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Important physical examples of gauge fields are realised  
in Nature (QCD and electroweak interactions)
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Non-perturbative QCD phenomena are far from being understood  
(e.g. quark confinement, mass gap, QCD phase transitions,  
hot/dense QCD phenomena etc)
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Non-abelian gauge (Yang-Mills) fields are present in most of UV completions 
of the Standard Model (e.g. GUTs, string/EDs compactifications etc)
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Confining dark Yang-Mills sectors are often considered as a possible  
source of Dark Matter in the Universe (e.g. dark glueballs)
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Pure gluons
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Gluons + fermions

What composes the strongly coupled sector?

Dark Yang-Mills theories
Pure gluons ) confinement-deconfinement phase transition
Gluons + Fermions

Fermions in fundamental representation ) chiral phase transition
Fermions in adjoint rep. ) confinement & chiral phase transition
Fermions in 2-index symmetric rep. ) confinement & chiral phase transition

Gluons + Fermions + Scalars (not explored yet)
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Hidden gauge sectors: confining sectors

Many works on confining dark SU(N)

I Self-interacting DM
E. D. Carlson et al., Astrophys. J. 398 (1992), 43-52

I Glueball phenomenology
A. Soni and Y. Zhang, Phys. Rev. D 93 (2016) no.11, 115025

I The dark glueball problem
J. Halverson et al., Phys. Rev. D 95 (2017) no.4, 043527

I The nightmare scenario
R. Garani et al., JHEP 12 (2021), 139

I Thermal Squeezeout
P. Asadi et al., Phys. Rev. D 104 (2021) no.9, 095013

I Gravitational waves from confinement
W. C. Huang et al., Phys. Rev. D 104 (2021) no.3, 035005

Hidden confining (pure) gauge sectors

One step back to focus the problem

I Do we need to describe the cosmological evolution of the dark
gluon gas?

I How do glueball form from dark gluons?

I Is there any constraint on glueball self-interactions?

I Is there a reliable estimate of the glueball relic density?
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One step back to focus the problem

I Do we need to describe the cosmological evolution of the dark
gluon gas?

I How do glueball form from dark gluons?

I Is there any constraint on glueball self-interactions?

I Is there a reliable estimate of the glueball relic density?

Open questions remain:
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How do we describe strongly coupled sectors at finite T?
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Pure gluons

Kang, Zhu, Matsuzaki, JHEP 09 (2021) 060; 
Huang, Reichert, Sannino, Wang, PRD 104 (2021) 035005
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Polyakov loop model

Matrix model

Holographic QCD model

Halverson, Long, Maiti, Nelson, Salinas, JHEP 05 (2021) 154

Ares, Henriksson, Hindmarsh, Hoyos, Jokela, PRD 105 (2022) 
066020; PRL 128 (2022) 131101

Polyakov loop improved Nambu-Jona-Lasinio model
Reichert, Sannino, Wang, Zhang, JHEP 01 (2022) 003; 

Helmboldt, Kubo, Woude, PRD 100 (2019) 055025

Linear sigma model

Polyakov Quark Meson model

Helmboldt, Kubo, Woude, PRD 100 (2019) 055025

RP, Reichert, Sannino, Wang, JHEP 02 (2024) 159
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Polyakov Loop Model for pure gluons IPolyakov Loop Model for Pure Gluons: I

Pisarski first proposed the Polyakov-loop Model as an effective field
theory to describe the confinement-deconfinement phase transition of
SU(N) gauge theory (Pisarski, PRD 62 (2000) 111501).
In a local SU(N) gauge theory, a global center symmetry Z(N) is used to
distinguish confinement phase (unbroken phase) and deconfinement
phase (broken phase)
An order parameter for the Z(N) symmetry is constructed using the
Polyakov Loop (thermal Wilson line) (Polyakov, PLB 72 (1978) 477)

L(~x) = P exp

"
i

Z
1/T

0

A4(~x, ⌧) d⌧

#

The symbol P denotes path ordering and A4 is the Euclidean temporal
component of the gauge field
The Polyakov Loop transforms like an adjoint field under local SU(N)
gauge transformations

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 7 / 56
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Polyakov Loop Model for Pure Gluons: II
Convenient to define the trace of the Polyakov loop as an order
parameter for the Z(N) symmetry

` (~x) =
1

N
Trc[L] ,

where Trc denotes the trace in the colour space.
Under a global Z(N) transformation, the Polyakov loop ` transforms as a
field with charge one

` ! e
i�
`, � =

2⇡j

N
, j = 0, 1, · · · , (N � 1)

The expectation value of ` i.e. < ` > has the important property:

h`i = 0 (T < Tc, Confined) ; h`i > 0 (T > Tc, Deconfined)

At very high temperature, the vacua exhibit a N�fold degeneracy:

h`i = exp

✓
i
2⇡j

N

◆
`0, j = 0, 1, · · · , (N � 1)

where `0 is defined to be real and `0 ! 1 as T

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 8 / 56
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Bubble Nucleation: Chiral Phase Transition (PNJL)
(Reichert, Sannino, Z-W W and Zhang, JHEP 01 (2022) 003, arXiv:2109.11552)

Chiral phase transition occurs when including fermions
�̄ is classically nonpropagating in PNJL and it’s kinetic term is induced
only via quantum fluctuations
We thus include its wave-function renormalization Z� with

Z
�1

� = �d���(q0,q, �̄)
dq2

����
q0=0,q2=0

, ��� = �i

X
2 point 1PI�� graph

The three-dimensional Euclidean action and E.O.M. are modified to:

S3(T ) = 4⇡

Z 1

0

dr r2
"
Z

�1
�

2

✓
d�̄

dr

◆2

+ Veff(�̄, T )

#

d2�̄

dr2
+

2

r

d�̄

dr
� 1

2

@ logZ�

@�̄

✓
d�̄

dr

◆2

= Z�
@Veff

@�̄

The associated boundary conditions:

d�̄(r = 0, T )

dr
= 0 , lim

r!1
�̄(r, T ) = 0

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 29 / 56
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Effective PLM potentialEffective Potential of the Polyakov Loop Model: I
The simplest effective potential preserving the ZN symmetry in the
polynomial form is given by (Pisarski, PRD 62 (2000) 111501)

V
(poly)

PLM
= T

4

✓
�b2(T )

2
|`|2 + b4|`|4 + · · ·� b3

�
`
N + `

⇤N�◆

where b2(T ) = a0 + a1

✓
T0

T

◆
+ a2

✓
T0

T

◆2

+ a3

✓
T0

T

◆3

+ a4

✓
T0

T

◆4

“· · · " represent any required lower dimension operator than `
N i.e.

(``⇤)k = |`|2kwith 2k < N .
For the SU(3) case, there is also an alternative logarithmic form

V
(3log)

PLM
= T

4

✓
� a(T )

2
|`|2 + b(T ) ln

�
1� 6|`|2 + 4(`⇤3 + `

3)� 3|`|4
�◆

a(T ) = a0 + a1

✓
T0

T

◆
+ a2

✓
T0

T

◆2

+ a3

✓
T0

T

◆3

, b(T ) = b3

✓
T0

T

◆3

The ai, bi coefficients in V
(poly)

PLM and V
(3log)

PLM are determined by fitting the
lattice results

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 11 / 56
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Fitting the PLM potential to the lattice dataFitting the Coefficients Using the Lattice Results: I
Marco Panero, Phys.Rev.Lett. 103 (2009) 232001
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Marco Panero, Phys.Rev.Lett. 103 (2009) 232001

Pressure

Fitting the Coefficients Using the Lattice Results: II
Marco Panero, Phys.Rev.Lett. 103 (2009) 232001
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Fitted to lattice data of pressure and the trace of energy momentum tensor.

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 14 / 56

Huang, Reichert, Sannino and Wang, PRD 104 (2021) 035005

Lattice data

PLM well captures essential 
thermodynamical observables


predicted by lattice simulations



PLM potential and Polyakov loop VEV in SU(N)Effective potential

The behaviour of ` is described as a field in an effective potential

V[`] = T
4

 
� b2(T )

2
|`|2 + b4|`|4 � b3

⇣
`N + `⇤N

⌘
+ b6|`|6 + b8|`|8

!

determined by symmetry argumentsCarenza, RP, Salinas, Wang, Phys. Rev. Lett. 129 (2022) no.26, 26

Carenza, Ferreira, RP and Wang, Phys. Rev. D 108 (2023) no.12, 12

The Polyakov loop model
R. D. Pisarski, Phys. Rev. D 62 (2000), 111501

At temperature T , for SU(N), we define

` (x) =
1
N

Tr[L] ⌘ 1
N

Tr

"
P exp

"
i g

ˆ 1/T

0
A0(⌧, x)d⌧

##

with A0 time component vector potential

P. M. Lo et al., Phys. Rev. D 88 (2013), 074502

P. M. Lo et al., Phys. Rev. D 88 (2013), 074502
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Dark gluon-glueball dynamicsRigorous Dark Gluon-glueball Dynamics
(Carenza, Pasechnik, Salinas，Z-W W, Phys. Rev. Lett. 129 (2022) no.26, 26)

In the literature, for glueball dark matter production, only �
5 interaction is

considered, making the 3 ! 2 annihilation the only relevant process for
DM formation
However, since glueball is strongly coupled, this naive calculation is not
rigorous. A non-perturbative method is required.
The dark gluon-glueball dynamics can be effectively described by
considering the dimension-4 glueball field H / tr(Gµ⌫

Gµ⌫):

V [H, `] =
H
2
ln


H
⇤4

�
+ T

4V [`] +HP[`] + VT [H] .

To canonically normalize this field, we introduce � as H = 2�8
c
�2

�
4

We keep the lowest order in P[`] to satisfy the symmetry:

P[`] = c1|`|2 ,

where c1 is determined by the lattice results (jumping of gluon
condensate).
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For H we have now:

〈H〉 =
Λ4

e
exp

[

−2b1
α

2a2

]

=
Λ4

e
exp [−2b1] . (24)

In the last step we normalized 〈"〉 to unity at high tem-
perature. In order for the previous solutions to be valid
we need to operate in the following temperature regime:

T $
4

√

b1
α
〈H〉 ≈ Tc. (25)

We find that at sufficiently high temperature 〈H〉 is ex-
ponentially suppressed and the suppression rate is de-
termined solely by the glueball – "2 mixing term en-
coded in P ["]. The coefficient b1 should be large (or
increase with the temperature) since we expect a van-
ishing gluon-condensate at asymptotically high tempera-
tures. Clearly it is crucial to determine all of these coeffi-
cients via first principle lattice simulations. The qualita-
tive picture which emerges in our analysis is summarized
in Fig. 1.

FIG. 1: The thin line is the gluon condensate 〈H〉 normal-
ized to Λ4/e as function of the temperature. The thick line
represents the normalized to unity 〈!〉 as function of the tem-
perature. We have chosen for illustration α = 1, b1 = 1.45
and Tc # 1.16Λ.

