
Michal P. Heller

Non-equilibrium phase of QCD
Lecture 1: what is a relativistic fluid?

thermalization review: 2005.12299 with Berges, Mazeliauskas & Venugopalan
relativistic hydro review:. 1707.02282 with Florkowski & Spaliński
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some original results / perspectives from:

1103.3452 with Janik & Witaszczyk



Take homes



Lecture 1 take homes

Background: relativistic hydro

reduction in number of dofs to conserved
currents dynamics

reasonably behaved simple equations of 
motion enforcing such a reduction with time

Take home Ia: applicability of hydro = hydro constitutive relations approx. hold

Take home Ic: first indication hydro dofs cannot exist alone

Take home Ib: towards evolution equations for relativistic hydro
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Introduction



Why we talk about relativistic hydro here?

co
llis

io
n 

ax
is

ultrarelativistic
heavy-ion collisions 
at RHIC and LHC

2005.12299 
with Berges, Mazeliauskas & Venugopalan

time

successful phenomenological description
is based on relativistic hydro describing 

the post collision system from

time = 0.5-1 fm/c (> 90% of the lifetime)
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Why relativistic hydro at the xQCD school?

co
llis

io
n 

ax
is

ultrarelativistic
heavy-ion collisions 
at RHIC and LHC

2005.12299 
with Berges, Mazeliauskas & Venugopalan

time

had we had a complete ab initio theoretical
description of this intrinsically nonequilibrium

process, as lattice QCD is to  thermodynamics,
we would have likely not put so much effort

into understanding theory of relativistic hydro

μB ≈ 0

but we do not

3/23



Nonequilibrium frameworks on the market

Strong classical (color) fields: weak coupling, large occupancies

Relativistic kinetic theory of QCD: weak coupling, not too large occupancies

Holography (AdS/CFT): strong coupling, large number of degrees of freedom

Partial differential equations (MIS, HJSW, BDNK)

Ab initio in QCD:

Ab initio in cousins of QCD:

Theoretical and phenomenological models:

Relativistic kinetic theory with hand-picked collision kernels
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Which frameworks for sure have a hydro regime?

Strong classical (color) fields: weak coupling, large occupancies

Relativistic kinetic theory of QCD: weak coupling, not too large occupancies

Holography (AdS/CFT): strong coupling, large number of degrees of freedom

Partial differential equations (ideal fluids, MIS, HJSW, BDNK)

Ab initio in QCD:

Ab initio in cousins of QCD:

Theoretical and phenomenological models:

Relativistic kinetic theory with hand-picked collision kernels
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Key questions behind these lectures

What is the relativistic hydro regime?

How is it and how can it be modelled in nuclear collisions?

How does it emerge from nonequilibrium frameworks?
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First take on relativistic hydro

(a la Landau and Lifschitz on steroids)



Basics of thermalization dynamics

initial nonequilibrium
state  at ̂ρini t = 0

time tunitary evolution Û = e−i Ĥ t

̂ρ(t) = Û† ̂ρiniÛ

An observable  thermalizes if from some time onwards for physically relevant
times  with thermal  : 

Ô
tr[ ̂ρ(t) Ô] ≈ tr[ ̂ρβ Ô] ̂ρβ ∼ e−β Ĥ tr[ ̂ρβ Ĥ] = tr[ ̂ρini Ĥ]

Not obvious thermalization will occur, but we expect from explicit ab initio 
studies that in generic interacting systems sufficiently simple observables do

Not all observables can thermalize, as unitary time evolution cannot turn a 
 into  ̂ρini ≠ ̂ρβ ̂ρβ

2005.12299  with Berges, Mazeliauskas & Venugopalan
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Where is hydro?
Let us focus from now on on local observables defined at a spacetime point

Imagine such an observable represents a conserved charge ̂J0

 t = 0

 x

tr[ ̂ρini
̂J0]

