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Particle content of the Standard Model

Figure: Fundamental particles of the SM

Spin 1
2 fermions: quarks and leptons, Spin 1: gauge bosons, Spin 0: Higgs boson.

The Standard Model is based on a large body of empirical information. It is a relativistic
Quantum Field Theory of the electromagnetic, weak and strong interactions.
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Left handed doublets and right-handed singlets

Figure: The Standard Model Fermions

Fermions come in families with universal gauge interactions.

Fermions in different families differ by their flavor quantum numbers and masses.
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Fermions in the Standard Model

Figure: The Standard Model Fermions
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Gauge bosons in the Standard Model

Figure: The Standard Model gauge bosons
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Building hadrons from quarks

Figure: Some Mesons and Baryons with their quark content

Quarks and gluons do not exist as free particles. They are confined in hadrons (strongly
interacting particles).

We know about their “existence” as degrees of freedom from studying hadrons at short
distances. E.g. in high-momentum transfer scattering of electrons or the annihilation of
e+e− at high energy.
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Mesons

Quantum numbers:
Isospin: I, G-parity: G
Spin: J, Parity: P
Charge Conjugation:C
(for neutral mesons)
m(π±) ∼ 140 MeV.
Large mass gap between
pion & other mesons.

Most mesons have
strong decays. (The
ones with masses given
in brackets). They
generally appear as
short-lived resonances in
hadronic reactions,
although there are
exceptions (heavy
quarkonia).

The mesons stable wrt.
strong interactions
decay via weak or
electromagnetic
interactions. There are
no stable mesons.
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Baryons

Proton is the only stable
hadron.
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Ongoing research
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Length & energy scales, natural units

Figure: SI vs. natural units

In particle physics SI units will quickly yield unwieldy numbers. We want to go from SI units
to natural units:

[kg ,m, s]→ [GeV , ~, c].

1GeV = 1.602 · 10−10 J, 1 J = 1 Joule = 1 kg m2 s−2,

~ = 1.055 · 10−34 J s, c = 2.998 · 108 m s−1.

Natural units: ~ = c = 1, ~c = 0.1973GeV fm, 1 fm = 10−15 m.

The unit of cross section is the barn,
1 barn = 100 fm2. Proton radius is about
∼ 1 fm.

0.389mb ∼ 1GeV−2.
Figure: one barn
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Wave equations: Spinless particles

In quantum mechanics observables such as energy and momentum correspond to operators.

E ⇒ Ĥ = i~
∂

∂t
~p ⇒ ~pop = −i~~∇

Free nonrelativistic particle of mass m

E =
~p 2

2m

free Schrödinger equation

Ĥψ(t, ~x) = Eψ(t, ~x)⇔ i~
∂

∂t
ψ(t, ~x) = −

~2

2m
~∇ 2ψ(t, ~x)

The Schrödinger eqn. is linear in time- and quadratic in spacial derivatives. It does not lend
itself for the description of relativistic phenomena.
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Current and probability density

We are used to the interpretation of ψ∗ψ = ρ as a probability density. It is hidden in the
equation itself.

i
∂

∂t
ψ(t, ~x) +

~∇ 2

2m
ψ(t, ~x) = 0

∣∣∣ iψ∗ × from left

(−i)
∂

∂t
ψ∗(t, ~x) +

~∇ 2

2m
ψ∗(t, ~x) = 0 | (−i)ψ × from left

adding these two equations gives:

∂

∂t
ψ∗(t, ~x)ψ(t, ~x)−

i

2m
~∇ ·
(
ψ∗(t, ~x)~∇ψ(t, ~x)− ψ(t, ~x)~∇ψ∗(t, ~x)

)
= 0.

Continuity equation

∂ρ

∂t
+ ~∇ · ~j = 0

ρ = ψ∗ψ, ~j = −
i

2m

(
ψ∗ ~∇ψ − ψ~∇ψ∗

)
≡ −

i

2m
ψ∗
↔
∇ψ .

∫
d3~x ψ∗ψ ⇒ probability.
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Current and probability density

Let’s take the plane-wave solution

ψ(t, ~x) = C exp(−iEt) exp(i~p · ~x), E =
~p 2

2m
.

