NV5dd6cd+fj5zTnjDNbbALO5zfriqLD</latexit>⇢A,Q =

⇢A,Q =
P

q ⇧q⇢A⇧q

<latexit sha1_base64="SOGPZM3st0HRP+dhdRTW713MMt4="></latexit>

�SA = S(⇢A,Q)� S(⇢A)



[⇢A, QA] 6= 0

�S(n)
A = 0 , [⇢A, QA] = 0�S(n)

A � 0

Entanglement asymmetry as a probe of symmetry breaking: a replica trick 

Experimentally 
accessible 

<latexit sha1_base64="MvjEsuJXmU+fcRiH6Ev+qEl9Ebw="></latexit>

L. Joshi, J. Franke, A. Rath, F. Ares, SM et al., arXiv.2401.04270 (2024).
<latexit sha1_base64="mSxFNqoL0JK2gmLZLlUHAcIdPcY="></latexit>

F. Ares, S. M., P. Calabrese, Nat. Comm. 14, 2036 (2023).

<latexit sha1_base64="9xYhQfF8LC58SBO7LkKiCoLHLQc=">AAACH3icdVDLSgNBEJyN7/iKevQyGAUPEnZj0OQg+Lh4VDCJkCyhd2zNkN2ddaZXCEu+w6t+jTfx6scITmIEA7FORVUXVFeQhNKQ6346uZnZufmFxaX88srq2nphY7NhVKoF1oUKlb4NwGAoY6yTpBBvE40QBSE2g97F0G8+oTZSxTfUT9CP4CGW91IAWcnfbeuu6mRnB9eDk91OoeiW3FrVPazxH1Ip/xKXeyV3hCIb46pT+GrfKZFGGJMIwZgWVBJIUB94XkJ+FijVG+TbqcEERA8esGVpDBEaPxs1H/C91AApbjNchnwk4t9EBpEx/SiwlxFQ10x4gYYe0lTLxobiNK+V0n3Vz2ScpISxGHYgGeKogxFa2rWQ30mNRDD8DLmMuQANRKglByGsmNr58nav31H4/6RRLnlHpcp1uXh6Pl5ukW2zHbbPPHbMTtklu2J1Jtgje2Yv7NV5dd6cd+fj5zTnjDNbbALO5zfriqLD</latexit>⇢A,Q =<latexit sha1_base64="svPhhipSw5kr7U2TFx9gCJ4avJM=">AAACHXicdVDLSgNBEJz1GeMr6tHLYBQ8SNiNQeNBiHrxGMGYQBJC79gmQ3Z3lpleQZZ8hlfzNd7Eq/gxgpMXKGidiqouqC4/DqQh1/105uYXFpeWMyvZ1bX1jc3c1vadUYkWWBMqULrhg8FARlgjSQE2Yo0Q+gHW/f7VyK8/ojZSRbf0FGM7hG4kH6QAslJzv6V7qpNeDM73O7m8W3DPyu7xGZ+QUnFGXO4V3DHybIpqJ/fVulciCTEiEYAxTSjFEKM+8ryY2qmvVH+QbSUGYxB96GLT0ghCNO103HvADxIDpLjNcBnwsYg/EymExjyFvr0MgXrml+dr6CP9adnYSPzLayb0UG6nMooTwkiMOpAMcNzBCC3tVsjvpUYiGH2GXEZcgAYi1JKDEFZM7HhZu9dsFP4/uSsWvJNC6aaYr1xOl8uwXbbHDpnHTlmFXbMqqzHBFHtmL2zoDJ1X5815n5zOOdPMDvsF5+Mbx1WiMg==</latexit>⇢A =

⇢A,Q =
P

q ⇧q⇢A⇧q

<latexit sha1_base64="9MYLIgH22a9SKfzTMrVP+H9hknU="></latexit>

�S(n)
A = S(n)(⇢A,Q)� S(n)(⇢A)



<latexit sha1_base64="j8YYw/MHYsZnp/WDc4ElGQfTXlg="></latexit>

�S(n)
A =

1

1� n

⇥
log Tr(⇢nA,Q)� log Tr(⇢nA)

⇤
⇢A,Q =

P
q ⇧q⇢A⇧q

<latexit sha1_base64="QZnQdUafOpnkbwVrvhIWmtY8hO4="></latexit>

Using the Fourier transform of the projector ⇧q for q 2 Z:

Computation of the asymmetry

<latexit sha1_base64="8z1CG+b8oyfaWwfaXRYESTRK/ZM="></latexit>

⇢A,Q =

Z
d↵

2⇡
e�i↵QA⇢Ae

i↵QA



<latexit sha1_base64="j8YYw/MHYsZnp/WDc4ElGQfTXlg="></latexit>

�S(n)
A =

1

1� n

⇥
log Tr(⇢nA,Q)� log Tr(⇢nA)

⇤
⇢A,Q =

P
q ⇧q⇢A⇧q

<latexit sha1_base64="QZnQdUafOpnkbwVrvhIWmtY8hO4="></latexit>

Using the Fourier transform of the projector ⇧q for q 2 Z:

<latexit sha1_base64="yY95iIVhdL70nKDVuD3ZvvN3A+I="></latexit>

Zn(↵) = Tr
h
⇢Aei(↵1�↵2)QA⇢Aei(↵2�↵3)QA · · · ⇢Aei(↵n�↵1)QA

i

<latexit sha1_base64="ZVQ8HR7Yf7j7taJJBb0cdjdkDyE="></latexit>

where Zn(↵) are the charged moments

<latexit sha1_base64="YRkHuiEtpesEhFLfkoMbjr5yhU8="></latexit>

[⇢A, QA] = 0 ) Zn(↵) = Zn(0) ) Tr(⇢nA,Q) = Tr(⇢nA),�S(n)
A = 0

Computation of the asymmetry

<latexit sha1_base64="wcM5NGNcNPDnLNbG8/fm1sbgoPc="></latexit>↵j,j+1 = ↵j � ↵j+1

<latexit sha1_base64="8z1CG+b8oyfaWwfaXRYESTRK/ZM="></latexit>

⇢A,Q =

Z
d↵

2⇡
e�i↵QA⇢Ae

i↵QA

<latexit sha1_base64="iatF3t8voOjaGDAlIHIqovMWw5w="></latexit>

Tr(⇢nA,Q) =

Z ⇡

�⇡

d↵1 . . . d↵n

(2⇡)n
Zn(↵)



Charged moments at n=2

<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="UYpTKu1tPhAy+EHOFHFNCJzkNAI=">AAACAnicdVBNT8JAFNziF+IX6tHLRmLiwTQtEoUb0YtHTCyQQCWvywM3tN1md2tCGm7+Ba9692a8+ke8+kssBRI1OqfJzJu898aLfK60ZX0YuaXlldW1/HphY3Nre6e4u9dUIpYMHSZ8IdseKPR5iI7m2sd2JBECz8eWN7qc+q17lIqL8EaPI3QDGIZ8wBnoVOo4t0m3D8MhykmvWLJMq1a1Tmt0RirlBbGobVoZSmSORq/42e0LFgcYauaDUh2oRBChPLHtSLuJJ8RoUujGCiNgIxhiJ6UhBKjcJLt7Qo9iBVrQNEO5TzMRvycSCJQaB146GYC+U7+9qfiX14n1oOomPIxijSGbLtLcx2yRYpKnhSDtc4law/R8pDykDCRojZJTYCwV47ShQlrK4nP6P2mWTfvMrFxXSvWLeT15ckAOyTGxyTmpkyvSIA5hRJBH8kSejQfjxXg13majOWOe2Sc/YLx/AejQl+8=</latexit>