IV. THE THREE COLOR THEORY

Z3 is the global symmetry group for the three color
case while " is a complex field. The functions V ["] and
P ["] are:

V ["] = a1|"|
2 + a2|"|

4 − a3("
3 + "∗3) +O("5),

P ["] = b1|"|
2 +O("3), (26)

with a1, a2, a3 and b1 unknown temperature dependent
coefficients which can be determined using lattice data.
In this paper we want to investigate the general relation
between glueballs and " so we will not try to find the best
parameterization to fit the lattice data. In the spirit of

the mean field theory we take a2, a3 and b1 to be positive
constants while a1 = α(T∗ − T )/T . With " = |"|eiϕ the
extrema are now obtained by differentiating the potential
with respect to H , |"| and ϕ:

∂V

∂H
=

ln

2

[

eH

Λ4

]

+ P ["] =
ln

2

[

eH

Λ4

]

+ b1|"|
2 = 0,

∂V

∂|"|
= 2|"|T 4

(

a1 +
H

T 4
b1 − 3a3|"| cos(3ϕ) + 2a2|"|

2

)

= 0,

∂V

∂ϕ
= 6|"|3 sin(3ϕ) = 0. (27)

At small temperature the H/T 4 term in the second equa-
tion dominates and the solution is 〈|"|〉 = 0, 〈H〉 = Λ4/e
and the last equation is verified for any 〈ϕ〉, so we choose
〈ϕ〉 = 0. The second equation can have two more solu-
tions:

3

4

a3
a2

±

√

9

16

a23
a22

+
α(T − T∗)

2Ta2
−

b1H

2a2T 4
, (28)

whenever the square root is well defined (i.e. at suf-
ficiently high temperatures). The negative sign corre-
sponds to a relative maximum while the positive one to
a relative minimum. We have then to evaluate the free
energy value (i.e. the effective thermal potential) at the
relative minimum and compare it with the one at " = 0.
The temperature value for which the two minima have
the same free energy is defined as the critical tempera-
ture and is:

Tc =

[

T∗ +
b1
eα

Λ4

T 3
c

]

αa2
αa2 + a23

. (29)

When a3 vanishes we recover the second order type criti-
cal temperature Tc. To derive the previous expression we
held fix the value of H to Λ4/e at the transition point.
In a more refined treatment one should not make such
an assumption. Below this temperature the minimum is
still for 〈"〉 = 0 and 〈H〉 = Λ4/e.
Just above the critical temperature the fields jump to

the new values:

〈|"|〉 =
a3
a2

, 〈H〉 =
Λ4

e
exp

[

−2b1〈|"|〉
2
]

. (30)

Close but above Tc (i.e. T = Tc +∆T ) we have:

〈|"|〉 &
a3
a2

+ ρ
∆T

Tc
, (31)

with

ρ &
αa2
a3

4κTc − 3T∗

a2Tc − 4b1α(κTc − T∗)
,

κ =
αa2 + a23

αa2
. (32)

a positive function of the coefficients of the effective po-
tential. In this regime

〈H〉 =
Λ4

e
exp

[

−2b1(
a3
a2

+ ρ
∆T

Tc
)2
]

. (33)
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tional renormalization group [40–59]. Here, we describe
the dynamics of dark glueballs by means of an e↵ective
field theory [37].

At non-vanishing temperatures T , the ZN center of
SU(N) is a relevant global symmetry [60] and it is pos-
sible to construct a number of gauge invariant operators
charged under ZN . The Polyakov loop is a remarkable
example, defined as

` (x) =
1

N
Tr[L] ⌘ 1

N
Tr

"
P exp

"
i g

Z 1/T

0
A0(⌧,x)d⌧

##
,

(1)
where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
spacetime coordinates. The Polyakov loop is charged
with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
non-zero at higher temperatures, it is typically used as
an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
collisions at the RHIC collider [57, 58]. In [33], it has
been shown that PLM can very well capture thermody-
namic observables predicted by lattice simulations [31].

At temperatures around Tc, one can treat the glueball
field H and the Polyakov loop ` in a unified description,
with an e↵ective temperature-dependent potential given
by [37]

V [H, `] =
H
2
ln


H
⇤4

�
+ T

4V [`] +HP[`] + VT [H] , (2)

where the first term is the zero-temperature glueball po-
tential which can be obtained via the constraint of trace
anomaly [61, 62], ⇤ is the confinement scale of the theory,
and V [`] and P [`] are assumed to be real polynomials in `

and invariant under ZN , with coe�cients that depend on
fits to lattice data. Thermal corrections are included in
VT [H], which might involve terms that are non-analytic
in H [48].

Note that (i) the potential in Eq. (2) reduces to the
glueball dynamics at low temperatures and follows the
PLM in the hot phase, (ii) the glueball field H is a di-
mension four scalar field and (iii) the term that couplesH
and ` is the most general interaction term which can be
constructed without spoiling the zero temperature trace
anomaly (Eq. (21) of Ref. [62]).

In this simplified model we neglect the entire tower
of heavier glueballs and pseudo-scalar glueballs and the
infinite series of dimensionless gauge invariant operators

a0 a1 a2 a3 a4 b3 b4

3.72 �5.73 8.49 �9.29 0.27 2.40 4.53

TABLE I. Parameters of the e↵ective potential in Eq. (5).

with di↵erent charges under ZN . Nevertheless this model
describes the essential features of the Yang-Mills phase
transition. Below the critical temperature Tc the last
term in Eq. (2) is negligible. Since the glueballs are rel-
atively heavy compared to the ⇤ scale their temperature
contribution VT [H] can also be disregarded in the first ap-
proximation [37]. We leave a refined analysis accounting
for thermal e↵ects in the glueball potential for a future
investigation.

In the opposite limit, T � Tc, in the deconfined phase,
the term T

4V[`] dominates, i. e. dark gluons are the
dominant component. The precise relation between the
confinement scale ⇤ and the critical temperature of the
phase transition Tc depends mildly on the gauge group
and matter structure of the theory and is determined
by lattice simulations. In this paper, we consider Tc ⇠
1.61⇤ for SU(3) (see e.g. Ref. [63] for arbitrary number
of colors).

We consider the following Lagrangian for the glueball
and Polyakov loop degrees of freedom [37, 64, 65]

L =
c

2

@µH@
µH

H3/2
� V [H, `] , (3)

where

c =
1

2
p
e

✓
⇤

mgb

◆2

(4)

is a constant determined by the glueball mass mgb, that
in the following is assumed to be mgb = 6⇤ [66]. The
Polyakov loop is a non-dynamical order parameter and
since it is assumed to be homogeneous in space, we ignore
terms involving spatial derivatives of `. This corresponds
to neglect the non-trivial dynamics of a first order phase
transition, which proceeds via the formation of bubbles
and their subsequent collisions. This could have a signif-
icant impact on the formation of glueballs, as observed
in presence of matter (see e.g. Refs. [67, 68]). The kinetic
term for the glueball field H is non-standard, as it can
be inferred from its dimensionality. For this reason, we
write the glueball field H in terms of a canonically nor-
malised scalar field � as H = 2�8

c
�2

�
4, and from this

point on we refer to � as the glueball field. It evolves

2
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term in Eq. (2) is negligible. Since the glueballs are rel-
atively heavy compared to the ⇤ scale their temperature
contribution VT [H] can also be disregarded in the first ap-
proximation [37]. We leave a refined analysis accounting
for thermal e↵ects in the glueball potential for a future
investigation.

In the opposite limit, T � Tc, in the deconfined phase,
the term T

4V[`] dominates, i. e. dark gluons are the
dominant component. The precise relation between the
confinement scale ⇤ and the critical temperature of the
phase transition Tc depends mildly on the gauge group
and matter structure of the theory and is determined
by lattice simulations. In this paper, we consider Tc ⇠
1.61⇤ for SU(3) (see e.g. Ref. [63] for arbitrary number
of colors).

We consider the following Lagrangian for the glueball
and Polyakov loop degrees of freedom [37, 64, 65]

L =
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c =
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p
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is a constant determined by the glueball mass mgb, that
in the following is assumed to be mgb = 6⇤ [66]. The
Polyakov loop is a non-dynamical order parameter and
since it is assumed to be homogeneous in space, we ignore
terms involving spatial derivatives of `. This corresponds
to neglect the non-trivial dynamics of a first order phase
transition, which proceeds via the formation of bubbles
and their subsequent collisions. This could have a signif-
icant impact on the formation of glueballs, as observed
in presence of matter (see e.g. Refs. [67, 68]). The kinetic
term for the glueball field H is non-standard, as it can
be inferred from its dimensionality. For this reason, we
write the glueball field H in terms of a canonically nor-
malised scalar field � as H = 2�8

c
�2

�
4, and from this

point on we refer to � as the glueball field. It evolves

2

tional renormalization group [40–59]. Here, we describe
the dynamics of dark glueballs by means of an e↵ective
field theory [37].

At non-vanishing temperatures T , the ZN center of
SU(N) is a relevant global symmetry [60] and it is pos-
sible to construct a number of gauge invariant operators
charged under ZN . The Polyakov loop is a remarkable
example, defined as

` (x) =
1

N
Tr[L] ⌘ 1

N
Tr

"
P exp

"
i g

Z 1/T

0
A0(⌧,x)d⌧

##
,

(1)
where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
spacetime coordinates. The Polyakov loop is charged
with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
non-zero at higher temperatures, it is typically used as
an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
collisions at the RHIC collider [57, 58]. In [33], it has
been shown that PLM can very well capture thermody-
namic observables predicted by lattice simulations [31].

At temperatures around Tc, one can treat the glueball
field H and the Polyakov loop ` in a unified description,
with an e↵ective temperature-dependent potential given
by [37]

V [H, `] =
H
2
ln


H
⇤4

�
+ T

4V [`] +HP[`] + VT [H] , (2)

where the first term is the zero-temperature glueball po-
tential which can be obtained via the constraint of trace
anomaly [61, 62], ⇤ is the confinement scale of the theory,
and V [`] and P [`] are assumed to be real polynomials in `

and invariant under ZN , with coe�cients that depend on
fits to lattice data. Thermal corrections are included in
VT [H], which might involve terms that are non-analytic
in H [48].

Note that (i) the potential in Eq. (2) reduces to the
glueball dynamics at low temperatures and follows the
PLM in the hot phase, (ii) the glueball field H is a di-
mension four scalar field and (iii) the term that couplesH
and ` is the most general interaction term which can be
constructed without spoiling the zero temperature trace
anomaly (Eq. (21) of Ref. [62]).

In this simplified model we neglect the entire tower
of heavier glueballs and pseudo-scalar glueballs and the
infinite series of dimensionless gauge invariant operators
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FIG. 1. Vacuum expectation value of the glueball field H

as a function of temperature. The field is normalized to its
value in the confined phase. The discontinuity at T = Tc is
characteristic of a first-order phase transition and the value of
the jump depends on the parameter c1, whose limiting values
shown in this plot are obtained by a comparison with the lat-
tice data [69]. The values shown correspond to 1� uncertainty
range. We do not use the lattice data for higher temperatures
in the comparison, as our model neglects thermal corrections,
which are increasingly relevant above Tc.

according to the e↵ective Lagrangian
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where we have kept only the lowest order in P[`] satis-
fying the symmetries. The Polyakov loop potential V[`]
is determined from symmetry arguments combined with
fits to lattice thermodynamic quantities. Our choice here
is taken from Ref. [33] and the numerical values of the
constants are reported in Tab. I, for clarity.

Temperature dependence of the Polyakov loop—The
Lagrangian in Eq. (5) describes the evolution of the
glueball-dark gluon system across the phase transition.
This e↵ective description is expected to be valid in a
broad temperature range, except when the temperature
is large T � Tc, where VT [H] needs to be included. Since
the Polyakov loop is a non-dynamical degree of freedom,
its temperature evolution is determined by the location
of the minimum in the e↵ective potential. Being the or-
der parameter of the phase transition, ` approaches 1 at
high temperatures and vanishes for temperatures below
the critical one. The stationary points of ` are ` = 0 and

|`±| =
3b3
4b4

0

BBBBB@
1±

vuuuut
1 +

512 b2(T )b4 � 4
c1b4

c2

✓
�

T

◆4

1152 b23

1

CCCCCA
,

(6)
representing two minima, ` = 0 and ` = `+, separated
by a maximum in ` = `�. The solution ` = 0 denotes
the confined phase and it is a global minimum only for
temperatures below the critical temperature. In the de-
confined phase, the solution ` = 0 becomes metastable
and ` = `+ becomes the global minimum. The Polyakov
loop is then “integrated out” using its equation of motion
` = `(�, T ), giving rise to a potential for the glueball field
in the form V [�, T ] = V [�, `(�, T )]. Moreover, we set the
zero-point energy of the glueball field to zero in order to
properly describe glueballs as matter. The evolution of
the glueball minimum in this new potential is shown in
Fig. 1 in terms of the field H and compared to lattice
simulations. Below Tc, hHi is constant with tempera-
ture and it discontinuously jumps to a lower value right
above the critical temperature. We match the size of the
discontinuity predicted in our potential to a result from
lattice, given in Ref. [69] (the red point in Fig. 1). This
constraint is enough to impose limitations on the value
of c1 in Eq. (5), the glueball-Polyakov loop coupling. We
found this value to be c1 = 1.225 ± 0.19 at 95% CL.
The associated uncertainty of ⇠ 20% dominates the un-
certainty in the glueball relic abundance in our analysis,
such that ⇠ O(3%) uncertainties on the fitting parame-
ters in Tab. I have been ignored.
Cosmological evolution of the glueball field—Thanks to

the previous discussion, we are left with a relatively sim-
ple recipe to describe the glueball field dynamics across
the phase transition. Note that the evolution can be
treated as completely classical, since the e↵ective La-
grangian in Eq. (5) fully accounts for quantum e↵ects
at tree level.
In a first approximation, the glueball field is homoge-

neous and evolves in an expanding Friedmann-Lemaitre-
Robertson-Walker (FLRW) Universe. The Klein-Gordon
equation for a field in a FLRW metric reads

�̈+ 3H�̇+ @�V [�, T ] = 0 , (7)

where the Hubble parameter H when glueballs form is
approximately determined by the SM content of the Uni-
verse, as it is assumed to have more degrees of freedom
than the confining dark sector and, if there are no in-
teractions with the SM, this sector is colder than the
SM thermal bath. We denote the visible-to-dark sector
temperature ratio by ⇠T . The photon temperature T�

determines the Hubble parameter H and can be taken as
a time variable in Eq. (7) by using

t =
1

2

s
45

4⇡3g⇤,⇢(T�)

mP

T 2
�

, (8)
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Expanding the exponential we have:

V [!] = T 4V [!] +
Λ4

e
P [!]−

Λ4

2e
+ · · · . (11)

Since V [!] and P [!] are real polynomials in ! invariant
under ZN we immediately recover a general potential in
!.

