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Lecture Menu

« Event Reconstruction:
Trigger & Data Acquisition; Track Reconstruction; Vertex Reconstruction.

o Statistics & Numerical Methods: Function Minimization; Statistical Models and Estimation.

« Track Reconstruction:
Track Models: Equations of Motion; Track parametrization; Track propagation.
Track Finding Techniques: Basic-techniques, Conformal mapping transformation, Artificial Retina,
Hough/Radon transform, Legendre transform, Neural Networks, Kalman Filter.
Track Fitting: Least-Square Fitting, Adaptive Fitting, Circle & Helix Fitting.

« Vertex Reconstruction:
Vertex Finding: Primary Vertex Finding in 1D.
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Event Reconstruction

The event reconstruction chain of a typical experiment spans from the trigger to the physics objects
reconstruction. The main components of the event reconstruction cover the following:

1. Trigger and Data Acquition

2. Track Reconstruction

3. Vertex Reconstruction

4. Physics Objects Reconstruction
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1. Trigger and Data Acquisition

« Trigger and Data Acquisition: A selection mechanism is required that tags the physically interesting
events and activates the next steps of the data recording (data acquisition - DAQ). Trigger systems of
the experiments have been deployed for many decades, from bubble chambers to electronic tracking
detectors and calorimeters.

« Trigger systems are vital for fixed target as well as for colliding beam experiments due to limitations In
data rates, storage capacity and computing resources.

« Trigger systems are implemented in several levels/stages with increasing computational complexity
and decision latency to minimize the dead time of the trigger.

« Atypical example of a Trigger & DAQ (TDAQ) system based on the ATLAS experiment follows.

Continue...
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ATLAS trigger and DAQ scheme:

Level-1 trigger makes an initial
selection based on the huge number
of electronics modules. There are two
main L1 trigger systems: L1
calorimeter trigger (Levell-Calo) and
the L1 muon trigger (Level-1 Muon)
Selected objects are sentto L1
central trigger processor (Central
Trigger)

The L1 trigger provides “region-of-
interest (Rol)” information including
position (n and ¢) and py range of
candidate objects for the input of HLT.
The L1 trigger makes a trigger
decision within about 2.5 us and
reduces the event rate from 40 MHz to
100 kHz.

Only events selected by the L1 trigger are read out from the front-
end electronics systems to the readout systems (ROS). Further

trigger selections are done by the HLT.

Only events accepted by the HLT are recorded in the data storage.

Calorimeter detectors

Example of a Typical TDAQ system (ATLAS Expﬁierlm?@pt)

The HLT reduces the event rate from 100 kHz to a few kHz.
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2. Track Reconstruction

« Track reconstruction is a main task in the analysis of the event data.

« It provides estimates of the track parameters, including the position, the direction, and the
momentum of charged particles at one or several specific points or surfaces.

« The tracks of stable or sufficiently long-lived charged particles are visible in the tracking detectors.

The short-lived particles (i.e. B hadrons or J/ mesons) are reconstructed from their decay
products.

The reconstruction of charged particles can be divided into four steps (1. Hit generation, 2. Local track
reconstruction, 3. Global track reconstruction, 4. Assesment of track quality):

1. Hit generation — the electronic signals from the various tracking system detectors are converted to spatial

coordinates either 2D or 3D, using the detector-specific calibration constants. The coordinates are called
measurements or observations or hits.

2. Local track reconstruction — tracks are reconstructed in each tracking system. This process can be analysed
into three steps: a) Track segment reconstruction, b) Track finding, and c) track fitting.

Continue...
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a)

b)

Track segment reconstruction: this step is relevant only for tracking systems that are composed of several
independent devices capable of giving at least the position and the direction of the particle and possibly the
momentum. An example is the muon MDT/ATLAS chambers or the micromegas modules of the ATLAS News
Small Wheel detector system which consist of eight layers where each layer can provide enough hits to
estimate the parameters of a straight line track segment (tracklet).

Track finding: in this step, hits or track segments are clustered to track candidates. Track finding can be done
iteratively, i.e., in the very-high multiplicity events recorded by the LHC experiments. In this case,
“easy/obvious” tracks with high momentum and small material effects are found first, while more “difficult’
tracks are extracted in the subsquent passes.

Track fitting: for each track candidate, a track model is fitted to the hits in order to get the best estimtes of the
track parameters. The fit gives an indication of the quality of the fit, by examing the chi-square x? parameter.
An abnormal large value of the chi-square indicates either a random combination of hits or the presence of
outliers in the track candidate. Outliers can either be remove from the track or down-weighted.

3. Global track reconstruction — after the local track reconstruction, the tracks found in the individual tracking
systems must be combined to global track candidates. The track candidates accepted by the track fit in the main
tracking system are extrapolated to the other tracking systems and checked for compatibility with the tracks
reconstructed there. The successful combination of local tracks to a global candidate is followed by a track fit of the
global candidate.

4. Assessment of track quality — Not every track candidate generated by the track finding is a valid track. Testing
the track hypothesis and assessing the track quality after the track fit is therefore mandatory.
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3. Vertex Reconstruction

A point where particles are produced in a collision, or a decay is called a vertex.

Primary vertex: The point of collision of two beam particles in a collider or of a beam particle with a target particle in
a fixed-target experiment.

In high-luminosity colliders, such as the LHC, many collisions occur in a single bunch crossing; consequently, there
are many primary vertices. It is, however, statistically almost certain that at most one of the collisions generates a
pattern recognized by the trigger as being of potential physical interest. The vertex of this collision is called the
signal vertex.

Secondary vertex: many of the particles produced at a primary vertex, including the signal vertex, are unstable and
decay at a secondary vertex.

The aim of of vertex reconstruction is to find sets of particles that have been produced at the same vertex, to
estimate the vertex position, test whether the assignment of the particles to the vertex is correct and improve the
estimates of the track parameters by imposing the vertex constraint. Alternatively, the vertex can be estimated from
the hits in a global method without benefit of tracking.

29/11/24 Data Analysis and Reconstruction Techniques, Theo Alexopoulos 8



4. Physics Objects Reconstruction

« Both the trigger and the physics analysis require not just tracks, but objects that represent physical entities, i.e.
electrons, photons, muons, 1 leptons, jets, missing energy, etc.

* Object identification can be obtained by two complementary approaches: 1. dedicated detectors for particle
identification (PID), and 2. combining information from different sub-detectors.

1. Dedicated detectors for particle identification (PID) — Charged particles can be identified by dedicated detectors in

various ways, like:

o Measurement of the velocity: Given the momentum as determined by the tracking system, the mass can be
estimated. Velocity can be measured directly by time-of-flight detectors, or indirectly by measuring the emission
angle of Cherenkov radiation in Cherenkov detectors.

o Energy loss by ionization: In a large range of velocity, the expected energy loss by ionization is proportional to
(m/p2 where m is the unknown mass and p is the momentum of the particle. In practice, the most probable energy
loss is estimated from several measurements. In a silicon tracker, energy loss is measured in each sensor; in a drift
or time projection chamber (TPC), the energy loss is measured for each wire hit or for each cluster in the endplates,
respectively.

o Transition radiation: Transition radiation (TR) is electromagnetic radiation in the X-ray band. It is emitted when an
ultra relativistic particle crosses the boundary between two media with different dielectric constants. The radiator is
combined with a gaseous detectors that measures the TR signal and the position of the particle.

Continue...
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2.

Particle and Object ID by tracking and Calorimetry — PID in dedicated detectors is complemented by combining

information from the tracking systems and the calorimeters.

O

Electrons: Electrons and positrons are identified as such by the fact that they have a reconstructed track and a
cluster in the electromagnetic calorimeter that matches the track in energy and position.