Thermalization:
 t = 0

 x

tr[ ̂ρβ
̂J0]

Conserved charge cannot just disappear: its excess needs to be transported 
throughout a system and this can happens at most with the speed of light

Relativistic hydro  intermediate to late time dynamics of conserved charges≈
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Equilibrium Tμν

The conserved charges in any QFT: energy and momentum described by ̂Tμν

In equilibrium its expectation value is given by

Tμν = diag(ϵ, P(ϵ), P(ϵ), P(ϵ))μν

energy density characterizing a
1-parameter family of equilibria ( )ϵ ↔ β

pressure whose dependence on 
follows from statistical mechanics

ϵ

Q2U: is it the most general form of  in equilibrium?Tμν
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Thinking time 1:
Q2U: is it the most general form of  in equilibrium?Tμν



Equilibrium  reduxTμν

No, equilibria can be still boosted and the boost symmetry is broken by :ϵ > 0

Setting  we recover the previous result uμ∂μ = ∂t Tμν = diag(ϵ, P(ϵ), P(ϵ), P(ϵ))μν

Tμν = ϵ uμuν + P(ϵ) (gμν + uμuν)

Q2U: is it the most general form of  in equilibrium?Tμν

constant boost 4-velocity uμuμ = − 1

Minkowski metric gμν = diag( − 1,1,1,1)μν

Punchline: equilibria are characterized by (at least) 4 parameters:  (1) and  (3)ϵ uμ

The parameters are in 1-1 correspondence with conserved qties
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Towards relativistic hydro: the ideal limit
Key idea (1):  and  constant                     and  become functions of ϵ uμ ϵ uμ xα

Features:

Key idea (2):  is conserved and  are 4 equations for 4 variableŝTμν ∇μTμν = 0

Enormous reduction of complexity
with respect to ρ(t)

Time reversal invariance of EOMs results in no dissipation: ∇μ[β(ϵ) (ϵ + P(ϵ))uμ] = 0

General  has 10* indep. entries
and  has 4

Tμν

Tμν = ϵ uμuν + P(ϵ) (gμν + uμuν)

Knowing ,  on  specifies
 at arbitrarily later time

ϵ( ⃗x) ui( ⃗x) t = 0
Tμν

This is why  is called perfect or ideal fluid∇μ[ϵ uμuν + P(ϵ) (gμν + uμuν)] = 0
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Relativistic hydrodynamics as an EFT

Outside global equilibrium  cannot be exactTμν = ϵ uμuν + P(ϵ) (gμν + uμuν)

There are corrections: Tμν = ϵ uμuν + P(ϵ) (gμν + uμuν) + Πμν

Key idea of relativistic hydrodynamics as a classical effective field theory: 

 is defined as a systematic expansion in derivatives of  and Πμν ϵ uμ

0712.2451 by Baier, Romatschke, Son, Starinets and Stephanov
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 up to first orderΠμν

Tμν = ϵ uμuν + P(ϵ) (gμν + uμuν) + Πμν

4 variables10* indep. components should have 6* variables

A choice: Landau frame condition uμΠμν = 0

A consequence: a definition of  and  given  as an eigenproblem ϵ uμ Tμν Tμ
νuν = − ϵuμ

EFT perspective: (all terms with 1 derivative) + (all terms with 2 derivative) + …Πμν =

Such an expansion is called a hydrodynamic constitutive relation due to dofs 
reduction: 10* component object written in terms of 4 functions and their derivs

One typically truncates the expansion at 1 or 2 order
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Explicit construction of  up to 1 derivativeΠμν

Tμν = ϵ uμuν + P(ϵ) (gμν + uμuν) + Πμν

≡ Δμν

Πμν = − η(ϵ)∇⟨μuν⟩ − ζ(ϵ)Δμν ∇αuα

where

∇⟨μuν⟩ ≡
1
2

ΔμαΔνγ(∇αuγ + ∇γuα) − trace

Comments:
At each order one needs to construct all 2-tensors with a given number of derivs

