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Iterative Wave Action-angle Variable Estimator

• New type of PLL addresses dynamic characterisation of evolving pseudo-sinusoidal 
signals in noisy data streams [E. J. Daw, I.J. Hollows, E.L. Jones, R. Kennedy, T. Mistry, T.B. Edo, M. Fays, L. Sun,  Rev. Sci. Instrum. 93, 
044502 (2022)]

• Adaptive element is a filter rather than an oscillator or counter

• Not computationally intensive

• Both prefiltering and IWAVE are in ANSI C - run easily and fast on LIGO clusters

• IWAVE has advantages over other PLLs (SOGI-PLL, EPLL)
• Produces a benign output when unlocked
• Controlling a parameter of a gravitational wave interferometer in a closed loop feedback system

• Tracks amplitude and frequency in a single feedback loop

• Initialised with just initial frequency, 𝑓0, and response time, τ, parameters with clear physical 
meaning

• Used to study violin modes in LIGO silica suspensions [A.V. Cumming, B. Sorazu,  E.J. Daw, et al. , Classical and 
Quantum Gravity, 37(19), 195019 (2020)]

• can characterise, simultaneously, multiple oscillations having similar frequencies using a cross-
subtraction method
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IWAVE method
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• IWAVE core iteration algorithm

𝑦𝑛 = 𝑒−𝑤𝑒𝑖∆𝑦𝑛−1 + (1 − 𝑒−𝑤)𝑥𝑛

responds resonantly at frequency Δ. w = Τ𝑡𝑠 τ where 𝑡𝑠 is the sampling 
period and τ is the response time

• Infinite impulse response (IIR) filter generating the nth output using the 
current input 𝑥𝑛, the previous output 𝑦𝑛−1 and a multi-input, multi-
output (MIMO) filter

• More recent data weighted more heavily

• Z-transform weighs data samples exponentially and is the analogue of 
the discrete Fourier transform



Post binary neutron star mergers
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Gravitational waves from:
Hypermassive (> 3 M☉) neutron star 
remnant collapsing to black hole ≤ 1 s
[Dietrich et al. RG 53, 1 (2021)]

Supramassive (2-3 M☉) remnant 
collapsing in 10 s – 100000 s [Bezares et al., PR D 100, 

044049 (2019)]



Experiments to test IWAVE on short duration GW data

LIGO LHO/LLO 
interferometer

data
+

Waveforms from the CoRe 
collaboration scaled for 

modified source
and distance

IIR bandpass
prefilter

IWAVE 
phase locked loop

error signal

CoRe catalogue waveforms added to interferometer data at the merger time of GW170817 and GW190425
[A. Gonzalez et al., Class. Quantum Grav. 40 (2023) 085011]



CoRe database THC_0066 simulation at 40 Mpc injected 
into LIGO Hanford data and double filtered 2000-2400 Hz
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CoRe database THC_0066 simulation at 40 Mpc
Effect of changing 𝜏
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THC_0066 ASD, error signal, output frequency, amplitude
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Unless signal-to-noise ratio is very high, a phase locked loop loses and re-acquires lock on the 
signal it is tracking



IWAVE tracking of simulated long duration GW signals
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Simulated magnetar data at LIGO Hanford and 
Livingston observatories with added Gaussian 
noise for a range of distances 0.4 – 2.0 Mpc [Scripts 

developed by LVK Collaboration colleagues, K. Wette, and see L. Sun and A. 
Melatos, Phys. Rev. D 99, 123003 (2019)]

Highly deformed magnetar signal with 
parameters:

𝑓0 1000 Hz, later 950 Hz to avoid violin modes
Sample data length 5000 s
Signal spin-down timescale 100000 s
Braking index 5  𝑓 . − 0.025 𝐻𝑧−1

Ellipticity 0.01

Gaussian noise ASD 1e-23 𝐻𝑧−1/2

SNR 1:100

Optimised response time, 𝜏 s

Unfiltered signal at 0.4 Mpc 𝜏: 3.565205 s



Filtered simulated magnetar signals

10

• Chebyshev1 filter 986-1002 Hz passband
• Signal evolution at 1.0 Mpc and 2.0 Mpc corresponds to strain sensitivity of c. 1.03 × 10−23 and 

5.16 × 10−24 respectively [P. D. Lasky, N. Sarin, and L. Sammut, LIGO Document No. T1700408, 2017]

1.0 Mpc 𝜏: 4.373448 s 2.0 Mpc τ: 3.776350 s 

TRUTH

IWAVE TRUTH

IWAVE



How do we know when IWAVE is locked?
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Investigating whether, as the SNR approaches some critical 
value, the locked and unlocked states become indistinguishable 
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• Encouraging but …
• Current need for optimisation of response time, τ
• Define detection statistics and test threshold/ figure of merit
• Develop pipeline
• How to combine data from several detectors?