III. THE TWO COLOR THEORY

To illustrate how our formalism works we first consider
in detail the case N = 2 and neglect for simplicity the
term VT [H ]. This theory has been extensively studied via
lattice simulations [25, 26] and it constitutes the natural
playground to test our model. Here ! is a real field and
the Z2 invariant V [!] and P [!] are taken to be:

V [!] = a1!
2 + a2!

4 +O(!6),

P [!] = b1!
2 +O(!4), (12)

with a1, a2 and b1 unknown temperature dependent
functions which should be derived directly from the un-
derlying theory. Lattice simulations can, in principle,
fix all of the coefficients. In order for us to investi-
gate in some more detail the features of our potential
and inspired by the PLM model mean-field type of ap-
proximation we first assume a2 and b1 to be positive
and temperature independent constants while we model
a1 = α(T∗ − T )/T , with T∗ a constant and α another
positive constant. We will soon see that due to the inter-
play between the hadronic states and !, T∗ need not to
be the critical Yang-Mills temperature while a1 displays
the typical behavior of the mass square term related to
a second order type of phase transition.
The extrema are obtained by differentiating the poten-

tial with respect to H and !:

∂V

∂H
=

ln

2

[

eH

Λ4

]

+ P [!] =
ln

2

[

eH

Λ4

]

+ b1!
2 = 0,(13)

∂V

∂!
= 2!T 4

(

a1 +
H

T 4
b1 + 2a2!

2

)

= 0, (14)

A. Small and Intermediate Temperatures

At small temperatures the second term in Eq. (14)
dominates and the only solution is ! = 0. A vanish-
ing ! leads to a null P [!] yielding the expected minimum
for H :

〈H〉 =
Λ4

e
. (15)

Here ! and H decouple.
We now study the solution near the critical tempera-

ture for the deconfinement transition. For all the tem-
peratures for which

T 4a1 +Hb1 = T 3α(T∗ − T ) +Hb1 > 0, (16)

the solution for ! is still ! = 0 yielding Eq. (15). The
critical temperature is reached for

Tc = T∗ +
b1
eα

Λ4

T 3
c

. (17)

The critical temperature can be determined via lattice
simulations. We see that within our framework the latter
is related to the glueball (gluon-condensate) coupling to
two Polyakov loops and it would be relevant to measure
it on the lattice. At T = Tc, ! = 0 and H = Λ4/e.
Let us now consider the case T = Tc +∆T with

∆T

Tc
$ 1. (18)

Expanding 〈!〉2 at the leading order in ∆T/Tc yields:

〈!〉2 =
α

2a2

1 + 3 b1
eα

Λ
4

T 4
c

1− b2
1

ea2

Λ4

T 4
c

∆T

Tc
. (19)

We used Eq. (17) and Eq. (13) which relates the tem-
perature dependence of H to the one of !. At high tem-
peratures (see next subsection) 〈!〉 can be normalized to
one by imposing α/2a2 = 1 and the previous expression
reads:

〈!〉2 =
1 + 3 b1

eα
Λ

4

T 4
c

1− 2b2
1

eα
Λ4

T 4
c

∆T

Tc
≡

4Tc − 3T∗

(1− 2b1)Tc + 2b1T∗

∆T

Tc
.(20)

For a given critical temperature consistency requires b1
and T∗ to be such that:

4Tc − 3T∗

(1− 2b1)Tc + 2b1T∗

≥ 0. (21)

The temperature dependence, in this regime, of the gluon
condensate is:

〈H〉 =
Λ4

e
exp

[

−2b1〈!〉
2
]

. (22)

We find the mean field exponent for !, i.e. !2 increases
linearly with the temperature near the phase transition
[27]. Interestingly the gluon-condensates drops exponen-
tially. The drop in the gluon-condensate is triggered by
the rise of ! and it happens in our simple model exactly at
the deconfining critical temperature. Although the drop
might be sharp it is continuous in temperature and this
is related to the fact that the phase transition is second
order. Our findings strongly support the common picture
according to which the drop of the gluon condensate sig-
nals, in absence of quarks, deconfinement.

B. High Temperature

At very high temperatures the second term in Eq. (14)
can be neglected and the minimum for ! is:

〈!〉 =

√

α

2a2
. (23)

second-order

phase transition
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For H we have now:

〈H〉 =
Λ4

e
exp

[

−2b1
α

2a2

]

=
Λ4

e
exp [−2b1] . (24)

In the last step we normalized 〈"〉 to unity at high tem-
perature. In order for the previous solutions to be valid
we need to operate in the following temperature regime:

T $
4

√

b1
α
〈H〉 ≈ Tc. (25)

We find that at sufficiently high temperature 〈H〉 is ex-
ponentially suppressed and the suppression rate is de-
termined solely by the glueball – "2 mixing term en-
coded in P ["]. The coefficient b1 should be large (or
increase with the temperature) since we expect a van-
ishing gluon-condensate at asymptotically high tempera-
tures. Clearly it is crucial to determine all of these coeffi-
cients via first principle lattice simulations. The qualita-
tive picture which emerges in our analysis is summarized
in Fig. 1.

FIG. 1: The thin line is the gluon condensate 〈H〉 normal-
ized to Λ4/e as function of the temperature. The thick line
represents the normalized to unity 〈!〉 as function of the tem-
perature. We have chosen for illustration α = 1, b1 = 1.45
and Tc # 1.16Λ.

IV. THE THREE COLOR THEORY

Z3 is the global symmetry group for the three color
case while " is a complex field. The functions V ["] and
P ["] are:

V ["] = a1|"|
2 + a2|"|

4 − a3("
3 + "∗3) +O("5),

P ["] = b1|"|
2 +O("3), (26)

with a1, a2, a3 and b1 unknown temperature dependent
coefficients which can be determined using lattice data.
In this paper we want to investigate the general relation
between glueballs and " so we will not try to find the best
parameterization to fit the lattice data. In the spirit of

the mean field theory we take a2, a3 and b1 to be positive
constants while a1 = α(T∗ − T )/T . With " = |"|eiϕ the
extrema are now obtained by differentiating the potential
with respect to H , |"| and ϕ:

∂V

∂H
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ln
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eH

Λ4

]

+ P ["] =
ln

2
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eH

Λ4

]

+ b1|"|
2 = 0,

∂V
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= 2|"|T 4
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T 4
b1 − 3a3|"| cos(3ϕ) + 2a2|"|

2

)

= 0,

∂V

∂ϕ
= 6|"|3 sin(3ϕ) = 0. (27)

At small temperature the H/T 4 term in the second equa-
tion dominates and the solution is 〈|"|〉 = 0, 〈H〉 = Λ4/e
and the last equation is verified for any 〈ϕ〉, so we choose
〈ϕ〉 = 0. The second equation can have two more solu-
tions:

3

4

a3
a2

±

√

9

16

a23
a22

+
α(T − T∗)

2Ta2
−

b1H

2a2T 4
, (28)

whenever the square root is well defined (i.e. at suf-
ficiently high temperatures). The negative sign corre-
sponds to a relative maximum while the positive one to
a relative minimum. We have then to evaluate the free
energy value (i.e. the effective thermal potential) at the
relative minimum and compare it with the one at " = 0.
The temperature value for which the two minima have
the same free energy is defined as the critical tempera-
ture and is:

Tc =

[

T∗ +
b1
eα

Λ4

T 3
c

]

αa2
αa2 + a23

. (29)

When a3 vanishes we recover the second order type criti-
cal temperature Tc. To derive the previous expression we
held fix the value of H to Λ4/e at the transition point.
In a more refined treatment one should not make such
an assumption. Below this temperature the minimum is
still for 〈"〉 = 0 and 〈H〉 = Λ4/e.
Just above the critical temperature the fields jump to

the new values:

〈|"|〉 =
a3
a2

, 〈H〉 =
Λ4

e
exp

[

−2b1〈|"|〉
2
]

. (30)

Close but above Tc (i.e. T = Tc +∆T ) we have:

〈|"|〉 &
a3
a2

+ ρ
∆T

Tc
, (31)

with

ρ &
αa2
a3

4κTc − 3T∗

a2Tc − 4b1α(κTc − T∗)
,

κ =
αa2 + a23

αa2
. (32)

a positive function of the coefficients of the effective po-
tential. In this regime

〈H〉 =
Λ4

e
exp

[

−2b1(
a3
a2

+ ρ
∆T

Tc
)2
]

. (33)

Rigorous Dark Gluon-glueball Dynamics
(Carenza, Pasechnik, Salinas，Z-W W, Phys. Rev. Lett. 129 (2022) no.26, 26)

In the literature, for glueball dark matter production, only �
5 interaction is

considered, making the 3 ! 2 annihilation the only relevant process for
DM formation
However, since glueball is strongly coupled, this naive calculation is not
rigorous. A non-perturbative method is required.
The dark gluon-glueball dynamics can be effectively described by
considering the dimension-4 glueball field H / tr(Gµ⌫

Gµ⌫):

V [H, `] =
H
2
ln


H
⇤4

�
+ T

4V [`] +HP[`] + VT [H] .

To canonically normalize this field, we introduce � as H = 2�8
c
�2

�
4

We keep the lowest order in P[`] to satisfy the symmetry:

P[`] = c1|`|2 ,

where c1 is determined by the lattice results (jumping of gluon
condensate).
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Thermal evolution of the glueball-dark gluon system
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Introduction

Stochastic Gravitational Wave (GW) background

Superposition of unresolved astrophysical sources

Cosmological events

(i) Inflation
(ii) Cosmic strings
(iii) Strong cosmological phase transitions (PTs) !

by expanding and colliding vacuum bubbles of new phase

GW background as a gravitational probe for New Physics

Focus on the EW phase transition (EWPT) relevant for EW baryogenesis

Study a simple model with multiple-step strongly 1st-order EWPTs

Study the impact of multiple-step strong PTs on GW spectra
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Introducing canonically normalised field
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tional renormalization group [40–59]. Here, we describe
the dynamics of dark glueballs by means of an e↵ective
field theory [37].

At non-vanishing temperatures T , the ZN center of
SU(N) is a relevant global symmetry [60] and it is pos-
sible to construct a number of gauge invariant operators
charged under ZN . The Polyakov loop is a remarkable
example, defined as

` (x) =
1

N
Tr[L] ⌘ 1

N
Tr

"
P exp

"
i g

Z 1/T

0
A0(⌧,x)d⌧

##
,

(1)
where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
spacetime coordinates. The Polyakov loop is charged
with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
non-zero at higher temperatures, it is typically used as
an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
collisions at the RHIC collider [57, 58]. In [33], it has
been shown that PLM can very well capture thermody-
namic observables predicted by lattice simulations [31].