Photons: Clusters in the electromagnetic calorimeter that are not matched to a track or a cluster in the hadronic
calorimeters are candidates for photons.

Muons: Global tracks with hits in both the central tracking system and the muon tracking system.

Jets: Jets are narrow bundles of charged and neutral particles produced by the hadronization of a quark or a gluon.
Jet reconstruction algorithms are based on clustering the charged tracks but should also provide a good
correspondence between the energy deposits in the calorimeters and the reconstructed tracks. This is the aim of
the particle flow method, which originated in the ALEPH experiment at the LEP collider and is now employed by
LHC experiments as well.

Tau leptons: Tau leptons must be reconstructed from their decay products. In 2/3 of the cases, 1 leptons decay into
hadrons, typically into one or three charged mesons (mainly 1), often accompanied by neutral 7’s decaying into
photons and an invisible neutrino.

Missing energy: Missing transverse energy is a signature for invisible particles such as neutrinos, dark matter, etc.
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Track Reconstruction

The track reconstruction includes three main items:
1. Track Models
2. Track Parametrization

3. Track Finding Techniques
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1. Track Models

« Let's examine how the equations of motion for charged particles in a homogeneous or inhomogeneous magnetic
field are solved. Various types of parametrizations are presented, and formulas for track propagation are given.

Consider a charged particle with mass m and charge Q = ge, where e is the elementary charge and q is an integer,
usually g = £1. Its trajectory or position r(t)= (x(t), y(t), z(t))" in a magnetic field B(r), as a function of time, is determined
by the equations of motion given by the Lorentz force F < qv x B, where v = dr/dt is the velocity of the particle. In
vacuum, Newton’s second law gives:

d _
d_Zt) = kqu(t) x B(t), p=myv, 7= (1—-0v%/c") bz

where the parameter k = 0.3 (GeV/c) Tt m1

The trajectory is uniquely defined by the initial conditions, i.e., the six degrees of freedom specified for instance by the
initial position and the initial momentum. If these are tied to a reference surface, five degrees of freedom are
necessary and sufficient. Geometrical quantities other than position and velocity can also be used to specify the initial
conditions. The collection q = (q;,. . . ., g,,) Of these quantities is called the initial track parameter vector or the initial

state vector.

continue...
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Track Models

Equation of motion can be written in terms of the path length s(t) along the trajectory instead of t:

Fr g dr
ds2 |p| ds

7(s)

In a homogeneous magnetic field, the solution is a helix; it reduces to a straight line in the limit of B = 0. In the general
case of an inhomogeneous magnetic field, one must resort to numerical methods such as Runge—Kutta integration of

the equations of motion.

xB(r(s)) = F(s,7(s),7(s))

The above Equation of motion can be expressed in terms of other independent variables. For example, if the
equations of motion are integrated in a cylindrical detector geometry, the radius R is a natural integration variable. In a
planar detector geometry, the position coordinate z could be the variable of choice.

continue...
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2. Track Parametrization

Different detector geometries often lead to different choices of the track parameters. In a
barrel-type detector system typical for the central part of collider experiments, a natural
reference surface of the track parameters is a cylinder with radius R, centred around the
global z-axis, which usually coincides with the beam line. The track parameters are, in this
case, defined at the point of intersection P between the track and the reference cylinder. In
such a system, one possible choice of track parametrization is the following:

d1 ZQ/pTy 92:¢, QS:taﬂ)\, Q4:R@, Q5 = 2

where pr = p cos A is the transverse momentum, ¢ is the azimuth angle of the tangent of the track
at P, A is the dip angle (complement of the polar angle) of the tangent at P, and R® and z are the

4

track

eference point P

projected track

cylindrical coordinates of P in the global coordinate system.

* In a detector system based on planar detector elements, the natural reference surface is a plane.
Such a surface is uniquely determined by a normal vector of the plane and the position of a
reference point inside the plane. A local coordinate system is defined such that the u-axis is parallel
to the normal vector and the u- and w-axes are inside the plane. A natural choice of track
parameters is:

=, @@ =dv/du, q¢3 =dw/du, g4 =v, ¢5 =w

where w = g/p, du/du is the tangent of the angle between the projection of the track tangent into the
(u,v)-plane and the u-axis, dw/du is the tangent of the angle between the projection of the track
tangent into the (u,w)-plane and the u-axis, and v and w are the local coordinates of the intersection
point of the track with the plane.

reference point %
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Track Propagation

« The track model, given by the solution of the equations of motion, describes the functional dependence of the state
vector g; at a surface j on the state vector (; at a different surface I:

q; = fj|i (‘If)

The function f;; is called the track propagator from surface i to surface j. When
closed-form solutions of the equations of motion exist, e.g., in the two situations of
B = 0 and homogeneous magnetic field, the track propagator can be written as an Yo" 4=
explicit function of the path length. For the helical solution in a homogeneous
magnetic field, however, such an analytical formula exists only for propagation to
cylinders with symmetry axis parallel to the field direction or to planes orthogonal | surface: surface j

to the field direction.
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Track Propagation - Homogeneous Magnetic Fields

The helical track propagator takes the solution of the Equation of motion as a starting point. The solution can be written

In the form:; .
) ~ sinf . Q

r(s) :r0+?(6—sin9)h# e to J—E(l—cosﬁ)fzo

ro=r(s=0), h=B/|B|, t=p/|p|, i = (h xt)/a,
a=|hxtl,s=h-t, K=—k¢|B|, ¢ =q/p, 0 =Ks

Any point along the trajectory can be specified by a corresponding value of s. The equation of the unit tangent vector t
is found by differentiating the above Equation with respect to s:

dr(s)
ds

For a given value of s, any desired set of track parameters can be calculated from above Equations for the positions
and for the directions. In the helical track model, the momentum p is constant.

t = = §(1 — cos0)h + cos 0y + asin 07

29/11/24 Data Analysis and Reconstruction Techniques, Theo Alexopoulos Continue_ .. 16



from previous page...

Track Propagation - Innomogeneous Magnetic Fields

In an inhomogeneous magnetic field, the equations of motion have no exact closed-form solutions, and one must
resort to either a) approximate solutions or b) numerical Runge—Kutta Method.

a) Approximate Analytical Formula:

The magnetic field B(z) = (B, By, B,) is assumed to depend only on the z-coordinate. The particle is assumed to move

along the z-axis, and the track parameters are X, Yy, t,, t, v, where t,, t, are the direction tangents. In this

y! y

parametrization, the equations of motion are: dx dy
N ta:a ~4. — ty
dz dz
dt,
E = h [ta;twa - (1 =+ t?p)By + tsz} — a(Z) ' B(Z) — Z ai, Bi, (Z)
11=2,Y,2
d?
d—j = h [(1 + tz)B;c — tgctyBy — ta:Bz} — b(Z) ' B(Z) — | Z bilB’il (Z)
11=,Y,=z

a(z) = hitgty, —1—12, t,), b(z) = h(1 +t;, —tuty, —ts)

d
d_‘ﬁ:o, h=ky(1+ 12 +82), §=q/p
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The aim is to find formulas for the extrapolation of (t, t,) from z, to z;; the extrapolation of x and y can then be performed by
integration of the track directions. It will be convenient to obtain first a general formula for extrapolation of any function T(t,(z), t,(z))
from z, to z; and only then to substitute T = t, and T = t, into the final formula.

