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FIG. 1. Diagrams contributing to the symmetric- and broken-phase effective potential up to N4LO. In the symmetric phase,
wiggly lines denote SU(N) vector bosons Aa

µ, directed dotted lines ghosts, and directed dashed lines the Higgs N-tuplet, Φ.
In the broken phase and for SU(2), wiggly lines denote the vectors bosons Z,W±, and dashed lines scalars h,G,G±. Blobs
correspond to mass and boxes to field renormalization insertions of eqs. (19)–(20). The diagrams were drawn with Axodraw [72].
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where Ls2(θ) =
1
2i ( Li2(e

iθ)− Li2(e−iθ)).
The resummed scalar masses for Higgs and Goldstone

bosons in the EFT are

m̃2
h(φ) = ∂2

φVLO
, m̃2

G(φ) = φ−1∂φVLO
, (17)

Πh(φ) = ∂2
φVNLO

, ΠG(φ) = φ−1∂φVNLO
, (18)

where we treat higher-order corrections perturbatively.
The N3LO and N4LO potential comes from a direct

computation of three-loop diagrams in fig. 1. The N4LO
potential can also be found by using the background-
field method [78–80], and we have verified that the two
methods agree. The direct three-loop computation is de-
tailed in the companion paper [1] and was conducted in
Rξ gauge [73] both using FeynCalc [81] and FIRE [82];
as well as using in-house FORM [83] software for Feyn-
man diagram computations after their generation with
qgraf [84] and for three-loop integration-by-parts (IBP)
identities such as in [85].
For simplicity, we illustrate the background-field

derivation. By integrating out the vector-boson field in
the scalar-field background, corrections to the mass, cou-
pling, and kinetic terms are generated. In turn, these
corrections produce the N4LO potential. For example,
inserting the NLO mass corrections and field renormal-
ization in the one-loop scalar diagram as in fig. 1, gives
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where a summation over s = {h,G} is implied and where
Cs = 1 for the Higgs and Cs = 3 for Goldstones. The

field renormalization corrections, Zs = 1 + Π̄s, are

Π̄h = −
11

16π

g3
φ

, Π̄G = −
1

π

g3
φ

. (21)

This leads to a momentum-dependent vertex −k2Π̄s as
seen in the N4LO contribution of eq. (20).
Using the β-functions of eqs. (8) and (9), one can con-

firm that the effective potential, Veff , is renormalization-
scale invariant to the compute order. The running at LO
cancels explicit logarithms at NLO and N3LO, and the
running of N2LO is compensated by explicit logarithms
at N4LO. Vacuum running also cancels mass-dependent
scale dependence at N3LO.
Contributions of O(g6 ln g) appear at the four-

loop level and have been computed in electrostatic
QCD [58, 62]. Such contributions can also be included
without an actual four-loop computation by utilizing
renormalization-scale invariance of the effective poten-
tial, i.e. ∂t3Veff = 0, and the fact that the 3D EFT is
super-renormalizable and its running known exactly. For
SU(2) with a doublet scalar, this O(g6) contribution (in-
cluding logarithms) is
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.

The coefficients A and B are determined through a gen-
uine four-loop computation and they are functions ofm2

3,
g3, λ3, and φ but, crucially, do not involve logarithms.
The N5LO broken-phase potential can also be expressed
diagrammatically and would compose of four-loop gauge-
scalar diagrams with vanishing scalar masses, two- and
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Phase transitions

The shape of the effective potential at finite 
temperature T determines the nature of the 
phase transition.
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First Order
Phase Transitions

… play a key role in electroweak 
baryogenesis

… could act as a source of detectable 
gravitational waves
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The Standard Model
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No first order phase transition in the Standard Model!
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The Standard Model potential

8

a gauge-invariant treatment. In what follows, we show that this conclusion does not apply

to the exponent terms in Eq. (1.1), provided that assumptions (i) and (ii) are satisfied.

This article focuses on a purely perturbative determination of the nucleation rate. However,

due to infrared enhancement of the bosonic sector at high temperature, a fully comprehensive

study of the phase transition thermodynamics requires non-perturbative simulations on the

lattice [70]. For equilibrium properties of the transition, such lattice analyses appear e.g.

in [10, 58, 65, 70–75]. For bubble nucleation, non-perturbative lattice studies are limited [65,

66,68] with applications in [73]. The framework of [1] and this work at hand, provide a sound

basis for comparing results of perturbative and of non-perturbative computations.

This article is composed as follows. Section 2 introduces the model and reviews the well-

known zero-temperature computation of [49, 50] that utilizes the derivative expansion in

the computation of the nucleation rate in perturbation theory. In addition, we discuss the

extension to high temperature along the lines of the accompanying article [1]. Section 3

reformulates the same problem in 3d EFT language, using a general framework [59]. This

formulation allows us to systematically organize thermal resummations and to better monitor

intermediate gauge dependence pertinent to different scales in the perturbative computation.

In Section 4, we summarize our computation and discuss its implications for other nucle-

ation rate computations in the literature. Appendix A proves the gauge invariance of the

dimensional reduction step by deriving high-temperature matching relations between the

fundamental four-dimensional theory and three-dimensional effective theory. Appendix B

explicates computational details in 3d EFT perturbation theory.

2. Nucleation, radiative barriers, and the derivative expansion

We work with a simple gauge field theory toy model as Refs. [49,50,69] to compute the bubble

nucleation rate between different vacua. The Abelian Higgs model3 can be defined by the

Lagrangian density

L4d =
1

4
FµνFµν + (DµΦ)

∗(DµΦ) + µ2Φ∗Φ+ λ(Φ∗Φ)2 , (2.1)

with Bµ a U(1) gauge field (with gauge coupling g) and Φ a complex scalar. The covariant

derivative for the complex Higgs reads DµΦ = ∂µΦ − igYφBµΦ, the field strength tensor

Fµν = ∂µBν − ∂νBµ, and the hypercharge for the complex scalar Yφ = 1. Since our goal is

to compute the Euclidean action, we already define the Lagrangian in the Euclidean, rather

than Minkowski space. We expand the complex field in terms of real fields

Φ =
1√
2
(φ+H + iχ) , (2.2)

3Also known as Scalar electrodynamics, Scalar QED or U(1)-Higgs theory.

5

up to dimension-six, of which there are three operators involving only the Higgs field
and derivatives. Only one of these enters the tree-level scalar potential; the other two
contribute to the Higgs mass and will be included in our calculations.

This means that we need to find in what possible ways a barrier between two
minima can be generated in a gauge theory with a „

6 term in the potential,

V („) = ≠
1
2m

2
„

2 + 1
8⁄„

4
≠

1
8C

Ï
„

6
. (1.1)

We follow the conventions of [13] for the SMEFT operators, and we consider C
Ï

< 0
to ensure the potential is bounded from below.1

There have been a number of previous studies of the electroweak phase transition
in the SMEFT or in more restricted models with dimension-six operators. The first
such study was in Ref. [14], with later work in, e.g., Refs. [15–25] mainly focusing on
tree-level barriers arising from the dimension-six operator, which allows a negative
Higgs quartic coupling ⁄. This, however, requires a low cuto� scale: it has been
questioned whether such a low cuto� is reasonable [24, 26], and it has been argued
dimension eight operators also become necessary [21].