At temperatures around Tc, one can treat the glueball
field H and the Polyakov loop ` in a unified description,
with an e↵ective temperature-dependent potential given
by [37]

V [H, `] =
H
2
ln


H
⇤4

�
+ T

4V [`] +HP[`] + VT [H] , (2)

where the first term is the zero-temperature glueball po-
tential which can be obtained via the constraint of trace
anomaly [61, 62], ⇤ is the confinement scale of the theory,
and V [`] and P [`] are assumed to be real polynomials in `

and invariant under ZN , with coe�cients that depend on
fits to lattice data. Thermal corrections are included in
VT [H], which might involve terms that are non-analytic
in H [48].

Note that (i) the potential in Eq. (2) reduces to the
glueball dynamics at low temperatures and follows the
PLM in the hot phase, (ii) the glueball field H is a di-
mension four scalar field and (iii) the term that couplesH
and ` is the most general interaction term which can be
constructed without spoiling the zero temperature trace
anomaly (Eq. (21) of Ref. [62]).

In this simplified model we neglect the entire tower
of heavier glueballs and pseudo-scalar glueballs and the
infinite series of dimensionless gauge invariant operators
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3.72 �5.73 8.49 �9.29 0.27 2.40 4.53

TABLE I. Parameters of the e↵ective potential in Eq. (5).

with di↵erent charges under ZN . Nevertheless this model
describes the essential features of the Yang-Mills phase
transition. Below the critical temperature Tc the last
term in Eq. (2) is negligible. Since the glueballs are rel-
atively heavy compared to the ⇤ scale their temperature
contribution VT [H] can also be disregarded in the first ap-
proximation [37]. We leave a refined analysis accounting
for thermal e↵ects in the glueball potential for a future
investigation.

In the opposite limit, T � Tc, in the deconfined phase,
the term T

4V[`] dominates, i. e. dark gluons are the
dominant component. The precise relation between the
confinement scale ⇤ and the critical temperature of the
phase transition Tc depends mildly on the gauge group
and matter structure of the theory and is determined
by lattice simulations. In this paper, we consider Tc ⇠
1.61⇤ for SU(3) (see e.g. Ref. [63] for arbitrary number
of colors).

We consider the following Lagrangian for the glueball
and Polyakov loop degrees of freedom [37, 64, 65]
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is a constant determined by the glueball mass mgb, that
in the following is assumed to be mgb = 6⇤ [66]. The
Polyakov loop is a non-dynamical order parameter and
since it is assumed to be homogeneous in space, we ignore
terms involving spatial derivatives of `. This corresponds
to neglect the non-trivial dynamics of a first order phase
transition, which proceeds via the formation of bubbles
and their subsequent collisions. This could have a signif-
icant impact on the formation of glueballs, as observed
in presence of matter (see e.g. Refs. [67, 68]). The kinetic
term for the glueball field H is non-standard, as it can
be inferred from its dimensionality. For this reason, we
write the glueball field H in terms of a canonically nor-
malised scalar field � as H = 2�8

c
�2

�
4, and from this

point on we refer to � as the glueball field. It evolvesthe effective Lagrangian reads:
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FIG. 1. Vacuum expectation value of the glueball field H

as a function of temperature. The field is normalized to its
value in the confined phase. The discontinuity at T = Tc is
characteristic of a first-order phase transition and the value of
the jump depends on the parameter c1, whose limiting values
shown in this plot are obtained by a comparison with the lat-
tice data [69]. The values shown correspond to 1� uncertainty
range. We do not use the lattice data for higher temperatures
in the comparison, as our model neglects thermal corrections,
which are increasingly relevant above Tc.
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where we have kept only the lowest order in P[`] satis-
fying the symmetries. The Polyakov loop potential V[`]
is determined from symmetry arguments combined with
fits to lattice thermodynamic quantities. Our choice here
is taken from Ref. [33] and the numerical values of the
constants are reported in Tab. I, for clarity.

Temperature dependence of the Polyakov loop—The
Lagrangian in Eq. (5) describes the evolution of the
glueball-dark gluon system across the phase transition.
This e↵ective description is expected to be valid in a
broad temperature range, except when the temperature
is large T � Tc, where VT [H] needs to be included. Since
the Polyakov loop is a non-dynamical degree of freedom,
its temperature evolution is determined by the location
of the minimum in the e↵ective potential. Being the or-
der parameter of the phase transition, ` approaches 1 at
high temperatures and vanishes for temperatures below
the critical one. The stationary points of ` are ` = 0 and
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representing two minima, ` = 0 and ` = `+, separated
by a maximum in ` = `�. The solution ` = 0 denotes
the confined phase and it is a global minimum only for
temperatures below the critical temperature. In the de-
confined phase, the solution ` = 0 becomes metastable
and ` = `+ becomes the global minimum. The Polyakov
loop is then “integrated out” using its equation of motion
` = `(�, T ), giving rise to a potential for the glueball field
in the form V [�, T ] = V [�, `(�, T )]. Moreover, we set the
zero-point energy of the glueball field to zero in order to
properly describe glueballs as matter. The evolution of
the glueball minimum in this new potential is shown in
Fig. 1 in terms of the field H and compared to lattice
simulations. Below Tc, hHi is constant with tempera-
ture and it discontinuously jumps to a lower value right
above the critical temperature. We match the size of the
discontinuity predicted in our potential to a result from
lattice, given in Ref. [69] (the red point in Fig. 1). This
constraint is enough to impose limitations on the value
of c1 in Eq. (5), the glueball-Polyakov loop coupling. We
found this value to be c1 = 1.225 ± 0.19 at 95% CL.
The associated uncertainty of ⇠ 20% dominates the un-
certainty in the glueball relic abundance in our analysis,
such that ⇠ O(3%) uncertainties on the fitting parame-
ters in Tab. I have been ignored.
Cosmological evolution of the glueball field—Thanks to

the previous discussion, we are left with a relatively sim-
ple recipe to describe the glueball field dynamics across
the phase transition. Note that the evolution can be
treated as completely classical, since the e↵ective La-
grangian in Eq. (5) fully accounts for quantum e↵ects
at tree level.
In a first approximation, the glueball field is homoge-

neous and evolves in an expanding Friedmann-Lemaitre-
Robertson-Walker (FLRW) Universe. The Klein-Gordon
equation for a field in a FLRW metric reads

�̈+ 3H�̇+ @�V [�, T ] = 0 , (7)

where the Hubble parameter H when glueballs form is
approximately determined by the SM content of the Uni-
verse, as it is assumed to have more degrees of freedom
than the confining dark sector and, if there are no in-
teractions with the SM, this sector is colder than the
SM thermal bath. We denote the visible-to-dark sector
temperature ratio by ⇠T . The photon temperature T�

determines the Hubble parameter H and can be taken as
a time variable in Eq. (7) by using
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tional renormalization group [40–59]. Here, we describe
the dynamics of dark glueballs by means of an e↵ective
field theory [37].

At non-vanishing temperatures T , the ZN center of
SU(N) is a relevant global symmetry [60] and it is pos-
sible to construct a number of gauge invariant operators
charged under ZN . The Polyakov loop is a remarkable
example, defined as
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where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
spacetime coordinates. The Polyakov loop is charged
with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
non-zero at higher temperatures, it is typically used as
an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
collisions at the RHIC collider [57, 58]. In [33], it has
been shown that PLM can very well capture thermody-
namic observables predicted by lattice simulations [31].

At temperatures around Tc, one can treat the glueball
field H and the Polyakov loop ` in a unified description,
with an e↵ective temperature-dependent potential given
by [37]

V [H, `] =
H
2
ln
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4V [`] +HP[`] + VT [H] , (2)

where the first term is the zero-temperature glueball po-
tential which can be obtained via the constraint of trace
anomaly [61, 62], ⇤ is the confinement scale of the theory,
and V [`] and P [`] are assumed to be real polynomials in `

and invariant under ZN , with coe�cients that depend on
fits to lattice data. Thermal corrections are included in
VT [H], which might involve terms that are non-analytic
in H [48].

Note that (i) the potential in Eq. (2) reduces to the
glueball dynamics at low temperatures and follows the
PLM in the hot phase, (ii) the glueball field H is a di-
mension four scalar field and (iii) the term that couplesH
and ` is the most general interaction term which can be
constructed without spoiling the zero temperature trace
anomaly (Eq. (21) of Ref. [62]).

In this simplified model we neglect the entire tower
of heavier glueballs and pseudo-scalar glueballs and the
infinite series of dimensionless gauge invariant operators
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TABLE I. Parameters of the e↵ective potential in Eq. (5).

with di↵erent charges under ZN . Nevertheless this model
describes the essential features of the Yang-Mills phase
transition. Below the critical temperature Tc the last
term in Eq. (2) is negligible. Since the glueballs are rel-
atively heavy compared to the ⇤ scale their temperature
contribution VT [H] can also be disregarded in the first ap-
proximation [37]. We leave a refined analysis accounting
for thermal e↵ects in the glueball potential for a future
investigation.

In the opposite limit, T � Tc, in the deconfined phase,
the term T

4V[`] dominates, i. e. dark gluons are the
dominant component. The precise relation between the
confinement scale ⇤ and the critical temperature of the
phase transition Tc depends mildly on the gauge group
and matter structure of the theory and is determined
by lattice simulations. In this paper, we consider Tc ⇠
1.61⇤ for SU(3) (see e.g. Ref. [63] for arbitrary number
of colors).

We consider the following Lagrangian for the glueball
and Polyakov loop degrees of freedom [37, 64, 65]
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is a constant determined by the glueball mass mgb, that
in the following is assumed to be mgb = 6⇤ [66]. The
Polyakov loop is a non-dynamical order parameter and
since it is assumed to be homogeneous in space, we ignore
terms involving spatial derivatives of `. This corresponds
to neglect the non-trivial dynamics of a first order phase
transition, which proceeds via the formation of bubbles
and their subsequent collisions. This could have a signif-
icant impact on the formation of glueballs, as observed
in presence of matter (see e.g. Refs. [67, 68]). The kinetic
term for the glueball field H is non-standard, as it can
be inferred from its dimensionality. For this reason, we
write the glueball field H in terms of a canonically nor-
malised scalar field � as H = 2�8

c
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4, and from this

point on we refer to � as the glueball field. It evolves
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FIG. 1. Vacuum expectation value of the glueball field H

as a function of temperature. The field is normalized to its
value in the confined phase. The discontinuity at T = Tc is
characteristic of a first-order phase transition and the value of
the jump depends on the parameter c1, whose limiting values
shown in this plot are obtained by a comparison with the lat-
tice data [69]. The values shown correspond to 1� uncertainty
range. We do not use the lattice data for higher temperatures
in the comparison, as our model neglects thermal corrections,
which are increasingly relevant above Tc.
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where we have kept only the lowest order in P[`] satis-
fying the symmetries. The Polyakov loop potential V[`]
is determined from symmetry arguments combined with
fits to lattice thermodynamic quantities. Our choice here
is taken from Ref. [33] and the numerical values of the
constants are reported in Tab. I, for clarity.