Conservation equations give rise to redundancies (tensors equivalent on-shell)

Scalar coeffs are fixed by the microscopics and are called transport coeffs

Here  is the shear viscosity and  is the bulk viscosity (we choose )η(ϵ) ζ(ϵ) ζ(ϵ) = 0

A priori there is no reason to stop at first order in derivatives
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One notion of dissipation

Upon including first order corrections:

Generically there will be entropy production and never entropy decrease as
long as  and η(ϵ) > 0 ζ(ϵ) ≥ 0

∇μ[β(ϵ) (ϵ + P(ϵ))uμ] ≈
1
2

η(ϵ) β(ϵ)∇⟨μuν⟩ ∇⟨μuν⟩ + ζ(ϵ)β(ϵ)(∂μuμ)2 ≥ 0
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Lecture 1 take homes

Background: relativistic hydro

reduction in number of dofs to conserved
currents dynamics

reasonably behaved simple equations of 
motion enforcing such a reduction with time

Take home Ia: applicability of hydro = hydro constitutive relations approx. hold

Take home Ic: first indication hydro dofs cannot exist alone

Take home Ib: towards evolution equations for relativistic hydro
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Thinking time II:
Q2U: what happens to hydro when there is no spatial dependence?



Relativistic hydro at work 
in terms of hydro constitutive relations



Thinking time III:
Q2U: what is the simplest model of nuclear dynamics with a hydro tail?



Bjorken flow: basics

⌧ = 0

⌧ > 0

time <latexit sha1_base64="UaRX3qXG6RB6HNO+BhOusySDKuo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4TMA9IljA7mU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcTfagiQUNRVU33V1BIoVB1/1yChubW9s7xd3S3v7B4VH5+KRt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jcZX7nkWsjYvWA04T7ER0pEQpG0UpNHJQrbtVdgKwTLycVyNEYlL/7w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni0Dm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/9TJFm9Cs7Mew5s+ESlLkii3Xh6kkGJMsCzIUmjOUU0so08J+QNiYasrQJlay0XirQayT9lXVu6m6zetKvZaHVIQzOIdL8OAW6nAPDWgBAw7P8AKvzpPz5rw7H8vWgpPPnMIfOJ8/mUKWVg==</latexit>

t

collision axis <latexit sha1_base64="ZMsEWU6yZMK0AjJXANn6CCa07TE=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2FZoQ9lsJ+3SzSbsbsRSCt696l/wJl79K/4Df4abNgdtfTDweG+GmXlBIrg2rvvlFNbWNza3itulnd29/YPy4VFbx6li2GKxiNV9QDUKLrFluBF4nyikUSCwE4xvMr/zgErzWN6ZSYJ+RIeSh5xRY6XmY79ccavuHGSVeDmpQI5Gv/zdG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5oTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4r5cpSod6ab8Ja/6UyyQ1KNlifZgKYmKSZUEGXCEzYmIJZYrbDwgbUUWZsYmVbDTechCrpH1R9a6qbvOyUq/lIRXhBE7hHDy4hjrcQgNawADhGV7g1Xly3px352PRWnDymWP4A+fzB5+qllo=</latexit>x

Bjorken’s simplification: physics is the same in all longitudinally boosted 
reference frame; this is Lorentzian analogue of rotational invariance. 