U †

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U
<latexit sha1_base64="oSQ8lIZMC1R8QPiNiHWHW2RdcVE=">AAACAXicdVC7TgJBFJ3FF+ILtbSZSEwsDNnVjUJHtLHExAUiEHJ3uOCE2dnNzKwJQSp/wVZ7O2Prl9j6Je7ySNToqU7OuSf33uNHgmtj2x9WZmFxaXklu5pbW9/Y3Mpv79R0GCuGHgtFqBo+aBRcome4EdiIFELgC6z7g4vUr9+h0jyU12YYYTuAvuQ9zsAk0o13b7cUyL7ATr5gF+1yyT4p0ylxj+fEpk7RnqBAZqh28p+tbsjiAKVhArRughtBhOrIcSLTHvlhOBjnWrHGCNgA+thMqIQAdXs0OXtMD2INJqRJhnJBJyJ+T4wg0HoY+MlkAOZW//ZS8S+vGZteqT3iMooNSpYuMlzgZJFmiid9IO1yhcZAej5SLikDBcag4hQYS8Q4KSiXlDL/nP5PasdF57ToXrmFyvmsnizZI/vkkDjkjFTIJakSjzAiySN5Is/Wg/VivVpv09GMNcvskh+w3r8AynCXSg==</latexit>

U |0i

<latexit sha1_base64="1TOljloHGxchZ/ZQL+0HWzto2LI=">AAACDnicdVDLSgNBEJz1bXxFxZOXwSB4kLAbF01uohePEYwKSQy9k3YdMju7zMwKYc0/+Ate9e5NvPoLXv0SZ5MIKlqnoqqb7qogEVwb1313Jianpmdm5+YLC4tLyyvF1bVzHaeKYYPFIlaXAWgUXGLDcCPwMlEIUSDwIugd5/7FLSrNY3lm+gm2Iwglv+YMjJU6xY2WABkKpO5d4yprdSEMUQ06xZJbdmtVd69GR8SvfBGXemV3iBIZo94pfrS6MUsjlIYJ0LoJfgIJql3PS0w7C+K4Nyi0Uo0JsB6E2LRUQoS6nQ0zDOh2qsHE1O5QLuhQxO8bGURa96PATkZgbvRvLxf/8pqpua62My6T1KBk+SHDbd78kGaK23KQdrlCYyB/HymXlIECY1BxCoxZMbVtFWwpX8np/+S8Uvb2y/6pXzo8GtczRzbJFtkhHjkgh+SE1EmDMJKRB/JInpx759l5cV5HoxPOeGed/IDz9gm/v5wf</latexit>

h0|U †

<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A
<latexit sha1_base64="js7csicPqXrOA1oDW7563k8oL0I=">AAACCHicdVDLTgJBEJzFF+ID1KOXicTEgyG7SBRuqBePkMgjASS9QwMTZncnM7MmZMMP+Ate9e7NePUvvPolLq9EjdapUtWV7i5XCq6NbX9YiZXVtfWN5GZqa3tnN53Z26/rIFQMaywQgWq6oFFwH2uGG4FNqRA8V2DDHV1P/cY9Ks0D/9aMJXY8GPi8zxmYWOpm0ngX8TYIOQRa7V5OupmsnbNLRfusROekkF8Smzo5e4YsWaDSzXy2ewELPfQNE6B1CwoSJKpTx5GmE7lBMJqk2qFGCWwEA2zF1AcPdSeaXT+hx6EGE9A4Q7mgMxG/JyLwtB57bjzpgRnq395U/MtrhaZf7ETcl6FBn00XGS5wtkgzxeNakPa4QmNgej5S7lMGCoxBxSkwFoth3FMqLmX5Of2f1PM55zxXqBay5atFPUlySI7ICXHIBSmTG1IhNcJISB7JE3m2HqwX69V6m48mrEXmgPyA9f4F2kuZbg==</latexit>

ei↵QA

<latexit sha1_base64="2dZXRlJllraMutsgx3sZJBAEjJ8=">AAACCXicdVC7TsNAEDzzDOFloKQ5ESFRQGQHC0LHo6EMEoFISYjWxyY55Wyf7s6RIitfwC/QQk+HaPkKWr4E2wQJEEw1mtnR7o4vBdfGcd6sqemZ2bn5wkJxcWl5ZdVeW7/SUawY1lkkItXwQaPgIdYNNwIbUiEEvsBrf3CW+ddDVJpH4aUZSWwH0At5lzMwqdSxbbxJ9ngLhOwDveicjDt2ySk7R1Vn/4h+Eq/yRRzqlp0cJTJBrWO/t24jFgcYGiZA6yZ4EiSqXdeVpp34UTQYF1uxRglsAD1spjSEAHU7yc8f0+1Yg4lomqFc0FzE74kEAq1HgZ9OBmD6+reXiX95zdh0q+2EhzI2GLJskeEC80WaKZ72gvSWKzQGsvOR8pAyUGAMKk6BsVSM06KKaSlfn9P/yVWl7B6UvQuvdHw6qadANskW2SEuOSTH5JzUSJ0wMiT35IE8WnfWk/VsvXyOTlmTzAb5Aev1A0nnmaU=</latexit>

e�i↵QA

<latexit sha1_base64="/PxQ5BXEg6E0XYK7Yz3K7h8XugA=">AAACWHicdZDBTttAEIYnLhRIoQQ49rIiIHEokR2iFm6k7YEjSASQYtcaLwNZZe1d7a6RkJUX6tNwhXep1HUICBCd06//n9HMfJmWwrowvG8EH+bmPy4sLjU/La98Xm2trZ9ZVRpOA66kMhcZWpKioIETTtKFNoR5Juk8G/+s8/MbMlao4tTdakpyvC7EleDovJW2fsWcCkeGbcU5upHJq1MzSfvD2IxU2qfflYhR6hGyk7Q/eT Z3X7rJVtpqh53wYD/cO2CPotd9EiGLOuG02jCr47T1N75UvMz9ai7R2iH2NGoyX6NIu6TKlBpPmnFpSSMf4zUNvSwwJ5tU05cnbLu06BTzM0xINjXp5USFubW3eeY767/s26w2380yg2Ny70XD0l3tJ5UodOmo4PUNTkia3mC5ER4zsUthyDmsPyMmCsbRoPN8BUNeky4996bn9QSF/V+cdTvRt07vpNs+/DEjtwhfYBN2IILvcAhHcAwD4PAH7uAeHhoPAQQLwdJja9CYzWzAqwrW/wGCgLYE</latexit>

TrA[⇢Aei↵QA⇢Ae�i↵QA ]