• Divide data into narrower frequency bands, significantly reducing the rms 
of the noise

• Use more or more sophisticated filters in banks

• Deploy many frequency/τ combinations

• Inject magnetar signals into interferometer data

• IWAVE  likely to be most effective in conjunction with template-based 
methods

Conclusions and challenges



IWAVE documents
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• The IWAVE method is described in detail in the paper: E. J. Daw, I.J. Hollows, 

E.L. Jones, R. Kennedy, T. Mistry, T.B. Edo, M. Fays, L. Sun,  Rev. Sci. Instrum. 93, 044502 
(2022)

• Full treatment of the mathematics: I. J. Hollows, The mathematics of the IWAVE 

algorithm, https://git.ligo. org/edward.daw/iwave/-
/blob/master/documents/paper_rsi/iwavepaper_mathematics.pdf; accessed 4 June 
2021.

• Software library implementing IWAVE in C with MATLAB and Python 
wrappers : E. J. Daw, IWAVE git repository, https://git.ligo.org/edward.daw/iwave, 

2021

• The magnetar simulation-specific code in C: 
/home/ian.hollows/public_html/magnetarSim

• Work on the simulations available in an ALOG: https://iwavecw.ligo-

la.caltech.edu/logbook/index.php?startPage=1 (with thanks to Dwayne Giardina, Caltech)



Thank you for listening

Do you have any 
questions?
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IWAVE adaptive filtering scheme 6
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Figure 6. A schemat ic of the IWAVE PLL. The error signal after upper sideband filtering is δφn . The switch closes the feedback

loop to adjust ∆ and 2∆ for the two IWAVE instances. Use of the complex input IWAVE for at tenuat ion of the 2∆ component
in the error signal reduces the computat ional load compared with the use of a real input IWAVE on the En signal alone.

frequency (Hz)

10
-1

10
0

|H
(f

)|

10
-2

10
-1

10
0

frequency (Hz)

10
-1

10
0

a
rg

[H
(f

)]
 (

d
e

g
)

0

20

40

60

80

100

Figure 7. The t ransfer funct ion of IWAVE from frequency
modulat ion of the input carrier to the response in δφn with

the feedback loop open, for four different values of ⌧. The
output is insensit ive at DC because a step in frequency with-

out feedback moves the input carrier off the IWAVE resonant
frequency ∆ 0 . Sensit ivity increases towards high frequencies
because the homodyne detector relies on beats between the Q

phase IWAVE output and the carrier, which appear so long
as IWAVE has not had the adjustment t ime, ⌧, necessary for

it s outputs to respond to changes in the input signal. Be-
tween these two regimes there is a single pole at frequency

1/ (2⇡⌧) Hz, which, combined with the zero at DC, makes the
frequency modulated (FM) response a highpass filter having

the same 3dB point as the lowpass filter associated with the
AM response. In each case the carrier frequency is 60Hz and

the sampling rate is 16384Hz.
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Figure 8. An s-plane model of the IWAVE PLL.

I I I . L I M I T S OF A PP L I C A B I L I T Y OF I W AV E

The t ime constant , ⌧, determines the responsiveness
of IWAVE to changes in wave frequency and amplitude,
as well as the noise bandwidth of the filter. Decreasing
⌧results in a faster response and bet ter ability to stay
locked on waves whose frequencies are changing, but also
increases the bandwidth of IWAVE to input noise, result -
ing a noisier error signal. The opt imal ⌧is small enough
so that IWAVE stays locked when the frequency changes,
but not so small that excessive background noise is ad-
mit ted by the filter. Sect ion I I I A is on frequency track-
ing, and Sect ion I I I B discusses locking in the presence of
addit ive noise and the character of the error signal.