The last few years have seen a rapid development in the methods used to study
first-order phase transitions, allowing us to consistently describe models in which a
barrier can arise in di�erent ways. The modern methods are based on EFT principles,
which gives an intuitive physical picture and a built-in region of applicability [27]—
each form of barrier considered here comes with its own perturbative description.
There is ongoing interest and active research in refining perturbation theory for
describing first-order phase transitions [23, 28–35], often in comparison with lattice
studies [36–41].

In section 2 we give an overview of the theoretical framework for dimensional
reduction and bubble nucleation, which serves as a basis for the derivation of the
catalog. In section 3 we construct the catalog, with some derivations relegated to
appendix C. In section 4 we show the results of scanning a global likelihood over
the Higgs sector SMEFT operators, revealing parts of the SMEFT parameter space
in which a first-order phase transition is possible. In section 5 we discuss various
connections to phenomenology and gravitational wave detection, and we conclude
with a discussion in section 6.

2 Theoretical framework
A field trapped in a metastable minimum, separated from the global true minimum
by a barrier, can escape to the true minimum either via quantum tunneling or via

1Because we are considering an EFT we could in principle consider potentials unbounded from
below and simply assume that there are higher dimension operators that make the potential stable.
But considering such a case would prevent us from studying the details of spontaneous symmetry
breaking, and would complicate the question of perturbativity as it would require even higher-
dimensional operators to become important.

4

ϕ

V[ϕ]



Could high-T contributions 
change the shape?

In principle yes!

… but it will not save the SM 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How to study phase transitions
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separating the soft zero-mode from the hard non-zero Matsubara modes. In fact, at high

temperature m/T ∼ g (note that this choice merely parametrises the high-T limit), the mass

of the zero-mode scales as ∼ gT while all non-zero modes exceed this, with masses of ∼ πT –

this signals a scale hierarchy.

Therefore, in the high-T limit, non-zero mode excitations of the thermal plasma effectively

screen the zero mode. The zero mode acquires an effective thermal mass m2
T = m2 +#g2T 2,

where the numerical coefficients, denoted generically by #, depend on the group structure

and representation of the fields in question. Physically this thermal mass arises as a screening

mass due to the heat bath. Since m2 can be negative, thermal corrections can trigger a phase

transition around where they cancel the zero-temperature contribution, i.e. when the effective

mass of the zero-mode becomes ultrasoft (we will expand upon this point later).

Similarly, the gauge field zero-mode is also screened by non-zero modes. Since it is massless

in the symmetric phase (or gauge eigenstate basis), its thermal mass is solely dictated by the

hard modes and reads mD = #gT . This thermally induced mass is called the gauge field

Debye mass, in analogy to Debye screening of the electric plasma. In Appendix B.1 we show

the calculation of these thermal masses in detail.

The infrared problem manifests itself when considering higher loop contributions, the

so-called daisy diagrams

N

∝ g2N
[
∫

p

T

(p2 +m2
T )

N

][

∑
∫ ′

Q

1

Q2

]N

∝ m3
TT
( gT

mT

)2N
, (2.16)

where we have omitted an overall combinatorial factor and replaced λ by g2 according to

its assumed scaling. In these diagrams the hard mode contributions (double dashed lines)

screen soft zero-modes (single dashed lines). When the inner loop of Eq. (2.16) is a zero-

mode, i.e. has a soft momenta P = (0,p) and all N outer loops or petals have hard momenta

Q with non-vanishing Matsubara frequencies, this contribution is of order O(g3) for any N .

Furthermore, it is IR-divergent for N ≥ 2 in the limit of vanishing mass. For scalar fields

and zero-components of gauge fields this IR-problem can be partially cured. The recipe is

called daisy resummation. One must first calculate the thermal corrections from the non-zero

modes to find the corrected mass of the zero-mode. Then, in computing the contributions

of the zero-mode, its mass is upgraded to the thermally corrected mass mT . The following

subsection describes this prescription in more detail.

Now, we turn to the effective potential, which at one-loop is of the following form, in

terms of the background field φ

Veff(φ, T, µ̄) = Vtree + V1-loop , (2.17)

where the one-loop piece is composed of the master sum-integral6

V1-loop $ J1-loop ≡
1

2

∑
∫

P

ln
(

P 2 +m2
)

, (2.18)

6For a brief review in a similar context, see Appendix C of Ref. [26].
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This is known as Dimensional Reduction

Start: (d+ 1)-dimensional SMEFT

Scale Validity Dimension Lagrangian Fields Parameters

Hard πT d+ 1 LSMEFT (2.7) Aµ, Bµ, Cµ,φ,ψi µ2
h,λ, c6, g, g

′, gs, gY


" Integrate out n != 0 modes and fermions

Soft gT d L3d (B.26) Ar, Br, Cr, µ2
h,3,λ3, c6,3, g3,mD,

A0, B0, C0,φ g′3,m
′
D, gs,3,m

′′
D



" Integrate out temporal adjoint scalars A0, B0, C0

Ultrasoft g2T/π d L̄3d (B.29) Ar, Br, Cr,φ µ̄2
h,3, λ̄3, c̄6,3, ḡ3, ḡ

′
3, ḡs,3

End: d-dimensional Pure Gauge

Table 2. Dimensional reduction of (d+1)-dimensional SMEFT into effective d-dimensional theories
based on the scale hierarchy at high temperature. The effective couplings are functions of the couplings
of their parent theories and temperature and are determined by a matching procedure. The first step
integrates out all hard non-zero modes. The second step integrates out the temporal adjoint scalars
A0, B0, C0 with soft Debye masses mD,m

′
D,m

′′
D. At the ultrasoft scale, only ultrasoft spatial gauge

fields Ar, Br, Cr (with corresponding field-strength tensors Grs, Frs, Hrs) remain along with a light
Higgs that undergoes the phase transition.

the soft scale of adjoint temporal scalars and the ultrasoft scale. The effective theory of the

ultrasoft scale is then non-perturbative, since g2nB ∼ O(1). Note that, massive bosonic scalar

fields may assume all three scales depending on their zero-temperature mass.

The separation of scales defines the high-temperature regime and generically holds for

phase transitions involving scalars in weakly coupled theories. With decreasing temperature

the zero Matsubara modes of the scalars signal the absolute instability of the high-temperature
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√
−m2

g
. (2.32)

This is generically in the high-temperature regime, at least regarding the scalar field under-

going the transition, because the temperature is larger than the vacuum mass parameter by

a factor of 1/g. Note also that T0 < Tp < Tc, as the thermal mass is necessarily positive at

both Tp and Tc, so implying that Tp and Tc are generically in the high-temperature regime.