Then

ρ = |C |2 = const., ~j = ρ
~p

m
.

We can normalize our wavefunction to describe one particle (per Volume). The Schrödinger
equation is a one-body equation.

It does not lend itself to the description of relativistic phenomena. Recall, that in relativistic
kinematics, the relation between energy and momentum is

E =
√
~p 2 + m2 ≈ m +

~p 2

2m
+ . . .

The Schrödinger equation has its place also in the Standard model. For example heavy
quarks in their bound states (the so-called Quarkonia) are governed by nonrelativistic
motion. It is also applicable to much of nuclear and atomic physics, but it cannot be a
starting point for the SM.

We still require the general principles of quantum mechanics to hold! The joint description
of quantum and relativistic physics is achieved by Quantum Field Theory.
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Relativistic kinematics

The fundamental laws of particle physics have the same form in all reference frames which
have uniform relative velocity. The velocity of light is the same in all Lorentz frames.
Coordinates in different Lorentz frames are related by Lorentz-transformations, which leave
invariant c2t2 − ~x 2.

example: The new frame moves with velocity v along the z-axis of the original frame. The
transformation is called Lorentz–boost, and with tanh η = v/c, reads

ct′

x ′

y ′

z ′

 =


cosh η 0 0 − sinh η

0 1 0 0
0 0 1 0

− sinh η 0 0 cosh η




ct
x
y
z

 .

We collect the coordinates xµ = (ct, x , y , z, ) = (ct, ~x) ≡ (x0, x1, x2, x3). Any object that
transforms like xµ is called a four vector.

Lorentz transformations leave invariant the inner product

gµνaµbν = gµνaµbν ≡ aµbµ = aµbµ = a0b0 − ~a · ~b, g00 = +1, g11 = g22 = g33 = −1.

An example for a four vector is the four–momentum:

pµ =
(E

c
, ~p
)
, pµpµ = m2c2 =

E2

c2 − ~p
2 .
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Relativistic spinless particle

For a relativistic covariant formulation, we define

pµ = i∂µ = i
∂

∂xµ
, xµ = (t, x , y , z), ∂µ = (

∂

∂t
,−~∇), µ = 0, 1, 2, 3

for the relativistic free particle energy and momentum are related by:

E2 = ~p 2 + m2 ⇔ pµpµ = m2

again substitute energy and momentum (four–momentum) by operators.

Klein–Gordon equation

(
� + m2

)
φ(x) = 0, � = ∂µ∂µ

⇔
( ∂2

∂t2 −
~∇ 2 + m2

)
φ(x) = 0

This equation is insufficient for the description of particles with spin. In fact the only spinless
fundamental particle in the Standard Model is the Higgs boson. There are a number of useful
concepts that we can discuss with the KG equation, so we stay with it for a while.
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Current for the KG eqn.

We can obtain the current for the Klein-Gordon equation in covariant form:

jµ(x) = (ρ(x),~j(x)), x = (t, ~x)

It will be a very useful quantity for the formulation of interactions.

Current

ρ(x) = i
[
φ∗(x)

∂φ(x)

∂t
−
∂φ∗(x)

∂t
φ(x)

]
~j(x) = −i

[
φ∗(x)~∇φ(x)− φ(x)~∇φ∗(x)

]
jµ(x) = iφ∗(x)

↔
∂ µφ(x), ∂µjµ(x) = 0 .

also the continuity equation can be formulated in a covariant form.

Let us evaluate the current of the KG equation for plane wave solutions. These have the form

φ(x) = N exp(−iEt) exp(i~p · ~x) = N exp(−ip · x)⇒ jµ(x) = 2pµ |N|2 .

This gives ρ(x) = 2E |N|2 , ~j(x) = 2~p |N|2 .
The solutions of the KG equation satisfy E2 = ~p 2 + m2, but to have a complete set of
solutions, we must allow both E = ±

√
~p 2 + m2. ⇒ negative probabilities ?
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Negative energy solutions ⇒ antiparticles

The “probability density” being proportional to energy gives the correct relativistic
normalization! For example let us boost from the rest frame to the frame in which our
particle has energy E . The γ-factor is γ = E/m. The volume element will contract
d3~x → d3~x/γ, so that

ρ(x)d3~x = invariant!

