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Motivation

• Fit set of Amplitudes , with training data: A(x) {x, A(x)}

• Prediction in regression:

A(x) ≡ ⟨A⟩ = ∫ dA A p(A |x) = ∫ dθ q(θ) A(x, θ) with p(A |x) = ∫ dθ p(A |θ, x) p(θ |x)

network output

σ2
tot(x) ≡ ⟨(A − ⟨A⟩)2⟩ = ∫ dA (A − ⟨A⟩)2 p(A |x) = ∫ dθ q(θ)(A2(x, θ) − A(x, θ)2) + ∫ dθ q(θ)(A(x, θ) − ⟨A⟩)2

Gaussian uncertainty in heteroscedastic loss: ℒheteroscedastic = ∑
i

| f(xi) − fθ(xi) |2

2σ(xi)2
+ log σ(xi) + …
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Bayesian neural network (BNN)

SciPost Physics Submission

The network encodes this probability in weight configurations, conditional on the training
data. The training can be described as constructing a variational approximation [?,?], replac-
ing p(ω |Dtrain) with q(ω ) such that

p(A) =
∫

dω p(A|ω ) p(ω |Dtrain)→
∫

dω p(A|ω ) q(ω ) . (5)

To learn q(ω ) we minimize the KL-divergence

KL[q(ω ), p(ω |Dtrain)] =
∫

dω q(ω ) log
q(ω )

p(ω |Dtrain)

=
∫

dω q(ω ) log
q(ω )p(Dtrain)

p(ω )p(Dtrain|ω )

→ KL[q(ω ), p(ω )]↑
∫

dω q(ω ) log p(Dtrain|ω ) . (6)

The first term arises from the prior and can be viewed as a weight regularization. The second
time samples from the negative log-likelihood, where the sampling generalizes the standard
dropout in neural network training. The BNN loss is then defined as

LBNN =
∑

x

#
KL[q(ω ), p(ω )]↑

$
log p(Dtrain|ω )
%
ω↓q(ω )

&
. (7)

We are free to choose the prior p(ω ). A Gaussian works well in practice, its width ϵp giving
another hyperparameter which can be varied on a performance plateau to make the training
more efficient. If we also choose the weight distributions q(ω ) Gaussian, we can compute
the KL-divergence analytically. Provided our network is sufficiently deep, the assumption of
independent Gaussians for each network parameter should not affect the expressivity.

Uncertainties

To extract the uncertainty for A, we re-write Eq.(4) such that we sample over ω and define an
expectation value and the corresponding variance

↔A↗=
∫

dω q(ω ) ↔A↗ω with ↔A↗ω =
∫

dA A p(A|ω )

ϵ2
tot =
∫

dω q(ω )
'$

A
2
%
ω
↑ ↔A↗2ω + (↔A↗ω ↑ ↔A↗)2

(
↘ ϵ2

syst +ϵ
2
stat , (8)

where
$
A

2
%
ω

is defined in analogy to ↔A↗ω . The total uncertainty factorizes into two terms. The
first vanishes in the limit of arbitrarily well-known data, p(A|ω )≃ ϑ(A↑ A0) and is identical
to the learned error in the heteroscedastic loss in Eq.(3)

ϵ2
syst ↘ ϵ2

ω =
∫

dω q(ω )
#$

A
2
%
ω
↑ ↔A↗2ω
&

. (9)

Because we will see that it approaches a plateau for large training datasets, we refer to it as a
systematic uncertainty — accounting for a non-deterministic or stochastic labels (noisy data),
limited expressivity of the network (structure uncertainty), not-so-smart choices of hyperpa-
rameters (uncertainty in model parameters) etc, in the sense of systematic uncertainty.