Let a function T is given by T(z) = T(t«(2), t, (2)), then:

Til(Z)
dT(z) _ (0T dt,(z) _OT dt,(2) [ OT L oT \
G tana )= 2 (gpam gt = 2. Tu(®)Bu(2)
dz ot, dz ot, dz , (975 8
The derivatives of the new functions T;;(z) can also be expé’ﬁded in the same way as the T(z) denvatwe%%ntroducmg new functions
|1|2 (Z) T2122(Z)
dcz—%1 (Z) o 6‘TZ 8Tzl b T
dZ T ' Z 8t Ay (9 'y Z Z1Z2 ( )
12=T,Y,= 7/2—3'; Y,z
dTZl’bk—l(z) aTzlzk—l(z) aTZl'Lk—l(z)
= o ‘ = Z T;, .5, (2) Bir(2), where T;, . 4, (2) = It aix + o, bik
1 =—2,Y,z
Using Equation' the AT ] T(z) = T(20) +kz | Z Ti,.....in (20)
function T(z;) can be T(zp) = T(z0) + f dz1 = T'(20) + f T;, (21)Bi1(21)d2 zf Zk—1:111 ..... N
written as: ! i /20 dz1 ’ Z/ X (/ Bz-l(zl)..-/ Bik(z;c)dzk...dﬁ)
. o AT (=) q 0 * o
=T(z0) + Z/zo < iy (20) + /ZO s ZQ) B, (z1)dz; o ((kB(q/p)(zf )" )
) (n+1)!
=T'(z0) + ZTil(ZO)/ Bi, (z1)dz1 + Z/ Bi, (21 / ZBw 22) T3y, (22)dzodz = Substituting T=t, and t, into the formula one can obtain

the extrapolated track parameters. Coefficients t; i,
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b) numerical methods (Runge—Kutta),

 Runge—Kutta methods are iterative algorithms for the approximate numerical solutions of ordinary differential
equations, given initial values.

* Runge—Kutta—Nystrom methods are specialized Runge—Kutta methods that are optimized for second-order
differential equations such as the one:

r @ AT b ) = F(s.r(s). B (s
@_k\pI\dﬁ, B(r(s)) = F(s,r(s),7(s))

7(s)
* In the fourth-order version a step of length h, starting at s = s,,, is computed by:
Pril = Tn + Wty + R (k1 + ko +k3) /6, Ppi1 =7, + h(ky +2ky + 2ks + ky4) /6,
ki=F(sp,Tn,Tn)
ko =F (s, +h/2,7, + ht,, /2 + b’k /8,7, + hk1/2)
ks =F (s, +h/2,7, + ht,, /2 + h’k1 /8,7, + hko/2)
kyi=F (s, + h, vy + htty, + h°k3 /2,70, + hks3)

where r,, is the position of the particle at s = S, r*,, is the unit tangent vector. The magnetic field needs to be looked up three times
per step, at the positions r,,, r,+ h r*./2 + h2k; /8, and r,+ r, + h r* + h?k;3 /2.
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3. Track Finding Techniques

There is no systematic theory of track finding yet. We will present some of an extensive list of basic techniques which
have been successfully used, stand-alone or in combination, in past and present experiments. Among them are the
 Conformal Mapping Transformation

« Artificial Retina

« Hough Transform

 Legendre Transform

* Neural Networks

« Kalman Filter

As track finding in most cases delivers some candidates that do not correspond to actual particle tracks, we will
discuss some methods for an efficient selection of valid track candidates.
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Conformal Transformation

In the conformal algorithm, point coordinates in global Euclidean space (X, y) are translated into the conformal space
(u, v). The idea behind this coordinate transformation is that circles passing through the origin of a coordinate system
(X, y) can be transformed into straight lines in a new coordinate system (u, u). The circle equation in global coordinates

(X, y):

(x—a)’ +(y—b)* =R

IS equivalent to a straight line in the (u, v) plane:

a n 1
V= ——UuU-+ —
b 2b

if the circle is passing through the origin such that R is fixed to R? = a2 + b? and if the following transformations are
applied: T Y
U = UV =
2 27 2 2
e+ Yy e+ Y
Through the application of the conformal mapping, finding tracks of charged particles bent by a homogeneous magnetic field can be
reduced to a search for straight lines. The radial order of the hit positions is inverted in the conformal space with respect to the global

space: hits on the innermost part of the detector are mapped to outer regions in the (u, v) plane and vice versa.
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Conformal Transformation

2au + 2bv =1 2 I S :

This is the equation of a straight line in the (u,v) plane with distance 10} \ ' 05|
d=1/(2R) from the origin. A circle with a large radius R or small e, N
curvature is therefore transformed into a line that passes very close ~ 0'":"“?.‘3 X >0
to the origin. In the limit of zero curvature, the circle becomes a line “"/ 2 1 ,
transformed into itself by the conformal mapping. Both circle finding | fi 1:}\\ .
and circle fitting can be simplified by this transformation from circles R 1

. . -20 -10 0 10 20 1 -0.5 0 0.5 1
to straight lines. .

: . . . .. 1500 _ S
The simple pattern recognition technique suggested in original E e : gom; i
applications of conformal mapping consists of grouping hits aligned <'"f T w1 = | . j
in the same direction in the (u, u) plane, by searching for peaks in  swf TR e ‘, ]
the angular hit distribution in conformal space. However, this method of % ; of b :
does not consider deviations from the straight-line path, which can | ‘ ] f "ae
arise in real measurements. These deviations come either from : ] 5 N Sinl i ]
multiple scattering or from the mathematical approximations o . ; 004F 5p§3p4§§0§ev
introduced in the conformal mapping formulas, as is the case of g0 50 0 50 100 1500 00t 0 0 o0 oo
particles not produced at the origin of the (x, y) plane, also known as X [mm] u[1/mm]

displaced or non-prompt particles.
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The Hough transform is used to detect straight lines can be detected. In general, the straight-
y = ax + b can be represented as a point (b, a) in the parameter space. However, vertical lines

Y A

Hough Transform \
line

=>

pose a problem. They would give rise to unbounded values of the slope parameter a. Thus, for .

computational reasons, Duda and Hart proposed the use of the Hesse normal form of a line

p-T—r=0=xcosl +ysinf =r / D)

where r is the distance from the origin to the closest point on the straight line, and 6 is the

angle between the axis and the line connecting the origin with that closest point. It is therefore o N X
possible to associate with each line of the image a pair (r,0). The (r,0) plane is sometimes referred to as Hough space for the set of
straight lines in two dimensions. The Hough transform is a case of the general Radon transform.

Given a single point in the plane, the set of all straight lines going through that point corresponds to a sinusoidal curve in the (r, 6)
plane, which is unique to that point. A set of two or more points that form a straight line will produce sinusoids crossing at the (r, 0)
for that line. Thus, the problem of detecting collinear points can be converted to the problem of finding concurrent curves, i.e.

intersection points in the Hough space.

Image space

10 15

. 10

5
> r

Houah transfor

Hough space

In practice, the measured points do not lie exactly on a straight

0r

5t

-10

29/11/24

line, and the lines in the Hough space do not intersect exactly in
| a single point. The usual approach is to define a binning in the
5 1 Hough space and count the number of lines crossing each bin.
Peaks in the 2D histogram correspond to lines that are close to
many points in the image space. The size of the bins depends on
the distribution of the measurement errors and can be tuned on

simulated tracks.
6 Continue...
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If the curve to be found in the image space is a circle (as in the case of detecting Cerenkov rings) in general position

with the equation: 0 0 5
(z—x0)"+ (Y —wo) =R

the constraint that the circle passes through the point (x;,y;) defines a second order surface in the 3D Hough space of
(X01 yO’ Z):

z= (i —x0)® + (ys —yo)?, with z = R’

It follows that finding circles requires finding intersection points of surfaces in a 3D histogram, which is computationally much
more expensive than the same problem in 2D.

