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critical points 
thermal or quantum phase transitions

continuous phase transition
Landau-Ginsburg-type universality
conformal / topological phase transitions
deconfined criticality, ``emergence’’

conformal field theory
scale invariance vs conformal invariance
conformal bootstrap, CFT data

symmetry breaking, generation of mass



critical points in 4d

UV critical points

asymptotic freedom
asymptotic near-freedom
asymptotic safety

fundamental definition of QFT Wilson ’71

Gross, Wilzcek ’73 , Politzer ‘73

Bailin, Love ’74

Weinberg ‘79

Banks-Zaks conformal window
IR critical points

Caswell ’74
Banks, Zaks, ‘82

weak-strong dualities Seiberg ’95



today:

Interacting fixed points in …

4d QFTs at weak coupling

4d quantum gravity

4d QFTs at strong coupling



quantum fluctuations modify interactions
couplings depend on energy

predictions into regions where we 
cannot (yet) make measurements
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energy scale 
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renormalisation group
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  “cancellations 
 at quantum level”

interacting 
IR fixed point

e.g. QCD

renormalisation group
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  “cancellations 
 at quantum level”

interacting 
UV fixed point

IR

e.g. QED, SM, MSSM, …

renormalisation group



weakly coupled
fixed points



path integral

4d QFTs
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fields vectors       , fermions      , scalars Aa
µ
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�A
<latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit>

 I
<latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit>

Machacek, Vaughn ’85



path integral

4d QFTs

Z[J ] = exp�i

Z
d4x(L+ Lgf + Lgh + J i �i)

<latexit sha1_base64="tY0gT9Kr46sLwGnjXyLeblsty8A="></latexit><latexit sha1_base64="tY0gT9Kr46sLwGnjXyLeblsty8A="></latexit><latexit sha1_base64="tY0gT9Kr46sLwGnjXyLeblsty8A="></latexit><latexit sha1_base64="tY0gT9Kr46sLwGnjXyLeblsty8A="></latexit>

action L =
1

4g2a
TrF a

µ⌫F
µ⌫
a + i ID I +

1

2
(Dµ�

A)2

<latexit sha1_base64="eC2sBePmLWKkYr6uxAxZdxM1C3A="></latexit><latexit sha1_base64="eC2sBePmLWKkYr6uxAxZdxM1C3A="></latexit><latexit sha1_base64="eC2sBePmLWKkYr6uxAxZdxM1C3A="></latexit><latexit sha1_base64="eC2sBePmLWKkYr6uxAxZdxM1C3A="></latexit>

+
1

2
Y A

IJ�
A  I ⇠  J +

1

4!
�ABCD�

A�B�C�D
<latexit sha1_base64="jzx5NsphDM93zgwxTTcjEtz4kFU="></latexit><latexit sha1_base64="jzx5NsphDM93zgwxTTcjEtz4kFU="></latexit><latexit sha1_base64="jzx5NsphDM93zgwxTTcjEtz4kFU="></latexit><latexit sha1_base64="jzx5NsphDM93zgwxTTcjEtz4kFU="></latexit>