The second error is the ω -sampled variance

ϵ2
stat =
∫

dω q(ω ) [↔A↗ω ↑ ↔A↗]2 , (10)
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Repulsive ensemble (RE)

• Repulsive term: Cover full posterior 
distribution 

• Ensemble members trained 
simultaneously
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Uncertainties

Two uncertainty types: 

Systematic and statistical

Plateaus for 
perfect training 
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Adding Gaussian noise
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Pull distribution 
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noise 0% 1% 5% 10%

→ωhet/A↑ 0.005 0.011 0.051 0.104
→ωsyst, BNN/A↑ 0.006 0.012 0.052 0.103
→ωsyst, RE/A↑ 0.005 0.011 0.050 0.101

Table 1: Learned uncertainties as a function of added noise, in terms of the median relative
uncertainty for three amplitude quantiles. We show the extracted systematics, the remaining
extracted statisticals, and the total uncertainty. For the latter we also show the RE results
without heteroscedastic loss.

without added noise. Adding noise makes it harder to extract this level precisely, reflecting
the numerical problem of separating two contributions adding in quadrature if one of them is
a factor 100 larger than the other. Interestingly, the statistics learned by the REs is significantly
larger. The same result is also shown in the right panel of Fig. 2.

Finally, we show the total uncertainties learned by the two networks, by definiting the
square sum of the statistic and systematics. The BNN and RE results are similar. Just out
of interest we also show the uncertainty from the RE in a setup where we do not add the
additional heteroscedastic loss. We see that it overestimates the total uncertainty without
added noise and does not track the systematics from added noise at all.

x show that the systematics are calibrated — plot the systematic pulls for the heteroscedas-
tic, BNN, and REs for 1%, 5%, 10% or something like that? NE: Maybe add a figure for

no noise?

x add heteroscedastic to the left panel of Fig. 2
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Figure 2: Results for introducing {0.25,0.5, 0.75,1, 2,3, 5,7, 10}% noise to the data for a BNN,
a RE and a heteroscedastic network.
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5.2 Systematics from network size

Adding noise as the, by definition, dominant uncertainty to our amplitude data immediately
bears the question: where does the systematic uncertainty in the limit of no noise in Tab. 1
and Fig. 3 come from? In this section we look at the effect of the network size and network
expressivity on the systematics. To this end we vary the number of hidden layers in our simple
deep network.

In Tab. 2 we show the learned systematics as a function of the noise and as a function of
the number of hidden layers for the heteroscedastic network. We first look at the amplitudes
without any noise, where the median relative systematics decreases from 5% for one hidden
layer to 0.38% for five or six hidden layers.

We already know that the heteroscedastic network should extract these two systematics
correctly. First, we see that for just one hidden layer even 10% noise is not learned correctly
by the shallow network, which indicates that the network is too small to extract the ampli-
tudes or the uncertainty. This improves for two hidden layers, where the learned systematics
matches the input noise provided it is big enough, typically more than 3%. Adding more lay-
ers allows the network to describe smaller and smaller noise, finally reaching a systematics
plateau around →ωsyst/A↑= 0.38%.

Next, we repeat this study for the BNN, which has to separate this joint systematics from
the statistical uncertainty, according to Tab. 1 at the 0.1% level in the limit of little or no
noise. We know that a large BNN might run into stability issues when it becomes too large
and the Bayesian layers destabilize the training. The reason for this is that a too large network
can switch off weights it does not need by setting them to zero. In the case of the BNN, this
can only be done for the mean, the network width will in that case be driven to the prior
hyperparameter. This means that the training has to deal with a paremeters with zero mean,
but finite width, adding unwanted noise to the training. The solution is to only Bayesianize
the number of layers needed to express the learned uncertainty.

# hl / noise 0% 0.25% 0.5% 0.75% 1% 2% 3% 5% 7% 10%

→ωhet/A↑

1 0.050 0.049 0.048 0.050 0.052 0.056 0.060 0.076 0.094 0.122
2 0.010 0.011 0.012 0.014 0.015 0.023 0.033 0.052 0.071 0.102
3 0.0056 0.0062 0.0077 0.010 0.012 0.021 0.031 0.051 0.072 0.104
4 0.0041 0.0048 0.0066 0.0086 0.011 0.020 0.031 0.052 0.073 0.105
5 0.0038 0.0046 0.0061 0.0083 0.011 0.021 0.030 0.053 0.072 0.110
6 0.0038 0.0043 0.0062 0.0085 0.012 0.021 0.031 0.054 0.072 0.102