An alternative is the randomized Hough transform, that randomly selects triplets of points. The centre of the circle passing
through the triplet (that defines a triangle), and its radius are stored in a 1D histogram. Peak finding can be done in 3D or in the
2D histogram of the circle centres.

Continue...
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Application of Hough transform in micromegas detector ¥ Charged 1 Agoov
(example of a MPGD-Micro Pattern Gaseous Detectors). Parici p
* To exploit the timing information per strip the PTPC | cnesincs s\ . ——
reconstruction method has been developed based on
Hough transform that can provide a very precise track p
segment in a single detector gap. g

 The clustering algorithm distinguishes multiple tracks
and/or hits due to noise or delta rays.

Printed Circuit Board (PCB)

« For normal tracks, a cluster building algorithm can be — Fedive S
used allowing for a single missing strip between two " Elctons
strips per cluster. Cluster building is performed in Hough Track &
ascending strip numbers. The charge weighted track = ° FINRRRRE i b
pOSitiOﬂ is §5_ o 00 ° \g%;g . DRIFT VELOCITY :
o 22 Qi g EW
p T ) 5 4j_ 7_:i T Ar93Co25isoz g
2. Qi 5. i phasrl
x; = strip coordinate, (); = strip charge . o
20 5t
L 4-5"‘# ,/'—\
- +f T~
T real event % _
A garfield simulation
066 67 68 69 70 71 72 73 74 75 B L
Position along readout[mm] @ s @@ N @ o =R s e N0 P

. . { J ELV ] w
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Artificial Retina

The concept of the “Artificial Retina” was introduced like the Hough transform, it relies on a partition of the track parameter space
into cells.

Consider an events with two tracks passing through several parallel detector layers. Given the coordinates of the hits, we want to
estimate the parameters of all the tracks that generated them. Each track is identified by two parameters (a,b) and the coordinates of
the intersections of the track with the detector layers are y;(a,b) = ax; +b where i is the layer number. We build a bidimensional grid in

parameter space where each grid element is identified by a pair of values (a,b). For each event we then compute the response
function, Gaussian type like:

»

R(CL, b) = Z Z G_S%j/20752, Sij = Yij — (&Ii —+ b) X

i=1 j=1

+

¥-2-
¥

T

where s; = y;; — (ax; + b) is the distance of hit j in layer | from the
ideal track position in layer i, and O; is a scale parameter that
regulates the width of the receptive field in layer i. The sum is
extended to all hits present in all the layers and computed for all
elements in the grid.

Other response functions are of course possible (like a Lorentzian),
and their shape and width can be adjusted for optimal performance. a
As with the Hough transform, track candidates correspond to the local

maxima of intensity in parameter space.

+
+
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+
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The artificial retina is eminently suitable for high-speed track finding, as it can be highly parallelized and implemented on
commercial FPGAs.
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Geometrical Legendre Transform

» The Legendre transform is an extension of the Hough transform, used to find common tangent lines to a set of circles.

« The Legendre transform is a well-known mathematical tool in Thermodynamics and Analytical Mechanics. Consider a convex

function and a straight line of the form y = px + a, where p and a are the slope and intercept, respectively. For a value p of the
slope the Legendre transform of the function f(x) is defined as follows:

F(p) = sup|pz — f(z)] = —inf[f(z) — pz]

X
The notation sup_x indicates the maximization of the function px — f(x) with respect to x for constant p, while inf_x indicates the
minimization of f(x) - px with respect to x for constant p. ~ N
b% — - © o dx
As it is demonstrated, for a given value p of the slope, this transform finds T

the point of f(x), where the tangent line has a slope p. The intersection of TJ A
the straight line with the y-axis is given by —F(p) (in convex functions). !

x+F=px+ F /

A
Thus, each point (p,F(p)) in Legendre space represents a line, tangent to \J : r= L Eeee] (0.F)
the curve f(x). The Legendre transform can also be applied to a concave r/ Xy X |
function. A(0,-F) : '
convex function Xy X
N e iV F—(—a ] | concave function

y o :j o) "A =X cos0+y,sin0=R Legendre transform of a circle:

m. x,+R

w Xy fl(x)=yo+\/Rz—(;vc—xo)2 » [r=Xxpcosf+y,sinf+ R for concave

X~ R foo) = > 2 f& r=Xxpcosf0+y,sind —R for convex
£, = yo — /R — (x = x0)
Y=y VR () . . Representation of the circle in Legendre transformation space. The circle corresponds to

¢  two sinograms in the Legendre transformation space.
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from previous page...

Study the Legendre transform method using a Monte Carlo algorithm to produce
random lines and create the hits for each tube. As an example, the algorithm is
tested in the Monitored Drift Tube detector of the ATLAS experiment, a straw type

chamber. In this study, a Drift Chamber of eight tube layers including 36 tubes in 5
each layer, is used. The diameter of each tube is 30 mm. After calculating the hits,
a Gaussian measurement error is applied to each hit. Moreover, random hits are 10
generated to simulate random noise hits in the detector. The study is performed -200
for single and multi-track events. In each case, the reconstructed line parameters
are calculated.
|
120
E 115 i /Ij ) ) ) ) ) 200
el ! resolution versus noise using hits with a
G 110 ¢ /,i’ standard deviation of 100 um. The data are 100
3 o5k o simulated with noise up to 600%. =
é s P | w0 0.04539 E
100 gf'/i p1 00.97 -100
95

100 200 300 400 500 600
Noise level [%]

Legendre Transform

Tube front view
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Drift chamber with two multi-track events with noise level of 100% and 200%, for Events 1 and 2, respectively. Each one of the
events were reconstructed using the Legendre transform method with their corresponding Legendre transforms. The circles in
Legendre space graphs denote the points with the highest height, corresponding to the three tracks.
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from previous page... Leg endre Transform

« Application of Legendre transform in pattern recognition method that identifies the common tangent lines of a set
of ellipses:

I PX+Fec f(x) f1(z) =yo + g\/a,? — (z — z9)® for the concave part
T) =
Yo+ y =0+ 31/a? — (@ 20)” Elipse: fo(x) =yo — g\/a? — (z — z0)® for the convex part

(Ochc) (Xoij) px . _ I
. - r _“{“d“______m_vﬂe“)=xocosewaslnea-v.bzsinze+a‘cosze
F T pX-FCV ‘o*ag""""d ‘///
N a > Legendre Trasform: o e <
Yo-b- y=1yo— 7\ a*— (z—x0) - 2 12 2 cog2 %-a N
b £(2) o r(0) Zocosf + yosinf + \/ b2sin“ @ + a2 cos?2 8 for the concave part | s
x r = o N
F %ch Xevy | > zgcosf + ygsinf — Vb2sin? 0 + a2cos2@ for the convex part . "‘ .
cv 0 XO +a rel= xncose+yusinﬁ-vb’sin%w’cos’ﬁ \\\
(OF-FCV) \\\
0 083 ; [ — 25 §
y A
e e e ea T W yimm
|‘]‘[[[‘[II‘]‘]‘lwllill‘[II‘]II‘]IIII[[I II‘]I]‘lllll‘[I[‘TI]‘]I]]III‘[I[‘[IW‘]I]
I\][\I\\\][l\l\l\ll[lI\I\][\I\I\I]I\I\I\II= ]‘J‘]lllull‘l‘c[*il“l‘ \'|\"~' LT T LT JT. T 1.1 |\-\| LT
R 1 i I o) 3 0 8 I M B I 0 8 8 S R
1000mm 1000mm Implementatlon Of a Monte Carlo I = 5 8 3 8 8 ) 8 6 A R
algorithm that produces random two G e
track events and assigning noise hits. -1000mm (0.0) 1000mm
Figure 11: A dual track event with 50% noise. The green lines are the reconstructed tracks. The red dashed lines are the initial lines for reference.
D } 30mm These trac ks paSS th rough the Ce” Of From this set of ellipses, the algorithm created the histograms in ﬁguresand
A the different layers of the detector, y[mm] 1
oo Prmin >0mm assigning ellipses that are co-eccentric et i i e sest bt e St s seatatttttae 1
within the different cells of the chamber. e S B D e B R o
Figure 8: Specifications of the detector and the chambers. :\‘ l\‘\l\ I‘\lI \l\‘ ‘\‘I‘Tl L\L\ I‘\lI I I‘I‘ ‘I‘\l ‘\ll‘l ]‘I‘[ II‘;’?.{;LC!DIH\‘I‘ |
-1000mm (0,0) 1000mm
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from previous page... Leg endre Transform

A method of reconstructing the circle parameters from a set of datapoints on a plane based on the geometrical Legendre transform.