Temperature dependence of the Polyakov loop—The
Lagrangian in Eq. (5) describes the evolution of the
glueball-dark gluon system across the phase transition.
This e↵ective description is expected to be valid in a
broad temperature range, except when the temperature
is large T � Tc, where VT [H] needs to be included. Since
the Polyakov loop is a non-dynamical degree of freedom,
its temperature evolution is determined by the location
of the minimum in the e↵ective potential. Being the or-
der parameter of the phase transition, ` approaches 1 at
high temperatures and vanishes for temperatures below
the critical one. The stationary points of ` are ` = 0 and
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representing two minima, ` = 0 and ` = `+, separated
by a maximum in ` = `�. The solution ` = 0 denotes
the confined phase and it is a global minimum only for
temperatures below the critical temperature. In the de-
confined phase, the solution ` = 0 becomes metastable
and ` = `+ becomes the global minimum. The Polyakov
loop is then “integrated out” using its equation of motion
` = `(�, T ), giving rise to a potential for the glueball field
in the form V [�, T ] = V [�, `(�, T )]. Moreover, we set the
zero-point energy of the glueball field to zero in order to
properly describe glueballs as matter. The evolution of
the glueball minimum in this new potential is shown in
Fig. 1 in terms of the field H and compared to lattice
simulations. Below Tc, hHi is constant with tempera-
ture and it discontinuously jumps to a lower value right
above the critical temperature. We match the size of the
discontinuity predicted in our potential to a result from
lattice, given in Ref. [69] (the red point in Fig. 1). This
constraint is enough to impose limitations on the value
of c1 in Eq. (5), the glueball-Polyakov loop coupling. We
found this value to be c1 = 1.225 ± 0.19 at 95% CL.
The associated uncertainty of ⇠ 20% dominates the un-
certainty in the glueball relic abundance in our analysis,
such that ⇠ O(3%) uncertainties on the fitting parame-
ters in Tab. I have been ignored.
Cosmological evolution of the glueball field—Thanks to

the previous discussion, we are left with a relatively sim-
ple recipe to describe the glueball field dynamics across
the phase transition. Note that the evolution can be
treated as completely classical, since the e↵ective La-
grangian in Eq. (5) fully accounts for quantum e↵ects
at tree level.
In a first approximation, the glueball field is homoge-

neous and evolves in an expanding Friedmann-Lemaitre-
Robertson-Walker (FLRW) Universe. The Klein-Gordon
equation for a field in a FLRW metric reads

�̈+ 3H�̇+ @�V [�, T ] = 0 , (7)

where the Hubble parameter H when glueballs form is
approximately determined by the SM content of the Uni-
verse, as it is assumed to have more degrees of freedom
than the confining dark sector and, if there are no in-
teractions with the SM, this sector is colder than the
SM thermal bath. We denote the visible-to-dark sector
temperature ratio by ⇠T . The photon temperature T�

determines the Hubble parameter H and can be taken as
a time variable in Eq. (7) by using

t =
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FIG. 1. Vacuum expectation value of the glueball field H

as a function of temperature. The field is normalized to its
value in the confined phase. The discontinuity at T = Tc is
characteristic of a first-order phase transition and the value of
the jump depends on the parameter c1, whose limiting values
shown in this plot are obtained by a comparison with the lat-
tice data [69]. The values shown correspond to 1� uncertainty
range. We do not use the lattice data for higher temperatures
in the comparison, as our model neglects thermal corrections,
which are increasingly relevant above Tc.
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where we have kept only the lowest order in P[`] satis-
fying the symmetries. The Polyakov loop potential V[`]
is determined from symmetry arguments combined with
fits to lattice thermodynamic quantities. Our choice here
is taken from Ref. [33] and the numerical values of the
constants are reported in Tab. I, for clarity.

Temperature dependence of the Polyakov loop—The
Lagrangian in Eq. (5) describes the evolution of the
glueball-dark gluon system across the phase transition.
This e↵ective description is expected to be valid in a
broad temperature range, except when the temperature
is large T � Tc, where VT [H] needs to be included. Since
the Polyakov loop is a non-dynamical degree of freedom,
its temperature evolution is determined by the location
of the minimum in the e↵ective potential. Being the or-
der parameter of the phase transition, ` approaches 1 at
high temperatures and vanishes for temperatures below
the critical one. The stationary points of ` are ` = 0 and
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representing two minima, ` = 0 and ` = `+, separated
by a maximum in ` = `�. The solution ` = 0 denotes
the confined phase and it is a global minimum only for
temperatures below the critical temperature. In the de-
confined phase, the solution ` = 0 becomes metastable
and ` = `+ becomes the global minimum. The Polyakov
loop is then “integrated out” using its equation of motion
` = `(�, T ), giving rise to a potential for the glueball field
in the form V [�, T ] = V [�, `(�, T )]. Moreover, we set the
zero-point energy of the glueball field to zero in order to
properly describe glueballs as matter. The evolution of
the glueball minimum in this new potential is shown in
Fig. 1 in terms of the field H and compared to lattice
simulations. Below Tc, hHi is constant with tempera-
ture and it discontinuously jumps to a lower value right
above the critical temperature. We match the size of the
discontinuity predicted in our potential to a result from
lattice, given in Ref. [69] (the red point in Fig. 1). This
constraint is enough to impose limitations on the value
of c1 in Eq. (5), the glueball-Polyakov loop coupling. We
found this value to be c1 = 1.225 ± 0.19 at 95% CL.
The associated uncertainty of ⇠ 20% dominates the un-
certainty in the glueball relic abundance in our analysis,
such that ⇠ O(3%) uncertainties on the fitting parame-
ters in Tab. I have been ignored.
Cosmological evolution of the glueball field—Thanks to

the previous discussion, we are left with a relatively sim-
ple recipe to describe the glueball field dynamics across
the phase transition. Note that the evolution can be
treated as completely classical, since the e↵ective La-
grangian in Eq. (5) fully accounts for quantum e↵ects
at tree level.
In a first approximation, the glueball field is homoge-

neous and evolves in an expanding Friedmann-Lemaitre-
Robertson-Walker (FLRW) Universe. The Klein-Gordon
equation for a field in a FLRW metric reads

�̈+ 3H�̇+ @�V [�, T ] = 0 , (7)

where the Hubble parameter H when glueballs form is
approximately determined by the SM content of the Uni-
verse, as it is assumed to have more degrees of freedom
than the confining dark sector and, if there are no in-
teractions with the SM, this sector is colder than the
SM thermal bath. We denote the visible-to-dark sector
temperature ratio by ⇠T . The photon temperature T�

determines the Hubble parameter H and can be taken as
a time variable in Eq. (7) by using
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FIG. 1. Vacuum expectation value of the glueball field H

as a function of temperature. The field is normalized to its
value in the confined phase. The discontinuity at T = Tc is
characteristic of a first-order phase transition and the value of
the jump depends on the parameter c1, whose limiting values
shown in this plot are obtained by a comparison with the lat-
tice data [69]. The values shown correspond to 1� uncertainty
range. We do not use the lattice data for higher temperatures
in the comparison, as our model neglects thermal corrections,
which are increasingly relevant above Tc.
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where we have kept only the lowest order in P[`] satis-
fying the symmetries. The Polyakov loop potential V[`]
is determined from symmetry arguments combined with
fits to lattice thermodynamic quantities. Our choice here
is taken from Ref. [33] and the numerical values of the
constants are reported in Tab. I, for clarity.

Temperature dependence of the Polyakov loop—The
Lagrangian in Eq. (5) describes the evolution of the
glueball-dark gluon system across the phase transition.
This e↵ective description is expected to be valid in a
broad temperature range, except when the temperature
is large T � Tc, where VT [H] needs to be included. Since
the Polyakov loop is a non-dynamical degree of freedom,
its temperature evolution is determined by the location
of the minimum in the e↵ective potential. Being the or-
der parameter of the phase transition, ` approaches 1 at
high temperatures and vanishes for temperatures below
the critical one. The stationary points of ` are ` = 0 and
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representing two minima, ` = 0 and ` = `+, separated
by a maximum in ` = `�. The solution ` = 0 denotes
the confined phase and it is a global minimum only for
temperatures below the critical temperature. In the de-
confined phase, the solution ` = 0 becomes metastable
and ` = `+ becomes the global minimum. The Polyakov
loop is then “integrated out” using its equation of motion
` = `(�, T ), giving rise to a potential for the glueball field
in the form V [�, T ] = V [�, `(�, T )]. Moreover, we set the
zero-point energy of the glueball field to zero in order to
properly describe glueballs as matter. The evolution of
the glueball minimum in this new potential is shown in
Fig. 1 in terms of the field H and compared to lattice
simulations. Below Tc, hHi is constant with tempera-
ture and it discontinuously jumps to a lower value right
above the critical temperature. We match the size of the
discontinuity predicted in our potential to a result from
lattice, given in Ref. [69] (the red point in Fig. 1). This
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tional renormalization group [40–59]. Here, we describe
the dynamics of dark glueballs by means of an e↵ective
field theory [37].

At non-vanishing temperatures T , the ZN center of
SU(N) is a relevant global symmetry [60] and it is pos-
sible to construct a number of gauge invariant operators
charged under ZN . The Polyakov loop is a remarkable
example, defined as

` (x) =
1

N
Tr[L] ⌘ 1

N
Tr

"
P exp

"
i g

Z 1/T

0
A0(⌧,x)d⌧

##
,

(1)
where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
spacetime coordinates. The Polyakov loop is charged
with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
non-zero at higher temperatures, it is typically used as
an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
collisions at the RHIC collider [57, 58]. In [33], it has
been shown that PLM can very well capture thermody-
namic observables predicted by lattice simulations [31].

At temperatures around Tc, one can treat the glueball
field H and the Polyakov loop ` in a unified description,
with an e↵ective temperature-dependent potential given
by [37]
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where the first term is the zero-temperature glueball po-
tential which can be obtained via the constraint of trace
anomaly [61, 62], ⇤ is the confinement scale of the theory,
and V [`] and P [`] are assumed to be real polynomials in `

and invariant under ZN , with coe�cients that depend on
fits to lattice data. Thermal corrections are included in
VT [H], which might involve terms that are non-analytic
in H [48].

Note that (i) the potential in Eq. (2) reduces to the
glueball dynamics at low temperatures and follows the
PLM in the hot phase, (ii) the glueball field H is a di-
mension four scalar field and (iii) the term that couplesH
and ` is the most general interaction term which can be
constructed without spoiling the zero temperature trace
anomaly (Eq. (21) of Ref. [62]).

In this simplified model we neglect the entire tower
of heavier glueballs and pseudo-scalar glueballs and the
infinite series of dimensionless gauge invariant operators
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3.72 �5.73 8.49 �9.29 0.27 2.40 4.53

TABLE I. Parameters of the e↵ective potential in Eq. (5).

with di↵erent charges under ZN . Nevertheless this model
describes the essential features of the Yang-Mills phase
transition. Below the critical temperature Tc the last
term in Eq. (2) is negligible. Since the glueballs are rel-
atively heavy compared to the ⇤ scale their temperature
contribution VT [H] can also be disregarded in the first ap-
proximation [37]. We leave a refined analysis accounting
for thermal e↵ects in the glueball potential for a future
investigation.

In the opposite limit, T � Tc, in the deconfined phase,
the term T

4V[`] dominates, i. e. dark gluons are the
dominant component. The precise relation between the
confinement scale ⇤ and the critical temperature of the
phase transition Tc depends mildly on the gauge group
and matter structure of the theory and is determined
by lattice simulations. In this paper, we consider Tc ⇠
1.61⇤ for SU(3) (see e.g. Ref. [63] for arbitrary number
of colors).

We consider the following Lagrangian for the glueball
and Polyakov loop degrees of freedom [37, 64, 65]
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is a constant determined by the glueball mass mgb, that
in the following is assumed to be mgb = 6⇤ [66]. The
Polyakov loop is a non-dynamical order parameter and
since it is assumed to be homogeneous in space, we ignore
terms involving spatial derivatives of `. This corresponds
to neglect the non-trivial dynamics of a first order phase
transition, which proceeds via the formation of bubbles
and their subsequent collisions. This could have a signif-
icant impact on the formation of glueballs, as observed
in presence of matter (see e.g. Refs. [67, 68]). The kinetic
term for the glueball field H is non-standard, as it can
be inferred from its dimensionality. For this reason, we
write the glueball field H in terms of a canonically nor-
malised scalar field � as H = 2�8

c
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where P denotes path ordering, A0 is the time component
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was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
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where P denotes path ordering, A0 is the time component
of the vector potential associated with this gauge group, g
is the SU(N) coupling constant and (⌧,x) are Euclidean
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with respect to the center ZN of the SU(N) gauge
group [60] under which it transforms as ` ! z` with
z 2 ZN . Since the expectation value of the Polyakov loop
vanishes at temperatures below the critical one and it is
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an order parameter for the Yang-Mills confinement phase
transition at temperature Tc ⇠ ⇤ [60]. This observation
was exploited to model the phase transition in a mean
field approach in terms of Polyakov loops known as the
Polyakov Loop Model (PLM) [51]. This model captures
the essential features of confinement phase transition in
SU(N) theories with N � 2 while PLM-inspired models
were also proposed to understand physics of heavy-ion
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and ` is the most general interaction term which can be
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Thermal potential and glueball mass
Equations of motion for the Polyakov loop
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Cosmological evolution of the dark glueball fieldCosmological evolution of the dark glueball field
(Carenza, Pasechnik, Salinas，Z-W W, Phys. Rev. Lett. 129 (2022) no.26, 26)

The glueball field is considered homogeneous and evolves in expanding
FLRW universe, with the E.O.M.