This further suggests that bubble nucleation will almost always take place via a purely spatial,

O(3) and not O(4) symmetric, instanton [90, 124, 125]. In contrast to the scalar undergoing

the phase transition, for the temporal gauge bosons the lack of a (negative) vacuum mass

– 15 –

separating the soft zero-mode from the hard non-zero Matsubara modes. In fact, at high

temperature m/T ∼ g (note that this choice merely parametrises the high-T limit), the mass

of the zero-mode scales as ∼ gT while all non-zero modes exceed this, with masses of ∼ πT –

this signals a scale hierarchy.

Therefore, in the high-T limit, non-zero mode excitations of the thermal plasma effectively

screen the zero mode. The zero mode acquires an effective thermal mass m2
T = m2 +#g2T 2,

where the numerical coefficients, denoted generically by #, depend on the group structure

and representation of the fields in question. Physically this thermal mass arises as a screening

mass due to the heat bath. Since m2 can be negative, thermal corrections can trigger a phase

transition around where they cancel the zero-temperature contribution, i.e. when the effective

mass of the zero-mode becomes ultrasoft (we will expand upon this point later).

Similarly, the gauge field zero-mode is also screened by non-zero modes. Since it is massless

in the symmetric phase (or gauge eigenstate basis), its thermal mass is solely dictated by the

hard modes and reads mD = #gT . This thermally induced mass is called the gauge field

Debye mass, in analogy to Debye screening of the electric plasma. In Appendix B.1 we show

the calculation of these thermal masses in detail.

The infrared problem manifests itself when considering higher loop contributions, the

so-called daisy diagrams

N

∝ g2N
[
∫

p

T

(p2 +m2
T )

N

][

∑
∫ ′

Q

1

Q2

]N

∝ m3
TT
( gT

mT

)2N
, (2.16)

where we have omitted an overall combinatorial factor and replaced λ by g2 according to

its assumed scaling. In these diagrams the hard mode contributions (double dashed lines)

screen soft zero-modes (single dashed lines). When the inner loop of Eq. (2.16) is a zero-

mode, i.e. has a soft momenta P = (0,p) and all N outer loops or petals have hard momenta

Q with non-vanishing Matsubara frequencies, this contribution is of order O(g3) for any N .

Furthermore, it is IR-divergent for N ≥ 2 in the limit of vanishing mass. For scalar fields

and zero-components of gauge fields this IR-problem can be partially cured. The recipe is

called daisy resummation. One must first calculate the thermal corrections from the non-zero

modes to find the corrected mass of the zero-mode. Then, in computing the contributions

of the zero-mode, its mass is upgraded to the thermally corrected mass mT . The following

subsection describes this prescription in more detail.

Now, we turn to the effective potential, which at one-loop is of the following form, in

terms of the background field φ

Veff(φ, T, µ̄) = Vtree + V1-loop , (2.17)

where the one-loop piece is composed of the master sum-integral6

V1-loop $ J1-loop ≡
1

2

∑
∫

P

ln
(

P 2 +m2
)

, (2.18)

6For a brief review in a similar context, see Appendix C of Ref. [26].
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T = 0

T >> 0

up to dimension-six, of which there are three operators involving only the Higgs field
and derivatives. Only one of these enters the tree-level scalar potential; the other two
contribute to the Higgs mass and will be included in our calculations.

This means that we need to find in what possible ways a barrier between two
minima can be generated in a gauge theory with a „

6 term in the potential,

V („) = ≠
1
2m

2
„

2 + 1
8⁄„

4
≠

1
8C

Ï
„

6
. (1.1)

We follow the conventions of [13] for the SMEFT operators, and we consider C
Ï

< 0
to ensure the potential is bounded from below.1

There have been a number of previous studies of the electroweak phase transition
in the SMEFT or in more restricted models with dimension-six operators. The first
such study was in Ref. [14], with later work in, e.g., Refs. [15–25] mainly focusing on
tree-level barriers arising from the dimension-six operator, which allows a negative
Higgs quartic coupling ⁄. This, however, requires a low cuto� scale: it has been
questioned whether such a low cuto� is reasonable [24, 26], and it has been argued
dimension eight operators also become necessary [21].

The last few years have seen a rapid development in the methods used to study
first-order phase transitions, allowing us to consistently describe models in which a
barrier can arise in di�erent ways. The modern methods are based on EFT principles,
which gives an intuitive physical picture and a built-in region of applicability [27]—
each form of barrier considered here comes with its own perturbative description.
There is ongoing interest and active research in refining perturbation theory for
describing first-order phase transitions [23, 28–35], often in comparison with lattice
studies [36–41].

In section 2 we give an overview of the theoretical framework for dimensional
reduction and bubble nucleation, which serves as a basis for the derivation of the
catalog. In section 3 we construct the catalog, with some derivations relegated to
appendix C. In section 4 we show the results of scanning a global likelihood over
the Higgs sector SMEFT operators, revealing parts of the SMEFT parameter space
in which a first-order phase transition is possible. In section 5 we discuss various
connections to phenomenology and gravitational wave detection, and we conclude
with a discussion in section 6.

2 Theoretical framework
A field trapped in a metastable minimum, separated from the global true minimum
by a barrier, can escape to the true minimum either via quantum tunneling or via

1Because we are considering an EFT we could in principle consider potentials unbounded from
below and simply assume that there are higher dimension operators that make the potential stable.
But considering such a case would prevent us from studying the details of spontaneous symmetry
breaking, and would complicate the question of perturbativity as it would require even higher-
dimensional operators to become important.

4

As we will see, depending on the specific parameters of the 3D theory, there could
be additional scales where some of the bosons in the 3D theory become relevant
and can be integrated out (leading to yet another e�ective theory), leaving only the
scalar field that drives the phase transition. Conceptually, this introduces intermediate
scales between the hard scale and the phase transition scale, but the overall framework
remains similar.

Recently, a hierarchy of scales has been properly introduced [38] to capture these
nuances:

fiT

¸˚˙˝
hard scale

∫

3
g

fi

4 1
2

fiT

¸ ˚˙ ˝
semisoft scale

∫

3
g

fi

41

fiT

¸ ˚˙ ˝
soft scale

∫

3
g

fi

4 3
2

fiT

¸ ˚˙ ˝
supersoft scale

∫

3
g

fi

42

fiT

¸ ˚˙ ˝
ultrasoft scale

. (2.3)

As we saw, the factor of fiT comes from the scale of thermal fluctuations, and the
factors of g/fi come from loops within the 3D theory, where g π 1 is an appropriate
power-counting parameter, in our case a gauge coupling in the original 4D theory.

