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o Motivation: pion vector and scalar form factors
@ Dispersion relations and Omngs formalism

© S-wave and scalar form factors: coupled channels
@ Application: Bg/s — J/prtr

© Going beyond 1 GeV

@ Conclusion and outlook



@ pion form factors (vector/scalar)

> describe hadronisation of currents into pairs of pions:

(77| 3(@y" u — dy"d)[0) = F (s)(p+ — p-)"
(rFn”|3(Gu+dd)|0) =B T"(s)  (n"n"|55|0) = BT(s)

> strongly constrained model-independently by dispersion theory (s < 1 GeV)



@ pion form factors (vector/scalar)

> describe hadronisation of currents into pairs of pions:
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> strongly constrained model-independently by dispersion theory (s < 1 GeV)

e why study 52/5 — J/prta? LHCb 2014

> universality of final-state interactions (FSI)
~ rescattering in 777~ related to scalar (S-waves)
and vector (P-waves) pion form factors
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@ pion form factors (vector/scalar)
> describe hadronisation of currents into pairs of pions:

(77 |3(8y"u — dy"d)[0) = F/(s)(py — p-)*
(w'n[}(au+ dd)|0) = BT"(s)  (w"m[ss[0) = BT(s)

> strongly constrained model-independently by dispersion theory (s < 1 GeV)

@ why study ég/s — J/prta? LHCb 2014

> universality of final-state interactions (FSI)
~~ rescattering in w7~ related to scalar (S-waves)
and vector (P-waves) pion form factors

> BY — J/imt ™ S-wave dominated, clean 3s source
> By — J/ymT ™ clean dd source
> link to By, — J/UK K™
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Motivation

@ no J/vym structure found by LHCb ~~ no left-hand cuts
> Dalitz plots:
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LHCb 2014
o close-to-zero J /v scattering length Liu et al. 2008



Dispersion relations for pedestrians

analyticity (~ causality)

Im(2) & Cauchy’s theorem:
s 1 T(z)dz
T(s) =— E—
O (s) 2mi f}m z—s

T Re(z)
4M?
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Dispersion relations for pedestrians

analyticity (~ causality)
& Cauchy’s theorem:
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Dispersion relations for pedestrians

PP analyticity (=~ causality)
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Dispersion relations for pedestrians

analyticity (~ causality)

Im(z) & Cauchy’s theorem:
: 1 T(z)d.
. S T(S) _ 7% (Z) z
27i o0 Z—S
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Dispersion relations for pedestrians

analyticity (~ causality)

Im(z) & Cauchy’s theorem:
; 1 T(z)d
. S T(S) _ 7% (Z) z
27i o0 Z—S
4]\[2:|’ RS(Z) i [ee] diSC T(Z)dz

g 27 AM?2 Z—S

:1/"0 Im T(z)dz

AM2 zZ—S

o disc T(s) = 2ilm T(s) given by unitarity (=~ prob. conservation):

e.g. if T(s) is a wm partial wave —
disc T(s) T 2q-
X —imT(s) = %9(5_4/\/173» T(s)P



Dispersion relations for pedestrians

analyticity (~ causality)

Im(z) & Cauchy’s theorem:
: 1 T(z)d.
x ’ T(S) = 7% (Z) z
27i o0 Z—S
4]\[2:|’ RS(Z) i [ee] diSC T(Z)dz
o 21i Japz  z—s
_l/‘x’ Im T(z)dz
B 4mz Z—S
o disc T(s) = 2ilm T(s) given by unitarity (=~ prob. conservation):

inelastic intermediate states (KK, 47)
suppressed at low energies
— important at higher energies



Form factors from elastic rescattering

@ unitarity relation:

disc W‘

%disc Fi(s) = ImFi(s) = Fi(s) x 0(s — 4 M?) x sing(s) e ()
1

-
-
-

~
N
N

— final-state theorem: phase of Fj(s) is just 0,(s) Watson 1954



Form factors from elastic rescattering

@ unitarity relation:

disc Mf\‘

%disc Fi(s) = ImFi(s) = Fi(s) x (s —4M2) x sin§;(s) e ()
]

-
-
-

~
N

N

— final-state theorem: phase of Fj(s) is just 0,(s) Watson 1954
@ solution to this homogeneous integral equation known:

Fi(s) = Pi(s)(s) ,  u(s) = EXP{S/OO ds’s,f;,(s_/)s)}

™ Jam2
P;(s) polynomial, £;(s) Omnes function Omngs 1958
@ today: high-accuracy 77 (and wK) phase shifts available
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011
(Biittiker et al. 2004, Peldez, Rodas 2022)

@ constrain Pj(s) using symmetries (normalisation at s = 0 etc.)