fields vectors       , fermions      , scalars Aa
µ

<latexit sha1_base64="TYqkQzQPLNfZh0j7+ZnkcHNpliY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj14jGCeUCyhtnJbDJkZnaZ6RVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNm2SG8TpLZGJaEbVcCs3rKFDyVmo4VZHkzWh4O/WbT9xYkegHHKU8VLSvRSwYRSc1r7sdlT3SbqnsV/wZyDIJclKGHLVu6avTS1imuEYmqbXtwE8xHFODgkk+KXYyy1PKhrTP245qqrgNx7NzJ+TUKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k56wnCGcuQIZUa4WwkbUEMZuoSKLoRg8eVl0jivBH4luL8oV2/yOApwDCdwBgFcQhXuoAZ1YDCEZ3iFNy/1Xrx372PeuuLlM0fwB97nDwtuj10=</latexit><latexit sha1_base64="TYqkQzQPLNfZh0j7+ZnkcHNpliY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj14jGCeUCyhtnJbDJkZnaZ6RVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNm2SG8TpLZGJaEbVcCs3rKFDyVmo4VZHkzWh4O/WbT9xYkegHHKU8VLSvRSwYRSc1r7sdlT3SbqnsV/wZyDIJclKGHLVu6avTS1imuEYmqbXtwE8xHFODgkk+KXYyy1PKhrTP245qqrgNx7NzJ+TUKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k56wnCGcuQIZUa4WwkbUEMZuoSKLoRg8eVl0jivBH4luL8oV2/yOApwDCdwBgFcQhXuoAZ1YDCEZ3iFNy/1Xrx372PeuuLlM0fwB97nDwtuj10=</latexit><latexit sha1_base64="TYqkQzQPLNfZh0j7+ZnkcHNpliY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj14jGCeUCyhtnJbDJkZnaZ6RVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNm2SG8TpLZGJaEbVcCs3rKFDyVmo4VZHkzWh4O/WbT9xYkegHHKU8VLSvRSwYRSc1r7sdlT3SbqnsV/wZyDIJclKGHLVu6avTS1imuEYmqbXtwE8xHFODgkk+KXYyy1PKhrTP245qqrgNx7NzJ+TUKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k56wnCGcuQIZUa4WwkbUEMZuoSKLoRg8eVl0jivBH4luL8oV2/yOApwDCdwBgFcQhXuoAZ1YDCEZ3iFNy/1Xrx372PeuuLlM0fwB97nDwtuj10=</latexit><latexit sha1_base64="TYqkQzQPLNfZh0j7+ZnkcHNpliY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj14jGCeUCyhtnJbDJkZnaZ6RVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNm2SG8TpLZGJaEbVcCs3rKFDyVmo4VZHkzWh4O/WbT9xYkegHHKU8VLSvRSwYRSc1r7sdlT3SbqnsV/wZyDIJclKGHLVu6avTS1imuEYmqbXtwE8xHFODgkk+KXYyy1PKhrTP245qqrgNx7NzJ+TUKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k56wnCGcuQIZUa4WwkbUEMZuoSKLoRg8eVl0jivBH4luL8oV2/yOApwDCdwBgFcQhXuoAZ1YDCEZ3iFNy/1Xrx372PeuuLlM0fwB97nDwtuj10=</latexit>

�A
<latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit><latexit sha1_base64="W/50khsM0b1tF3b8TU+w7/A0X+g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9VLx4r2A9o15JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0M/VbT1QbJsW9HSsaJnggWMwItk5qdtWQPVz1yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm107QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8TmrjyzBjQqWWCjJfFKccWYmmr6M+05RYPnYEE83crYgMscbEuoBKLoRg8eVl0jyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB1IBjvI=</latexit>

 I
<latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit><latexit sha1_base64="JORD6ev32a+Wapu3L4+KYVO/bCo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0orcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OqkV3btuqexX/BnIMglyUoYctW7pq9PTLEu4Qiapte3ATzEcU4OCST4pdjLLU8qGtM/bjiqacBuOZ9dOyKlTeiTWxpVCMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+CsdCpRlyxeaL4kwS1GT6OukJwxnKkSOUGeFuJWxADWXoAiq6EILFl5dJ47wS+JXg/qJcvc7jKMAxnMAZBHAJVbiFGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/cHOPBg==</latexit>
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Perturbativity guarantees that …

masses = relevant

higher dimensional interactions = irrelevant

classically marginal couplings = key

 Machacek, Vaughn ’85

Davies, Herren, Thomsen ’21
Bednyakov, Pilkener ‘21

general RGEs are known
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gauge coupling

competition between matter and gauge fields

� = �B ↵2 + C ↵3 +O(↵4)↵ =
g2

(4⇡)2

weakly coupled fixed point 0 < ↵⇤ = B/C ⌧ 1

why no UV BZ?

UV BZ requires B < 0, C < 0
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Bond, Litim, 1608.00519/EPJC

here’s why.
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Yukawa’s slow down the running of the gaugeone loop gauge Yukawa

why Yukawas?
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Yukawa’s slow down the running of the gaugeone loop gauge Yukawa

here’s why.