<latexit sha1_base64="MzqrBmMEg0LvYx7Rz0Sv4PZf1XU=">AAACSXicdZDBTttAEIbXAQoN0AZ67GVFQOIAkZ0GSm6hXDiCRAApDtZ4M0lWXntXu+tKyMqT8DS9lifoY/RWVUJiHQICBHP69f8zmpkvVoIb6/t/vMrc/MKHxaWP1eWV1U+fa2vr50bmmmGXSSH1ZQwGBc+wa7kVeKk0QhoLvIiTozK/+InacJmd2WuF/RRGGR9yBtZZUW0vZJhZ1HQz1GMZHeJVwUMQagz0NDqcPJm7z93NqF b3G377wP/Wpg+i1XwUPg0a/rTqZFYnUe0uHEiWp24XE2BMD1oKFOqdIFC2X8RSJpNqmBtUwBIYYc/JDFI0/WL644Ru5QaspG6GckGnJj6fKCA15jqNXWcKdmxeZ6X5ZhZrSNC+FfVyOzzoFzxTucWMlTdYLnB6g2GaO65IB1yjtVB+hpRnlIEG64ByCqxEmzvQVcfrEQp9X5w3G8F+o3XarHd+zMgtka9kg2yTgHwnHXJMTkiXMHJDfpHf5Na79f56/7z/D60Vbzbzhbyoytw9QreycA==</latexit>

⇢Aei↵QA⇢Ae�i↵QA

<latexit sha1_base64="La1Zybw21VpiGQO1CsnBC704jSE="></latexit>↵12 = �↵21 = ↵

<latexit sha1_base64="2B8UhI7uKg7M5C6GqK+GP+wKTpI="></latexit>

charge operator:
Q =

PL
k=1 |1ik h1|k



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="RHofU7wECrKKC1h/C7cX86MGFJk="></latexit>

|+ik =
1X

a1,a2=0

(|a1ik ⌦ |a1ik)(|a2ik ⌦ |a2ik)

<latexit sha1_base64="La1Zybw21VpiGQO1CsnBC704jSE="></latexit>↵12 = �↵21 = ↵

<latexit sha1_base64="/PxQ5BXEg6E0XYK7Yz3K7h8XugA=">AAACWHicdZDBTttAEIYnLhRIoQQ49rIiIHEokR2iFm6k7YEjSASQYtcaLwNZZe1d7a6RkJUX6tNwhXep1HUICBCd06//n9HMfJmWwrowvG8EH+bmPy4sLjU/La98Xm2trZ9ZVRpOA66kMhcZWpKioIETTtKFNoR5Juk8G/+s8/MbMlao4tTdakpyvC7EleDovJW2fsWcCkeGbcU5upHJq1MzSfvD2IxU2qfflYhR6hGyk7Q/eT Z3X7rJVtpqh53wYD/cO2CPotd9EiGLOuG02jCr47T1N75UvMz9ai7R2iH2NGoyX6NIu6TKlBpPmnFpSSMf4zUNvSwwJ5tU05cnbLu06BTzM0xINjXp5USFubW3eeY767/s26w2380yg2Ny70XD0l3tJ5UodOmo4PUNTkia3mC5ER4zsUthyDmsPyMmCsbRoPN8BUNeky4996bn9QSF/V+cdTvRt07vpNs+/DEjtwhfYBN2IILvcAhHcAwD4PAH7uAeHhoPAQQLwdJja9CYzWzAqwrW/wGCgLYE</latexit>

TrA[⇢Aei↵QA⇢Ae�i↵QA ]

Charged moments at n=2

<latexit sha1_base64="MzqrBmMEg0LvYx7Rz0Sv4PZf1XU=">AAACSXicdZDBTttAEIbXAQoN0AZ67GVFQOIAkZ0GSm6hXDiCRAApDtZ4M0lWXntXu+tKyMqT8DS9lifoY/RWVUJiHQICBHP69f8zmpkvVoIb6/t/vMrc/MKHxaWP1eWV1U+fa2vr50bmmmGXSSH1ZQwGBc+wa7kVeKk0QhoLvIiTozK/+InacJmd2WuF/RRGGR9yBtZZUW0vZJhZ1HQz1GMZHeJVwUMQagz0NDqcPJm7z93NqF b3G377wP/Wpg+i1XwUPg0a/rTqZFYnUe0uHEiWp24XE2BMD1oKFOqdIFC2X8RSJpNqmBtUwBIYYc/JDFI0/WL644Ru5QaspG6GckGnJj6fKCA15jqNXWcKdmxeZ6X5ZhZrSNC+FfVyOzzoFzxTucWMlTdYLnB6g2GaO65IB1yjtVB+hpRnlIEG64ByCqxEmzvQVcfrEQp9X5w3G8F+o3XarHd+zMgtka9kg2yTgHwnHXJMTkiXMHJDfpHf5Na79f56/7z/D60Vbzbzhbyoytw9QreycA==</latexit>

⇢Aei↵QA⇢Ae�i↵QA

<latexit sha1_base64="tsvhtzVoz9hsJD+a18F2XEeA0v0="></latexit>

Goal: E[Z2(↵)] = h�+;↵|E[U⌦2 ⌦ (U⇤)⌦2] |0i⌦4

<latexit sha1_base64="xqb8U77gZFTSZV8SL+Mnj2qFShU="></latexit>

|�+;↵i =
N

k2A |�;↵ik
N

k2B |+ik

<latexit sha1_base64="Aj7bX1t6qDE+quCybTy2C/zFkLQ="></latexit>

|�;↵ik =
1X

a1,a2=0

(ei↵12a1 |a1ik ⌦ ei↵21a2 |a2ik)

(ei↵21a2 |a2ik ⌦ ei↵12a1 |a1ik)



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="keFsRyo+U/6ITKXOO/6YWBcirJQ=">AAACHXicdZBLTwIxFIU7+EJ8oS7dNIKJC0NmkCjsUDcuMZFHAoTcKRdsmJlO2o4JIfwMt/Jr3Bm3xh9jYmfARA2e1ck59za3nxt6XGnb/rBSK6tr6xvpzczW9s7uXnb/oKFEJBnWmfCEbLmg0OMB1jXXHrZCieC7Hjbd0U3cNx9RKi6Cez0OsevDMOADzkCbqN1hGGiUNH+V72VzdsGulO3zCp2bUvHb2NQp2IlyZKFaL/vZ6QsW+eYF5oFSbSiFEKI8c5xQdyeuEKNpphMpDIGNYIhtYwPwUXUnyd1TehIp0IKaHco9moT4c2MCvlJj3zWTPugH9beLw6WdK2GEelnVjvSg3J3wIIw0Biy+QXMPkxsUk9ywQtrnErWG+GdIeUAZSNAGE6fAYmCRgZcxvL6h0P9No1hwLgqlu2Kuer0glyZH5JicEodckiq5JTVSJ4wI8kSeycyaWS/Wq/U2H01Zi51D8kvW+xdlPaH2</latexit>