For a first-order phase transition, the potential of the scalar field must contain
two minima separated by a barrier. To understand how a barrier can arise in models
with a „

6 term, we will primarily be interested in the potential of the Higgs field in
the 3D e�ective theory left after DR,

V3(„3) = 1
2m

2

3
„

2

3
+ 1

4⁄3„
4

3
+ 1

6C
Ï

3 „
6

3
, (2.4)

[„3] = 1
2 , [m2

3
] = 2, [⁄3] = 1, [CÏ

3 ] = 0. (2.5)

Note the dimensions of the di�erent terms and components. Here „3 is the scalar
field in the 3D theory (the Matsubara zero-mode of the 4D scalar field „, divided by
Ô

T ),2 and m
2

3
, ⁄3, and C

Ï

3 are Wilson coe�cients determined by matching to the full
theory at high temperature.

As all the temperature dependence is restricted to the matching relations, we
can view the Wilson coe�cients as functions of temperature. The phase portrait of
the theory can be understood just in terms of these 3D Wilson coe�cients: as the
temperature changes, a particular path is traced in the phase portrait, depending on
the values of the original couplings.

The simplest way for this theory to have a potential that contains two minima
separated by a barrier is if the parameters satisfy m

2

3
> 0, ⁄3 < 0, C

Ï

3 > 0. Then a
barrier is present at tree level within the high-temperature 3D EFT. But if such a
tree-level barrier is not present, could one be generated by loop corrections?

To explore this question, it is useful to consider the hierarchy of scales introduced
earlier. The dynamics at energies higher than the thermal fluctuations is Boltzmann
suppressed and can thus be ignored.

2Here we are glossing over the fact that the field „3 is also properly normalized to get agreement
between the screened masses of the 4D and 3D theories [47].
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Except for the final two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica code DRalgo [67], and cross-
checked with those in [23]. The formula for m

2

3
is not the same as the one we used

for m
2

e�
in [10]: we here include the C

Ï contribution, and neglect the C
ÏD and C

Ï⇤

contributions—a reflection of the power counting discussion after eqs. (4.7)–(4.10).
Inspecting the relations in eqs. (4.20)–(4.27) tells us a few things. First, g3 and g

Õ
3

are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities: g3/

Ô
T ≥ g.

The coe�cients m
2

3
and ⁄3 are somewhat more di�cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
4D parameters. We have already seen an example of this in section 3.1 where we
noted that m

2

3
can be smaller than g

2
T

2 due to cancellations between ≠m
2 and the

high-temperature corrections ≥ g
2
T

2. In principle the same could happen with ⁄3, a
possibility we explore in appendix B. It turns out this possibility is not perturbatively
viable, and would require fine-tuning of the parameters. We will hence ignore this
scenario and simply estimate ⁄3/T ≥ ⁄.

Similarly, C
Ï

3 is dimensionless but still depends on the temperature T . To estimate
how the size of C

Ï

3 depends on the zero-temperature coe�cient C
Ï, we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The first is with

moderately sized m
2. In this case the phase transition will take place close to the

cancellation temperature T0, where m
2

3
(T0) = 0. This allows us to use the estimation
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2, which together with the expected sizes of C
Ï and m
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We use this estimation of C
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3 to mark regions in figure 1 where it is expected to

25

the paths from the leading order matching conditions,

„3 = „
Ô

T
+ . . . , (4.20)

m
2

3
= ≠m

2 +
3

3⁄ + 9
4g

2 + 3
4g

Õ2 + 3y
2

t

4
T

2

12 ≠
1
4C

Ï
T

4 + . . . , (4.21)

g3 = g

Ô

T + . . . , (4.22)
g

Õ
3

= g
Õ
Ô

T + . . . , (4.23)

⁄3 = ⁄

2 T ≠ C
Ï
T

3 + . . . , (4.24)

C
Ï

3 = ≠C
Ï
T

2 + . . . , (4.25)
C

ÏD

3 = C
ÏD

T
2 + . . . . (4.26)

C
Ï⇤
3 = C

Ï⇤
T

2 + . . . , (4.27)

Except for the final two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica code DRalgo [67], and cross-
checked with those in [23]. The formula for m

2

3
is not the same as the one we used

for m
2

e�
in [10]: we here include the C

Ï contribution, and neglect the C
ÏD and C

Ï⇤

contributions—a reflection of the power counting discussion after eqs. (4.7)–(4.10).
Inspecting the relations in eqs. (4.20)–(4.27) tells us a few things. First, g3 and g

Õ
3

are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities: g3/

Ô
T ≥ g.

The coe�cients m
2

3
and ⁄3 are somewhat more di�cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
4D parameters. We have already seen an example of this in section 3.1 where we
noted that m

2

3
can be smaller than g

2
T

2 due to cancellations between ≠m
2 and the

high-temperature corrections ≥ g
2
T

2. In principle the same could happen with ⁄3, a
possibility we explore in appendix B. It turns out this possibility is not perturbatively
viable, and would require fine-tuning of the parameters. We will hence ignore this
scenario and simply estimate ⁄3/T ≥ ⁄.

Similarly, C
Ï

3 is dimensionless but still depends on the temperature T . To estimate
how the size of C

Ï

3 depends on the zero-temperature coe�cient C
Ï, we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The first is with

moderately sized m
2. In this case the phase transition will take place close to the

cancellation temperature T0, where m
2

3
(T0) = 0. This allows us to use the estimation

m
2

≥ g
2
T

2, which together with the expected sizes of C
Ï and m

2, gives

m
2

≥ ⁄v
2

≥ g
2
T

2

C
Ï

≥ ⁄/v
2

J

=∆ C
Ï

3 ≥ C
Ï
T

2
≥

⁄
2

g2
. (4.28)

We use this estimation of C
Ï

3 to mark regions in figure 1 where it is expected to

25

the paths from the leading order matching conditions,

„3 = „
Ô

T
+ . . . , (4.20)

m
2

3
= ≠m

2 +
3

3⁄ + 9
4g

2 + 3
4g

Õ2 + 3y
2

t

4
T

2

12 ≠
1
4C

Ï
T

4 + . . . , (4.21)

g3 = g

Ô

T + . . . , (4.22)
g

Õ
3

= g
Õ
Ô

T + . . . , (4.23)

⁄3 = ⁄

2 T ≠ C
Ï
T

3 + . . . , (4.24)

C
Ï

3 = ≠C
Ï
T

2 + . . . , (4.25)
C

ÏD

3 = C
ÏD

T
2 + . . . . (4.26)

C
Ï⇤
3 = C

Ï⇤
T

2 + . . . , (4.27)

Except for the final two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica code DRalgo [67], and cross-
checked with those in [23]. The formula for m

2

3
is not the same as the one we used

for m
2

e�
in [10]: we here include the C

Ï contribution, and neglect the C
ÏD and C

Ï⇤

contributions—a reflection of the power counting discussion after eqs. (4.7)–(4.10).
Inspecting the relations in eqs. (4.20)–(4.27) tells us a few things. First, g3 and g

Õ
3

are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities: g3/

Ô
T ≥ g.