�̈+ 3H�̇+ @�V [�, T ] = 0 ,

The time variable is found in terms of the photon temperature:

t =
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4⇡3g⇤,⇢(T�)

mP

T 2
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, T� = ⇠TT

where ⇠T denotes the visible-to-dark sector temperature ratio and
mP = 1.22⇥ 1019 GeV is the Planck mass and g⇤,⇢ is the number of
energy-related degrees of freedom.
E.O.M. in terms of the dark sector temperature:
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where mP is the Planck mass and g⇤,⇢(T�) is the number
of degrees of freedom of the SM bath at temperature
T� = ⇠TT . Note that the dark sector temperature T is
the one that governs the phase transition, i.e. entering in
Eq. (2). In terms of this variable Eq. (7) reads
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where the second term can be neglected for a large range
of temperatures as g⇤,⇢ is constant except at a few iso-
lated events (the QCD phase transition, for example).
We consider it as a free parameter and take g⇤,⇢ = 100,
which has very little impact on our final result. The
visible-to-dark sector temperature ratio can be absorbed
in an e↵ective Planck mass, M ⌘ mP /⇠

2
T .

The non-perturbative dynamics of the system is en-
coded in Eq. (9) and, after the phase transition, we as-
sume that the energy density stored in the glueball field
gives precisely the DM relic density. From the particle
physics point of view the evolution can be described as
follows. In the deconfined phase the Universe is popu-
lated by dark gluons that form glueballs at the phase
transition, thanks to the interaction term in Eq. (5).
When the phase transition is completed, DM glueballs
populate the Universe and interact with each other fol-
lowing the potential in Eq. (5), corresponding to inter-
actions in the form (�� �min)n for n = 2, 3..., with �min

being the value of the field at the minimum of the po-
tential. The importance of the higher-n terms depends
on the displacement of � from its minimum, which is a
measure of the glueball density. If, for example, � is very
close to its minimum, only the quadratic term is relevant,
which is equivalent to having a massive free field. On the
other hand, large amplitudes (i.e. larger densities) for
� require increasingly more non-linear interaction terms
(see also Refs. [70, 71]).

In Fig. 2 we show the evolution of the glueball field
as a function of temperature, starting from di↵erent ini-
tial conditions set in the deconfined phase. In the very
early stage, the field evolution is dominated by the Hub-
ble friction and it remains frozen until H becomes com-
parable to the temperature-dependent e↵ective glueball
mass in the deconfined phase, represented by the gray
region labelled as H ' mgb(T ). This happens at a tem-
perature Tosc ⇠

p
M⇤, when the field starts to oscillate

around the minimum of the potential, shown as a dashed
red line in Fig. 2, with a damped amplitude. We take
Tosc � Tc, as M � ⇤, unless the confinement scale is
close to the Planck scale or the dark sector is very cold.
Therefore, the oscillations of the glueball field in the de-
confined phase have enough time to decay, regardless of
initial condition, and � just follows the minimum of the
potential (with damped oscillations of small amplitude
but with an increasing average speed) until the phase
transition occurs at Tc (see Fig. 2). At the critical tem-
perature, the value of the Polyakov loop jumps discon-
tinuously, causing a discontinuous jump in the minimum

FIG. 2. Evolution of the glueball field for a phase transition
scale ⇤ = 10�5

mP , c1 = 1.225 and di↵erent initial conditions.
The grey region indicates the phase in which the glueball mass
is comparable with the Hubble parameter, H ' mgb(T ). The
vertical dashed line marks the phase transition at Tc = 1.61⇤.
The red dashed line shows the evolution of the minimum of
the glueball potential.

of the glueball potential, as shown in Fig. 1, generating
oscillations with a high initial velocity that wash out any
dependence on initial conditions at T > Tc.
Glueball relic density—In the confined phase, � is dis-

placed enough from its minimum to allow for annihilation
of n glueballs into m < n glueballs, n ! m, which is pos-
sible because of the n+m-th order interaction term in the
Lagrangian. As the glueball number density decreases,
all the higher order n ! m processes become less e�cient
until the only e�cient number-changing process is 3 ! 2.
Note that the 3 ! 1 and 2 ! 1 processes are prohib-
ited due to kinematic constraints arising from the energy
conservation. The 3 ! 2 interactions are precisely the
ones determining the relic abundance of glueballs when
�3!2 < H. The evolution is that of a simple damped os-
cillator in a non-linear potential, and the energy stored
in these oscillations around �min ⇡ 0.28⇤ corresponds to
the relic DM abundance, namely, ⌦h2 = ⇢/⇢c, where the
critical density is ⇢c = 1.05⇥ 104 eV cm�3, and
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harmonic approximation is valid, i.e. after the decoupling
of 3 ! 2 interactions. Numerically solving Eq. (9) down
to the temperature Tf , and below this temperature the
evolution is simply determined by the cosmological ex-
pansion, for ⇤ . 0.1M , the energy density is given by
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⇢ . 0.020 for 1.035 < c1 < 1.415. In
conclusion, the predicted glueball relic density is
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and this result should be compared to ⌦h2 ⇠
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T ⇤/5.45 eV [1], which overestimates the relic den-
sity by one order of magnitude. This di↵erence is due
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which is equivalent to having a massive free field. On the
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� require increasingly more non-linear interaction terms
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early stage, the field evolution is dominated by the Hub-
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around the minimum of the potential, shown as a dashed
red line in Fig. 2, with a damped amplitude. We take
Tosc � Tc, as M � ⇤, unless the confinement scale is
close to the Planck scale or the dark sector is very cold.
Therefore, the oscillations of the glueball field in the de-
confined phase have enough time to decay, regardless of
initial condition, and � just follows the minimum of the
potential (with damped oscillations of small amplitude
but with an increasing average speed) until the phase
transition occurs at Tc (see Fig. 2). At the critical tem-
perature, the value of the Polyakov loop jumps discon-
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FIG. 2. Evolution of the glueball field for a phase transition
scale ⇤ = 10�5

mP , c1 = 1.225 and di↵erent initial conditions.
The grey region indicates the phase in which the glueball mass
is comparable with the Hubble parameter, H ' mgb(T ). The
vertical dashed line marks the phase transition at Tc = 1.61⇤.
The red dashed line shows the evolution of the minimum of
the glueball potential.

of the glueball potential, as shown in Fig. 1, generating
oscillations with a high initial velocity that wash out any
dependence on initial conditions at T > Tc.
Glueball relic density—In the confined phase, � is dis-

placed enough from its minimum to allow for annihilation
of n glueballs into m < n glueballs, n ! m, which is pos-
sible because of the n+m-th order interaction term in the
Lagrangian. As the glueball number density decreases,
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sume that the energy density stored in the glueball field
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tential. The importance of the higher-n terms depends
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measure of the glueball density. If, for example, � is very
close to its minimum, only the quadratic term is relevant,
which is equivalent to having a massive free field. On the
other hand, large amplitudes (i.e. larger densities) for
� require increasingly more non-linear interaction terms
(see also Refs. [70, 71]).

In Fig. 2 we show the evolution of the glueball field
as a function of temperature, starting from di↵erent ini-
tial conditions set in the deconfined phase. In the very
early stage, the field evolution is dominated by the Hub-
ble friction and it remains frozen until H becomes com-
parable to the temperature-dependent e↵ective glueball
mass in the deconfined phase, represented by the gray
region labelled as H ' mgb(T ). This happens at a tem-
perature Tosc ⇠
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M⇤, when the field starts to oscillate

around the minimum of the potential, shown as a dashed
red line in Fig. 2, with a damped amplitude. We take
Tosc � Tc, as M � ⇤, unless the confinement scale is
close to the Planck scale or the dark sector is very cold.
Therefore, the oscillations of the glueball field in the de-
confined phase have enough time to decay, regardless of
initial condition, and � just follows the minimum of the
potential (with damped oscillations of small amplitude
but with an increasing average speed) until the phase
transition occurs at Tc (see Fig. 2). At the critical tem-
perature, the value of the Polyakov loop jumps discon-
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until the only e�cient number-changing process is 3 ! 2.
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conservation. The 3 ! 2 interactions are precisely the
ones determining the relic abundance of glueballs when
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physics point of view the evolution can be described as
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which is equivalent to having a massive free field. On the
other hand, large amplitudes (i.e. larger densities) for
� require increasingly more non-linear interaction terms
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In Fig. 2 we show the evolution of the glueball field
as a function of temperature, starting from di↵erent ini-
tial conditions set in the deconfined phase. In the very
early stage, the field evolution is dominated by the Hub-
ble friction and it remains frozen until H becomes com-
parable to the temperature-dependent e↵ective glueball
mass in the deconfined phase, represented by the gray
region labelled as H ' mgb(T ). This happens at a tem-
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around the minimum of the potential, shown as a dashed
red line in Fig. 2, with a damped amplitude. We take
Tosc � Tc, as M � ⇤, unless the confinement scale is
close to the Planck scale or the dark sector is very cold.
Therefore, the oscillations of the glueball field in the de-
confined phase have enough time to decay, regardless of
initial condition, and � just follows the minimum of the
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of the glueball potential, as shown in Fig. 1, generating
oscillations with a high initial velocity that wash out any
dependence on initial conditions at T > Tc.
Glueball relic density—In the confined phase, � is dis-

placed enough from its minimum to allow for annihilation
of n glueballs into m < n glueballs, n ! m, which is pos-
sible because of the n+m-th order interaction term in the
Lagrangian. As the glueball number density decreases,
all the higher order n ! m processes become less e�cient
until the only e�cient number-changing process is 3 ! 2.
Note that the 3 ! 1 and 2 ! 1 processes are prohib-
ited due to kinematic constraints arising from the energy
conservation. The 3 ! 2 interactions are precisely the
ones determining the relic abundance of glueballs when
�3!2 < H. The evolution is that of a simple damped os-
cillator in a non-linear potential, and the energy stored
in these oscillations around �min ⇡ 0.28⇤ corresponds to
the relic DM abundance, namely, ⌦h2 = ⇢/⇢c, where the
critical density is ⇢c = 1.05⇥ 104 eV cm�3, and

⇢ =
2⇡3

45
g⇤,⇢(T )

T
6

M2

✓
d�

dT

◆2

+ V [�] . (10)

This energy density scales as ⇠ T
3, as CDM, when the

harmonic approximation is valid, i.e. after the decoupling
of 3 ! 2 interactions. Numerically solving Eq. (9) down
to the temperature Tf , and below this temperature the
evolution is simply determined by the cosmological ex-
pansion, for ⇤ . 0.1M , the energy density is given by
0.015 . T

�3
f ⇤�1

⇢ . 0.020 for 1.035 < c1 < 1.415. In
conclusion, the predicted glueball relic density is

0.12⇣�3
T

⇤

137.9 eV
. ⌦h2 . 0.12⇣�3

T

⇤

82.7 eV
, (11)

and this result should be compared to ⌦h2 ⇠
0.12 ⇣�3

T ⇤/5.45 eV [1], which overestimates the relic den-
sity by one order of magnitude. This di↵erence is due

4

where mP is the Planck mass and g⇤,⇢(T�) is the number
of degrees of freedom of the SM bath at temperature
T� = ⇠TT . Note that the dark sector temperature T is
the one that governs the phase transition, i.e. entering in
Eq. (2). In terms of this variable Eq. (7) reads

4⇡3
g⇤,⇢

45m2
P

⇠
4
TT

6 d
2
�

dT 2
+

2⇡3

45m2
P

dg⇤,⇢
dT

⇠
4
TT

6 d�

dT
+@�V [�, T ] = 0 ,

(9)
where the second term can be neglected for a large range
of temperatures as g⇤,⇢ is constant except at a few iso-
lated events (the QCD phase transition, for example).
We consider it as a free parameter and take g⇤,⇢ = 100,
which has very little impact on our final result. The
visible-to-dark sector temperature ratio can be absorbed
in an e↵ective Planck mass, M ⌘ mP /⇠

2
T .

The non-perturbative dynamics of the system is en-
coded in Eq. (9) and, after the phase transition, we as-
sume that the energy density stored in the glueball field
gives precisely the DM relic density. From the particle
physics point of view the evolution can be described as
follows. In the deconfined phase the Universe is popu-
lated by dark gluons that form glueballs at the phase
transition, thanks to the interaction term in Eq. (5).
When the phase transition is completed, DM glueballs
populate the Universe and interact with each other fol-
lowing the potential in Eq. (5), corresponding to inter-
actions in the form (�� �min)n for n = 2, 3..., with �min

being the value of the field at the minimum of the po-
tential. The importance of the higher-n terms depends
on the displacement of � from its minimum, which is a
measure of the glueball density. If, for example, � is very
close to its minimum, only the quadratic term is relevant,
which is equivalent to having a massive free field. On the
other hand, large amplitudes (i.e. larger densities) for
� require increasingly more non-linear interaction terms
(see also Refs. [70, 71]).