This method can be used to identify Cerenkov rings. @ )

- For three datapoints on a plane a circle is constructed, and then its Legendre transform: Y|, _, . /m—G 2y "
meme(Y3 —y1) +mr(X2 +X3) — M (X1 +X3) _ AN x\‘/
Xest — 2 — XO . ° /
(my —my) circle: _ PR -
1 f1x)=yo+1/R"—(x—x0)* concave part o)
_ X1+X2\  YitYa _ feo= - il I i
Yest = =i \Xest =7 5 =Y fa)=yo—1/R*—(x—x0)> CONvex part R -
5 5 r1 = Az, 1) 9 vs = Clzs, 45) }.\\/\)‘
Rest = \/(Xest—xl) +Vest —¥1) r1 =X cos @+Yy, sin @+Ry, concave part / rz = B(s,32) '
Yoy Yamy foeL Iy =Xg cos @+y, sin @—Ry, convex part | [YT¥% "V R? — (z — 2o)? .
2= N 37 )2 z
m; = and m; = rola-
T N Xy t X2 —Xo Legendre Transform of the circle:

» Considering n given datapoints, all the possible circles for each triplet of datapoints are constructed. The Legendre transform, of all

reconstructed circles, will be given by the sinograms: koo o .
ra2= 2 (X.y €0s O+y,, sin @ +R.,)
i=1

* Also consider the difference and sum of r1 and r2:

ko . ko D
(a) The red and blue datapoints originate from the two ri—r2=2 Y R., M +72=2 ¥ (Xest C0S O+Yes; sin 6)
circles (red and blue lines) having received a smearing ©, ~~ © P i e
of 10%. The outliers/noise hits (black datapoints) are on ¢ - ok o
a 50% percentage of the circle's datapoints. (b) The ;. - f Iy T 1l T 14
Legendre space of r,-r, from the datapoints of (a). (c) % ¢ s g 128 g2
Concave and convex representations of the circle's § . %12 . of £ 8
datapoints. (d) The Legendre space of r;+r, from the * I ° i £ N
datapoints of (a). ' . ) 8 Anl _‘ 2
Estimation of the radius of the circles by searching for %™ 234”56”78910 ".1.3".'1“‘.8_;;’"6’;’?_";’4’“]1‘!“"2'“’2‘_!5‘“’3' %15 105 oilEs ¥ 95 2 25 3 %15 -1 05 0 08 115 228 3

maxima in r,-r, while the centre of circles by searching in _ _ _
r,+r, distributions. + The Legendre Transform eminently suitable for high-speed track

. _ _ finding, as it can be highly parallelized and implemented on FPGAs
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Neural Networks

« The application of neural networks to tracking is of the Hopfield type, the neurons being track segments that

connect observations in adjacent or nearby layers of the detector.

* A Hopfield network is a fully connected network with a single layer of neurons. In the S
simplest case, the neurons are binary with two states: s;,=%1,i=1, ..., n. Each pair (i,))
of neurons has a fixed connection weight/synapses w; with w; = w;; and w;; = 0. The states

of the neurons evolve in discrete time steps according to the rule: - -

Sz(t) = Sign Z’wiij(t — 1)
71=1

The network has an associated “Energy” function: -

1 n n
E(s) = —5 S:S:wijsisj, s = (s1,82,...,8p), state of network
i=1 j=1

« The aim is to find the global minimum. To this end, thermal noise is introduced in the network. At temperature T, the
state s is Boltzmann distributed with the probability function and partition function Z:

1
P(S) — Ee_E(S)/T7 Z — Ze—E(S)/T
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from previous page... Neural Networks

As the number of possible states rises exponentially with the number of neurons, the partition function Z is computed in the mean-
field approximation, and the thermal average u; of s; is given by: 1 OE

v; =< 8§; >p=tanh | ———
1 1 =T Tanz

where the states v = (v, ,.., U,) are now continuous in the interval (-1,1). The definition of the new energy function E(v) is

analogous to E(s): n n
1
E(’U) — 5 Z Z Wi ViUy

and the update is modified accordingly: 1=17=1

1 n
U; (t) — tanh ? 2:1 W;;V;V5
j:

Finding the global minimum of the energy function is facilitated by deterministic simulating annealing algorithm. First, the energy
function is minimized at high temperature; the temperature is then lowered according to a predefined cooling or annealing

schedule. At low temperature, the states of the network are close to either +1(active) or —1(inactive).

To keep the number of neurons manageable, geometric cuts ensure that only segments that can be part of an actual track in the
momentum range of interest are used as neurons.

32
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Track Candidate Selection

« After track finding, track candidates may share hits.

« |If two candidates share more hits than is deemed acceptable, for instance more than one, the track candidates are
called incompatible.

« The incompatibility relation can be represented by a graph (V,E), where the n vertices v, € V,i=1, ..., n are the
track candidates.

. which is defined as the unordered

- Two incompatible track candidates u;, and vu; are connected by the edge e; = gy,

pair (u;, ;).

« The number of compatible track candidates can be maximized by finding an independent set of vertices of maximal
Size, i.e., a subset V,; C V of vertices, no two of which are connected by an edge.

« Finding the largest independent set is not necessarily the best approach for finding an “optimal” set of track

candidates, as the quality of the track candidates should be considered, too. If the quality of the candidate v, is
quantified by a positive weight w;, the problem is to find an independent set that maximizes the 2 w; .
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Linear Approaches to Circle and Helix Fitting
« Will present a couple of linearized fits of space points to circles and helices.

1. Conformal Mapping Method.:

« The conformal transformation described in track finding analysis can be generalized to deal with circles passing
close the origin. The values obtained however, are only approximate, since equation R? = a2+b? forces the circle to
pass through the origin and the important third parameter determining a track, the impact parameter ¢, is lost.

« The situation can be resolved by allowing for a small difference between R? and a?+b? , which we call it &:

0 = R?—(a?+ b?)
» For 6 << R? we then have, instead of a straight line, a parabola with a very small curvature:

1 0 a 0 R?
— — [1—- — ) —u=1= =] —u2s—
T ( 4b2> “b ( 2b2> RRbTE

here terms of the order of 6 2 and higher have been neglected. Using the approximations:

5 5 5
1—— | =1 l—— ) =~ 1. for — 1
( 4b2> ’ ( 2b2> 0T g S

the equation for the parabola then becomes:

1 a R\’ 5 ST 0
U—Q—b—gu—€(€>u, E—R—\/CL —|—b Nﬁ

this equation is identical to a linear equation except for the term representing the curvature, which is proportional to the impact
parameter. An ordinary parabola fit in (u, v) space will therefore yield the three circle parameters a, b, €in (X, y) space.
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from previous page...