The coe�cients m
2

3
and ⁄3 are somewhat more di�cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
4D parameters. We have already seen an example of this in section 3.1 where we
noted that m

2

3
can be smaller than g

2
T

2 due to cancellations between ≠m
2 and the

high-temperature corrections ≥ g
2
T

2. In principle the same could happen with ⁄3, a
possibility we explore in appendix B. It turns out this possibility is not perturbatively
viable, and would require fine-tuning of the parameters. We will hence ignore this
scenario and simply estimate ⁄3/T ≥ ⁄.

Similarly, C
Ï

3 is dimensionless but still depends on the temperature T . To estimate
how the size of C

Ï

3 depends on the zero-temperature coe�cient C
Ï, we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The first is with

moderately sized m
2. In this case the phase transition will take place close to the

cancellation temperature T0, where m
2

3
(T0) = 0. This allows us to use the estimation

m
2

≥ g
2
T

2, which together with the expected sizes of C
Ï and m

2, gives

m
2

≥ ⁄v
2

≥ g
2
T

2

C
Ï

≥ ⁄/v
2

J

=∆ C
Ï

3 ≥ C
Ï
T

2
≥

⁄
2

g2
. (4.28)

We use this estimation of C
Ï

3 to mark regions in figure 1 where it is expected to

25

the paths from the leading order matching conditions,

„3 = „
Ô

T
+ . . . , (4.20)

m
2

3
= ≠m

2 +
3

3⁄ + 9
4g

2 + 3
4g

Õ2 + 3y
2

t

4
T

2

12 ≠
1
4C

Ï
T

4 + . . . , (4.21)

g3 = g

Ô

T + . . . , (4.22)
g

Õ
3

= g
Õ
Ô

T + . . . , (4.23)

⁄3 = ⁄

2 T ≠ C
Ï
T

3 + . . . , (4.24)

C
Ï

3 = ≠C
Ï
T

2 + . . . , (4.25)
C

ÏD

3 = C
ÏD

T
2 + . . . . (4.26)

C
Ï⇤
3 = C

Ï⇤
T

2 + . . . , (4.27)

Except for the final two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica code DRalgo [67], and cross-
checked with those in [23]. The formula for m

2

3
is not the same as the one we used

for m
2

e�
in [10]: we here include the C

Ï contribution, and neglect the C
ÏD and C

Ï⇤

contributions—a reflection of the power counting discussion after eqs. (4.7)–(4.10).
Inspecting the relations in eqs. (4.20)–(4.27) tells us a few things. First, g3 and g

Õ
3

are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities: g3/

Ô
T ≥ g.

The coe�cients m
2

3
and ⁄3 are somewhat more di�cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
4D parameters. We have already seen an example of this in section 3.1 where we
noted that m

2

3
can be smaller than g

2
T

2 due to cancellations between ≠m
2 and the

high-temperature corrections ≥ g
2
T

2. In principle the same could happen with ⁄3, a
possibility we explore in appendix B. It turns out this possibility is not perturbatively
viable, and would require fine-tuning of the parameters. We will hence ignore this
scenario and simply estimate ⁄3/T ≥ ⁄.

Similarly, C
Ï

3 is dimensionless but still depends on the temperature T . To estimate
how the size of C

Ï

3 depends on the zero-temperature coe�cient C
Ï, we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The first is with

moderately sized m
2. In this case the phase transition will take place close to the

cancellation temperature T0, where m
2

3
(T0) = 0. This allows us to use the estimation

m
2

≥ g
2
T

2, which together with the expected sizes of C
Ï and m

2, gives

m
2

≥ ⁄v
2

≥ g
2
T

2

C
Ï

≥ ⁄/v
2

J

=∆ C
Ï

3 ≥ C
Ï
T

2
≥

⁄
2

g2
. (4.28)

We use this estimation of C
Ï

3 to mark regions in figure 1 where it is expected to

25



The Standard Model

12

As we will see, depending on the specific parameters of the 3D theory, there could
be additional scales where some of the bosons in the 3D theory become relevant
and can be integrated out (leading to yet another e�ective theory), leaving only the
scalar field that drives the phase transition. Conceptually, this introduces intermediate
scales between the hard scale and the phase transition scale, but the overall framework
remains similar.

Recently, a hierarchy of scales has been properly introduced [38] to capture these
nuances:

fiT

¸˚˙˝
hard scale

∫

3
g

fi

4 1
2

fiT

¸ ˚˙ ˝
semisoft scale

∫

3
g

fi

41

fiT

¸ ˚˙ ˝
soft scale

∫

3
g

fi

4 3
2

fiT

¸ ˚˙ ˝
supersoft scale

∫

3
g

fi

42

fiT

¸ ˚˙ ˝
ultrasoft scale

. (2.3)

As we saw, the factor of fiT comes from the scale of thermal fluctuations, and the
factors of g/fi come from loops within the 3D theory, where g π 1 is an appropriate
power-counting parameter, in our case a gauge coupling in the original 4D theory.

For a first-order phase transition, the potential of the scalar field must contain
two minima separated by a barrier. To understand how a barrier can arise in models
with a „

6 term, we will primarily be interested in the potential of the Higgs field in
the 3D e�ective theory left after DR,

V3(„3) = 1
2m

2

3
„

2

3
+ 1

4⁄3„
4

3
+ 1

6C
Ï

3 „
6

3
, (2.4)

[„3] = 1
2 , [m2

3
] = 2, [⁄3] = 1, [CÏ

3 ] = 0. (2.5)

Note the dimensions of the di�erent terms and components. Here „3 is the scalar
field in the 3D theory (the Matsubara zero-mode of the 4D scalar field „, divided by
Ô

T ),2 and m
2

3
, ⁄3, and C

Ï

3 are Wilson coe�cients determined by matching to the full
theory at high temperature.

As all the temperature dependence is restricted to the matching relations, we
can view the Wilson coe�cients as functions of temperature. The phase portrait of
the theory can be understood just in terms of these 3D Wilson coe�cients: as the
temperature changes, a particular path is traced in the phase portrait, depending on
the values of the original couplings.

The simplest way for this theory to have a potential that contains two minima
separated by a barrier is if the parameters satisfy m

2

3
> 0, ⁄3 < 0, C

Ï

3 > 0. Then a
barrier is present at tree level within the high-temperature 3D EFT. But if such a
tree-level barrier is not present, could one be generated by loop corrections?

To explore this question, it is useful to consider the hierarchy of scales introduced
earlier. The dynamics at energies higher than the thermal fluctuations is Boltzmann
suppressed and can thus be ignored.