In Fig. 2 we show the evolution of the glueball field
as a function of temperature, starting from di↵erent ini-
tial conditions set in the deconfined phase. In the very
early stage, the field evolution is dominated by the Hub-
ble friction and it remains frozen until H becomes com-
parable to the temperature-dependent e↵ective glueball
mass in the deconfined phase, represented by the gray
region labelled as H ' mgb(T ). This happens at a tem-
perature Tosc ⇠

p
M⇤, when the field starts to oscillate

around the minimum of the potential, shown as a dashed
red line in Fig. 2, with a damped amplitude. We take
Tosc � Tc, as M � ⇤, unless the confinement scale is
close to the Planck scale or the dark sector is very cold.
Therefore, the oscillations of the glueball field in the de-
confined phase have enough time to decay, regardless of
initial condition, and � just follows the minimum of the
potential (with damped oscillations of small amplitude
but with an increasing average speed) until the phase
transition occurs at Tc (see Fig. 2). At the critical tem-
perature, the value of the Polyakov loop jumps discon-
tinuously, causing a discontinuous jump in the minimum

FIG. 2. Evolution of the glueball field for a phase transition
scale ⇤ = 10�5

mP , c1 = 1.225 and di↵erent initial conditions.
The grey region indicates the phase in which the glueball mass
is comparable with the Hubble parameter, H ' mgb(T ). The
vertical dashed line marks the phase transition at Tc = 1.61⇤.
The red dashed line shows the evolution of the minimum of
the glueball potential.

of the glueball potential, as shown in Fig. 1, generating
oscillations with a high initial velocity that wash out any
dependence on initial conditions at T > Tc.
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of n glueballs into m < n glueballs, n ! m, which is pos-
sible because of the n+m-th order interaction term in the
Lagrangian. As the glueball number density decreases,
all the higher order n ! m processes become less e�cient
until the only e�cient number-changing process is 3 ! 2.
Note that the 3 ! 1 and 2 ! 1 processes are prohib-
ited due to kinematic constraints arising from the energy
conservation. The 3 ! 2 interactions are precisely the
ones determining the relic abundance of glueballs when
�3!2 < H. The evolution is that of a simple damped os-
cillator in a non-linear potential, and the energy stored
in these oscillations around �min ⇡ 0.28⇤ corresponds to
the relic DM abundance, namely, ⌦h2 = ⇢/⇢c, where the
critical density is ⇢c = 1.05⇥ 104 eV cm�3, and
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evolution is simply determined by the cosmological ex-
pansion, for ⇤ . 0.1M , the energy density is given by
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Cosmological evolution of the dark glueball field
Carenza, RP, Salinas, Wang, Phys. Rev. Lett. 129 (2022) no.26, 26


Carenza, Ferreira, RP and Wang, Phys. Rev. D 108 (2023) no.12, 12
Cosmological Evolution of the Dark Glueball Field
(Carenza, Pasechnik, Salinas，Z-W W, Phys. Rev. Lett. 129 (2022) no.26, 26)

Field starts to oscillate around the minimum of the potential when
H ' mgb with temperature TOSC ⇠

p
M⇤

In early times in deconfined regime, for different initial conditions the field
evolution follows the minimum (red dashed line).
First order phase transition washes out any dependence on initial
conditions.
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Glueball Relic Density
(Carenza, Pasechnik, Salinas，Z-W W, Phys. Rev. Lett. 129 (2022) no.26, 26)

Energy stored in these oscillations around �min ⇡ 0.28⇤ is the relic DM
abundance, ⌦h2 = ⇢/⇢c (critical density ⇢c = 1.05⇥ 104 eV cm�3)

⇢ =
2⇡3

45
g⇤,⇢(T )

T
6

M2

✓
d�

dT

◆2

+ V [�] .

Then the relic density today is calculated:

⌦h2 =
⇤

⇢c/h
2

⌧
⇢̃

T̃ 3

�

f

T
3

f

✓
T�,0

⇣TTf

◆3

= 0.12⇣�3

T

⇤

⇤0

,

with dilution factor (T�,0/⇣TTf )3 to consider the Universe expansion
Below freeze-out temperature, the predicted glueball relic density is

0.12⇣�3

T

⇤

137.9 eV
. ⌦h2 . 0.12⇣�3

T

⇤

82.7 eV
, 1.035 < c1 < 1.415

for ⇣�1

T = 0.1, the glueball dark matter mass is ⇠ 100MeV
It is more than a factor of 10 difference compared to the old calculations

⌦h2 ⇠ 0.12 ⇣�3

T

⇤

5.45 eV
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N and initial conditions dependence
Carenza, Ferreira, RP and Wang, Phys. Rev. D 108 (2023) no.12, 12

Results
Weak dependence on the gauge group and on initial conditions

Results
Weak dependence on the gauge group and on initial conditions

(Scalar) Glueball CDM today
Glueballs behaving like CDM, ⌦gh

2 = 0.12⇣�3
T

⇤
⇤0

N c1 100 ⇥
D

⇢̃
T̃ 3

E

f
⇤0 (eV)

3 1.225 ± 0.19 0.59+0.15
�0.14 133 ± 32

4 1.225 ± 0.8 1.1+1.0
�0.9 204 ± 168

5 1.225 ± 0.8 1.3+1.2
�1.0 139 ± 109

(Scalar) Glueball CDM today
Glueballs behaving like CDM, ⌦gh

2 = 0.12⇣�3
T
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⇢̃
T̃ 3

E

f
⇤0 (eV)

3 1.225 ± 0.19 0.59+0.15
�0.14 133 ± 32

4 1.225 ± 0.8 1.1+1.0
�0.9 204 ± 168

5 1.225 ± 0.8 1.3+1.2
�1.0 139 ± 109

Weak dependence on the gauge group and initial conditions
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Glueball DM parameter space
9

FIG. 6. Parameter space of glueball DM expressed in terms of the confinement scale ⇤ and the dark-to-visible sector temperature
ratio ⇣�1

T . Each point in this parameter space represents a possible DM scenario with ⇤ fixed by the properties of the gauge
sector and ⇣�1

T by its cosmological evolution. The gray regions are excluded by various arguments (see the text for more details):
the confinement scale has to be sub-Planckian; the phase transition (PT) has to happen after inflation; dark gluons cannot
exceed the observed �Ne↵ ; glueballs cannot overclose the Universe and DM self-interactions are constrained by observations.
The red region corresponds to DM fully composed of glueballs; the variability range takes into account the di↵erences between
the gauge groups. The blue region for ⇣�1

T ' 0.26 is favored in freeze-out models, corresponding to a phase transition scale
2 keV . ⇤ . 21 keV (values corresponding to the largest variability shown in Tab. II, 30 eV . ⇤0 . 372 eV) to have all the
DM in the form of glueballs. However, this region is in tension with constraints.

This discussion reveals that dark gluons can be extremely
cold compared to the thermal photon bath, leading to a
very early phase transition, perhaps during inflation. In
this case we expect a strong damping of the oscillations
of the glueball field, suppressing the relic density. There-
fore, we consider that, in order to produce glueball DM,
the phase transition cannot happen before or during in-
flation. This discussion motivates us to use ⇣

�1
T as a free

parameter: if ⇣�1
T ⇠ O(1), we are modeling a dark sec-

tor with interactions strong enough to establish thermal
equilibrium soon after inflation; if ⇣�1

T . 1, the interac-
tions are so feeble (or even absent) that there is no re-
lation between the temperatures of the visible and dark
sectors. Thus, casting this discussion in terms of ⇣�1

T is
an extremely powerful and general method describing in
an unified way several possible models.

We remark that, despite glueballs undergo 3 ! 2 num-
ber changing interactions (a cannibalistic phase) for a
period of their evolution, this phase has to end before
matter-radiation equality in the case that glueballs make
up the majority of DM. This condition is verified in the

allowed region of the parameter space. When cannibal-
ism is finished, glueballs are mildly relativistic, with an
average energy roughly 1.5mgb. After that, they cool
down quite rapidly because of the Universe expansion,
e↵ectively becoming CDM. As shown in Eq. (19), the
glueball self-interactions are repulsive and one may won-
der if this feature a↵ects structure formation. A simple
estimate of this e↵ect is obtained by comparing the inten-
sity of self-interactions, proportional to the glueball field
amplitude �0, with the particle mass mgb [65]. The field
amplitude is directly connected to the glueball number
density ngb = ⌦⇢c/mgb ' 94 cm�3(⇤/ eV)�1 through
�0 =

p
ngb/2mgb ' 2.5 ⇥ 10�7 eV(⇤/ eV)�1. Since

mgb � �0, the structure formation is indistinguishable
from collisionless DM.

This discussion is motivated by the flexibility in mod-
eling interactions between dark gluons and ordinary mat-
ter, determining the cosmological evolution of the hidden
sector. This results in a broad parameter space available
to glueballs to explain the nature of DM.

Carenza, Ferreira, RP and Wang, Phys. Rev. D 108 (2023) no.12, 12

Glueball DM parameter space

A large portion of the parameter space is viable
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Including fermions: the PQM modelInclude Fermions： the PQM Model
(B. Schaefer, J. Pawlowski, J. Wambach PRD 76 (2007) 074023; B. Schaefer, M. Wagner, PPNP 62 (2009) 391)

Pasechnik, Reichert, Sannino and Z-W W,JHEP 02 (2024) 159.

The Polyakov quark meson model (PQM) is widely used as an effective
theory to study the first order chiral phase transition
The Lagrangian of the PLSM where mesons couple to a spatially
constant temporal background gauge field reads

L = q̄ (iD/� g (� + i�5T
a
⇡a)) q +

1

2
(@µ�)

2 +
1

2
(@µ⇡a)

2

� V
(poly)

PLM
+ VLSM + Vmedium ,where D/ = �µ@µ � i�0A0

VLSM under symmetry SU(Nf )⇥ SU(Nf ) with Nf flavours reads

VLSM =
1

2
(�� � �a)Tr

⇥
�†�

⇤2
+

Nf

2
�aTr

⇥
�†��†�

⇤
�m

2Tr
⇥
�†�

⇤

� 2 (2Nf )
Nf/2�2

c
�
det�† + det�

�

where the meson field � is a Nf ⇥Nf matrix defined as

� =
1p
2Nf

(� + i⌘
0) I + (aa + i⇡a)T

a
, I ⌘ identitymatrix
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The CJT Method: Concept and Advantages
(J. Cornwall, R. Jackiw, E. Tomboulis PRD 10 (1974) 2428; G. Amelino-Camelia, PRD 47 (1993) 2356)

Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.

Cornwall, Jackiw and Tomboulis (CJT) first proposed a generalized
effective action � (�, G) of composite operators, where the effective
action not only depends on �(x) but also on the propagator G(x, y)

The effective action becomes the generating functional of the two-particle
irreducible (2PI) vacuum graphs rather than the conventional 1PI
diagrams
The CJT method is equivalent to summing up the infinite class of “daisy"
and “super daisy" graphs and is thus useful in studying such strongly
coupled models beyond mean-field approximation
The PQM with the CJT method compared to other model computations
such as holography and the PNJL model, can bridge perturbative and
non-perturbative regimes of the effective theory

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 22 / 56

Thermal corrections: the CJT Method
J. Cornwall, R. Jackiw, E. Tomboulis PRD 10 (1974) 2428 


G. Amelino-Camelia, PRD 47 (1993) 2356 

RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159
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The CJT Method: formalism
The CJT Method: Formalism
(J. Cornwall, R. Jackiw, E. Tomboulis PRD 10 (1974) 2428; G. Amelino-Camelia, PRD 47 (1993) 2356)

Pasechnik, Reichert, Sannino and Z-W W, arXiv:2309.16755.