+ two transverse coordinates

analogue of the radius: 
<latexit sha1_base64="hCwkwZt+QXNGO6hPrusIKvPFLqA=">AAACFnicbVC7SgNBFJ31GeNr1cLCZjAINobdIJpGCNhYRjAPyG7C7GQ2GTL7cOauGJb9D3tb/QU7sbX1D/wMZ5MUmnjgwuGceznc48WCK7CsL2NpeWV1bb2wUdzc2t7ZNff2mypKJGUNGolItj2imOAhawAHwdqxZCTwBGt5o+vcbz0wqXgU3sE4Zm5ABiH3OSWgpZ556ABJ8BV21L2EFLoVfIYfu5WsZ5assjUBXiT2jJTQDPWe+e30I5oELAQqiFId24rBTYkETgXLik6iWEzoiAxYR9OQBEy56eSBDJ9opY/9SOoJAU/U3xcpCZQaB57eDAgM1byXi/96uSKVr+bywa+6KQ/jBFhIp/F+IjBEOO8I97lkFMRYE0Il1x9gOiSSUNBNFnU19nwRi6RZKdsXZev2vFSrzkoqoCN0jE6RjS5RDd2gOmogijL0jF7Qq/FkvBnvxsd0dcmY3RygPzA+fwBCUZ6p</latexit>

⌧ =
p

t2 � x2 analogue of the angle: 
<latexit sha1_base64="AxYnVxpErbWHMv/asewlaMvagNk=">AAACGHicbVDLSgMxFM3UV62vUVfiJliEuqkzItqNUHDjsoJ9QDuUTJppQ5PMkGTEMhT/w71b/QV34tadf+BnmJnOQlsPBA7n3Efu8SNGlXacL6uwtLyyulZcL21sbm3v2Lt7LRXGEpMmDlkoOz5ShFFBmppqRjqRJIj7jLT98XXqt++JVDQUd3oSEY+joaABxUgbqW8fTOAV7HGkR5InSGIcqtG0ok8fTvp22ak6GeAicXNSBjkaffu7NwhxzInQmCGluq4Tac8M1RQzMi31YkUihMdoSLqGCsSJ8pLshCk8NsoABqE0T2iYqb87EsSVmnDfVKafVfNeKv7rZaepQM3t10HNS6iIYk0Enq0PYgZ1CNOU4IBKgjWbGIKwpOYCiEdIIqxNliUTjTsfxCJpnVXdi6pze16u1/KQiuAQHIEKcMElqIMb0ABNgMEjeAYv4NV6st6sd+tjVlqw8p598AfW5w/iiqAl</latexit>

y = arccosh(t/x)

<latexit sha1_base64="QdIoN9adq8k3g5gAJjqNV7AY/aQ=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqkxEtBuh4MZlRfuANpTJdNIOnUzCzEQIoRv3bvUX3Ilb/8Q/8DOctFlo9cCFwzn3cu89fiy4Nhh/OqWV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vc797gNTmkfy3qQx80IyljzglBgr3aVXeFit4TqeA/0lbkFqUKA1rH4NRhFNQiYNFUTrvotj42VEGU4Fm1UGiWYxoVMyZn1LJQmZ9rL5qTN0YpURCiJlSxo0V39OZCTUOg192xkSM9HLXi7+6+WK0oFe2m+ChpdxGSeGSbpYHyQCmQjlaaARV4wakVpCqOL2A0QnRBFqbGYVG427HMRf0jmruxd1fHteazaKkMpwBMdwCi5cQhNuoAVtoDCGJ3iGF+fReXXenPdFa8kpZg7hF5yPb5sKltw=</latexit>

y = 0

<latexit sha1_base64="xGzZ+PWcZMbwix4upFaIFjMdhf4=">AAACFHicbVDLSsNAFJ3UV62vqLhyM1gEN5ZERLssuHFZwT6gKWUynbRDJ5Mwc6OE0N9w71Z/wZ24de8f+BlO2iy09cCFwzn3cu89fiy4Bsf5skorq2vrG+XNytb2zu6evX/Q1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbnK/88CU5pG8hzRm/ZCMJA84JWCkgX2UYk/x0RiIUtEjPve4DCAd2FWn5syAl4lbkCoq0BzY394woknIJFBBtO65Tgz9jCjgVLBpxUs0iwmdkBHrGSpJyHQ/m50/xadGGeIgUqYk4Jn6eyIjodZp6JvOkMBYL3q5+K+XK0oHemE/BPV+xmWcAJN0vj5IBIYI5wnhIVeMgkgNIVRx8wGmY6IIBZNjxUTjLgaxTNoXNfeq5txdVhv1IqQyOkYn6Ay56Bo10C1qohaiKEPP6AW9Wk/Wm/VufcxbS1Yxc4j+wPr8AXs5nuw=</latexit>y !
�1