Yukawas always slow down the
running of gauge couplings



Lagrangian

Yukawas 

quartics 

template UV theories

gauge 

Fields Interactions

SU(N) + Nf Diracs
or

SO(N) + Nf Majoranas 
or

Sp(N) + Nf Majoranas
and

Scalars H_ij

Parameter: N, Nf, masses

DF Litim, F Sannino, Asymptotic safety guaranteed, 1406.2337

AD Bond, DF Litim, T Steudtner, Asymptotic safety with Majorana fermions and new large N equivalences 1911.11168
AD Bond, DF Litim, G Medina Vazquez, T Steudtner, Conformal window for asymptotic safety, 1710.07615



template UV

DF Litim, F Sannino, Asymptotic safety guaranteed, 1406.2337

SU(N) + Diracs
+ mesons

SO(N) + Majoranas 
+ mesons

Sp(N) + Majoranas
+ mesons
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AD Bond, DF Litim, T Steudtner, Asymptotic safety with Majorana fermions and new large N equivalences 1911.11168
AD Bond, DF Litim, G Medina Vazquez, T Steudtner, Conformal window for asymptotic safety, 1710.07615



what about 
supersymmetry?

AD Bond, DF Litim, Asymptotic Safety Guaranteed in Supersymmetry, 1709.06953 (PRL)
DF Litim, G Hiller, K Moch, Fixed Points in Supersymmetric Extensions of the SM, 2202.01264 (EPJC)
AD Bond, DF Litim, Asymptotic Safety Guaranteed in Strongly Coupled Gauge Theories, 2202.08223 (PRD)
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why no Susy UV fixed point
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superfield anomalous dimension

asymptotic freedom requires B > 0
primary mechanism does not work

S Martin, J Wells, hep-ph/0011382/PRD
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superfield anomalous dimension

S Martin, J Wells, hep-ph/0011382/PRD

remedy: semi-simple susy gauge theories

AD Bond, DF Litim, 1709.06953/PRL
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 SU(N) x SU(M) 
 + chiral superfields

 + superpotential

  AD Bond, DF Litim, Asymptotic Safety Guaranteed in Supersymmetry, 1709.06953 (PRL)
Asymptotic Safety Guaranteed for Strongly Coupled Gauge Theories, 2202.08223 (PRD)



MSSM extensions
MSSM + new quark singlets 
            + new leptons + superpotential

  G Hiller, D Litim, S Moch, FPs in supersymmetric extensions of the Standard Model  2202.01264 (EPJC)
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a) 4d critical points

AD Bond, DF Litim, Price of Asymptotic Safety, PRL 122 (2019) 211601 [1801.08527]

systematic classification of 4d fixed points
“universality classes”

weakly-coupled fixed points necessitate
non-abelian gauge fields



b) conformal field theory

“any Lorentz-invariant and unitary 4d QFT which is 
under perturbative control in the deep UV or IR 

asymptotes to a CFT”  Polchinski ’88
Luty, Polchinski, Rattazzi ‘12

any weakly-coupled 4d CFT must contain 
               non-abelian gauge fields

a-theorem

4d space-time is distinguished

Komargodski, Schwimmer ‘11

QFT + RG offer access to CFT data
complementary to bootstrap
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strongly
coupled

AMMs
MSSM+

vacuum stability
flavour anomalies

neutrinos, DM
…

c) model building



strongly coupled
fixed points



strongly coupled FPs

w/ supersymmetry:    YES

lattice
conformal bootstrap
Schwinger-Dyson
functional RG
perturbation theory

w/o supersymmetry:  challenges

non-renormalisation theorems
infinite order RGEs
Seiberg duality
a - maximisation

AD Bond, DF Litim, Asymptotic Safety Guaranteed in Strongly Coupled Gauge Theories, 2202.08223 (PRD)

Di Pietro and M. Serone, Looking through the QCD Conformal Window with Perturbation Theory 2003.01742

Novikov, Shifman,  Vainstein, 
Zakharov ’83 ’86
Seiberg ‘95
Intrilligator, Wecht  ’03



DF Litim, N Riyaz, E Stamou, T Steudtner, Asymptotic safety guaranteed at four loop, 2307.08747 (PRD)
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✏ =
Nf

Nc
� 11

2

AD Bond, DF Litim, G Medina Vazquez, T Steudtner, Conformal window for asymptotic safety, 1710.07615 (PRD)
AD Bond, DF Litim, G Medina Vazquez, Conformal windows beyond asymptotic freedom, 2107.13020 (PRD)

4 Loop

3 Loop

UV conformal window from PT 

size of the
conformal 
window

constraints 
for Nc and Nf

2307.08747



4d quantum gravity



gravitation
physics of classical gravity

Einstein’s theory of general relativity

GN = 6.7⇥ 10�11 m3

kg s3

⇤ ⇡ 10�35s�2

Rµ⌫ � 1

2
gµ⌫R = �⇤ gµ⌫ + 8⇡GN Tµ⌫

Newton’s coupling

cosmological constant



what’s new with gravity?