2. Chernov and Ososkov’s Method:

« The task of fitting a circular track to a set of measurements is equal to minimizing the function:

X* = zn:d?
=1

where d; are measurement residuals orthogonal to the particle trajectory:

di:iW(xi—a)u(%—b)LR}, i=1,....n

where a, b, and R are the coordinates of the circle centre and the radius. The approach of Chernov and Ososkov is to
simplify this non-linear minimization problem by introducing an approximate expression for the residuals d;:

(i —a)? + (y; — b)* — R?]
2R

if the residuals are small compared to the circle radius. The equations obtained by differentiating x? with respect to
the circle parameters and setting these to zero are quartic (polynomial equations of 4t degree) and can be solved
efficiently by a standard Newton iteration procedure.
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Vertex Reconstruction

« Vertex finding is the search for clusters of tracks that originate at the same point in space.

» Vertex finding is the process of dividing all or a subset of the reconstructed tracks in an event into classes such that
presumably all tracks in a class are produced at the same vertex. Vertices in an event can be classified as primary
vertices or secondary vertices.

* In a fixed target experiment, a primary vertex is the point where a beam particle collides with a target particle; in a
collider experiment, a primary vertex is the point where two beam particles collide.

« A secondary vertex is the point where an unstable particle decays, or where a particle interacts with the material of
the detector. The search for secondary vertices is often based on a well-reconstructed primary vertex or vertices.
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from previous page... Vertex Reconstruction

« Hits from a vertex chamber: The vertex along the beam line, z,, is estimated from
the hits in a global method without benefit of tracking. It maximizes the following
summation vertex function over all hits in the vertex chamber:

X fcm]

G(z) = Z exp (— [(z — zg.3)(xs —xp) /23 + 213 — zm,n]2 /202)

k.m,n

The subscript m (m = 1,...,m(n)) is the number of hits in plane n (n = 1, 2, 3). The
coordinate of plane n is x, cm from the beam line at x = 0. The index k steps through
the hits of plane of the outer plane.

Giz) larb. umtsl

« Hits from straw chambers: Apply the Legendre transform and clustering
algorithms to the set of hits, in a fast and coarse way and extract the lines and
respective associated hits per line. Then the associated hits form the vertex

function G(z) as before. After maximizing the vertex function G(z) a vertex point is
extracted.
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Statistics & Numerical Methods

Will discuss some statistical and numerical methods in data Analysis and Reconstruction techniques.

1. Analysis of Functions Minimization: Gradient-based methods and a popular non-gradient method will be
presented.

2. Discussion of Statistical Models and the Estimation of Model Parameters. The basics of linear and nonlinear

regression models and state space models are presented, including least-squares estimation and the (extended)
Kalman filter. (in Backups)
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1. Function Minimization

« The minimization (or maximization) of a multivariate function f(x) is a task in solving non-linear systems of
equations, clustering, maximume-likelihood estimation, function and model fitting, supervised learning, etc.

* A basic classification of minimization methods distinguishes between methods that require the computation of the

gradient or even the Hessian matrix of the function and gradient-free methods. "Hessian matrix describes the local
curvature of a function of many variables. It is a square matrix of second-order partial derivates of a scalar-valued

function, or scalar field”

1. Methods require gradient and/or Hessian martrix

2. Gradient-free methods (in Backups).

Continue...
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from previous page... Function Minimization

1. Methods require gradient and/or Hessian martrix

Newton-Raphson Method: If f(x) |s at least twice continuously differentiable in its domain, it can be approximated by
its second order Taylor expansion f (x) at the starting point X :
Vi@,

" 1 T —N—
f(@o + h) = f(x) = f(xo) + V f(x)|, A+ gh H(xo) h

\ - 7

-~

Hessian matrix

The step h is determined such that fzx) has a stationary point at x; = Xg + h :
A — T
V(@)= Vf(x), +h"H(zo)=0 = h=—[H(zo)]  [Vf(z),]

To ensure that the Wolfe conditions are satisfied, above relation is often relaxed to:

h=—n|H(zo)| " [Vf(a:)\wo]T , with a learning parameter n € (0,1)

Inverting the Hessian matrix can be computationally expensive; in this case, h can be computed by finding an
approximate solution to the linear system: B - 1T
H(zo)h = — [V ()|

This procedure is iterated to produce g, | = @), — 7 [H(mk)]_l Vf(a;) N Continue...

a Seq uence Of Values accordl ng to In practice, the iteration is stopped as soon as the norm of the gradient of f(x) of
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from previous page... Function Minimization

Descent Methods: As the computation of the Hessian matrix is computationally costly, various methods that do not
require it have been devised, for instance, descent methods. A descent method is an iterative algorithm that searches
for an approximate minimum of f(x) by decreasing the value of f in every iteration. The iteration has the form

Tr11 = o +nedr, where dy is the search direction and 7 is the step-size parameter

As with the Newton—Raphson method, when a (local) minimum is reached, it cannot be left anymore.

Line search: a search direction d is called a descent direction at the point
x € R"if g(x)-d <0, where g(x) = V f(x) is the gradient.
If n is sufficiently small, then f(x + nd) < f(x).
Once a search direction d; has been choosen at the point
x;., line search implies that the line € = ;. + Ads

is followed to its closest local minimum.

Continue...
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Track following by the Combinatorial Kalman Filter

This method finds tracks locally or sequentially, one after the other.

In track following, a track candidate starts from a “seed’, i.e., a short track segment. This seed can in principle be anywhere in the
tracking detector. Generating seeds in the outer layers of the trackers has the advantage of smaller occupancy and less
background from low-momentum tracks; generating seeds in the inner layers, which are frequently pixel layers, has the advantage
of using 3D hits with higher resolution both in the bending plane anhits anddinal direction.

The generation of seeds is often a simple combinatorial search for compatible triplets or quadruplets of hits, and includes
information about the size and position of the beam spot.

Once the seeds have been found, each seed is then followed through the tracker by extrapolating it toward the outside of the
tracker or toward the production region, depending on where the seed is situated. After each extrapolation step, compatible hits
are searched for and attached to the track candidate.

The progressive track recognition described using the combinatorial Kalman filter (CKF). First, each seed is fitted. The parameters
and the covariance matrix of the seed are then extrapolated to the nearest tracker layer, considering interactions with the detector
material. The hits in the sensor in which the extrapolated trajectory intersects with the layer are tested for compatibility with the
predicted track parameters using a chi-square statistic.

If n compatible hits are found, n copies of the predicted state, i.e., its track parameters
and its covariance matrix, are generated, and each one of them is updated with one
of the n hits according to the Kalman filter. The original state is also kept and marked
as having a missing hit, giving a total of n + 1 track candidates. This procedure is
iterated on each track candidate until the last layer of the tracker is reached or the
count of missing hits in a candidate exceeds a preset threshold, typically one or two.
In the course of the combinatorial Kalman filter, it may be necessary to limit the
number of active candidates for reasons of memory and/or speed. In this case, the
“‘worst” track candidates are discarded and not followed anymore. The quality of a

track candidate can be measured by a combination of its total number of hits, its number of missing hits, and its total chi-square x2.
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Track Fitting

« Track fitting is an application of established statistical estimation procedures with well-known properties.

« Estimators based on the least-squares principle were the principal methods for track fitting. Robust and
adaptive methods have been used.