<latexit sha1_base64="dcLJpb5mjFxjCvvTR5XrO7XEtv0=">AAACE3icbVDLSsNAFJ3UV62v+Ni5GSyCq5KIaJcFNy4r2Ac0oUymk3boZBJmbpRY+hnu3eovuBO3foB/4Gc4abPQ1gMXDufcy733BIngGhznyyqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE4wvs79zj1TmsfyDrKE+REZSh5ySsBIffsow57iwxEQpeIH7HEZQta3q07NmQEvE7cgVVSg2be/vUFM04hJoIJo3XOdBPwJUcCpYNOKl2qWEDomQ9YzVJKIaX8yu36KT40ywGGsTEnAM/X3xIREWmdRYDojAiO96OXiv16uKB3qhf0Q1v0Jl0kKTNL5+jAVGGKcB4QHXDEKIjOEUMXNB5iOiCIUTIwVE427GMQyaZ/X3Muac3tRbdSLkMroGJ2gM+SiK9RAN6iJWoiiR/SMXtCr9WS9We/Wx7y1ZBUzh+gPrM8fB3yetQ==</latexit> y
!
1

Bjorken 1982
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Bjorken flow and relativistic hydrodynamics

Bjorken flow is a comoving flow in Minkowski:

<latexit sha1_base64="WT/2KV5Fq5I4qGBRfw54iLpODUw="></latexit>

uµ@µ = @⌧ and ds2 = �d⌧2 + ⌧2dy2 + dx2
?

For conformal (no scale) fluids:              ,              and 

<latexit sha1_base64="ZiGQ3smPx60QZnqg/ZL6kG0wtgw=">AAACJ3icbVDLSgNBEJyNrxhfUY9eBoOQU9gVUU8S8OIxgnlANobeyWwyZGZ2mZkVwrK/4H9496q/4E306M3PcDbJQRMLmi6qumm6gpgzbVz30ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQA05UzSpmGG006sKIiA03Ywvs799gNVmkXyzkxi2hMwlCxkBIyV+uWqLyHgcJ/6IslwYru03ddMYD9UQFIvS30DSdYvV9yaOwVeJt6cVNAcjX752x9EJBFUGsJB667nxqaXgjKMcJqV/ETTGMgYhrRrqQRBdS+dfpThE6sMcBgpW9Lgqfp7IwWh9UQEdlKAGelFLxf/9XJF6VAv3DfhZS9lMk4MlWR2Pkw4NhHOQ8MDpigxfGIJEMXsB5iMwMZjbLQlG423GMQyaZ3WvPOae3tWqV/NQyqiI3SMqshDF6iOblADNRFBj+gZvaBX58l5c96dj9lowZnvHKI/cL5+AGwHp1s=</latexit>

rµu⌫ ⇠ 1

⌧
etc

<latexit sha1_base64="OUQM7+uDdZiw0lwOv8MldaWPF5Q="></latexit>

A ⌘
⇡?

