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Event Generation with Lorentz-
Equivariant Geometric Algebra 
Transformers

ML4Jets 2024  
Paris

Johann Brehmer, Víctor Bresó,  
Pim de Haan, Tilman Plehn, Huilin Qu, 
Jonas Spinner, Jesse Thaler 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Transformer

GATr was originally 
developed for E(3) 
arXiv:2305.18415

https://arxiv.org/abs/2305.18415


L-GATr
Geometric algebra = Clifford algebra
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Geometric algebra = Vector space + geometric product 


• Symmetric part : scalar/inner product


• Antisymmetric part : outer product (yields higher-order objects) 
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L-GATr
Geometric algebra = Clifford algebra
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Spacetime geometric algebra: Geometric algebra over vector space   
with Minkowski metric 


• Basis elements  are orthonormal: 


• Dirac algebra is the same up to 

ℝ4

g = diag(1, − 1, − 1, − 1)

γμ {γμ, γν} = 2gμν

ℝ → ℂ

Geometric algebra = Vector space + geometric product 


• Symmetric part : scalar/inner product


• Antisymmetric part : outer product (yields higher-order objects) 
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L-GATr
Building multivectors

• Scalar and vectors  (1+4 objects)


• Product of two vectors:  (6 new objects)


• Axial vector:  (4 new objects)


• Pseudoscalar:  (1 new object)

1, γμ

γμγν =
{γμ, γν}

2
+

[γμ, γν]
2

= gμν + σμν

ϵμνρσγνγργσ

γ5 = γ0γ1γ2γ3 =
1
4!

ϵμνρσγμγνγργσ
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Multivector:  with 


Particle: 

x = xS1 + xV
μ γμ + xB

μνσμν + xA
μ γμγ5 + xPγ5 (xS, xV

μ , xB
μν, xA

μ , xP) ∈ ℝ16

xV = (E, px, py, pz), xS = PID

γ5

γμ

σμν

γμγ5
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L-GATr
Geometric algebra representations
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Lorentz Equivariance
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Lorentz

transformation 𝒢

𝒢

neural network 
transformation 𝒩 𝒩𝒢(𝒩(x)) = 𝒩(𝒢(x))

L-GATr γ5

γμ

σμν

γμγ5

1

Equivariance = Covariance



GATr-ing all transformer layers
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Full architecture

10Credits to Johann Brehmer
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Processing thousands of particles
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Transformers scale 
better than graph networks

L-GATr γ5

γμ

σμν

γμγ5
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Task
Dataset: 


• MadGraph + Pythia + Delphes + Reconstruction


• Challenging features: 

pp → tht̄h + n j, n = 0…4

mt, mW, ΔRjj > 0.5

Lorentz-Equivariant CFM
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Lorentz-Equivariant CFM
Symmetry breaking with multivectors
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The density of reconstructed LHC 
events is not Lorentz-invariant


• Beam direction breaks 
invariance under rotations 
around the x- and y-axis


• Detector and jet algorithms 
break boost invariance

Add reference multivectors as extra 
particles to break Lorentz symmetry


• Beam reference multivector:  
 or 


• Time reference multivector:  

xV = (0,0,0,1) xB
12 = 1

xV = (1,0,0,0)

There are no Lorentz-equivariant generators: 
It is not possible to construct a density that 
is invariant under a non-compact group



Lorentz-Equivariant CFM
Conditional Flow Matching
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Continuous normalising flow (CNF)  
connect a simple base density  
to a complex target density  
through a neural differential equation

d
dt

x = vt(x)
Continuous normalising flows 

arXiv:1806.07366

Conditional flow matching

arXiv:2210.02747

Conditional flow matching (CFM)  
is a simple way to train CNFs  
by comparing the learned velocity  
to a conditional target velocity 

vt(x)
ut(x |x1)

ℒ = ⟨(vt(x) − ut(x |x1))2⟩

How to pick the target velocity ?ut(x |x1)



Lorentz-Equivariant CFM
Physics-inspired target trajectories
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Straight trajectories in ‘modified jet momenta’ :
x
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Lorentz-Equivariant CFM
Physics-inspired target trajectories
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Straight trajectories in ‘modified jet momenta’ :
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Lorentz-Equivariant CFM
How to extract the CFM velocity field ?vx(x)
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Extend standard CFM workflow 
with L-GATr:


• Transformations   
between Minkowski space  
and the parametrization 


• Equivariant operations  
using multivectors


• Symmetry-breaking operations 
using scalars 
(required for numerical stability)

f(x)
p

x p = f(x)
vx =

∂f −1(p)
∂p

vp



Challenging features
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Equivariance helps, 
especially for angular correlations

Lorentz-Equivariant CFM
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Classifier metric

18

104 105 106

Number of training samples

0.5

0.6

0.7

0.8

0.9

1.0

N
eu

ra
lc

la
ss

ifi
er

AU
C

t t̄ + 0 j

MLP
Transformer
L-GATr

Lorentz-Equivariant CFM

L-GATr generates samples that a 
classifier can barely distinguish  

from the ground truth



Comparison with E(3)-equivariant GATr
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Equivariant networks  
with full symmetry breaking  

outperform non-equivariant networks

Lorentz-Equivariant CFM
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L-GATr and E(3)-GATr are both not boost 
equivariant:


• E(3)-GATr: No boost equivariance at all


• L-GATr: Boost equivariance broken by  
reference multivectors
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Transformer

Messages
• L-GATr is a versatile architecture for LHC physics


• Equivariance helps - not only for jet tagging


• Boost equivariance makes the difference, despite being softly broken
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Spoiler: L-GATr beyond Event Generation

Amplitude regression
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Jet tagging

arXiv:2411.00446
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See talk  

by Víctor Bresó 

this afternoon

https://arxiv.org/abs/2411.00446


L-GATr is easy to use



A Lorentz-Equivariant Transformer  
for all of the LHC 
Johann Brehmer, Víctor Bresó,  
Pim de Haan, Tilman Plehn,  
Huilin Qu, Jonas Spinner, Jesse Thaler 
arXiv:2411.00446
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Lorentz-Equivariant  
Geometric Algebra Transformer  
for High-Energy Physics 
Jonas Spinner*, Victor Breso*, Pim de Haan,  
Tilman Plehn, Jesse Thaler, Johann Brehmer 
NeurIPS 2024, arXiv:2405.14806

Pim de HaanVictor Bresó Jesse ThalerTilman Plehn Johann Brehmer

L-GATr code

CS paper

For what will you use L-GATr?

Huilin Qu

HEP paper

https://arxiv.org/abs/2411.00446
https://arxiv.org/abs/2405.14806


24

Bonus material
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Event generation
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Event generation
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Event generation
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Event generation
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Event generation
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Event generation
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