» Will present a couple of methods:

U Least-squares regression,

1 the extended Kalman filter
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Least-squares regression

« Assume that track finding has produced a track candidate, i.e., a collection of n measurements m,, . . . ,m, in
different layers of the tracking detector, along with their respective covariance matrices V,, . . . ,V,. The
measurements may have different dimensions m; and usually have different covariance matrices. The initial
parameters of the track to be fitted to the measurements are denoted by p. They are assumed to be tied to a
reference surface (layer 0). The regression model has the following form:

m=qf(p)+e El¢ =0, Varle]=V

where m=(mq, ... ,my)"and f=(f;, ... ,f)7. The function f, maps the initial parameters p to the measurement m, in layer K.
It is the composition of the track propagators up to layer k and the function that maps the track state to the measurement:

T :hkofk|k—1Ofk—1|k—2o°°°of2|1of1|0
» Its Jacobian Fy 1s given by the product of the respective Jacobians:

Fip=HpFyi 1Fr_1k-2.--F1)0

* The covariance matrix V is the sum of two parts, V = V,, + Vg. The first part is the joint covariance matrix of all measurement
errors. These can virtually always be assumed to be uncorrelated across different layers, so that VM i1s block-diagonal:

V y = blkdiag (V1,...,V,), V,=Varlegl|, 1=1,...,n
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from previous page... L east-squares regression

« The second part Vg is the joint covariance matrix of the process noise caused by material effects, mainly multiple
Coulomb scattering. The process noise encountered during the propagation from layer k-1 to layer k is denoted
by vy, and its covariance matrix by Q, . The integrated process noise up to layer k is denoted by I,. Linearized
error propagation along the track gives the Linearized error propagation along the track gives the following

expression for the covariance matrix of I :
Var Fk E Fk|zQ Flf|’l

with Fk\z — Fk|k—1Fk—1|k—2 c. Fz’—l—1|i for ¢+ < k and Fk|k =1

Ifi <k, I;and I, are correlated with the following cross-covariance matrix:

COV[I‘i,I‘k ZF’LUQ Fk|]

71=1

« Error propagation from the track states to the measurements gives the final block structure of Vg
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Function Minimization

2. gradient-free methods

A popular gradient-free method is the downhill-simplex or Nelder—Mead algorithm. It can be applied to functions
whose derivatives are unknown, do not exist everywhere or are too costly or difficult to compute. In n dimensions, the
method stores n+1 test points x4, . . ., X1 at every iteration, ordered by increasing function values, and the centroid
Xo Of all points but the last one. The simplex generated by the test points is then modified according to the function
values in the test points. The allowed modifications are reflection, expansion, contraction and shrinking. The iteration
Is terminated when the function value of the best point does not change significantly anymore. The size of the initial
simplex is important; choosing it too small can lead to a very localized search. On the other hand, it is possible to
escape from a local minimum by restarting the search with a sufficiently large simplex.
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Statistical Models and the Estimation of Model Parameters

« A statistical model is defined as a functional dependence of observed quantities (observations or
measurements) on unknown quantities of interest (parameters or state vectors). The parameters cannot
be observed directly, and the observations are subject to stochastic uncertainties. The aim is to estimate
the parameters from the observations according to some criterion of optimality. There are three Models:

dLinear Regression Model

dNonlinear Regression Models

dState Space Models
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Linear Regression Model

A linear regression model has the following general form

m=Fp+c+e, Ele=0 Varleg=V =G’

where m is the (n x 1)-vector of observations, F is the known (N X m) model matrix with m < n and assumed to be of full
rank, p is the (m % 1) vector of model parameters, C is a known constant offset, and & is the (n x 1) vector of observation
errors with zero expectation and (n X N) covariance matrix V , assumed to be known.

Least square (LS) estimation of p requires the minimization of the following objective function:

S(p) = (m - Fp—c) G(m - Fp — c)

The least-squares estimator p and its covariance matrix C are given by:

p=(F'GF) ¢'G(m—¢), C=(F'GF)

The estimator p is unbiased and the estimator with the smallest covariance matrix among all estimators that are
linear functions of the observations. If the distribution of € is a multivariate normal distribution, the estimator is
efficient, i.e., has the smallest possible covariance matrix among all unbiased estimators.

Continue...
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from previous page... Linear Regression Model
* The residuals r of the regression are defined by:

r=m-—c—Fp, R=Varlr|=V —F (FTG'F)_1 F*
» The standardized residuals s, also called the “pulls” in high-energy physics, are given by:

Ty
VR
« If the m.ode.l IS cprrectly specified, the pulls have mean 0 and standard deviation 1. The chi-square statistic of the

regression is defined as: X2 _ ’I"TGT‘, with E [XQ] o —m

« If the observation errors are normally distributed, x2 is x2-distributed with d = n—-m degrees of freedom; its
expectation is d and its variance is 2d. Its p-value p is defined by the following probability transform:

+0o0
__ 2\ __
p=1—-Ga(x") = ga(x)dx
XZ
where Gy (x) is the cumulative distribution function of the y2-distribution with k degrees of freedom and g,(x) is its probability density

function. Large values of x2 correspond to small p-values. If the model is correctly specified, p is uniformly distributed in the unit
interval. A very small p-value indicates a misspecification of the model or of the covariance matrix V , or both.
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Nonlinear Regression Models

The linear regression model can be generalized to a nonlinear model:

m = f(p)+¢€, Ele]=0, Varle]=V =G

where f is a (n x 1)-vector of smooth functions of m variables. LS estimation of p requires the minimization of the
following objective function:

S(p) = [m — f(p)]"Glm — f(p)]

The function S(p) can be minimized with the Gauss-Newton method, based on the first-order Taylor expansion of f and
resulting in the following iteration:

1
D1 = Py + (FEGFR) F,Glm— f(p,)], Fr= =

: : A : : : 1
At each step, the covariance matrix C,,; of "Py4q 1S approximately given by: T
Ciri1=|F,.GFy
+ k
In general, the covariance matrix of the final estimate p can be approximated by the inverse of the Hessian of S(p) at p”. The

final chi-square statistic 2 is given by:
X' =[m— f(D)] Glm — f(p)]

In the case of Gaussian observation errors, the chi-square statistic is approximately x2-distributed, and its p-value is approximately
uniformly distributed. The iterationis stopped when the chi-square statistic does not change significantly anymore.
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State Space Models

« A dynamic or state space model describes the state of an object in space or time, such as a rocket or a
charged patrticle.

« The state usually changes continuously but is assumed to be of interest only at discrete instances in
the present context. These instances are labelled with indices from 0O, the initial state, to n, the final
state.

« The state at instance k is specified by the state vector q,. The spatial or temporal evolution of the state
IS described by the system equation, which is

qr = Frr_1qp-1 +dp +v,,  Elvi] =95, Varly,] = Qy
v, = process noise, Q,, = process noise covariance matrix

In the linear state space models case & based on Kalman filter, and

qr = Frp-1(Gr—1) +ve  Elvel =95, Varly,] = Qy

In the nonlinear state space models & based on Kalman filter case.
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3. Karimaki’s Method.:

Karimaki’'s approach starts from the simplified expression of the residuals d; introduced by Chernov and Ososkov and
considers a x? with weighted residuals: n
2 2
X = E w;d;
1=1

The weights can for instance contain measurement uncertainties if they are not the same for all measurements (x,,y;).
The x? function is minimized with respect to a set of circle parameters with Gaussian behaviour: the curvature k = 1/R,
the impact parameter € (the distance from the origin to the point of closest approach of the fitted circle), and the

direction ¢ of the tangent of the circle at the point of closest approach. Using this set of parameters, the simplified
residuals are expressed as:

1 1
ch:§M%—Oﬁ%@m$M¢+¢0+§hg+e

where r; and ¢, are the polar coordinates of measurement i. The residuals can be written as:

di =1+ ke)n;, n; = ’yr? — r;sin(¢ — ¢;) + 0

B k - (I+ke)/2
T T2 + ke) (L_(L+M)€
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from previous page... Karimaki’s Method.