2Here we are glossing over the fact that the field „3 is also properly normalized to get agreement
between the screened masses of the 4D and 3D theories [47].
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3 to mark regions in figure 1 where it is expected to
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tunneling rate, are computed using a derivative expansion in powers of p
2
/(g2

„
2).

Hence it is necessary to ensure that the derivative expansion gives sensible results
(see, e.g., [27, 44]), or the theory will not be perturbative.

To further demonstrate this idea, note that the 1-loop contribution to the e�ective
potential of a bosonic mode within the 3D theory is given by [53]
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The „
3

3
term gives rise to a barrier in the potential.4 The question mark above the

equals sign signifies that this potential is only a valid perturbative description for
certain sizes of the involved couplings and the scalar field „3.

It is an exercise in power counting to determine what sizes of couplings allow for
a radiative barrier, first performed in [54] and emphasized more recently in, e.g., [37,
44, 46, 55]. We review this exercise in the next section, where we catalog di�erent
barriers. Here we note that the result of the power counting, in the radiative barrier
case described above, translated to the modern language of 3D EFTs, requires that
the dynamics of the gauge field take place at the soft scale and the dynamics of the
transitioning Higgs field at the supersoft scale [38].

3 The Catalog
With a theoretical framework set up to study first-order phase transitions within
gauge theories with a „

6 term, we are now ready to explore the di�erent possibilities.
We will proceed by using power-counting methods to see what is implied by balancing

4Writing the loop term in terms of „3 makes the potential easier to work with, but it does hide
the non-polynomial nature of the e�ective action. It also does not make gauge invariance clear. If we
wanted to be more transparent, we would write the potential as a function of �3, with the „3

3 term
corresponding to (�†

3�3)3/2.
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on the critical bubble are not enhanced by a scale hierarchy. The leading-order effect from

these scales is encoded in the fluctuation determinants.

Lastly, we note that there are scale-shifting fields. They belong to the intermediate scale

on the main body of the critical bubble and to the nucleation- and lower scales on the bubble

tail. These scale-shifter fields include all the three dimensional fields, except B0 and the

nucleating d.o.f. φ3. Contributions related to scale-shifters entail subtleties, but they only

appear at higher orders [59].

3.2. Matching from intermediate scale to nucleation scale

The matching to the nucleation scale is the second step in Eq. (3.12); see Tab. 2. It proceeds

with matching the 1PI actions for the nucleating field [59]. This matching procedure differs

from the dimensional reduction from thermal to intermediate scale. The latter can be per-

formed in the symmetric, unbroken phase perturbation theory. The difference arises since

the background of the nucleating field, φ3, affects the masses of the soft scale fields at leading

order. The nucleation scale spatial variations of the background can still be treated as small

external momenta in the loop integrals, and can hence be treated with a gradient expansion.

The matching to the nucleation scale EFT reproduces the two first orders from the con-

ventional computation of the nucleation rate with the full effective action; see the description

in Sec. 2.2. This is because the scale hierarchy enhances the two first orders coming from the

intermediate scale. By inspecting Eq. (1.2), we see that terms enhanced by negative powers

of g result from the intermediate scale (and implicitly from the thermal scale), compared to

the contributions from the nucleation scale, encoded by the (lnA)-term that is of O(1) up to

possible logarithms of g. Thus, one can interpret the two first orders as creating an effective

description for the nucleating field.

Now we match to the nucleation scale by matching the 1PI action for the φ3-field in analogy

to a scalar field theory [59] and SU(2) + Higgs theory [67].7 The matching helps to understand

better the physical picture coming from scale separations. Formally, we equate actions at the

intermediate and nucleation scales which is illustrated diagrammatically

Snucl +
[

+ +
]

(a)
= S0 +

[

+ +
]

(a)

+ + +

+ (b) + (c) , (3.13)

where the action on the l.h.s. is at the nucleation scale and r.h.s. at the intermediate scale.

The tree-level actions are denoted as Snucl and S0 respectively. We include loop corrections

up to two-loop order and at the r.h.s. distinguish contributions of light nucleating field (solid

7See also Appendix D of Ref. [81] for a related computation at zero temperature.
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As we will see, depending on the specific parameters of the 3D theory, there could
be additional scales where some of the bosons in the 3D theory become relevant
and can be integrated out (leading to yet another e�ective theory), leaving only the
scalar field that drives the phase transition. Conceptually, this introduces intermediate
scales between the hard scale and the phase transition scale, but the overall framework
remains similar.

Recently, a hierarchy of scales has been properly introduced [38] to capture these
nuances:

fiT

¸˚˙˝
hard scale

∫

3
g

fi

4 1
2
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¸ ˚˙ ˝
semisoft scale

∫

3
g

fi

41
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∫

3
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As we saw, the factor of fiT comes from the scale of thermal fluctuations, and the
factors of g/fi come from loops within the 3D theory, where g π 1 is an appropriate
power-counting parameter, in our case a gauge coupling in the original 4D theory.

For a first-order phase transition, the potential of the scalar field must contain
two minima separated by a barrier. To understand how a barrier can arise in models
with a „

6 term, we will primarily be interested in the potential of the Higgs field in
the 3D e�ective theory left after DR,

V3(„3) = 1
2m
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3
+ 1

4⁄3„
4

3
+ 1

6C
Ï

3 „
6

3
, (2.4)

[„3] = 1
2 , [m2

3
] = 2, [⁄3] = 1, [CÏ

3 ] = 0. (2.5)

Note the dimensions of the di�erent terms and components. Here „3 is the scalar
field in the 3D theory (the Matsubara zero-mode of the 4D scalar field „, divided by
Ô

T ),2 and m
2

3
, ⁄3, and C

Ï

3 are Wilson coe�cients determined by matching to the full
theory at high temperature.

As all the temperature dependence is restricted to the matching relations, we
can view the Wilson coe�cients as functions of temperature. The phase portrait of
the theory can be understood just in terms of these 3D Wilson coe�cients: as the
temperature changes, a particular path is traced in the phase portrait, depending on
the values of the original couplings.

The simplest way for this theory to have a potential that contains two minima
separated by a barrier is if the parameters satisfy m

2

3
> 0, ⁄3 < 0, C

Ï

3 > 0. Then a
barrier is present at tree level within the high-temperature 3D EFT. But if such a
tree-level barrier is not present, could one be generated by loop corrections?

To explore this question, it is useful to consider the hierarchy of scales introduced
earlier. The dynamics at energies higher than the thermal fluctuations is Boltzmann
suppressed and can thus be ignored.