A
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="n0slpU0waz+Sl74owfj2Y35rjCY=">AAACsnicdVHbbhMxEPUuBUq4hfLIi0WKhBBEu+mKtjy19KXiqUikrYhDNOtME2u9tmV7QdVqf4X/4mOQ8ObCpQrzdHzOzHjmTG6kcD5JfkTxra3bd+5u3+vcf/Dw0ePuk51zpyvLcci11PYyB4dSKBx64SVeGotQ5hIv8uKk1S++onVCq0/+2uC4hJkSV4KDD9Sk+50pLdQUlacncy3efIBSaFnob64QtARjhJq9o4ztMjvXk2 OmvSjR0eWLMqEoK8HPOcj6tPmt/+Emxw3zmrICfb2pRXOjxZd6rWeh3e6k20v6yeFBsndIlyAbrEFC036yiB5Zxdmk+5NNNa/KsBCX4NwIMgMG7es0NX5c51oXTYdVDg3wAmY4ClBB+G9cL8xs6IvKQZg41FAh6YLEvytqKJ27LvOQ2Y7tbmotuVHLLQQXNkmjyl8djGuhTOVR8XYGLyQuZnDcinBApFNh0XtoN0MaTONgwXu0ggLngazCRTvBr7Up9P/gfNBP3/azj4Pe0fuVc9vkGXlOXpKU7JMjckrOyJDwaCt6Fe1FWZzFn2OI+TI1jlY1T8k/Ectf8DnW/g==</latexit>

Choi-Jamiolkowski mapping:
⇢A ⌦ ⇢A 2 HA ⌦HA ! |⇢A ⌦ ⇢Ai 2 H

⌦4
A

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="/PxQ5BXEg6E0XYK7Yz3K7h8XugA=">AAACWHicdZDBTttAEIYnLhRIoQQ49rIiIHEokR2iFm6k7YEjSASQYtcaLwNZZe1d7a6RkJUX6tNwhXep1HUICBCd06//n9HMfJmWwrowvG8EH+bmPy4sLjU/La98Xm2trZ9ZVRpOA66kMhcZWpKioIETTtKFNoR5Juk8G/+s8/MbMlao4tTdakpyvC7EleDovJW2fsWcCkeGbcU5upHJq1MzSfvD2IxU2qfflYhR6hGyk7Q/eT Z3X7rJVtpqh53wYD/cO2CPotd9EiGLOuG02jCr47T1N75UvMz9ai7R2iH2NGoyX6NIu6TKlBpPmnFpSSMf4zUNvSwwJ5tU05cnbLu06BTzM0xINjXp5USFubW3eeY767/s26w2380yg2Ny70XD0l3tJ5UodOmo4PUNTkia3mC5ER4zsUthyDmsPyMmCsbRoPN8BUNeky4996bn9QSF/V+cdTvRt07vpNs+/DEjtwhfYBN2IILvcAhHcAwD4PAH7uAeHhoPAQQLwdJja9CYzWzAqwrW/wGCgLYE</latexit>

TrA[⇢Aei↵QA⇢Ae�i↵QA ]

<latexit sha1_base64="MzqrBmMEg0LvYx7Rz0Sv4PZf1XU=">AAACSXicdZDBTttAEIbXAQoN0AZ67GVFQOIAkZ0GSm6hXDiCRAApDtZ4M0lWXntXu+tKyMqT8DS9lifoY/RWVUJiHQICBHP69f8zmpkvVoIb6/t/vMrc/MKHxaWP1eWV1U+fa2vr50bmmmGXSSH1ZQwGBc+wa7kVeKk0QhoLvIiTozK/+InacJmd2WuF/RRGGR9yBtZZUW0vZJhZ1HQz1GMZHeJVwUMQagz0NDqcPJm7z93NqF b3G377wP/Wpg+i1XwUPg0a/rTqZFYnUe0uHEiWp24XE2BMD1oKFOqdIFC2X8RSJpNqmBtUwBIYYc/JDFI0/WL644Ru5QaspG6GckGnJj6fKCA15jqNXWcKdmxeZ6X5ZhZrSNC+FfVyOzzoFzxTucWMlTdYLnB6g2GaO65IB1yjtVB+hpRnlIEG64ByCqxEmzvQVcfrEQp9X5w3G8F+o3XarHd+zMgtka9kg2yTgHwnHXJMTkiXMHJDfpHf5Na79f56/7z/D60Vbzbzhbyoytw9QreycA==</latexit>

⇢Aei↵QA⇢Ae�i↵QA

Charged moments at n=2

<latexit sha1_base64="DTvVYrskn2U/Jvow9/vBGoHRC1k="></latexit>

E[Z2(↵)] =
2`B + 2`A cos(↵)2`A

2`A+`B + 1



Entanglement asymmetry at n=2

<latexit sha1_base64="vqMJmQFlaz0CxjWgFp1q2nhv4OA="></latexit>

Assumption: E[log Tr(⇢nA,Q)] ' logE[Tr(⇢nA,Q)]

<latexit sha1_base64="GtzctwHUCmqMFDBpdpydp6YHzLo="></latexit>

E[�S(2)
A ] = E[log Tr⇢2A]� E[log Tr⇢2A,Q]

<latexit sha1_base64="po++lBWbj84uiPzTK/0btYJgQZo="></latexit>

log

Z ⇡

�⇡

d↵

2⇡
E[Z2(↵)]



Entanglement asymmetry at n=2

<latexit sha1_base64="vqMJmQFlaz0CxjWgFp1q2nhv4OA="></latexit>

Assumption: E[log Tr(⇢nA,Q)] ' logE[Tr(⇢nA,Q)]

<latexit sha1_base64="0KfWsTkwrPy5EgeQtkHzjmYsVno="></latexit>

E[�S(2)
A ] = E[log Tr⇢2A]� E[log Tr⇢2A,Q] ' � log

h
1

22`A�L+1

⇣
1 + 2�L (2`A)!

(`A!)2

⌘i



Entanglement asymmetry at n=2

<latexit sha1_base64="vqMJmQFlaz0CxjWgFp1q2nhv4OA="></latexit>

Assumption: E[log Tr(⇢nA,Q)] ' logE[Tr(⇢nA,Q)]
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<latexit sha1_base64="0KfWsTkwrPy5EgeQtkHzjmYsVno="></latexit>

E[�S(2)
A ] = E[log Tr⇢2A]� E[log Tr⇢2A,Q] ' � log

h
1

22`A�L+1

⇣
1 + 2�L (2`A)!

(`A!)2

⌘i



Entanglement asymmetry at n=2

<latexit sha1_base64="vqMJmQFlaz0CxjWgFp1q2nhv4OA="></latexit>

Assumption: E[log Tr(⇢nA,Q)] ' logE[Tr(⇢nA,Q)]

<latexit sha1_base64="9k2xW4wA7//CexZMkJe/GhwJF+Y="></latexit>

E[�S(2)
A ] = E[log Tr⇢2A]� E[log Tr⇢2A,Q] = � log

h
1

22`A�L+1

⇣
1 + 2�L (2`A)!