Using these definitions, the x2 can be written as:

X’ =1 +ke)P, =) wn

with the approximation 1 + ke = 1, "x? can be minimized instead of x?, leading to a set of equations with solutions:

1
¢ = = arCtan(ZCh / QZ) The variances and covariances of the
2 measurements X, y, Z=x2+y?2 are given by:
Y = (Sin ¢XZBZ — COS ¢Cyz) /sz Crz =< &’ > — <1 >*
d=—v<z>+sing<x>—cos¢p <y > Coy =<zYy >—<T><Yy>
2. 2
q1 — szca:y — Cazszz ny <Yy -T<Yy-

Crr=<22>—<2>< 2>
= C,.(Cpy — Cyy)) — C?, + C?
q2 zz( Tx yy) a:z_|_ Yz Cyz:<yz>—<y><z>

<$>:E wZZEZ/E w; ... CZZ:<Z2>—<Z>2
7 ')

27y 20
The curvature k and impact parameter € are given by: k = —

JI—407 1+ +1—40y
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from previous page... Karimaki’s Method.

Using these definitions, the 2 can be written as:

X*=1+ke), =) win

with the approximation 1 + ke = 1, "x? can be minimized instead of X2, leading to a set of equations with solutions:

¢ — 5 a,rctan(qu/ QQ) The variances and covariances of the
. measurements X, y, Z=x2+y?2 are given by:
v = (sin¢pCy, — cos¢C,) /C, Cre =< 2° > — < x >°
)=—y<z>4sinp<x>-—cosp<y> Cpy =<2y >—-—<2><Yy>
_ 2 2
qd1 — szca;y _ szCyz ny <Yy -7 <Yy-

Coo=<x2>—<1><2>
o B _ 2 2 Tz

<$>:E wzxz/g w; ... C,, =< 22> — < z>2
i i

27y 20
The curvature k and impact parameter € are given by: k = —

JI—407 1+ +1—40y
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from previous page... Kalman Filter
 Tracking method in 2-D using Kalman filter

1. Define a track with slope b and intercept a where are unknown, track model y = ax + b; x
plays the role of the time variable.

N

State vector defined as s = (b,a); b, is the y-position of the track at detector position X,.
No process noise W = 0, no control-input matrix B = 0.
State update a =2 a, b 2 b + a Ax with AX = X, - X, 1

> W

0 1

For the initial guess make a x? fit through the first two points (the track seed).

Result is the parameter for x = 0, can then propagate to second point.

First step of Kalman filter is then to propagate to the third point — the first new measurement.
Measurement is the y — position. H,s, gives the expected measurement.

For s = (b,a), thus H, = (1 0) projects out of position.

O Define Kalman gain:

K. = SkHT(Rk; + HkSkH;f)_

1 Ax
Fk:< k); s, = Fpsp_1, Sp=F.Sy,_1F;

'—‘QPONFD.U‘

K = (815b0) /(0 cner + Sip) S

St = Sk—1 + Ki(Ymeas k. — br—1)
Sy =U—-KiyHy) Sk
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Application: Lorentz angle in micromegas

Drift velocity Lorentz—angle
: e fiiflicathode plane —_ S — e
« At the steady state, the general expression of Z 2 |
the drift velocity up = <u> can be derived by 5 | Ar93% CO, 7% B=02T |
the equation of motion of an electron under T Aress CO, 7% B=02T i By
18 Ar93% CO, 7% B=05T g ZZ Ar93% CO, 7% B=1.0T 1

the influence of electric and magnetic fields Arg3% CO, 7% B=20T |

and a friction due to multiple scattering of the
drift electron with the gas:

Ar93% CO, 7% B=1.0T | 55+
Ar93% CO, 7% B=20T |

dv v
m— = —e(E+v x B) —m—
dt T I CEE L1 SRR YT L e e R Ty S s isehe, 3 5 iseIm, 3 3 iteie
2 _h 10 10 10 10 m
op ,LLE . (wT)Q (E B) EIV/cml EIV/cm
I 1+ (w7)2 ) garfield simulation ,
[cmlo.s_ll||I||||Illlllllllllllllllllll lcmlo.5_|||llllllIIIIIIIIIIIIIIIIIIIIII
2 = de-Focussing = Focussing
|ExB|\/1+(m)2 (E B) - se - 5
Up, :/LE((,UT) 1+(w7_)2 0.4_— 0.4_—
VD E x B 03 — 03 |—
1 -
tana = — = w7 B N
> [
vD, 1+ (wr)? . B N "
T 0.2 — 0.2 |—
. e e B B
mobility: 4 = —7, cyclotron frequency: w = —B - -
m 04 — 0.1 |—
0_ A.'J IIII L#J lIII O_ !‘IIIIIIIIIIIIIIIIIIIII
0 04 0.5 0.6 0 0.2 0.3 0.4 0.5 0.6

[em]
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from previous page... Kalman Filter
* Problem definition

Kalman filters are used to estimate states based on linear dynamical systems in state space format. The process
model defines the evolution of the state from time k — 1 to time k as:

S, = Fsp_1+Bug_1 +wi_1

where F is the state transition matrix applied to the previous state vector s, ;, B is the control-input matrix applied to
the control vector u, ,, and w,_; IS the process noise vector that is assumed to be zero-mean Gaussian with the
covariance W, i.e., w1 ~ N(0,W). The process model is paired with the measurement model that describes the
relationship between the state and the measurement at the current time step k as:

m, = Hs;p + vy

where m, is the measurement vector, H is the measurement matrix, and v, is the measurement noise vector that is
assumed to be zero-mean Gaussian with the covariance R, i.e., u,~ N'(0,R).

The role of the Kalman filter is to provide estimate of s, at time k, given the initial estimate of s, the series of
measurement, m;, m, ,...,m,, and the information of the system described by F, B, H F, W, and R.
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from previous page... Kalman Filter
« Kalman filter algorithm

Kalman filter algorithm consists of two stages: prediction and update. Note that the terms ‘prediction’ and ‘update’ are
often called ‘propagation’ and ‘correction’, respectively. The Kalman filter algorithm is summarized as follows:

Prediction:
Predicted state estimate S, = Fs, |+ Bup_;
Predicted error covariance ., = FS Z_lFT + W

Kalman filters are derived based on the
assumption that the process and
Update: measurement models are linear, i.e., they can
be expressed with the matrices F, B, and H,

Measurement residual Y, = my — HS, and the process and measurement noise are
T T —1 additive Gaussian.

Kalman gain K,=S.H" (R+HS H")

Update estimate 8 =8, + Kry

Update error covariance ST=01-K,H)S,

In the above equations, the hat operator,”, means an estimate of a variable. That is, 2", is an estimate of x. The
superscripts — and + denote predicted (prior) and updated (posterior) estimates, respectively. The predicted state
estimate is evolved from the updated previous updated state estimate. The term S is called state error covariance.
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from previous page. .. Kalman Filter
 Tracking method in 2-D using Kalman filter

1. Define a track with slope b and intercept a where are unknown, track model y = ax + b; X
plays the role of the time variable.

State vector defined as s = (b,a); b is the y-position of the track at detector position X,.

No process noise W = 0, no control-input matrix B = 0.

B W

State update a 2 a, b 2 b + a Ax with AX = X, - X4

1 Ax
Fk:<0 1k), sp = Frpsp_1, Sp=FS, F.

For the initial guess make a x? fit through the first two points (the track seed).

Result is the parameter for x = 0, can then propagate to second point.

First step of Kalman filter is then to propagate to the third point — the first new measurement.
Measurement is the y — position. H,s, gives the expected measurement.

For s = (b,a), thus H, = (1 0) projects out of position.

© 0N U
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