? � ⇡y
y

E/3
= 8

⌘

s

1

⌧ T (⌧)
+O(r2)

<latexit sha1_base64="+Bi1gAVtpDbe3G2v8Wu784yBD9I=">AAACCnicbVDLSgNBEOz1GeMr6tHLYBC8GHZF1JMEvHiMYB6QrGF20psMmX1kZjYSlvyBd6/6C97Eqz/hH/gZziY5aGJBQ1HVTXeXFwuutG1/WUvLK6tr67mN/ObW9s5uYW+/pqJEMqyySESy4VGFgodY1VwLbMQSaeAJrHv9m8yvD1EqHoX3ehSjG9BuyH3OqDaS28JBwofk8SE9dcbtQtEu2ROQReLMSBFmqLQL361OxJIAQ80EVarp2LF2Uyo1ZwLH+VaiMKasT7vYNDSkASo3nRw9JsdG6RA/kqZCTSbq74mUBkqNAs90BlT31LyXif96mSKVr+b2a//KTXkYJxpDNl3vJ4LoiGS5kA6XyLQYGUKZ5OYDwnpUUqZNenkTjTMfxCKpnZWci5J9d14sX89CysEhHMEJOHAJZbiFClSBwQCe4QVerSfrzXq3PqatS9Zs5gD+wPr8AXL8mzE=</latexit>

⌘ w
�1

<latexit sha1_base64="UaRX3qXG6RB6HNO+BhOusySDKuo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4TMA9IljA7mU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcTfagiQUNRVU33V1BIoVB1/1yChubW9s7xd3S3v7B4VH5+KRt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jcZX7nkWsjYvWA04T7ER0pEQpG0UpNHJQrbtVdgKwTLycVyNEYlL/7w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni0Dm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/9TJFm9Cs7Mew5s+ESlLkii3Xh6kkGJMsCzIUmjOUU0so08J+QNiYasrQJlay0XirQayT9lXVu6m6zetKvZaHVIQzOIdL8OAW6nAPDWgBAw7P8AKvzpPz5rw7H8vWgpPPnMIfOJ8/mUKWVg==</latexit>

t

⌧ = 0

⌧ > 0

time

collision axis <latexit sha1_base64="ZMsEWU6yZMK0AjJXANn6CCa07TE=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2FZoQ9lsJ+3SzSbsbsRSCt696l/wJl79K/4Df4abNgdtfTDweG+GmXlBIrg2rvvlFNbWNza3itulnd29/YPy4VFbx6li2GKxiNV9QDUKLrFluBF4nyikUSCwE4xvMr/zgErzWN6ZSYJ+RIeSh5xRY6XmY79ccavuHGSVeDmpQI5Gv/zdG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5oTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4r5cpSod6ab8Ja/6UyyQ1KNlifZgKYmKSZUEGXCEzYmIJZYrbDwgbUUWZsYmVbDTechCrpH1R9a6qbvOyUq/lIRXhBE7hHDy4hjrcQgNawADhGV7g1Xly3px352PRWnDymWP4A+fzB5+qllo=</latexit>x

It is an intrinsically nonlinear phenomenon 

e.g. 1707.02282 with Spaliński & Florkowski

ϵ ∼ β−4

ϵ ∼ β−4P =
1
3

ϵ η ∼ β−3

16/23



A holographic nuclear collision

co
llis

io
n 

ax
is

“time”    <latexit sha1_base64="v73xhb3OvrjbxO69Vsz9mBfy+k8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePGYgHlAsoTZSW8yZHZ2mZlVQgh496q/4E28+iv+gZ/hbLIHjRY0FFXddHcFieDauO6nU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvMr99j0rzWN6ZSYJ+RIeSh5xRY6XGQ79ccavuHOQv8XJSgRz1fvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELuWShqh9qfzQ2fkxCoDEsbKljRkrv6cmNJI60kU2M6ImpFe9jLxXy9TlA710n4TXvlTLpPUoGSL9WEqiIlJlgUZcIXMiIkllCluPyBsRBVlxiZWstF4y0H8Ja2zqndRdRvnldp1HlIRjuAYTsGDS6jBLdShCQwQnuAZXpxH59V5c94XrQUnnzmEX3A+vgGf3pZf</latexit>w