In CJT formalism, the finite temperature effective potential with generic
scalar field � is given by:

VCJT(�, G) = V0(�) +
1

2

X

i

Z

�
lnG�1

i (�; k)

+
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P
i runs over all meson species; D

�1 (�; k) ⌘ tree level propagator
V2(�, G) ⌘ infinite sum of the two-particle irreducible vacuum graphs
Using the Hartree approximation, V2(�, G) is simplified to a one “double

bubble" diagram. In the simplest one-meson case, V2 /
hR
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.
We therefore obtain a gap equation by minimizing the above effective
potential with respect to the dressed propagator Gi(�; k):
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The CJT Method: thermal masses and effective potential

RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159The CJT Method: Formalism
( Pasechnik, Reichert, Sannino and Z-W W, arXiv:2309.16755.)

Using the gapped equation, the thermal mass is given by (Ri ⌘ Mi/T ):
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First-order phase transitions and bubble’s nucleation
Bubble Nucleation: Generic Discussion

In a first-order phase transition, the transition occurs via bubble
nucleation and it is essential to compute the nucleation rate
The tunnelling rate due to thermal fluctuations from the metastable
vacuum to the stable one is suppressed by the three-dimensional
Euclidean action S3(T )

�(T ) = T
4

✓
S3(T )

2⇡T

◆3/2

e
�S3(T )/T

The generic three-dimensional Euclidean action reads

S3(T ) = 4⇡

Z 1

0

dr r2
"
1

2

✓
d⇢

dr

◆2

+ Veff(⇢, T )

#
,

where ⇢ denotes a generic scalar field with mass dimension one, [⇢] = 1
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Gravitational Wave Parameters: Inverse Duration Time
The phase-transition temperature T⇤ is often identified with the nucleation
temperature Tn defined as the temperature where the rate of bubble
nucleation per Hubble volume and time is order one: �/H4 ⇠ O(1)

More accurately, we can use percolation temperature Tp: the temperature
at which 34% of false vacuum is converted
For sufficiently fast phase transitions, the decay rate is approximated by:

�(T ) ⇡ �(t⇤)e
�(t�t⇤)

The inverse duration time then follows as

� = � d

dt

S3(T )

T

����
t=t⇤

The dimensionless version �̃ is defined relative to the Hubble parameter
H⇤ at the characteristic time t⇤

�̃ =
�

H⇤
= T

d

dT

S3(T )

T

����
T=T⇤

,

where we used that dT/dt = �H(T )T .
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Phase transition characteristics

Gravitational Wave Parameters: Inverse Duration Time
The phase-transition temperature T⇤ is often identified with the nucleation
temperature Tn defined as the temperature where the rate of bubble
nucleation per Hubble volume and time is order one: �/H4 ⇠ O(1)

More accurately, we can use percolation temperature Tp: the temperature
at which 34% of false vacuum is converted
For sufficiently fast phase transitions, the decay rate is approximated by:

�(T ) ⇡ �(t⇤)e
�(t�t⇤)

The inverse duration time then follows as

� = � d
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where we used that dT/dt = �H(T )T .
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Gravitational Wave Parameters: Strength Parameter I
(Huang, Reichert, Sannino and Z-W W, PRD 104 (2021) 035005

Reichert, Sannino, Z-W W and Zhang, JHEP 01 (2022)003, arXiv:2109.11552.)

We define the strength parameter ↵ from the trace of the
energy-momentum tensor ✓ weighted by the enthalpy

↵ =
1

3

�✓

w+

=
1

3

�e � 3�p

w+

, �X = X
(+) �X

(�)
, for X = (✓, e, p)

(+) denotes the meta-stable phase (outside of the bubble) while (�)
denotes the stable phase (inside of the bubble).
The relations between enthalpy w, pressure p, and energy e are given by

w =
@p

@ lnT
, e =

@p

@ lnT
� p ,

which are extracted from the effective potential with

p
(±) = �V

(±)

eff
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Huang, Reichert, Sannino, Wang 

PRD 104 (2021) 035005

The Efficiency Factor 
The efficiency factor for the sound waves sw consist of v as well as an
additional suppression due to the length of the sound-wave period ⌧sw

sw =
p
⌧sw v

⌧sw is dimensionless and measured in units of the Hubble time (H.-K. Guo,

Sinha, Vagie and White, JCAP 01 (2021) 001)

⌧sw = 1� 1/

s

1 + 2
(8⇡)

1
3 vw

�̃ Ūf

) ⌧sw ⇠ (8⇡)
1
3 vw

�̃ Ūf

for� >> 1

where Ūf is the root-mean-square fluid velocity

Ū
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Z vw

cs

d⇠ ⇠2
v(⇠)2

1� v(⇠)2
' 3

4

↵

1 + ↵
v

⌧sw is suppressed for large � occurring often in strongly coupled sectors
v was numerically fitted to simulation results depends ↵ and vw. At the
Chapman-Jouguet detonation velocity it reads

v(vw = vJ) =

p
↵

0.135 +
p
0.98 + ↵
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Gravitational wave spectrum: an outlookGravitational-wave spectrum
(Huang, Reichert, Sannino and Z-W W, PRD 104 (2021) 035005)

Contributions from bubble collision and turbulence are subleading
The GW spectrum from sound waves is given by

h
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2⌦peak
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⌦2
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The factor ⌦2

dark accounts for the dilution of the GWs by the
non-participating SM d.o.f.

⌦dark =
⇢rad,dark

⇢rad,tot
=

g⇤,dark

g⇤,dark + g⇤,SM
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sw =
p
⌧sw v

⌧sw is dimensionless and measured in units of the Hubble time (H.-K. Guo,

Sinha, Vagie and White, JCAP 01 (2021) 001)
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⌧sw is suppressed for large � occurring often in strongly coupled sectors
v was numerically fitted to simulation results depends ↵ and vw. At the
Chapman-Jouguet detonation velocity it reads

v(vw = vJ) =

p
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where Ūf is the root-mean-square fluid velocity

Ū
2

f =
3

vw(1 + ↵)

Z vw

cs

d⇠ ⇠2
v(⇠)2

1� v(⇠)2
' 3

4

↵

1 + ↵
v

⌧sw is suppressed for large � occurring often in strongly coupled sectors
v was numerically fitted to simulation results depends ↵ and vw. At the
Chapman-Jouguet detonation velocity it reads

v(vw = vJ) =

p
↵

0.135 +
p
0.98 + ↵

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 35 / 56

The Efficiency Factor 
The efficiency factor for the sound waves sw consist of v as well as an
additional suppression due to the length of the sound-wave period ⌧sw

sw =
p
⌧sw v

⌧sw is dimensionless and measured in units of the Hubble time (H.-K. Guo,

Sinha, Vagie and White, JCAP 01 (2021) 001)

⌧sw = 1� 1/

s

1 + 2
(8⇡)

1
3 vw

�̃ Ūf
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where Ūf is the root-mean-square fluid velocity

Ū
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Phase diagram and gravitational waves in the PQM model
↵� � Phase diagram via PQM Model
( Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.)
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图: We show the range of ↵ and �̃ values of the LSM for Nf = 3, 4, 5. In the left panel,
we show the actual distribution of theory points, while in the right panel, we display the
averaged values. On average, the LSM produces stronger GW signals with increasing
Nf due to the larger ↵ values. Nonetheless, the strongest GW signals are achieved
with the LSM for Nf = 3, corresponding to the sparse blue dots at small �̃ in the left
panel.
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RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159

Strongest GW Signal at Small m� ! Near Conformal
( Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.)
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图: We show the averaged values of the peak amplitude ⌦peak as a function of physical
observables m� in units of Tc in the LSM for Nf = 3, 4, 5. The sigma meson mass has
the strong correlation with the peak amplitude: smaller values of m� lead to a larger
⌦peak. The strongest signal can almost reach LISA sensitiviity.

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 44 / 56

10

0 0.2 0.4 0.6 0.8 1 1.2
10�20

10�19

10�18

10�17

10�16

10�15

m2/(NfTc)2

⌦
p
ea

k

Nf = 3

Nf = 4

Nf = 5

10 20 30 40
10�20

10�18

10�16

10�14

��

⌦
p
ea

k

Nf = 3

Nf = 4

Nf = 5

0 10 20 30 40
10�20

10�18

10�16

10�14

�a

⌦
p
ea

k

Nf = 3

Nf = 4

Nf = 5

5 10 15 20 25 30
10�20

10�18

10�16

10�14

c/T
4�Nf
c

⌦
p
ea

k

Nf = 3

Nf = 4

Nf = 5

Figure 4. We show the averaged values of the peak amplitude ⌦peak as a function of the model parameters m2 (top left), ��

(top right), �a (bottom left), and c (bottom right) in the LSM for Nf = 3, 4, 5. The strongest correlation is found between
⌦peak and m2 as well as ��: smaller values of m2 and �� lead to a larger ⌦peak.

lation to the strength of the first-order phase transition,
and therefore we plot it as a function of the physical and
theory parameters.

In Fig. 3, we show the averaged plots of the peak am-
plitude ⌦peak as a function of the pion decay constant f⇡
and the masses m�, m⌘, ma. The latter are all measured
in units of Tc. We observe that the strongest correlation
are between ⌦peak and f⇡ as well as m�: ⌦peak increases
with increasing f⇡ and with decreasingm�. In particular,
the width of the curves is the smallest for m� indicating
that the distribution of theories is most clearly sorted
with this parameter. Note, that for Nf = 3 and small
m�, the largest GW amplitudes are generated, reaching
up to ⌦peak = O(10�14), which would be almost in reach
of the sensitivity of LISA. Due to the clear correlation
between ⌦peak and m�, we will use m� as the preferred
plotting parameter in the upcoming sections.

On the other hand, we only see a mild dependence of
the peak amplitude on the masses m⌘ and ma. In par-
ticular, there is almost no dependence on m⌘, while we
observe a mild increase of ⌦peak with ma. The Nf = 3
curves are oscillating strongly as a function of m⌘ and
especially as a function of ma. The reason is simply that
the curves have not converged yet despite us having in-

cluded 60k theory points. This is due to the very wide
distributions as a function of these parameters.

In Fig. 4, we show the averaged plots of the peak am-
plitude ⌦peak as a function of the couplings m2, ��, �a,
and c. The parameter m

2 is measured in units of NfTc

and c is measured in units of Tc if it is dimensionful.

We observe a very similar picture as with the physi-
cal parameters: we have two parameters that display a
strong correlation (m2 and ��) and two parameters that
display almost no correlation (�a and c). The peak am-
plitude increases with a decreasing m

2 and a decreasing
��. The strongest is between ⌦peak and ��, which is in
straight analogy to the correlation with m�. This can be
understood directly at the hand of the relation between
�� and m�, as we will discuss in Sec.V.

Overall, our observations are consistent with the re-
sults discussed in Sec.IVA since the GW peak amplitude
generically increases with Nf , which is most easily visible
in the top two panels of both, Figs.3 and 4.

The strongest signal we found can almost reach the LISA sensitivity
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While in the present work we considered only SU(3), due its generality, our 
approach can be easily applied to different gauge groups
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We developed a new approach based upon the well-established thermal EFT 
and the existing lattice results to calculate the glueball CDM relic density 
incorporating confinement effects and non-perturbative self-interactions
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A dark gauge sector interacting only via gravitational interactions with the 
SM and a confinement scale at the eV scale might explain the DM abundance 
without spoiling other cosmological observables
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Our method is suitable for investigations of the glueball formation in 
modified cosmological histories, requiring only a simple modification of the 
main evolution equation
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We analysed the phase transitions in the Polyakov-loop extended LSM 
utilising the CJT method and computed the resulting primordial 
gravitational wave spectra showcasing an enhancement for weak sigma self-
interactions and light sigma meson