Newton’s coupling is dimensionful 

degrees of freedom: spin 2 

[GN ] = 2�D < 0
perturbatively non-renormalisable

UV fixed point?

     non-perturbative tools mandatory
requires large anomalous dimensions 



coupling

fermions

gluons

D = 2 + ✏ : ↵ = GN (µ)µD�2

D = 2 + ✏ : ↵ = gGN(µ)µ2�D

D = 4 + ✏ : ↵ = g2YM(µ)µ4�D

Gastmans et al ’78
Christensen, Duff ’78

Weinberg ’79
Kawai et al ’90

Gawedzki, Kupiainen ’85
de Calan et al ’91

Peskin ’80
Morris ’04

scalars Brezin, Zinn-Justin ’76
Bardeen, Lee, Shrock ’76D = 2 + ✏ : ↵ = gNL(µ)µ

D�2

classes of
gauge-Yukawa 
theories

D = 4 : several ↵i Litim, Sannino ’14

dimension

gravitons

µ/⇤T

G(µ) ⇡ GN

G(µ) ⇡ ↵⇤
µD�2

classical GR
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UV fixed point
implies 

weakened gravity

quantum GR

renormalisation group



“theory space”

(curvature)

(D curvature)
n

n

cosmo
constant

Ricci

(curvature)2



functional RG

evidence for FP in 4d

renormalisation group

Reuter ’96, Percacci ’02, Litim ’03
Codello, Rahmende, Percacci ’08, Niedermaier ‘08

Benedetti, Machado, Saueressig ’09
Eichhorn, Gies ‘10 , Folkerts, Litim, Pawlowski ’12
Falls, Litim, Nikolakopoulos, Rahmede ’13, ’14, ’16

Falls, Litim, Schroeder ’18, Eichhorn, Schiffer ’22
Kluth, Litim ’20, 22, ‘23 

Fehre, Litim, Pawlowski, Reichert ‘22
Pawlowski, Reichert ’23

…

Reuter ’96

higher curvature interactions 

gravitational correlation functions  

Falls, Litim, Nikolakopoulos, Rahmede ’13, ’14, ’16
Falls, Litim, Schroeder ’18

Kluth, Litim ’20, 22, ’23
Baldazzi, Falls, Kluth, Knorr ’23

… 

Christiansen, Meibohm, Pawlowski, Reichert ’15
Fehre, Litim, Pawlowski, Reichert ‘22

Pawlowski, Reichert ’23
…
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“as Gaussian as it g
ets”

Falls, DL, Nikolakopoulos, Rahmede  ’13, ’14, ’16
Falls, DL, Schroeder, ’18
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Lorentzian quantum gravity

Fehre, Litim, Reichert, Pawlowski, Lorentzian Quantum Gravity and the Graviton Spectral Function, 2111.13232 (PRL)

Einstein Hilbert

 Callan Symanzik flowuse

to find CL spectral representation for the graviton



Lorentzian quantum gravity

Fehre, Litim, Reichert, Pawlowski, Lorentzian Quantum Gravity and the Graviton Spectral Function, 2111.13232 (PRL)

result:

causal
ghost-free

Lorentzian

Quantum Gravity 

Gravity EFT 

UV fixed point in Lorentzian signature



conclusions
rigorous fixed points in 4d QFTs

evidence for UV fixed points in 4d quantum gravity

weak coupling: theorems, templates, classification,
non-Abelian gauge fields key, links with CFTs

new directions for BSM 
challenges: strong coupling

convergence, near-Gaussianity
Lorentzian signature, graviton spectral function

…stay tuned
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�
<latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit>
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<latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit>

excluded
<latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit>
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cut