(`A!)2

⌘i
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No symmetry 
breaking

<latexit sha1_base64="7vPebMWpIWUjnzFIaSSFNDm+bqw="></latexit>

Any signature of the symmetry
breaking in radiation cannot be
detected before the Page time



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

Charged moments at generic n

<latexit sha1_base64="VVxCSUVIkddbbLacmnMtew9rBO8=">AAACbHicdZFNTxsxEIadbflo+AqUG6pkEUA9VNHuJoLkBu2FY5AIRMqG1awZiBXv2rK9SGiVv9b/0Xuv5R8g1ZsECVoyp1fzzEjjx4kS3Fjf/1XxPnxcWl5Z/VRdW9/Y3Kpt71wZmWuGPSaF1P0EDAqeYc9yK7CvNEKaCLxOxj9Kfv2A2nCZXdpHhcMU7jN+xxlY14pr/YhhZlHTg0iPZHyGNwWPQKgRxEUQTuhFfDb5n4TNRa QZzMhBXKv7Db/T9psdOgut8CX4NGj406qTeXXj2nN0K1meunOYAGMG0FKgUH8LAmWHRSLleFKNcoMK2BjuceBiBimaYTHVMKGHuQErqduhXNBpE19vFJAa85gmbjIFOzL/srL5Lks0jNG+hwa5vWsPC56p3GLGyhssFzi9wTDNnXqkt1yjtVC+DCnPKAMN1jnnFFhpP3d/UXW+XqTQxeEqbATHjdZFWD/9Pje3SvbIPvlKAnJCTsk56ZIeYeQn+U3+kKfKk7fr7XlfZqNeZb7zmbwp7+gvOOC9sQ==</latexit>

⇢Aei↵12QA⇢Aei↵23QA⇢Aei↵31QA

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="rRw6YleQLHX7X3yFPOL7aWfcQLU=">AAACbXicdZHPThsxEMadhRZI/wUQp1aV1VA1qCjaDRGFAxLQS48gEaDNhtWsMxATr23Z3kpotc/Gc/AAvZYnqFRvEqS2onPxp++bkWZ+TrXg1oXhXS2Ym3/ydGFxqf7s+YuXrxrLK6dW5YZhjymhzHkKFgWX2HPcCTzXBiFLBZ6l489VfvYdjeVKnrgbjYMMriS/5Ayct5LG15ihdGjo+rdEtuJUiaG9yfxTxCD0CMqNvTgDNz JZcWLKVqyNGibF9V5UXsjYjFRygBcFn/Z6//pjVNLj5KDcWE8azbAd7u6EW7t0KrqdBxHSqB1OqklmdZQ0fsVDxfLM78MEWNuHrgaNZjOKtBsUqVLjsh7nFjWwMVxh30sJGdpBMeFQ0ve5Baeon6Fc0ImJf04UkNnqOt9Z3WT/zSrz0Sw1MEb3WNTP3eXOoOBS5w4lq3ZwXOBkB8sM9+yRDrlB56C6DCmXlIEB56FzCqzCn/vPqHteD1Do/8Vppx1tt7vHneb+4YzcInlN3pEWicgnsk++kCPSI4zckh/kJ7mv3QdrwZvg7bQ1qM1mVslfFXz4Dcrbvvs=</latexit>

Zn(↵) = Tr(
Qn

j=1 ⇢Ae
i↵jj+1QA)

<latexit sha1_base64="RR5DMWCtC8/fvOIOywswWD9yahc="></latexit>

Weingarten formula
<latexit sha1_base64="Zc1gpHibxKB+NiilBdK6Xb3ZaQw="></latexit>

E[U⌦n ⌦ (U⇤)⌦n] =
P

�1,�22Sn
Wg(�1�

�1
2 ) |�1i h�2|

<latexit sha1_base64="gDOpdMJehc4TSwdf396+ulwnBD8="></latexit>

|�ik =
P1

{aj=0}
Nn

j=1(|ajik ⌦ |a�(j)ik)

<latexit sha1_base64="4vqckmk3CjuzdAT2R8O24E9s60o="></latexit>

|�i = ⌦L
k=1 |�ik

<latexit sha1_base64="07MUxZJZMEWQgeyDjqYEUJRICCs="></latexit>

symmetric group

<latexit sha1_base64="pPhNdx4U9vwmQ2D99ug4fHfG6Ao="></latexit>

|�+;↵i =
N

k2A |�;↵ik
N

k2B |+ik

<latexit sha1_base64="86b4lFCICoDy1fUy6clY/pb64kQ="></latexit>

|�;↵ik =
1X

{a=0}

nO

j=1

(ei↵j,j+1a1 |ajik

⌦ ei↵j+1,j+2aj+1 |aj+1ik)

<latexit sha1_base64="9/NIFqGsUuV/sjxQoYGBmnO2s20="></latexit>

|+ik =
P1

{aj=0}
Nn

j=1(|ajik ⌦ |ajik)

<latexit sha1_base64="YvQ2V86LXpNrSBQMlodrzurxxiA="></latexit>

D. Weingarten, J. Math. Phys. 19, 999 (1978).



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="pPhNdx4U9vwmQ2D99ug4fHfG6Ao="></latexit>

|�+;↵i =
N

k2A |�;↵ik
N

k2B |+ik

<latexit sha1_base64="VVxCSUVIkddbbLacmnMtew9rBO8=">AAACbHicdZFNTxsxEIadbflo+AqUG6pkEUA9VNHuJoLkBu2FY5AIRMqG1awZiBXv2rK9SGiVv9b/0Xuv5R8g1ZsECVoyp1fzzEjjx4kS3Fjf/1XxPnxcWl5Z/VRdW9/Y3Kpt71wZmWuGPSaF1P0EDAqeYc9yK7CvNEKaCLxOxj9Kfv2A2nCZXdpHhcMU7jN+xxlY14pr/YhhZlHTg0iPZHyGNwWPQKgRxEUQTuhFfDb5n4TNRa QZzMhBXKv7Db/T9psdOgut8CX4NGj406qTeXXj2nN0K1meunOYAGMG0FKgUH8LAmWHRSLleFKNcoMK2BjuceBiBimaYTHVMKGHuQErqduhXNBpE19vFJAa85gmbjIFOzL/srL5Lks0jNG+hwa5vWsPC56p3GLGyhssFzi9wTDNnXqkt1yjtVC+DCnPKAMN1jnnFFhpP3d/UXW+XqTQxeEqbATHjdZFWD/9Pje3SvbIPvlKAnJCTsk56ZIeYeQn+U3+kKfKk7fr7XlfZqNeZb7zmbwp7+gvOOC9sQ==</latexit>

⇢Aei↵12QA⇢Aei↵23QA⇢Aei↵31QA

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="rRw6YleQLHX7X3yFPOL7aWfcQLU=">AAACbXicdZHPThsxEMadhRZI/wUQp1aV1VA1qCjaDRGFAxLQS48gEaDNhtWsMxATr23Z3kpotc/Gc/AAvZYnqFRvEqS2onPxp++bkWZ+TrXg1oXhXS2Ym3/ydGFxqf7s+YuXrxrLK6dW5YZhjymhzHkKFgWX2HPcCTzXBiFLBZ6l489VfvYdjeVKnrgbjYMMriS/5Ayct5LG15ihdGjo+rdEtuJUiaG9yfxTxCD0CMqNvTgDNz JZcWLKVqyNGibF9V5UXsjYjFRygBcFn/Z6//pjVNLj5KDcWE8azbAd7u6EW7t0KrqdBxHSqB1OqklmdZQ0fsVDxfLM78MEWNuHrgaNZjOKtBsUqVLjsh7nFjWwMVxh30sJGdpBMeFQ0ve5Baeon6Fc0ImJf04UkNnqOt9Z3WT/zSrz0Sw1MEb3WNTP3eXOoOBS5w4lq3ZwXOBkB8sM9+yRDrlB56C6DCmXlIEB56FzCqzCn/vPqHteD1Do/8Vppx1tt7vHneb+4YzcInlN3pEWicgnsk++kCPSI4zckh/kJ7mv3QdrwZvg7bQ1qM1mVslfFXz4Dcrbvvs=</latexit>