2Here we are glossing over the fact that the field „3 is also properly normalized to get agreement
between the screened masses of the 4D and 3D theories [47].
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the di�erent terms. This is implemented by assuming a scaling with respect to the
power-counting parameter g for the di�erent components of the potential:

m
2

3
≥ g

nm2 T
2
, (3.1)

⁄3 ≥ g
n⁄T, (3.2)

„3 ≥ g
n„

Ô

T , (3.3)
C

Ï

3 ≥ g
nC . (3.4)

We will take the gauge coupling g of our gauge theory to be our power-counting
parameter, and we will in this section study the simpler SU(2)+Higgs+„

6 theory as
preparation for the full SMEFT in the next section. We do not include factors of fi

here, as they are not important for deriving perturbative schemes. We will also assume
that the corresponding 3D gauge coupling g3 scales as g3 ≥ g

Ô
T , which follows from

the leading order matching relations [43]. Then by balancing the di�erent terms in the
potential, we can look for solutions among the di�erent n’s that allow the di�erent
terms to be of su�cient size. There are also extra constraints on these powers coming
from perturbativity. See appendix C for the details.

We can demonstrate the method on the simpler example of SU(2)+Higgs intro-
duced in the previous section. This model cannot have a barrier at tree-level, so let
us consider the case of a radiative barrier:

V („3) = 1
2m

2

3
„

2

3
≠

g
3

3

16fi
„

3

3
+ 1

4⁄3„
4

3
. (3.5)

Balancing the terms here gives
m

2

3
„

2

3
≥ g

3

3
„

3

3
≥ ⁄3„

4

3
,

=∆ g
nm2 +2n„ ≥ g

3+3n„ ≥ g
n⁄+4n„ ,

=∆ nm2 + 2n„ = 3 + 3n„ = n⁄ + 4n„,

=∆ nm2 = 3 + n„, n⁄ = 3 ≠ n„. (3.6)
We see that the power-counting scheme allows for a family of solutions. We can
constrain the values of n„ by using the perturbativity conditions,

V („3) ∫ g
6
T

3
, Perturbativity, (3.7)

g
2

3
„

2

3
π T

2
, High-T expansion for gauge boson, (3.8)

m
2

3
π T

2
, High-T expansion for scalar. (3.9)

As we discuss in appendix C, the first constraint is necessary to have a leading order
dominant over the nonperturbative contributions of the ultrasoft scale. The two other
constraints ensure that the high-T expansion applies to the included fields.

The perturbativity constraints then yield
3 + 3n„ < 6 =∆ n„ < 1, (3.10)
1 + n„ > 0 =∆ n„ > ≠1, (3.11)
3 + n„ > 0 =∆ n„ > ≠3. (3.12)

10
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Only perturbative if the (3D) gauge boson can 
be integrated out!

λ =
m2

H
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λ ∼ g3
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4 Mapping the parameter space of the SMEFT
In this section, we turn to the application of the catalog in table 2 to the study of the
Higgs sector of the SMEFT. We want to understand which parts of the parameter space
can support a first-order phase transition, and whether those regions are compatible
with experimental data.

Note that we now return to the 4D theory—it is important to note that we
constructed the catalog in table 2 purely from the point of view of the 3D EFT that
describes the scalar field. It is meant to primarily be an exploration of the possible
kinds of barriers in gauge theories with a „

6 term. This means that we cannot guarantee
that each counting can actually be realized by matching to the parameters of the
corresponding 4D QFT, though we will explore this question in this subsection. We
will now include the full SMEFT electroweak sector with the SU(2)◊U(1) gauge group
and corresponding gauge couplings g and g

Õ, and in addition the Yukawa coupling
yt of the top quark. These interactions are included in the parameter scans that will
follow, and will appear in the matching conditions of the 3D and 4D theories.

4.1 The setup
We will use the same setup as in [10], namely we will use the Warsaw basis [8] in the
notation of [13], but we only consider the three dimension-six operators that are built
exclusively from the Higgs doublet Ï. These operators are

QÏ = (Ï†
Ï)3

, (4.1)
QÏ⇤ = (Ï†

Ï)⇤(Ï†
Ï), (4.2)

QÏD = (Ï†
DµÏ)ú(Ï†

D
µ
Ï). (4.3)

The Lagrangian is then given by

L ∏ (DµÏ)†(Dµ
Ï) + m

2(Ï†
Ï) ≠

⁄

2 (Ï†
Ï)2 + C

Ï
QÏ + C

Ï⇤
QÏ⇤ + C

ÏD
QÏD. (4.4)

We expand the Higgs doublet in terms of components as

Ï =

Q

ca
�+

1Ô
2

(„ + H + i�0)

R

db , (4.5)

where „ is a generic background field. Because we are mainly interested in symmetry
breaking and phase transitions, we will focus on „ and not the actual degrees of
freedom H, �0

, and �+. In terms of this background field, the classical potential is

V0(„) = ≠
m

2

2 „
2 + ⁄

8 „
4

≠
C

Ï

8 „
6
. (4.6)
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up to dimension-six, of which there are three operators involving only the Higgs field
and derivatives. Only one of these enters the tree-level scalar potential; the other two
contribute to the Higgs mass and will be included in our calculations.

This means that we need to find in what possible ways a barrier between two
minima can be generated in a gauge theory with a „

6 term in the potential,

V („) = ≠
1
2m

2
„

2 + 1
8⁄„

4
≠

1
8C

Ï
„

6
. (1.1)

We follow the conventions of [13] for the SMEFT operators, and we consider C
Ï

< 0
to ensure the potential is bounded from below.1

There have been a number of previous studies of the electroweak phase transition
in the SMEFT or in more restricted models with dimension-six operators. The first
such study was in Ref. [14], with later work in, e.g., Refs. [15–25] mainly focusing on
tree-level barriers arising from the dimension-six operator, which allows a negative
Higgs quartic coupling ⁄. This, however, requires a low cuto� scale: it has been
questioned whether such a low cuto� is reasonable [24, 26], and it has been argued
dimension eight operators also become necessary [21].

The last few years have seen a rapid development in the methods used to study
first-order phase transitions, allowing us to consistently describe models in which a
barrier can arise in di�erent ways. The modern methods are based on EFT principles,
which gives an intuitive physical picture and a built-in region of applicability [27]—
each form of barrier considered here comes with its own perturbative description.
There is ongoing interest and active research in refining perturbation theory for
describing first-order phase transitions [23, 28–35], often in comparison with lattice
studies [36–41].

In section 2 we give an overview of the theoretical framework for dimensional
reduction and bubble nucleation, which serves as a basis for the derivation of the
catalog. In section 3 we construct the catalog, with some derivations relegated to
appendix C. In section 4 we show the results of scanning a global likelihood over
the Higgs sector SMEFT operators, revealing parts of the SMEFT parameter space
in which a first-order phase transition is possible. In section 5 we discuss various
connections to phenomenology and gravitational wave detection, and we conclude
with a discussion in section 6.

2 Theoretical framework
A field trapped in a metastable minimum, separated from the global true minimum
by a barrier, can escape to the true minimum either via quantum tunneling or via

1Because we are considering an EFT we could in principle consider potentials unbounded from
below and simply assume that there are higher dimension operators that make the potential stable.
But considering such a case would prevent us from studying the details of spontaneous symmetry
breaking, and would complicate the question of perturbativity as it would require even higher-
dimensional operators to become important.