Anomalous DimensionsConformal Window

NLO   = 2-loop 
NNLO = 3-loop

mostly 
perturbative



 
<latexit sha1_base64="wjVSiF10wB9Q4rL3GbZ17T42KL4=">AAACDnicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygq2FzlAyaaYNTTJDkhHK0H/wF9zq3p249Rfc+iWm01lo64HA4Zx77wknSjnTxvO+nMrK6tr6RnWztrW9s7vn7h90dJIpQtsk4YnqRlhTziRtG2Y47aaKYhFx+hCNb2b+wyNVmiXy3kxSGgo8lCxmBBsr9d2joLiRRzyj0yASedDSbNp3617DK4CWiV+SOpRo9d3vYJCQTFBpCMda93wvNWGOlWGE02ktyDRNMRnjIe1ZKrGgOsyL6Ck6tcoAxYmyTxpUqL83ciy0nojITgpsRnrRm4n/epFYSDbxVZgzmWaGSjIPjjOOTIJm3aABU5QYPrEEE8Xs3xEZYYWJsQ3WbCn+YgXLpHPe8L2Gf3dRb16X9VThGE7gDHy4hCbcQgvaQCCHZ3iBV+fJeXPenY/5aMUpdw7hD5zPH/DYnOk=</latexit><latexit sha1_base64="wjVSiF10wB9Q4rL3GbZ17T42KL4=">AAACDnicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygq2FzlAyaaYNTTJDkhHK0H/wF9zq3p249Rfc+iWm01lo64HA4Zx77wknSjnTxvO+nMrK6tr6RnWztrW9s7vn7h90dJIpQtsk4YnqRlhTziRtG2Y47aaKYhFx+hCNb2b+wyNVmiXy3kxSGgo8lCxmBBsr9d2joLiRRzyj0yASedDSbNp3617DK4CWiV+SOpRo9d3vYJCQTFBpCMda93wvNWGOlWGE02ktyDRNMRnjIe1ZKrGgOsyL6Ck6tcoAxYmyTxpUqL83ciy0nojITgpsRnrRm4n/epFYSDbxVZgzmWaGSjIPjjOOTIJm3aABU5QYPrEEE8Xs3xEZYYWJsQ3WbCn+YgXLpHPe8L2Gf3dRb16X9VThGE7gDHy4hCbcQgvaQCCHZ3iBV+fJeXPenY/5aMUpdw7hD5zPH/DYnOk=</latexit><latexit sha1_base64="wjVSiF10wB9Q4rL3GbZ17T42KL4=">AAACDnicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygq2FzlAyaaYNTTJDkhHK0H/wF9zq3p249Rfc+iWm01lo64HA4Zx77wknSjnTxvO+nMrK6tr6RnWztrW9s7vn7h90dJIpQtsk4YnqRlhTziRtG2Y47aaKYhFx+hCNb2b+wyNVmiXy3kxSGgo8lCxmBBsr9d2joLiRRzyj0yASedDSbNp3617DK4CWiV+SOpRo9d3vYJCQTFBpCMda93wvNWGOlWGE02ktyDRNMRnjIe1ZKrGgOsyL6Ck6tcoAxYmyTxpUqL83ciy0nojITgpsRnrRm4n/epFYSDbxVZgzmWaGSjIPjjOOTIJm3aABU5QYPrEEE8Xs3xEZYYWJsQ3WbCn+YgXLpHPe8L2Gf3dRb16X9VThGE7gDHy4hCbcQgvaQCCHZ3iBV+fJeXPenY/5aMUpdw7hD5zPH/DYnOk=</latexit><latexit sha1_base64="wjVSiF10wB9Q4rL3GbZ17T42KL4=">AAACDnicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygq2FzlAyaaYNTTJDkhHK0H/wF9zq3p249Rfc+iWm01lo64HA4Zx77wknSjnTxvO+nMrK6tr6RnWztrW9s7vn7h90dJIpQtsk4YnqRlhTziRtG2Y47aaKYhFx+hCNb2b+wyNVmiXy3kxSGgo8lCxmBBsr9d2joLiRRzyj0yASedDSbNp3617DK4CWiV+SOpRo9d3vYJCQTFBpCMda93wvNWGOlWGE02ktyDRNMRnjIe1ZKrGgOsyL6Ck6tcoAxYmyTxpUqL83ciy0nojITgpsRnrRm4n/epFYSDbxVZgzmWaGSjIPjjOOTIJm3aABU5QYPrEEE8Xs3xEZYYWJsQ3WbCn+YgXLpHPe8L2Gf3dRb16X9VThGE7gDHy4hCbcQgvaQCCHZ3iBV+fJeXPenY/5aMUpdw7hD5zPH/DYnOk=</latexit>