A . Fr equency Tr ack ing

The ability of IWAVE to t rack an evolving wave de-
pends on the value of the response t ime parameter, ⌧.
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Figure 5. An example of the response of IWAVE to amplitude
modulated signals. The carrier frequency was 60Hz and the

modulat ion depth was 10%. Modulat ion frequencies in the
range 33mHz fA M < 33Hz were used and results are shown

for five different values of ⌧. The 3dB point for turnover
between flat response and proport ionality to 1/ f A M is f 3dB

A M =

1/ (2⇡⌧) in each case.

yields both a Dn phase and a Qn phase copy of this wave
at its output . The product of the out -of-phase copy and
the input wave, A2 cos(n∆ ) sin(n∆ ) = A 2

/ 2 sin (2n∆ ),
is a pure harmonic signal at frequency 2∆ . Now, consider
an input signal where thewavedevelopsanomalousphase
and amplitudedisturbances, δand " , respect ively, so that
xn = A(1+ " ) cos(n∆ + δ). For elapsed t imes significant ly
less than ⌧following the onset of these disturbances, the
outputs Dn = A cosn∆ and Qn = A sin n∆ are unaf-
fected by them. The combinat ions En = (xn − Dn )Qn

and Fn = xn Dn + Q2
n − A2

n can be writ ten
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This equat ion shows that En and Fn each consists of
a stat ic of fset plus upper sidebands of frequency 2∆ , lin-
ear in the phase and amplitude offsets, respect ively. The
upper sidebands, however, appear as components of a
rotat ing phasor in the space spanned by the En and Fn

signals. We remove them using the complex carrier ver-
sion of IWAVE, subtract ing its outputs from its inputs.
We have determined experimentally that using twice the
w factor in the 2∆ IWAVE filter yields an acceptable
error signal for the detect ion of phase departures.

Figure6 is a schemat ic for the full IWAVE-based phase

and amplitude detector. We have only considered here
the case where the input data is real and we are t rack-
ing harmonic waves. The case where the input data is
two-component rotat ing phasors is simpler, as it can be
shown that thecombinat ion E 0

n = xR
n Qn − x I

n Dn contains
a pure DC signal in phase offset with no upper sideband
contaminat ion. Also shown is the feedback path from the
filtered error signal, δφn , back to ∆ through an integra-
tor, discussed below.

The response of IWAVE to modulat ion of the fre-
quency of the carrier is shown in Figure 7. Knowing the
analyt ic form of the frequency response, we can analyse
the closed loop IWAVE PLL to determine an appropriate
choice of feedback gain, G. A schemat ic for the feedback
controller is shown in Figure 8. Any difference between
the incoming wave frequency and the IWAVE filter cen-
tral frequency results in an accumulat ing phase shift in
the homodyne detector. This accumulat ion of phase is
represented by the factor of 2⇡ / s, where s = 2⇡ i f , with
f being the signal’s frequency. The response of IWAVE
to phase, confirmed by themeasurementsunderlying Fig-
ure7, actson theaccumulated phase to produce theerror
signal. As shown in Figure 8, the feedback path from the
error signal to a correct ion in the central frequency of
IWAVE consists of an adjustable gain, G, an addit ion
of the gain boosted error signal to the previous value of
the phase shift per sample and a scale factor to convert
from radians per sample to frequency in Hz. The closed
loop gain is calculated by the usual consistency argument
around the loop,
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from which we obtain the closed loop transfer funct ion,

H (s) =
f out

f in

=

G
⌧2

s

s2 + s
⌧+ G

⌧2
s

. (13)

This is the transfer funct ion of a driven damped harmonic
oscillator. We want a crit ically damped response since
the control signal will be used to measure the oscillator
frequency. For crit ical damping werequire two coincident
real poles, which is achieved if G = ⌧2

s / (4⌧2). The closed
loop transfer funct ion then takes the simpler form

H (s) =

✓ 1
2⌧

s + 1
2⌧

◆2

. (14)

The response to frequency or phase modulat ion is there-
fore flat below the knee frequency of 1/ (4⇡⌧) Hz, where
due to the 2 poles it has rolled off to − 6dB, and drops
as 1/ f 2 above that frequency. Larger values of G result
in sharper turnover or a resonant peak, corresponding to
the underdamped case.

Closed-loop transfer function to frequency

fluctuations for the critically damped adaptive

servo tracking the wave frequency.

close frequency

feedback loop here