Pion vector form factor vs. Omneés representation

o 7~ — 7. form factor:

1001 7 1

I . 12 14 16 18
Vs [GeV]
Schneider, BK, Niecknig 2012; data: Belle 2008
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Pion vector form factor vs. Omneés representation

e divide 7= — 7~ 7%, form factor by Omnes function:

Q’[GeV]

Hanhart et al. 2013; data: Belle 2008
— linear below 1GeV: FY(s) ~ (1 + 0.1GeV~25)Q(s)
slope at s = 0 given by elastic contribution to better than 90%

— above: inelastic resonances o, p”. ..



Digression: tensor form factors

@ interesting for many BSM applications: tensor current form factors

i

+ = | 551V —
(mFm|go"" q10) "

(PPl — pltp?) BT (s)

unitarity relation: Im BY9(s) = ax(s)(ti(s)) " BF(s)

— identical to the one for F(s) — P-wave form factor!

— up to inelastic corrections (assuming Brodsky—Lepage asymptotics)

BF9(s) = BFI(0)FY (s)

s

o B7Y(0) = —B7?(0) = 0.195(10) from lattice Baum et al. 2011

e similar relation for 7K tensor form factor Cirigliano, Crivellin, Hoferichter 2017

e some can even be carried over to nucleon form factors of the tensor current
Hoferichter, BK, Ruiz de Elvira, Stoffer 2018



Pion—pion S-wave: non-Breit—-Wigner and KK threshold

@ isospin | = 0 pion—pion S-wave phase and inelasticity:
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@ phase motion

o (Mev) 5" (Mev)
Garcia-Martin et al. 2011

is nowhere near a Breit—-Wigner-type shape

o KK threshold coincides with f,(980) resonance
— strong inelasticity variation, very different from P-wave

— requires coupled-channel treatment 77 <> KK



Scalar form factors: coupled channels

@ two scalar isoscalar pion form factors:

(rtn~ |A(Gu+dd)[0) = BT (s)  (mtnT|3s|0) = BT (s)
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Scalar form factors: coupled channels

@ two scalar isoscalar pion form factors:

(rtn~ |A(Gu+dd)[0) = BT (s)  (mtnT|3s|0) = BT (s)

@ two-channel discontinuity equation:

. — B Mx(s)
discl'(s) = 2i T*(s)X(s)l(s) M(s) = ( %FK(S) )
phase space: ¥(s) = diag (0 (s)0(s — 4M2), ok (s)8(s — 4MR))
@ parametrisation of two-channel T-matrix:

n(s)ezid(s) -1

2i0(s) lg(s)|e™)
- lg(s)|e™(® n(s)e2((s)=6() 1
¢ 2iok(s)

inelasticity:  n(s) = /1 — 40, (s)ok(s)|g(s)|20(s — 4M2)

10



Scalar form factors: coupled channels

n(s)e2i6(s) -1

ih(s)
[ a(s)le
o ) 2i(y(s)—d(s)) _ 1
gle)ere M
2!0;((5)
inelasticity: = /1 —40.(s)ok(s)|g(s)]20(s — 4M2)
—> three input functlons:
> 7w S-wave phase shift §(s) Caprini, Colangelo, Leutwyler 2012

> modulus |g(s)| and phase ¥(s) of 7r — KK amplitude
Biittiker et al. 2004; Cohen et al. 1980, Etkin et al. 1982
Peldez, Rodas 2022

@ solution in terms of Omneés matrix

(279 )= (823 &) (%) )
Donoghue, Gasser, Leutwyler 1990

11



Scalar form factors: numerical results

o different scalar form factors depend on normalisation at s = O:
(rtn~|L(Gu+ dd)[0) = B"T(s)  (ntnT|3s|0) = BT (s)
@ normalisation fixed by Feynman—Hellmann theorem and ChPT:

["(0) = 0.98, I'(0) = {0.4...0.6}, [(0) = 0, [(0) = {0.95...1.15}

IF2(vVs)l F(Vs)l
I7.(0) =06 — 5F " 13(0) =095
- T5(0)=1.05
- Tk@=115
3 \
2 \‘\\
1 N \'\\‘:<;~<ﬂ
0.4 0.6 0.8 1.0 1.2 1.4
V5 [GeV]
@ broad bump: %(500) / “¢” @ prominent peak of the (980)

o dip near f(980) pole Daub, Hanhart, BK 2015
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@ matrix element:

QH .
F (0) an ip
My = CEvvs o Myet (b ) [ @ XD P
=y e veulpy )<)\1/2(s,mi,m§) 0 Nl L

@ Fy,,1.(s,0x) transversity form factors

2My, P!