 
<latexit sha1_base64="IzNCyxacGZVhu/SJtENpn2Sjo4A=">AAACEXicbVDLSgMxFL3js9bXqBvBTbAIrsqMCLosunFZwT6gM5RMmrGhSWZIMkIZ6k/4C251707c+gVu/RLT6Sy09UDgcM6994QTpZxp43lfztLyyuraemWjurm1vbPr7u23dZIpQlsk4YnqRlhTziRtGWY47aaKYhFx2olG11O/80CVZom8M+OUhgLfSxYzgo2V+u5hUNzIrUylwZMgEnmQajbpuzWv7hVAi8QvSQ1KNPvudzBISCbsGcKx1j3fS02YY2UY4XRSDTJNU0xGNqhnqcSC6jAv0ifoxCoDFCfKPmlQof7eyLHQeiwiOymwGep5byr+60ViLtnEl2HOZJoZKsksOM44Mgma1oMGTFFi+NgSTBSzf0dkiBUmxpZYtaX48xUskvZZ3ffq/u15rXFV1lOBIziGU/DhAhpwA01oAYFHeIYXeHWenDfn3fmYjS455c4B/IHz+QOWT55c</latexit><latexit sha1_base64="IzNCyxacGZVhu/SJtENpn2Sjo4A=">AAACEXicbVDLSgMxFL3js9bXqBvBTbAIrsqMCLosunFZwT6gM5RMmrGhSWZIMkIZ6k/4C251707c+gVu/RLT6Sy09UDgcM6994QTpZxp43lfztLyyuraemWjurm1vbPr7u23dZIpQlsk4YnqRlhTziRtGWY47aaKYhFx2olG11O/80CVZom8M+OUhgLfSxYzgo2V+u5hUNzIrUylwZMgEnmQajbpuzWv7hVAi8QvSQ1KNPvudzBISCbsGcKx1j3fS02YY2UY4XRSDTJNU0xGNqhnqcSC6jAv0ifoxCoDFCfKPmlQof7eyLHQeiwiOymwGep5byr+60ViLtnEl2HOZJoZKsksOM44Mgma1oMGTFFi+NgSTBSzf0dkiBUmxpZYtaX48xUskvZZ3ffq/u15rXFV1lOBIziGU/DhAhpwA01oAYFHeIYXeHWenDfn3fmYjS455c4B/IHz+QOWT55c</latexit><latexit sha1_base64="IzNCyxacGZVhu/SJtENpn2Sjo4A=">AAACEXicbVDLSgMxFL3js9bXqBvBTbAIrsqMCLosunFZwT6gM5RMmrGhSWZIMkIZ6k/4C251707c+gVu/RLT6Sy09UDgcM6994QTpZxp43lfztLyyuraemWjurm1vbPr7u23dZIpQlsk4YnqRlhTziRtGWY47aaKYhFx2olG11O/80CVZom8M+OUhgLfSxYzgo2V+u5hUNzIrUylwZMgEnmQajbpuzWv7hVAi8QvSQ1KNPvudzBISCbsGcKx1j3fS02YY2UY4XRSDTJNU0xGNqhnqcSC6jAv0ifoxCoDFCfKPmlQof7eyLHQeiwiOymwGep5byr+60ViLtnEl2HOZJoZKsksOM44Mgma1oMGTFFi+NgSTBSzf0dkiBUmxpZYtaX48xUskvZZ3ffq/u15rXFV1lOBIziGU/DhAhpwA01oAYFHeIYXeHWenDfn3fmYjS455c4B/IHz+QOWT55c</latexit><latexit sha1_base64="IzNCyxacGZVhu/SJtENpn2Sjo4A=">AAACEXicbVDLSgMxFL3js9bXqBvBTbAIrsqMCLosunFZwT6gM5RMmrGhSWZIMkIZ6k/4C251707c+gVu/RLT6Sy09UDgcM6994QTpZxp43lfztLyyuraemWjurm1vbPr7u23dZIpQlsk4YnqRlhTziRtGWY47aaKYhFx2olG11O/80CVZom8M+OUhgLfSxYzgo2V+u5hUNzIrUylwZMgEnmQajbpuzWv7hVAi8QvSQ1KNPvudzBISCbsGcKx1j3fS02YY2UY4XRSDTJNU0xGNqhnqcSC6jAv0ifoxCoDFCfKPmlQof7eyLHQeiwiOymwGep5byr+60ViLtnEl2HOZJoZKsksOM44Mgma1oMGTFFi+NgSTBSzf0dkiBUmxpZYtaX48xUskvZZ3ffq/u15rXFV1lOBIziGU/DhAhpwA01oAYFHeIYXeHWenDfn3fmYjS455c4B/IHz+QOWT55c</latexit>