It appears that negative energy solutions are not amissible. Firstly we cannot allow for
arbitrarily negative energies, our system needs to have a ground state. Secondly we face
negative probability.

Let’s assume our particle carries a charge e and interpret ejµ(x) as the corresponding
current, so that ej0 = eρ is a charge density. Then

jµ(φ+) = 2e (E , ~p)|N|2

decribes the incoming particle of charge e, but

j̃µ(φ−) = −2e (E , ~p) |N|2 = +2e(−E ,−~p) |N|2,

so that emission of φ− looks like absorption of φ+ with (−E , ~−p) propagating “backwards in
time”.
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Feynman diagram

The Feynman diagram is obtained after adding all time orderings of perturbation theory
diagrams. Only this sum gives a relativistically invariant result. Feynman diagrams
themselves have no simple space-time interpretation, they are simply a way to organize the
calculation in a manifestly relativistically invariant way.

We refer the exchanged particle in the Feynman diagram as a virtual particle.

Mfi =
g2

(Ea − Ec )2 − (~pa − ~pc )2 −m2
X

=
g2

q2 −m2
X

Its four-momentum is q = pX = pa−pc . The virtual particle is off the mass shell, q2 6= m2
X !

our simple example corresponds to an exchange of a spinless particle. More complicated
behaviour of amplitudes will be obtained from momentum/spin dependence of vertices VijX

and from the polarization states (or propagators) of the exchanged particle.
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Particle exchange and the range of a force

Taking a nonrelativistic limit, it is possible to derive quantum mechanical potentials from
Feynman diagrams for particle exchange.

For example, let us assume, a “static” situation, in which the energy transfer can be
neglected. Then our diagram gives a result

M∝
g2

~q2 + m2
X

.

after Fourier transform to space/time, this corresponds to an interaction local in time.
Yukawa Potential:

V (r) = g2 e−mX r

r

the mass of the exchange particle determines the range of the potential. Massless particle
exchange induces long-range forces. “Heavy” particles give rise to local, contact interactions.
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The massless Dirac equation

The Klein–Gordon equation does not describe spin. The “matter content” of the SM are
leptons and quarks, Fermions of spin-1/2. Which wave equation describes these particles?
It turns out that a simpler relativistic equation linear in derivatives can in fact be formulated.
Let us start from the massless KG equation.

∂µ∂µψ(x) =
(
∂2

t − ~∇ 2
)
ψ(x) = 0

introduce the Pauli-matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
Then we can write the KG equation as a product of two factors(

∂t − ~σ · ~∇
)(
∂t + ~σ · ~∇

)
ψ(x) = 0 ψ(x) =

(
ψ1
ψ2

)
.

We have to double the number of degrees of freedom, but have a achieved an equation
linear in time & space derivatives.
We can take any of the two factors as our new equation. Note that all components of the
field ψ(x) fulfill the ordinary (massless) KG equation.

Massless Dirac equation

(
∂t + ~σ · ~∇

)
ψ(x) = 0
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Solutions to the massless Dirac equation

plane wave ansatz

ψ(x) = exp(−ip · x)χ, p2 = 0⇒ E2 = ~p 2.

Introduce the spin operator ~S = 1
2~σ, and the projection of spin on the direction of

momentum, helicity

ĥ =
~S · ~p
|~p|

.

Dirac equation(s): (
E − ~σ · ~p

)
χ = 0⇔

~σ · ~p
|~p|

χ = χ⇔ ĥχ = + 1
2 χ(

E + ~σ · ~p
)
χ = 0⇔

~σ · ~p
|~p|

χ = −χ⇔ ĥχ = − 1
2 χ

the two versions of the Dirac equation describe particles of positive (right-handed) and
negative (left handed) helicities, respectively.
Let ~p = |~p|(cos θ sinφ, sin θ sinφ, cos θ) and show, that (notice the “half angles”)

χR =

(
e−iφ/2 cos θ2
e iφ/2 sin θ

2

)
, χL =

(
−e−iφ/2 sin θ

2
e iφ/2 cos θ2 ,

)
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Antiparticle spinors

in the spinless case we described antiparticles by the complex conjugate solution
e−ip·x → e ip·x . The complex conjugate Dirac equation is(

∂t + ~σ∗ · ~∇
)
ψ∗(x) = 0

Use the property of Pauli matrices σ2
y = 1, and σy~σ∗σy = −~σ.