— orthogonal basis of momentum vectors P(*(L)), Q(’TI)' P Faller et al. 2014
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_d/s — J/Yrtr

@ matrix element:

Gr 2My Ploy iy . ip!
Mg = ==V VX fuMyet (py, \) | —5———5~Fo+ —L2F| — —=F
fi= 3 bVedv veu(py )<>\1/2(s,mfb,m§) ot N
@ Fy,,1.(s,0x) transversity form factors
— orthogonal basis of momentum vectors P(*(L)), Q(’TI)' P Faller et al. 2014

@ expand in partial waves f¢ ~» Omnes formalism:
T

£3)(s) = By(L + b's)Ta(s) + g5 (s)

KS
£Pl(s) = a 1+as)A6) 1+ ——i—-
T () T( T) 1() ME)_Ierw_s
> adjust normalisations, potentially allow for slope parameters
> p—w mixing strength x fixed

13



_d/s — J/ymtne

@ matrix element:

Ge 2My; Plo) T
Mi = “EVo Vi fuMye (pp, ) | =D o+ — D PL
fi= 3 bVedv veu(py )<>\1/2(s,mfb,m§) ot N
@ Fy,,1.(s,0x) transversity form factors
— orthogonal basis of momentum vectors P(*(L)), Q(’TI)' P Faller et al. 2014

@ expand in partial waves £ ~» Omnés formalism:

£3)(s) = By(L + b's)Ta(s) + g5 (s)

P KRS
fq—( )(S) = a-,—(]. + a;S)Q%(S) <1 + ,W‘%—I,erw—5>

> adjust normalisations, potentially allow for slope parameters
> p—w mixing strength x fixed
@ comparison to data: fit to angular moments LHCb 2014

0 ! d2T o
(Y7')(s) = . WY/ (cos 0)d cos b

(YQ) oc dl/d/5, (Y): P-waves, D-waves, S—D-interference

13



52 — J /T fit results, S-wave

@ FIT I: 3 parameters (b§, a0, a)); FIT Il: +- D-wave; FIT lI: 4 aj # 0 (4 par.)
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BY — J/pmtm:

@ FITI: 3 parameters (bf, ao, aH) FIT Il: + D-wave; FIT HI: + a] ;é 0 (4 par)

70
0

(Y

@ drastic differences in extracted S-wa
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E? — J /T fit results, S-wave
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@ phase behaviour: dispersive constraints select “correct” LHCb solution

Daub, Hanhart, BK 2015

15



Going beyond 1 GeV: higher states and resonances

o 7 and KK coupled channels work up to 1.1 GeV
@ beyond: strong coupling to 47 — phase/inelasticity description??
@ resonances, e.g. B(f(1500) — 47) = (49.5 £ 3.3)% PDG 2018

16
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— Omnes at low energies, unitary isobar model above
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Going beyond 1 GeV: higher states and resonances

o 7 and KK coupled channels work up to 1.1 GeV

@ beyond: strong coupling to 47 — phase/inelasticity description??

@ resonances, e.g. B(f(1500) — 47) = (49.5 £ 3.3)% PDG 2018
@ idea: coupling to 47 via resonances, preserve unitarity Hanhart 2012

— Omnes at low energies, unitary isobar model above
@ 4 in general very complicated; approximations:

o vector form factor: 4w phase space only 4+ ww Hanhart 2012
e scalar form factor: isobars pp or oo Ropertz, Hanhart, BK 2018

@ neglect crossed-channel effects, other channels

2% plo T

16



Partial-wave amplitude: 2-potential formalism

o Bethe-Salpeter equation for partial-wave amplitude T:

202014

o split scattering kernel V = Vo + Ve — T =T+ Tr
@ unitary scattering amplitude Ty (given by known phases and inelasticities)

77622,> 1 gef’l/) .
0 0

@ resonance-exchange potential Vj

17



Partial-wave amplitude: 2-potential formalism

o full parametrisation for scattering matrix T:

T = T0+Q [Il— VRZ]_l VRQt

vertex factor (s) self energy ¥ (s)
Im >ﬁ<>@: Im({XD:):@<>@:
Qj(s) = %/dz (TO)TkZ(Z_)USk(_Z??kj(Z) ¥4(s) = ;/% Qti(?iks(z_)g,'z:j(Z)

e additional channels: (7p); =0 —
Qi(s)=0; and Y;(s)=0d;=> | —

18



Form factor parametrisation

@ coupling to a source/current:

S as

o full parametrisation for form factor F:

F=Q[1 — Vg3 ' M

@ source term M(s

>.w>@wz

s)=aj+bis+.. Zg, — aff

— new parameters: resonance masses (mR),
resonance—source (%) and resonance—channel (g?) couplings
19



Application to BY — J/¢mtr™ /KT K~

o fit to LHCb angular moments in full energy range:

d2r
0
(Y2 (Vs /dcosed\fdcose) ? (cos©)

@ normalisation A/, scalar form factor Fs,
P-waves FL (KTK™ only!), D-waves FJ:

VAT (Y0) = Xon /s XNFs + S0 IFEP+ S IR

=0, |, L 7=0,||,L

Var (Y9) = Xow/s { XA Re (Fs(FY) ) + 30 (cr [Fal + d, 1F5[)

7=0,L,||

@ P- and D-wave amplitudes modelled by Breit—Wigner functions

20



Fit (YQ) for BY — J/ymtn—

- C
[5) -
U 2
o 107
S =
S c
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S B fo(500
S 10k
& E
& C
= ol
LEL IH 1
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1 —
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92—
3L L L L L
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V5 [GeV]

Fit (pp) with two additional resonances. S- and D-waves

ndf ~ 384-30
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Fit (YQ) for B — J/y KT K~

(Y®) s ic 1020 /0.02 GeV

- (;5(1020) 1‘2/(1525)

10?

10 =
1 e
3 ! !
2 —
1 —

= 0 |
1
9
@ 1 1.2 1.4 1.6 1.8 2 2.2 2.4
Vs [GeV]

Fit (pp) with two additional resonances. S-, P-, and D-waves

2 376.2

ndf 38430 = -7
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X2

ox oo
Fit 1=2 resonances, constant polynomial in M(s) | 1.07 1.22

Fit 2=2 resonances, linear  polynomial in M(s) | 1.03 1.18
Fit 3=3 resonances, constant polynomial in M(s) | 0.96 1.05

PP oo
4 - 4:
35 35 F
3 3
. 25E . 25f
g 2~ g 2
2 LE CI 3
1B =
0.5 0.5
0: P S I S S IR R Ry 0: P T I A B M R
0.5 1 1.5 2 2.5 0.5 1 1.5 2 2.5
V5(GeV] V3[GeV]
Omnéssolution with F,(0) = 0 and Fk(0) = 1 in black
2

Fr(s) = Q1(s) Fr(0) + 7 Qi2(s) Fx(0)

Phase input: Dai, Pennington 2014
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X2

ox oo
Fit 1=2 resonances, constant polynomial in M(s) | 1.07 1.22

Fit 2=2 resonances, linear  polynomial in M(s) | 1.03 1.18
Fit 3=3 resonances, constant polynomial in M(s) | 0.96 1.05

PP oo
U : uf
12; 12
0 10
e e
&) 8 & 8
B0 B0
5 6 ] 6
4 F =
2 - 2=
0 ‘\‘“‘\““\““\“:“\“ 0 \\\\\\\\\\\\\\\\\\\:\\\\\
0.5 1 1.5 2 2.5 0.5 1 1.5 2 2.5
V5 [GeV] Vs [GeV]

Omnéssolution with F,(0) = 0 and Fk(0) = 1 in black

2
Fﬂ-(S) = Qll(S) Fﬂr(O) =+ ﬁ

Phase input: Dai, Pennington 2014

912(5) FK(O)
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2

ox oo oo
Fit 1=2 resonances, constant polynomial in M(s) | 1.07 1.22
Fit 2=2 resonances, linear  polynomial in M(s) | 1.03 1.18

Fit 3=3 resonances, constant polynomial in M(s) | 0.96 1.05

pp oo
o o
1 1E
(]EHHHHH\HHHH‘ 0:H\HH\HH\HH\H:H\H

0.5 1 1.5 2 2.5 0.5 1 15 2 2.5
V5[Gev) V5[Gev)
Omnéssolution with F,(0) = 0 and Fk(0) = 1 in black
2 2
FK(S) = 921(5) Fﬂ-(O) + — 922(5) FK(O)

V3

Phase input: Dai, Pennington 2014

V3
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2

X
X | oo o0

Fit 1=2 resonances, constant polynomial in M(s) | 1.07 1.22

Fit 2=2 resonances, linear  polynomial in M(s) | 1.03 1.18
Fit 3=3 resonances, constant polynomial in M(s) | 0.96 1.05

PP oo
4 - - 4 E
355 85
3E sE
. 25E —~ 25F
X E X
5 LE EED 2 F
£ L 5 sE
1 1
05 F i 0sE
£ e R RS S R E G R R R A A
0 0.5 ‘1 1_‘5 ‘2 215 0 0.5 1 1.5 2 2.5
V5 [GeV] Vs [GeV]
Omnéssolution with F,(0) = 0 and Fk(0) = 1 in black
2 2

% Fi(s) = Q21(s) Fx(0) + V3 22(s) Fk(0)

Phase input: Dai, Pennington 2014
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Comparison Fy,

pp oo

25

20

abs (Fyr)
&
T T T
abs (Fyr)

Fit 1, Fit 2 and Fit 3
@ suppressed at lower energies
@ strong model dependence of the additional channel
@ need to include more exclusive data!