Zn(↵) = Tr(
Qn

j=1 ⇢Ae
i↵jj+1QA)

<latexit sha1_base64="/a8l+MjmYPOJ+mpqd6ueMFSNmTI="></latexit>

E[U⌦n ⌦ (U⇤)⌦n] = 1
2nL

P
�2Sn

|�i h�|

<latexit sha1_base64="86b4lFCICoDy1fUy6clY/pb64kQ="></latexit>

|�;↵ik =
1X

{a=0}

nO

j=1

(ei↵j,j+1a1 |ajik

⌦ ei↵j+1,j+2aj+1 |aj+1ik)

<latexit sha1_base64="9/NIFqGsUuV/sjxQoYGBmnO2s20="></latexit>

|+ik =
P1

{aj=0}
Nn

j=1(|ajik ⌦ |ajik)

Charged moments at generic n

<latexit sha1_base64="eWua3LaHOgoTnloM0kXNPIS1U60="></latexit>

Weingarten formula (large system size L)



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="pPhNdx4U9vwmQ2D99ug4fHfG6Ao="></latexit>

|�+;↵i =
N

k2A |�;↵ik
N

k2B |+ik

<latexit sha1_base64="VVxCSUVIkddbbLacmnMtew9rBO8=">AAACbHicdZFNTxsxEIadbflo+AqUG6pkEUA9VNHuJoLkBu2FY5AIRMqG1awZiBXv2rK9SGiVv9b/0Xuv5R8g1ZsECVoyp1fzzEjjx4kS3Fjf/1XxPnxcWl5Z/VRdW9/Y3Kpt71wZmWuGPSaF1P0EDAqeYc9yK7CvNEKaCLxOxj9Kfv2A2nCZXdpHhcMU7jN+xxlY14pr/YhhZlHTg0iPZHyGNwWPQKgRxEUQTuhFfDb5n4TNRa QZzMhBXKv7Db/T9psdOgut8CX4NGj406qTeXXj2nN0K1meunOYAGMG0FKgUH8LAmWHRSLleFKNcoMK2BjuceBiBimaYTHVMKGHuQErqduhXNBpE19vFJAa85gmbjIFOzL/srL5Lks0jNG+hwa5vWsPC56p3GLGyhssFzi9wTDNnXqkt1yjtVC+DCnPKAMN1jnnFFhpP3d/UXW+XqTQxeEqbATHjdZFWD/9Pje3SvbIPvlKAnJCTsk56ZIeYeQn+U3+kKfKk7fr7XlfZqNeZb7zmbwp7+gvOOC9sQ==</latexit>

⇢Aei↵12QA⇢Aei↵23QA⇢Aei↵31QA

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="rRw6YleQLHX7X3yFPOL7aWfcQLU=">AAACbXicdZHPThsxEMadhRZI/wUQp1aV1VA1qCjaDRGFAxLQS48gEaDNhtWsMxATr23Z3kpotc/Gc/AAvZYnqFRvEqS2onPxp++bkWZ+TrXg1oXhXS2Ym3/ydGFxqf7s+YuXrxrLK6dW5YZhjymhzHkKFgWX2HPcCTzXBiFLBZ6l489VfvYdjeVKnrgbjYMMriS/5Ayct5LG15ihdGjo+rdEtuJUiaG9yfxTxCD0CMqNvTgDNz JZcWLKVqyNGibF9V5UXsjYjFRygBcFn/Z6//pjVNLj5KDcWE8azbAd7u6EW7t0KrqdBxHSqB1OqklmdZQ0fsVDxfLM78MEWNuHrgaNZjOKtBsUqVLjsh7nFjWwMVxh30sJGdpBMeFQ0ve5Baeon6Fc0ImJf04UkNnqOt9Z3WT/zSrz0Sw1MEb3WNTP3eXOoOBS5w4lq3ZwXOBkB8sM9+yRDrlB56C6DCmXlIEB56FzCqzCn/vPqHteD1Do/8Vppx1tt7vHneb+4YzcInlN3pEWicgnsk++kCPSI4zckh/kJ7mv3QdrwZvg7bQ1qM1mVslfFXz4Dcrbvvs=</latexit>

Zn(↵) = Tr(
Qn

j=1 ⇢Ae
i↵jj+1QA)

<latexit sha1_base64="/a8l+MjmYPOJ+mpqd6ueMFSNmTI="></latexit>

E[U⌦n ⌦ (U⇤)⌦n] = 1
2nL

P
�2Sn

|�i h�|
<latexit sha1_base64="isub8ZNLIBdWENzvG2Ej8d+1NqA="></latexit>

E[Zn(↵)] = 1
2nL

P
�2Sn

⇣P1
{aj=0}

Qn
j=1 �aj ,a�(j)

⌘`B
⇥

⇣P1
{aj=0}

Qn
j=1 e

i2↵jj+1aj�aj+1,a�(j)

⌘`A

<latexit sha1_base64="86b4lFCICoDy1fUy6clY/pb64kQ="></latexit>

|�;↵ik =
1X

{a=0}

nO

j=1

(ei↵j,j+1a1 |ajik

⌦ ei↵j+1,j+2aj+1 |aj+1ik)

<latexit sha1_base64="9/NIFqGsUuV/sjxQoYGBmnO2s20="></latexit>

|+ik =
P1

{aj=0}
Nn

j=1(|ajik ⌦ |ajik)

Charged moments at generic n

<latexit sha1_base64="eWua3LaHOgoTnloM0kXNPIS1U60="></latexit>

Weingarten formula (large system size L)



<latexit sha1_base64="PUwLJ7mywHGI0MkPThP5wylSYhM=">AAACHXicdZDNSwJBGMZn7cvsy+rYZUiDDiG7JqU3sUtHg/wAFXl3fLXB3Z1lZjYQ8c/omn9Nt+ga/TFBs6tCRT2nh+d53+Gdnxt6XGnb/rBSa+sbm1vp7czO7t7+QfbwqKlEJBk2mPCEbLug0OMBNjTXHrZDieC7Hrbc8U3ctx5RKi6Cez0JsefDKOBDzkCbqNNlGGiUNF/L97M5u2BXyvZlhS5MqbgyNnUKdqIcWarez352B4JFvnmBeaBUB0ohhCgvHCfUvakrxHiW6UYKQ2BjGGHH2AB8VL1pcveMnkUKtKBmh3KPJiF+35iCr9TEd82kD/pB/e7i8M/OlTBG/VfVifSw3JvyIIw0Biy+QXMPkxsUk9ywQjrgErWG+GdIeUAZSNAGE6fAYmCRgZcxvFZQ6P+mWSw4V4XSXTFXrS3JpckJOSXnxCHXpEpuSZ00CCOCPJFnMrfm1ov1ar0tRlPWcueY/JD1/gVm7aH3</latexit>