�
<latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit><latexit sha1_base64="6nuuxw9EtyOpLyvYQofOjP/NqcU=">AAACDXicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFNy4r2Ac0oUwmk3boTBJmJkIN+QZ/wa3u3Ylbv8GtX+I0zUJbDwwczrn3nuH4CWdK2/aXVVlZXVvfqG7WtrZ3dvfq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fmTm5nfe6BSsTi619OEegKPIhYygrWRhvUjt7iRSRrkri8yl4xZPqw37KZdAC0TpyQNKNEe1r/dICapoJEmHCs1cOxEexmWmhFO85qbKppgMsEjOjA0woIqLyuSc3RqlACFsTQv0qhQf29kWCg1Fb6ZFFiP1aI3E//1fLGQrMMrL2NRkmoakXlwmHKkYzSrBgVMUqL51BBMJDN/R2SMJSbaFFgzpTiLFSyT7nnTsZvO3UWjdV3WU4VjOIEzcOASWnALbegAgUd4hhd4tZ6sN+vd+piPVqxy5xD+wPr8ASP8nHo=</latexit>
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<latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit><latexit sha1_base64="TaYnhU24t8jI/Z8IqesiLF44LaY=">AAACE3icbZDLSgMxFIYzXmu9jbrTTbAVXJWZKuhGKLpxWcVeoDOUTJppQ5PMkGTEMgz4Er6CW927E7c+gFufxLSdhbb+EPj5zzmcky+IGVXacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQyvxvXWPZGKRuJOj2Lic9QXNKQYaRN17f3bC48H0UPqKY4YS8teKBE+qZazrGuXnIozEZw3bm5KIFe9a397vQgnnAiNGVKq4zqx9lMkNcWMZEUvUSRGeIj6pGOsQJwoP538IYNHJunBMJLmCQ0n6e+JFHGlRjwwnRzpgZqtjcN/awGf2azDcz+lIk40EXi6OEwY1BEcA4I9KgnWbGQMwpKa2yEeIANFG4xFA8WdRTBvmtWK61Tcm9NS7TLHUwAH4BAcAxecgRq4BnXQABg8gmfwAl6tJ+vNerc+pq0LVj6zB/7I+vwBOO+eAA==</latexit>

excluded
<latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit><latexit sha1_base64="LZA5otI4TTj8USc67vInM/99JJs=">AAACC3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLoxmUF2wptKJPJTTt0ZhJmJtIS+gn+glvduxO3foRbv8Rpm4W2HrhwOOdezuWEKWfaeN6XU1pb39jcKm9Xdnb39g/cw2pbJ5mi0KIJT9RDSDRwJqFlmOHwkCogIuTQCUc3M7/zCEqzRN6bSQqBIAPJYkaJsVLfreY9JXAvjDGMKc8iiKZ9t+bVvTnwKvELUkMFmn33uxclNBMgDeVE667vpSbIiTKMcphWepmGlNARGUDXUkkE6CCf/z7Fp1aJcJwoO9Lgufr7IidC64kI7aYgZqiXvZn4rxeKpWQTXwU5k2lmQNJFcJxxbBI8KwZHTAE1fGIJoYrZ3zEdEkWosfVVbCn+cgWrpH1e9726f3dRa1wX9ZTRMTpBZ8hHl6iBblETtRBFY/SMXtCr8+S8Oe/Ox2K15BQ3R+gPnM8fa1qa6g==</latexit>
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