→ωsyst, BNN/A↑
1 0.050 0.050 0.046 0.050 0.050 0.053 0.060 0.076 0.094 0.120
2 0.012 0.011 0.013 0.014 0.016 0.024 0.033 0.053 0.073 0.103
3 0.0067 0.0071 0.0083 0.011 0.013 0.022 0.032 0.052 0.073 0.104
4 0.0076 - - - - - - - - -
5 0.016 - - - - - - - - -
6 0.017 0.013 0.013 0.015 0.021 0.026 0.035 0.053 0.075 0.107

Table 2: Learned uncertainties as a function of added noise and the number of hidden layers,
each with 128 dimensions.

# hl 1 2 3 4 5 6

→ωhet/A↑ 0.050 0.010 0.0056 0.0041 0.0038 0.0038

→ωsyst, BNN/A↑ 0.050 0.012 0.0067 0.0076 0.016 0.017

15
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• Gain from different architectures 

• Use Deep Set Invariants (DSI)  

• Compare to heteroscedastic network with 
invariant preprocessing
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5.3 Systematics from symmetries

After identifying added noise and the number of network parameters as the two leading sources
of systematic uncertainties, the question is what source of systematics leads toth plateau value
for the heteroscedastic network around 0.38% in Tab. 2.

To identify this source we work with more advanced architectures. We start with our
fully connected heteroscedastic network and replace if with a deep-sets network including
invariants in the data representation (DSI) [38]. In Tab. 3 we document the improvement
over the standard architecture from Sec. 5.2. We focus on three hidden layers, close to the
plateau for the naive deep network with standard data representation.

First we change the representation of the input date to the DSI format... This leads tp: explain
to a significant improvement in the systematic uncertainty extracted by the heteroscedastic
network, to around 0.1%. Additional changes, like the numerical network precision, the acti-
vation function, or more hidden layers do not improve this result further.

A significant improvement comes from a deep sets architecture, driving the systematic un-
certainty to a mean of 0.019%, to be compared with the 0.56% of the deep heteroscedastic
network. Adding the invariant preprocessing frther improves this error estimate to 7→ 10↑5.
This level can be stabilized by adding an L2-normalization and training the normalized net-
work for 2000 eopchs.

Finally, we can again check the shape of the systematic pull, for instance for the DSI net-
work in Fig. 6. It close to a standard Gaussian, who knows why...

• That section is very cool, the question is if the BNN can do the same and separate these
systematics from the 0.1% statistical uncertainty.

• Can we add more pull lines for the different versions of the DSI?
• what about the pull curves for subsets of amplitudes, large-small or whatever...

#hl 1 2 3 4 5 6

↓ωhet/A↔ (Tab. 2) 0.050 0.010 0.0056 0.0041 0.0038 0.0038
↓ωhet/A↔ (inv. preproc.) 0.00380 0.00138 0.00098 0.00086 0.00102 0.00104
↓ωhet/A↔ (inv. preproc.) float64 - - 0.00106 - - 0.00107
↓ωhet/A↔ (inv. preproc.) leakyReLU - - 0.00090 - - 0.00096
↓ωhet/A↔ (inv. preproc.) float64+leakyReLU - - 0.00091 - - 0.00092

↓ωDS/A↔ - - 0.00019 - - -
↓ωDSI/A↔ - - 0.000068 - - -
↓ωDSI/A↔ with L2-norm - - 0.000064 - - -
↓ωDSI/A↔ 2000 epochs - - 0.000048 - - -

Table 3: Comparison of different architectures, starting from the heteroscedastic network and
adding different features, then durning to deep sets without and with invariants.

network ↓ω/A↔
HET 0.0056

HET (inv.) 0.00098
DSI 0.000068

17
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Conclusion and Outlook

1. Networks are able to learn Gaussian noise 

2. Relative systematic uncertainties are similar but the pull distribution might look different 

3. Reduce systematics by either changing the network size or include symmetries

15

Thank you for your attention! 

Next: Look at statistical pull distribution, deeper look into the DSI