B
<latexit sha1_base64="sqJ5Qn95k+ZDlJMywY6Z9394ATc=">AAACTnicdZDPThsxEMa9aWlDCm1oj1yshkocULSbRuXPKaKXHqnEAlI2RLPOEKx47ZU9i4hWeZc+Ta/k2hfpDbXeECRAMBd/mm9Gnu+X5ko6CsM/Qe3V65U3b+urjXdr6+8/NDc+njhTWIGxMMrYsxQcKqkxJkkKz3KLkKUKT9PJ98o/vULrpNHHNM1xkMFYywspgHxr2DxIBGpCy7fiZIJUhrMkteCf+LxMRjAeo51tHXAyBI qPUDtJU54BWXk9bLbCdri/F37d53ei27kXIY/a4aJabFlHw+ZtMjKiyPyHQoFzfejmkKPdiaKcBmVqzGTWSAqHOYgJjLHvpYYM3aBcBJ3xL4UDMtzvcKn4ookPN0rInJtmqZ/0N166p17VfNbzmX3656x+QRd7g1LqvCDUorqBpMLFDU5Y6eEiH0mLRFAlQy41F2CBPFXJQVR8C0+74XndQ+Evi5NOO/rW7v7stHqHS3J1tsk+s20WsV3WYz/YEYuZYL/Yb3bD5sE8+BvcBv/uRmvBcucTe1S1+n/4+7VX</latexit>

U |0i h0|U †: total density matrix

<latexit sha1_base64="N08xiPFIAd3BcsDgKdKDf53tNQI=">AAACR3icdZDLSgNBEEV74ivGV9Slm8ZEiCBhJglqdhI3LiM4MZCJoaZTiU3mRXePIMN8iF/jVj/Br3AnbgR7YgSVWJu+1K2i6x438rhUpvli5BYWl5ZX8quFtfWNza3i9k5HhrFgaLPQC0XXBYkeD9BWXHnYjQSC73p47U7OM//6DoXkYXCl7iPs+zAO+IgzULo1KNYdhoFCQcuOD+pW+MmVSAetiu1MUCVm6rgC9GPfJM4Qxm MU6WF5UCyZVbN5atab9Es0at/CpFbVnFaJzKo9KH44w5DFvv6JeSBlDxoRRCiOLCtS/cQNw0lacGKJEbAJjLGnZQA+yn4yTZjSg1iCCqneodyj0yb+3EjAl/Led/VkFkP+9bLmXE/H00HnWb1YjU77CQ+iWGHAshsU93B6g2SCa6pIh1ygUpAlQ8oDykCA0jg5BZaBjTXmgub1DYX+Lzq1qnVcbVzWSmetGbk82SP7pEIsckLOyAVpE5sw8kAeyRN5Np6NV+PNeP8azRmznV3yq3LGJ833slM=</latexit>

TrB(U |0i h0|U †)

<latexit sha1_base64="ULf6akiKa+nafMt99T7Ms2Xz+z8=">AAACSnicdZDPTttAEMbXAQqktA30yGXUUIkDiuw04t8JtReOIDWAFEfReDOhq9i71u4YCVl5E56GK7wAr8ENoUqsQ5BaBHP6NN/M7ny/JE+V4zC8C2pz8wsfFpeW6x9XPn3+0lhdO3GmsJK60qTGniXoKFWauqw4pbPcEmZJSqfJ+Ffln16Qdcro33yZUz/Dc61GSiL71qCxHUvSTBY24rIbj4nLcBJPNvaBtKPqFTAjOES0YF EPTQaOkckNGs2wFe7thj/24Fl02i8ihKgVTqspZnU0aPyNh0YWmf9MpuhcDzs55mS3oijnfpkYM57U48JRjnKM59TzUmNGrl9OQ07ge+GQDfgdUClMm/TvRomZc5dZ4icz5D/utVc13/QSiz73W1av4NFuv1Q6L5i0rG5g5ZFUNzhplQdLMFSWmLFKRqA0SLTInqgClBXbwpOue14vUOB9cdJuRdutznG7efBzRm5JrItvYlNEYkcciENxJLpCiitxLW7EbXAb3AcPwePzaC2Y7XwV/1Vt/gkxPLLt</latexit>

{U |0i}: ensemble of Haar random states

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="pPhNdx4U9vwmQ2D99ug4fHfG6Ao="></latexit>

|�+;↵i =
N

k2A |�;↵ik
N

k2B |+ik

<latexit sha1_base64="VVxCSUVIkddbbLacmnMtew9rBO8=">AAACbHicdZFNTxsxEIadbflo+AqUG6pkEUA9VNHuJoLkBu2FY5AIRMqG1awZiBXv2rK9SGiVv9b/0Xuv5R8g1ZsECVoyp1fzzEjjx4kS3Fjf/1XxPnxcWl5Z/VRdW9/Y3Kpt71wZmWuGPSaF1P0EDAqeYc9yK7CvNEKaCLxOxj9Kfv2A2nCZXdpHhcMU7jN+xxlY14pr/YhhZlHTg0iPZHyGNwWPQKgRxEUQTuhFfDb5n4TNRa QZzMhBXKv7Db/T9psdOgut8CX4NGj406qTeXXj2nN0K1meunOYAGMG0FKgUH8LAmWHRSLleFKNcoMK2BjuceBiBimaYTHVMKGHuQErqduhXNBpE19vFJAa85gmbjIFOzL/srL5Lks0jNG+hwa5vWsPC56p3GLGyhssFzi9wTDNnXqkt1yjtVC+DCnPKAMN1jnnFFhpP3d/UXW+XqTQxeEqbATHjdZFWD/9Pje3SvbIPvlKAnJCTsk56ZIeYeQn+U3+kKfKk7fr7XlfZqNeZb7zmbwp7+gvOOC9sQ==</latexit>

⇢Aei↵12QA⇢Aei↵23QA⇢Aei↵31QA

<latexit sha1_base64="G8zLJm8S2+E7UfXI8z7QeDg9WHs=">AAAB+HicdVDLTsJAFJ3iC/GFunQzkZi4ME2LjcKO6MYlJBZIoCG3wwUn9JWZqQk2fIFb3bszbv0bt36JbYFEjZ7VyTn35N573MjjUhnGh1ZYWV1b3yhulra2d3b3yvsHbRnGgqHNQi8UXRckejxAW3HlYTcSCL7rYcedXGd+5x6F5GFwq6YROj6MAz7iDFQqtexBuWLoRr1mnNfpnFjVJTGoqRs5KmSB5qD82R+GLPYxUMwDKXtgRRChODPNSDmJG4aTWakfS4yATWCMvZQG4KN0kvzaGT2JJaiQphnKPZqL+D2RgC/l1HfTSR/UnfztZeJfXi9Wo5qT8CCKFQYsW6S4h/kiyQRPa0A65AKVgux8pDygDAQohYJTYCwV47SXUlrK8nP6P2lXdfNCt1pWpXG1qKdIjsgxOSUmuSQNckOaxCaMIHkkT+RZe9BetFftbT5a0BaZQ/ID2vsX5QCTbw==</latexit>