σy

(
∂t + ~σ∗ · ~∇

)
σyσyψ

∗(x) = 0⇒
(
∂t − ~σ · ~∇

)
σyψ

∗(x) = 0

The antiparticle is described by the spinor σyψ∗(x) and has the opposite
helicity/handedness of the particle.

We encountered one of the important discrete symmetry transformations. The
transformation that takes a particle to its particle is called charge conjugation.
Another discrete symmetry, parity inverts the spacial coordinates ~x = −~x . Also momentum
~p = −i ~∇ is inverted: P : ~p → −~p.
Parity takes left–handed fermions into right–handed fermions! A theory with parity
invariance must have the same amount of left- and right-handed fermions.

Fermions and anti-fermions have opposite parity!
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Massive Fermions

Helicity is a Lorentz–invariant only for massless particles. We therefore can expect that a
massive fermion must be a mixture of the two helicities.

i
(
∂t + ~σ · ~∇

)
ψ↑(x) = mψ↓(x)

i
(
∂t − ~σ · ~∇

)
ψ↓(x) = mψ↑(x)

We now come to a four-component equation

i
{(I 0

0 I

)
∂t +

(
~σ 0
0 −~σ

)
︸ ︷︷ ︸

~α

·~∇
}(ψ↑(x)

ψ↓(x)

)
= m

(
0 I
I 0

)
︸ ︷︷ ︸

β

(
ψ↑(x)
ψ↓(x)

)
︸ ︷︷ ︸

Ψ(x)

⇔ i(∂t + ~α · ~∇) Ψ(x) = mβΨ(x)

each component fulfills the Klein-Gordon equation.

Covariant form of the Dirac equation

(
iγµ∂µ −m

)
Ψ(x) = 0, γ0 = β, ~γ = β~α

Dirac matrices γµγν + γνγµ = 2gµν , (γ0)2 = 1, (γ i )2 = −1.

W.Schäfer (IFJ PAN) Standard Model I TESHEP 2024 23 / 25



More on the Dirac equation

The Dirac γµ-matrices (µ = 0, 1, 2, 3) are 4× 4 matrices defined by their algebra

{γµ, γν} ≡ γµγν + γνγµ = 2gµν

several realizations of the Dirac-algebra are possible, and they are all equivalent. Our choice
is the so-called Weyl representation

γ0 =

(
0 I
I 0

)
, γ i =

(
0 −σi

σi 0

)
bf need to change LH ↔ RH, then sign of γ i changes
its is useful to introduce also the matrix γ5 = γ5, which anticommutes with all Dirac
matrices.

γ5 = iγ0γ1γ2γ3 =

(
I 0
0 −I

)
, γ5γµ = −γµγ5, γ2

5 = I .

The projection operators
PL = (I− γ5)/2, PR = (I + γ5)/2, PR + PL = I, P2

R = P2
L = I, PR PL = PLPR = 0

serve to decompose the Dirac field into left- and right-handed components.

Left and right-handed Dirac fields

ψ(x) = ψL(x) + ψR (x) =
I− γ5

2
ψ(x) +

I + γ5

2
ψ(x)
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More on Dirac fields

We still need some kind of hermitian conjugate. It turns out the the correct conjugate to ψ
is ψ̄ = ψ†γ0, and ψ̄L = ψ̄PR , ψ̄R = ψ̄PL.

The following bilinear have good transformation properties under Lorentz transformations
xµ → x

′µ = aµνxν .

Figure: Dirac spinor bilinears

The conserved current for the Dirac equation is jµ(x) = ψ̄(x)γµψ(x) = ψ̄Rγ
µψR + ψ̄Lγ

µψL.
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