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AdS/CFT correspondence

AdS/CFT correspondence:

• CFT on the flat boundary

• Strings in the bulk

Our case:

• IIB superstrings on AdS5 × S5

• 𝒩 = 4 SYM on the boundary

• Gauge symmetry: 𝑆𝑈(𝑁𝑐)

Parameters:

• 𝜆 = 4𝜋2𝑇2

•
1

𝑁𝑐
=

𝑔𝑠𝑡𝑟

4𝜋2𝑇2

Planar limit:

• 𝑁𝑐 → ∞

• t’Hooft coupling: 𝜆 = 𝑔𝑌𝑀
2 𝑁𝑐 is constant

Strong coupling expansion: 𝜆 → ∞ or 𝑔𝑌𝑀 → ∞
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𝑍𝑠𝑡𝑟 Φቚ
𝜕𝐴𝑑𝑆

= 𝐽 = 𝑍𝐶𝐹𝑇 𝐽

String observables CFTd observables

Planar limit (𝑁𝑐 → ∞) 

↕

Weakly coupled strings (𝑔𝑠𝑡 → 0)



AdS/CFT correspondence
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Determinant observables

Examples:

1. Planar 𝓝 = 𝟒 SYM:

• Cusp anomalous dimension:

• Renormalization of a Wilson loop with a cusp

• 𝑇𝑟 𝒫 𝑒𝑥𝑝 𝑖 𝐶׬ 𝑑𝑥 ⋅ 𝐴 𝑥 ∼ ΛΓ𝑐𝑢𝑠𝑝(𝜃)

• Octagon form factor:

• Four-point correlation function: 
G4 = 𝑂1 𝑥1 𝑂2 𝑥2 𝑂3 𝑥3 𝑂1 𝑥4

• 𝑂1, 𝑂2, 𝑂3: half-BPS operators

• Dual to scattering amplitude of four closed strings

2. Planar equivalent 𝓝 =2 SYM:

• Free energy
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[Polyakov’80]
𝐶 =

𝜃

[Coronado’18]

𝑂1(𝑥4)

𝑂3(𝑥3)

𝑂1(𝑥1)

𝑂2(𝑥2)

≡
2

What do they have

in common?

[Pestun’12]



Determinant observables

Determinant observables:

• Observable ℱ(𝑔): 𝑒ℱ 𝑔 = det
1≤𝑛,𝑚<∞

𝛿𝑛𝑚 − 𝐾𝑛𝑚 𝑔

• Where 𝑔 =
𝜆

4𝜋

• The semi-infinite matrix is: 𝐾𝑛𝑚(𝑔) = 0׬
∞
𝑑𝑥𝜓𝑛 𝑥 𝜒

𝑥

2𝑔
𝜓𝑚(𝑥)

• The functions 𝜓𝑛(𝑥) are: 𝜓𝑛 𝑥 = −1 𝑛 2𝑛 + ℓ + 1𝐽2𝑛+ℓ+1( 𝑥)/ 𝑥

• Observables are specified by the symbol 𝜒(𝑥) and the number ℓ!
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Observable 𝝌(𝒙) ℓ

𝒩 = 4 cusp 1 − coth 𝑥/2 0

𝒩 = 4 octagon 1/ cosh2 𝑥/2 0

𝒩 = 2 free energy −1/ sinh2 𝑥/2 1



Determinant observables

Symbol in general:

• Observables are specified by the symbol 𝜒(𝑥) and the number ℓ!

• Define: 1 − 𝜒 𝑥 = 𝑏𝑥2𝛽𝜙 𝑥 𝜙(−𝑥)

• Where: 𝜙 𝑥 = ς𝑛=1
∞

1−
𝑖𝑥

2𝜋𝑥𝑛

1−
𝑖𝑥

2𝜋𝑦𝑛

• Observables are specified by:

• Numbers 𝛽, ℓ

• Locations of zeros 𝑥𝑛
• Locations of poles 𝑦𝑛
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Observable ℓ 𝜷 𝝓 𝒙𝒏 𝒚𝒏

𝒩 = 4 cusp 0 −1/2 𝜙𝑐𝑢𝑠𝑝 𝑛 − 1/2 𝑛

𝒩 = 4 octagon 0 1 𝜙𝑐𝑢𝑠𝑝
−2 𝑛 𝑛 − 1/2

𝒩 = 2 free energy 1 −1 𝜙𝑐𝑢𝑠𝑝
2 𝑛 𝑛 − 1/2

𝜙𝑐𝑢𝑠𝑝 𝑥 = 𝜋
Γ 1 −

𝑖𝑥
2𝜋

Γ
1
2
−
𝑖𝑥
2𝜋



Strong coupling expansion

Perturbative coefficients:

• ℱ 𝑔 = −𝑔𝐴0 +
1

2
𝐴1
2 log 𝑔 + 𝐵 + σ𝑘=1

∞ 𝐴𝑘+1

2𝑘 𝑘+1
𝑔−𝑘 + Δ𝑓(𝑔) , as 𝑔 → ∞

• Perturbative coefficients:

• Moments: 𝐼𝑛 = 0׬
∞ 𝑑𝑥

𝜋

𝑥−1𝜕𝑥
𝑛

2𝑛−1 ‼
𝑥𝜕𝑥 log 1 − 𝜒 𝑥

• 𝐴𝑛 grow factorially at large 𝑛!

𝛥𝑓 𝑔 = σ𝑛≥1 𝑔𝑒
−8𝜋𝑔𝑥1 𝑛 𝐴1

𝑛
+ σ𝑘≥1

𝐴𝑘+1
𝑛

2𝑘(𝑘+1)
𝑔−𝑘
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Perturbative coefficient Value

𝐴0 2𝐼0

𝐴1
2 2ℓ𝛽 + 𝛽2

𝐴2 −(4ℓ𝛽
2 − 1)/4 𝐼1

𝐴3 −3(4ℓ𝛽
2 − 1)/16 𝐼1

2

...

[Belitsky,Korchemsky’20]

→ Non-perturbative terms (𝜟𝒇(𝒈))!

ℓ𝛽 = ℓ + 𝛽



Non-perturbative corrections

Aim: non-perturbative coefficients

Truncated Bessel operator:

• Define: 𝐾𝑛𝑚(𝑔) = 0׬
∞
𝑑𝑥𝜓𝑛 𝑥 𝜒

𝑥

2𝑔
𝜓𝑚 𝑥 ≡ 𝜓𝑛 𝑲𝝌 𝜓𝑚

• Integral operator: 𝑲𝝌𝑓 𝑥 = 0׬
∞
𝐾 𝑥, 𝑧 𝜒

𝑦

2𝑔
𝑓(𝑥)

• Where: 𝐾 𝑥, 𝑦 = σ𝑛≥1𝜓𝑛 𝑥 𝜓𝑛(𝑦)

• Then the observable: ℱ 𝑔 = log det(1 − 𝑲𝝌)
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Truncated Bessel kernel

Fredholm determinant



Non-perturbative corrections

Auxiliary function:

• Define: 𝑞 𝑥, 𝑔 = 𝑥
1

1−𝑲𝝌
𝜙0

• Such that: 〈𝑥 𝜙0 = 𝐽ℓ 𝑥

• 𝒒(𝒙, 𝒈) is an entire function!

1. Integral equation:

• 𝑞(𝑥) satisfies: 0׬
∞
𝑑𝑥 1 − 𝜒 𝑥 𝐽2𝑛+ℓ−1 2𝑔𝑥 𝑞 𝑥, 𝑔 = 0

• Solution: 𝑞 𝑥, 𝑔 =
𝑒2𝑖𝑔𝑥

Φ −𝑥
ℎ 𝑥, 𝑔 + −1 ℓ 𝑒

−2𝑖𝑔𝑥

Φ 𝑥
ℎ −𝑥, 𝑔

• With: ℎ 𝑥, 𝑔 = σ𝑛≥0 𝑒
−8𝜋𝑔𝑥1𝑛 σ𝑘≥0 ℎ𝑘

𝑛
𝑥 𝑔−𝑘−

1

2

• Gives an ansatz for 𝒒(𝒙)
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Non-perturbative corrections

2. Differential equation:

• Connects the observable ℱ(𝑔) with the function 𝑞(𝑥)

𝑔𝜕𝑔
2
+ 4𝑔2𝑥2 − ℓ2 + 2𝑔2𝜕𝑔

2ℱ 𝑔 𝑞 𝑥, 𝑔 = 0

• The functions 𝒉𝒌
(𝒏)

can be expressed in terms of the coefficients 𝑨𝒌
(𝒏)

!