U

<latexit sha1_base64="quNYmRcvCnyJhpNRycnz2F8tBdY=">AAAB/HicdVDLSsNAFJ34rPVVdelmsBVEJCS1aLsrunFZwbSFNpab6W0dmhczE6GE+gtude9O3Povbv0Sk7QFFT2rwzn3cO89TuhyqQzjQ1tYXFpeWc2t5dc3Nre2Czu7TRlEgqHFAjcQbQckutxHS3HlYjsUCJ7jYssZXaZ+6x6F5IF/o8Yh2h4MfT7gDFQiWSXr9rjUKxQN3ahVjdManZJKeU4MaupGhiKZodErfHb7AYs89BVzQcoOVEIIUZyYZqjs2AmC0STfjSSGwEYwxE5CffBQ2nF28YQeRhJUQJMM5S7NRPyeiMGTcuw5yaQH6k7+9lLxL68TqUHVjrkfRgp9li5S3MVskWSCJ1Ug7XOBSkF6PlLuUwYClELBKTCWiFHSTT4pZf45/Z80y7p5pleuy8X6xayeHNknB+SImOSc1MkVaRCLMMLJI3kiz9qD9qK9am/T0QVtltkjP6C9fwHDD5Rl</latexit>

U⇤
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FIG. 1. Pictorial representation of the model introduced in Sec. II. We consider a system S and an environment E consisting of
N and M qudits respectively. The evolution is driven by the continuous limit of a random quantum circuit which implements a
fast-scrambling dynamics for S with a tunable coupling between S and E . At each infinitesimal time step �t a random unitary
operator Ui,j is applied to randomly chosen qudits in S with probability p1 = N�1�t, while a swap Wl,m between a qudit in
the system and one in the environment (randomly chosen) is applied with probability p2 = �2�t.

In the rest of this paper, we focus on two aspects of the dynamics. First, we study analytically and numerically
the growth of the second Rényi entropy of the system, highlighting the implications of conservation laws and the
emergence of two di↵erent time scales: one is intrinsic to the internal dynamics (the scrambling time), while the other
depends on the system-environment coupling. Second, following Hayden and Preskill [6], we study the time needed
to retrieve information initially injected in the system from measurements on the environment qudits, and how this
depends on the knowledge of the initial configuration of the system.

In the past years, several works have appeared discussing ideas and techniques related to those of the present paper.
First, we note that our setting di↵ers from those studied in Refs. [52–60] in the context of measurement-induced phase
transitions. Indeed, in our model no projective measurement is taken, and we consider instead an environment which is
eventually traced over in our calculations. A similar setting was studied in Ref. [61], but there the authors considered
random global Hamiltonians, with no notion of local interactions. Next, quantum mechanical evaporation protocols
displaying some analogy with our setting were investigated in Refs. [62, 63] for an SYK model [11, 64] coupled to an
external environment (see also [65]). However, the dynamics studied in these works is not Brownian, and is analyzed
by means of the Keldysh formalism.

It is also worth to stress that over the years many qudit models have been introduced to capture aspects of the
black hole evaporation process [66–82]. In particular, a Page-like behavior in time for the entanglement entropy has
already been observed in some of these [67, 68, 79, 81]. However, in most of these examples the evolution is very
carefully engineered and allows one to only study numerically small system sizes.

We also mention that very recently the e↵ects of decoherence on information scrambling has been analyzed in
Ref. [83] within a quantum teleportation protocol related to the setting of this paper, see also Ref. [84] for an
experimental implementation. Furthermore, we note that the Hayden-Preskill protocol with a U(1) conserved charge
has been studied before in Ref. [85], where global random unitary transformations (instead of k-local circuits) were
considered. Finally, two papers closely related to the present article appeared very recently. First, a random quantum
circuit model for black hole evaporation was studied in Ref. [86], but there the authors focused on a di↵erent setup
and quantities . Second, analogously to our work, the emergence of a Page curve in a unitary toy model for a black
hole has also been shown in Ref. [87], based on recently-developed concepts of many-body quantum chaos. However,
in this work we focus on a specific microscopic model which is di↵erent from the one studied in Ref. [87], and employ
di↵erent techniques in our calculations.

The rest of this manuscript is organized as follows. In Sec. II we introduce our model, while in Sec. III we analyze
the growth of the entanglement both in the case of Haar-scrambled local unitary evolution (Sec. III A) and in the
presence of a U(1) conserved charge (Sec. III B). The retrieval of quantum information initially injected in the system
is studied in Sec. IV, while we report our conclusions in Sec. V. Finally, the most technical aspects of our work are
consigned to a few appendices.
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FIG. 1. Pictorial representation of the model introduced in Sec. II. We consider a system S and an environment E consisting of
N and M qudits respectively. The evolution is driven by the continuous limit of a random quantum circuit which implements a
fast-scrambling dynamics for S with a tunable coupling between S and E . At each infinitesimal time step �t a random unitary
operator Ui,j is applied to randomly chosen qudits in S with probability p1 = N�1�t, while a swap Wl,m between a qudit in
the system and one in the environment (randomly chosen) is applied with probability p2 = �2�t.

In the rest of this paper, we focus on two aspects of the dynamics. First, we study analytically and numerically
the growth of the second Rényi entropy of the system, highlighting the implications of conservation laws and the
emergence of two di↵erent time scales: one is intrinsic to the internal dynamics (the scrambling time), while the other
depends on the system-environment coupling. Second, following Hayden and Preskill [6], we study the time needed
to retrieve information initially injected in the system from measurements on the environment qudits, and how this
depends on the knowledge of the initial configuration of the system.

In the past years, several works have appeared discussing ideas and techniques related to those of the present paper.
First, we note that our setting di↵ers from those studied in Refs. [52–60] in the context of measurement-induced phase
transitions. Indeed, in our model no projective measurement is taken, and we consider instead an environment which is
eventually traced over in our calculations. A similar setting was studied in Ref. [61], but there the authors considered
random global Hamiltonians, with no notion of local interactions. Next, quantum mechanical evaporation protocols
displaying some analogy with our setting were investigated in Refs. [62, 63] for an SYK model [11, 64] coupled to an
external environment (see also [65]). However, the dynamics studied in these works is not Brownian, and is analyzed
by means of the Keldysh formalism.

It is also worth to stress that over the years many qudit models have been introduced to capture aspects of the
black hole evaporation process [66–82]. In particular, a Page-like behavior in time for the entanglement entropy has
already been observed in some of these [67, 68, 79, 81]. However, in most of these examples the evolution is very
carefully engineered and allows one to only study numerically small system sizes.

We also mention that very recently the e↵ects of decoherence on information scrambling has been analyzed in
Ref. [83] within a quantum teleportation protocol related to the setting of this paper, see also Ref. [84] for an
experimental implementation. Furthermore, we note that the Hayden-Preskill protocol with a U(1) conserved charge
has been studied before in Ref. [85], where global random unitary transformations (instead of k-local circuits) were
considered. Finally, two papers closely related to the present article appeared very recently. First, a random quantum
circuit model for black hole evaporation was studied in Ref. [86], but there the authors focused on a di↵erent setup
and quantities . Second, analogously to our work, the emergence of a Page curve in a unitary toy model for a black
hole has also been shown in Ref. [87], based on recently-developed concepts of many-body quantum chaos. However,
in this work we focus on a specific microscopic model which is di↵erent from the one studied in Ref. [87], and employ
di↵erent techniques in our calculations.

The rest of this manuscript is organized as follows. In Sec. II we introduce our model, while in Sec. III we analyze
the growth of the entanglement both in the case of Haar-scrambled local unitary evolution (Sec. III A) and in the
presence of a U(1) conserved charge (Sec. III B). The retrieval of quantum information initially injected in the system
is studied in Sec. IV, while we report our conclusions in Sec. V. Finally, the most technical aspects of our work are
consigned to a few appendices.
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