pr
es

su
re

 d
iffe

re
nc

e
<latexit sha1_base64="rNM9ac93eBZAyoFwTlAMB5LJkTc=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHixWME84BkCbOT3mTM7OwyMyuEkKN3r/oL3sSrH+If+BnOJnvQxIKGoqqb7q4gEVwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObzG89otI8lvdmnKAf0YHkIWfUWKnZZVSQ616p7FbcGcgy8XJShhz1Xum7249ZGqE0TFCtO56bGH9CleFM4LTYTTUmlI3oADuWShqh9ieza6fk1Cp9EsbKljRkpv6emNBI63EU2M6ImqFe9DLxXy9TlA71wn4TVv0Jl0lqULL5+jAVxMQkC4T0uUJmxNgSyhS3HxA2pIoyY2Mr2mi8xSCWSfO84l1W3LuLcq2ah1SAYziBM/DgCmpwC3VoAIMHeIYXeHWenDfn3fmYt644+cwR/IHz+QOzopgB</latexit> A
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Lecture 1 take homes

Background: relativistic hydro

reduction in number of dofs to conserved
currents dynamics

reasonably behaved simple equations of 
motion enforcing such a reduction with time

Take home Ia: applicability of hydro = hydro constitutive relations approx. hold

Take home Ic: first indication hydro dofs cannot exist alone

Take home Ib: towards evolution equations for relativistic hydro
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Towards eoms for relativistic hydro



Proving Landau and Lifschitz wrong
∇μ(ϵ uμuν + P(ϵ) (gμν + uμuν) + Πμν) = 0Take with Πμν = − η(ϵ)∇⟨μuν⟩

Let’s consider a small perturbation of equilibrium

ϵ = ϵ0 = const
u0 = 1
u1 = 0
u2 = 0
u3(x0 ≡ t, x1 ≡ x) ≡ ψ ≪ 1

Linearized equations of motion give us the diffusion equation

∂tψ − D∂2
xψ = 0 with D =

η(ϵ0)
ϵ0 + P(ϵ0)
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Thinking time IV:
Q2U: is the diffusion equation good, bad or neutral in this context?



Diffusion equation is acausal

Take* ψ(t = 0,x) = δ(x)

The exact solution is ψ(t, x) =
1

4πDt
e− x2

4Dt

At any  the solution spreads past the future light cone t > 0 |x | ≤ t
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Thinking time V:
Q2U: can you find a simple fix to cure it?



The telegraphers’ equation

τR∂2
t ψ + ∂tψ − D∂2

xψ = 0

the original diffusion equation

a wave equation
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Thinking time VI:
Q2U: is it causal?



Causal telegraphers’ equation

τR∂2
t ψ + ∂tψ − D∂2

xψ = 0

the original diffusion equation

a wave equation

We still need to impose  so that wavefront propagate (sub)luminallyτR ≥
1
D
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Thinking time VII:
Q2U: what is the key consequence of restoring causality?



ωtransient

Causality introduces transients

Let’s look at modes  ( ):ψ ∼ e−iωt+ipx R ≡
1

4τRD

ωhydro = −
i

2τR
+

i
2τR

1 −
p2

R2
≈ − iDp2

ωtransient = −
i

2τR
−

i
2τR

1 −
p2

R2
≈ −

i
τR

1803.08058 by Withers

Re ωIm ω

|p | ≪ R :
Re ωIm ω

|p | = R :
Re ωIm ω

|p | > R :

1
τR

ωhydro

ωtransient

1
2τR

1
2τR

“ ”ωtransient “ ”ωhydro

ωhydro

23/23

2007.05524 with Serantes, Svensson, Spaliński & Witherspresented as in



Lecture 1 take homes

Background: relativistic hydro

reduction in number of dofs to conserved
currents dynamics

reasonably behaved simple equations of 
motion enforcing such a reduction with time

Take home Ia: applicability of hydro = hydro constitutive relations approx. hold

Take home Ic: first indication hydro dofs cannot exist alone

Take home Ib: towards evolution equations for relativistic hydro

1/23