3. Integral relation:

• Observable ℱ(𝑔) and 𝑞(𝑥) are also related by:

• The functions 𝑨𝒌
(𝒏)

can be expressed in terms of the coefficients 𝒉𝒌
(𝒏)

!
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𝜕𝑔ℱ 𝑔 = −
1

2
න
0

∞

𝑑𝑥𝜕𝑥𝜒 𝑥 𝑞2 𝑥 𝜕𝑥𝜕𝑔𝑞(𝑥)



Non-perturbative corrections

• Solution for : 𝑞 𝑥, 𝑔 =
𝑒2𝑖𝑔𝑥

Φ −𝑥
ℎ 𝑥, 𝑔 + −1 ℓ 𝑒

−2𝑖𝑔𝑥

Φ 𝑥
ℎ −𝑥, 𝑔

• With: ℎ 𝑥, 𝑔 = σ𝑛≥0 𝑒
−8𝜋𝑔𝑥1𝑛 σ𝑘≥0 ℎ𝑘

𝑛
𝑥 𝑔−𝑘−

1

2

4. Quantization condition:

• 𝑞(𝑥, 𝑔) is an entire function

• Therefore: lim
𝑥→−2𝜋𝑖𝑥𝑛

1 − 𝜒 𝑥 𝑞 𝑥, 𝑔 = 0

• Connects the functions 𝒉𝒌
(𝒏)

with different 𝒏’s!

• 𝐴𝑘
(𝑛)

can be expressed in terms of 𝐴𝑘 ≡ 𝐴𝑘
(0)

!

• Whole expansion of ℱ(𝑔) can be determined!
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Quantization condition

⋯

𝐴𝑘
(𝑛)

⋯

𝐴𝑘
(0)

⋯

ℎ𝑘
(𝑛)

⋯

ℎ𝑘
(0)

Int. rel.

Diff. eq.
Quant. 

cond.

ℱ(𝑔) 𝑞(𝑥, 𝑔)



Method
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Integral equations:

න
0

∞

𝑑𝑥 1 − 𝜒 𝑥 𝐽2𝑛+ℓ−1 2𝑔𝑥 𝑞 𝑥, 𝑔 = 0

• Give an ansatz for 𝒒(𝒙) in the form of a 
transseries.

13

𝒒(𝒙) and the observable:

𝜕𝑔ℱ 𝑔 = −
1

2
න
0

∞

𝑑𝑥𝜕𝑥𝜒 𝑥 𝑞2 𝑥 𝜕𝑥𝜕𝑔𝑞(𝑥)

• Connects the observable to the function 
𝑞 𝑥 .

Differential equation:

𝑔𝜕𝑔
2
+ 4𝑔2𝑥2 − ℓ2 + 2𝑔2𝜕𝑔

2ℱ 𝑔 𝑞 𝑥, 𝑔 = 0

• Coefficents 𝑨𝒌
(𝒏)

enter the function 
𝒒(𝒙).

Quantization condition:

lim
𝑥→−2𝜋𝑖𝑥𝑛

1 − 𝜒 𝑥 𝑞 𝑥, 𝑔 = 0

• Connects different levels of 
exponential corrections via the 
analytic structure of 𝜒(𝑥).

Whole transseries of 𝓕(𝒈) can be determined in an efficient way!



Results

Cusp anomalous dimension:

• ℱ 𝑔 =
3

8
log cosh 2𝜋𝑔 −

1

8
log

sinh 2𝜋𝑔

2𝜋𝑔

• Agrees with the known result

Octagon form factor:

• Δ𝑓 𝑔 =
𝑖𝜋𝑔′

4
𝑒−8𝜋𝑔 1 −

7

4 4𝜋𝑔′
−

63

32 4𝜋𝑔′ 2 +⋯ +

+
𝜋𝑔′

2

32
𝑒−16𝜋𝑔 1 +

81𝑖−14

4(4𝜋𝑔′)
+

−1431𝑖−24

32 4𝜋𝑔′ 2 +⋯

• Where 𝑔′ = 𝑔 + log2 /𝜋

𝓝 =2 SYM:

• Δ𝑓 𝑔 = 2𝑖𝜋𝑔′′𝑒−4𝜋𝑔 1 +
16 log 2+1

2 4𝜋𝑔′′
+

96 log 2−15

8 4𝜋𝑔′′ 2 +⋯ +

+2 𝜋𝑔′′ 2𝑒−8𝜋𝑔 1 +
16 log 2+1

(4𝜋𝑔′′)
+

64 log2 2+32 log 2−3

4𝜋𝑔′′ 2 +⋯

• Where 𝑔′′ = 𝑔 − log 2 /𝜋
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[Beccaria,Korchemsky,Tseytlin’23]



Summary

Results:

• Observables in planar 𝒩 = 4 and 𝒩 =2 SYM

• Strong coupling expansion

• Systematic method to determine non-perturbative contributions

• Numerical verification

• Resurgence properties checked

Outlook:

• Further observables in supersymmetric gauge theories

• Other limits of the octagon

• Application to other models
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[Bajnok,Boldis,Korchemsky’24]
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