27



Conclusion and outlook

Conclusion

o elastic unitarity: strongest constraints on vector form factor (tensor, too!)

o coupled channels (scalar 77+ KK):

> requires more scattering input

> continuous freedom through relative channel coupling strength
@ modelling the extension to 1-2 GeV:

> merge low-energy dispersive to unitary isobar model
> B2 — J/ibmtr™ /KTK™ — strange scalar form factor
> not discussed here: extraction of resonance poles




Conclusion and outlook

Conclusion

o elastic unitarity: strongest constraints on vector form factor (tensor, too!)

o coupled channels (scalar 77 <+ KK):

> requires more scattering input

> continuous freedom through relative channel coupling strength
@ modelling the extension to 1-2 GeV:

> merge low-energy dispersive to unitary isobar model
> B2 — J/ibmtr™ /KTK™ — strange scalar form factor
> not discussed here: extraction of resonance poles

o test universality e.g. in B — o/'ntn~ /KtK~

@ similar data for non-strange scalar form factor??

@ in progress: coupled-channel treatment of vector form factor 77w < 7w

Chanturia, Heuser et al.
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What are left-hand cuts?

Example: pion—pion scattering

T Re(z) Y
4Mz

@ right-hand cut due to unitarity: s > 4M,;

29



What are left-hand cuts?

Example: pion—pion scattering

- -

@ right-hand cut due to unitarity: s > 4M,;
@ crossing symmetry: cuts also for t, u > 4M;;
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What are left-hand cuts?

Example: pion—pion scattering

- -—= > Re(z)

- -

@ right-hand cut due to unitarity: s > 4M,;
@ crossing symmetry: cuts also for t, u > 4M;;
e partial-wave projection:  T(s,t) = 327>, Ti(s)P;(cos )
1—cos
t(s,cosf) = ==52%(4M, — s)
— cut for t > 4M,. becomes cut for s < 0 in partial wave

29



Left-hand cut in BS — J/¢y mtn~

1
1
@ B*-exchange contribution: !
1

B B* J/

5 , : : : ;
ab | B
4
7
T oal)l oft  mmm |
L .
= | af” (@) ---
— 1 |
SO af (@) ——
= 2 h | -
55 1 : alf ------
! |
i L
1t ]
R
o Bedi e
0 0.2 0.4 0.6 0.8 1.0
5 [GeV?] J. Niecknig (Daub) 2018
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Pion vector form factor: why does this work so well?

e inelastic effects (n(s) # 1) start well above 1 GeV and set in smoothly:

0.9

0.8 i L

n(s)

0.7 i i

0.6+ | B

050 1 v w1
0.8 085 090 095 1.00 1.

L 1 L L L LT
5 110 LI5 120 125 1.30
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.

<

grey: phenomenological limits Garcia-Martin et al. 2011
blue: KK Biittiker et al. 2004
red: Tw Niecknig, BK, Schneider 2012
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Application to the pion vector form factor

Hanhart 2012
@ resonances up to 2GeV: p(770) (elastic!), p(1450), p(1700)

e channels (1-3):
> 77 (y/Seh & 0.29 GeV): elastic, works up to 1 GeV

> 47 (y/Sth & 0.56 GeV): heavily phase-space suppressed at low energies
> 7w (/S = 0.92 GeV): strong role in w7 inelasticity

@ elastic scattering matrix

sin(5((5))) eds) 0 0
s)={ "o 0 0
0 00
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Application to the pion vector form factor
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@ blue solid:
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Application to the pion vector form factor
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Cross section ratio inelastic vs. elastic

@ blue dashed:
T + 4w

@ red solid:
T + 41 + Tw

Eidelman,
tukaszuk 2004

@ data:

Hanhart 2012

34



Fit (Y?) for B — J/ymtn—
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Fit (YQ) for B — J/y KT K~
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Fit (Y?) for B — J/y KT K~
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Fit (Y?) for B — J/y KT K~
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