4
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As we will see, depending on the specific parameters of the 3D theory, there could
be additional scales where some of the bosons in the 3D theory become relevant
and can be integrated out (leading to yet another e�ective theory), leaving only the
scalar field that drives the phase transition. Conceptually, this introduces intermediate
scales between the hard scale and the phase transition scale, but the overall framework
remains similar.

Recently, a hierarchy of scales has been properly introduced [38] to capture these
nuances:

fiT

¸˚˙˝
hard scale

∫

3
g

fi

4 1
2

fiT

¸ ˚˙ ˝
semisoft scale

∫

3
g

fi

41

fiT

¸ ˚˙ ˝
soft scale

∫

3
g

fi

4 3
2

fiT
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supersoft scale

∫

3
g

fi

42

fiT

¸ ˚˙ ˝
ultrasoft scale

. (2.3)

As we saw, the factor of fiT comes from the scale of thermal fluctuations, and the
factors of g/fi come from loops within the 3D theory, where g π 1 is an appropriate
power-counting parameter, in our case a gauge coupling in the original 4D theory.

For a first-order phase transition, the potential of the scalar field must contain
two minima separated by a barrier. To understand how a barrier can arise in models
with a „

6 term, we will primarily be interested in the potential of the Higgs field in
the 3D e�ective theory left after DR,

V3(„3) = 1
2m

2

3
„

2

3
+ 1

4⁄3„
4

3
+ 1

6C
Ï

3 „
6

3
, (2.4)

[„3] = 1
2 , [m2

3
] = 2, [⁄3] = 1, [CÏ

3 ] = 0. (2.5)

Note the dimensions of the di�erent terms and components. Here „3 is the scalar
field in the 3D theory (the Matsubara zero-mode of the 4D scalar field „, divided by
Ô

T ),2 and m
2

3
, ⁄3, and C

Ï

3 are Wilson coe�cients determined by matching to the full
theory at high temperature.

As all the temperature dependence is restricted to the matching relations, we
can view the Wilson coe�cients as functions of temperature. The phase portrait of
the theory can be understood just in terms of these 3D Wilson coe�cients: as the
temperature changes, a particular path is traced in the phase portrait, depending on
the values of the original couplings.

The simplest way for this theory to have a potential that contains two minima
separated by a barrier is if the parameters satisfy m

2

3
> 0, ⁄3 < 0, C

Ï

3 > 0. Then a
barrier is present at tree level within the high-temperature 3D EFT. But if such a
tree-level barrier is not present, could one be generated by loop corrections?

To explore this question, it is useful to consider the hierarchy of scales introduced
earlier. The dynamics at energies higher than the thermal fluctuations is Boltzmann
suppressed and can thus be ignored.

2Here we are glossing over the fact that the field „3 is also properly normalized to get agreement
between the screened masses of the 4D and 3D theories [47].

6

the paths from the leading order matching conditions,

„3 = „
Ô

T
+ . . . , (4.20)

m
2

3
= ≠m

2 +
3

3⁄ + 9
4g

2 + 3
4g

Õ2 + 3y
2

t

4
T

2

12 ≠
1
4C

Ï
T

4 + . . . , (4.21)

g3 = g

Ô

T + . . . , (4.22)
g

Õ
3

= g
Õ
Ô

T + . . . , (4.23)

⁄3 = ⁄

2 T ≠ C
Ï
T

3 + . . . , (4.24)

C
Ï

3 = ≠C
Ï
T

2 + . . . , (4.25)
C

ÏD

3 = C
ÏD

T
2 + . . . . (4.26)

C
Ï⇤
3 = C

Ï⇤
T

2 + . . . , (4.27)

Except for the final two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica code DRalgo [67], and cross-
checked with those in [23]. The formula for m

2

3
is not the same as the one we used

for m
2

e�
in [10]: we here include the C

Ï contribution, and neglect the C
ÏD and C

Ï⇤

contributions—a reflection of the power counting discussion after eqs. (4.7)–(4.10).
Inspecting the relations in eqs. (4.20)–(4.27) tells us a few things. First, g3 and g

Õ
3

are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities: g3/

Ô
T ≥ g.

The coe�cients m
2

3
and ⁄3 are somewhat more di�cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
4D parameters. We have already seen an example of this in section 3.1 where we
noted that m

2

3
can be smaller than g

2
T

2 due to cancellations between ≠m
2 and the

high-temperature corrections ≥ g
2
T

2. In principle the same could happen with ⁄3, a
possibility we explore in appendix B. It turns out this possibility is not perturbatively
viable, and would require fine-tuning of the parameters. We will hence ignore this
scenario and simply estimate ⁄3/T ≥ ⁄.

Similarly, C
Ï

3 is dimensionless but still depends on the temperature T . To estimate
how the size of C

Ï

3 depends on the zero-temperature coe�cient C
Ï, we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The first is with

moderately sized m
2. In this case the phase transition will take place close to the

cancellation temperature T0, where m
2

3
(T0) = 0. This allows us to use the estimation

m
2

≥ g
2
T

2, which together with the expected sizes of C
Ï and m

2, gives
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2

≥ ⁄v
2

≥ g
2
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We use this estimation of C
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3 to mark regions in figure 1 where it is expected to
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the paths from the leading order matching conditions,
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Except for the Þnal two relations in eqs. (4.26) and (4.27), which were derived by
hand, these relations were derived using the Mathematica codeDRalgo[67], and cross-
checked with those in [23]. The formula for m2

3 is not the same as the one we used
for m2

e! in [10]: we here include theC! contribution, and neglect theC! D and C! !

contributionsÑa reßection of the power counting discussion after eqs. (4.7)Ð(4.10).
Inspecting the relations in eqs. (4.20)Ð(4.27) tells us a few things. First,g3 and g!

3 are
proportional to their 4D counterparts. This allows us to estimate their sizes just from
the sizes of the corresponding 4D quantities:g3/

!
T # g.

The coe! cients m2
3 and " 3 are somewhat more di! cult, because it is possible for

cancellations to take place that disconnect the sizes of the 3D parameters from the
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noted that m2

3 can be smaller thang2T2 due to cancellations between" m2 and the
high-temperature corrections# g2T2. In principle the same could happen with" 3, a
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3 depends on the zero-temperature coe! cient C! , we will hence

need to estimate the temperature for which the phase transition takes place.
To estimate Tc we will need to consider two separate cases. The Þrst is with
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Figure 1: An overview of how the 3D parameter space can be sliced into di! erent
power-counting regions. Each region matches an entry in the catalog, in table2. The
white stars denote power-countings for which the SMEFT is estimated to predict the
correct Higgs mass and vev, see subsection4.3. The black dot indicating the SM is
based on lattice studies [42] together with the DR matching relations. On the axes,
note the ÒlogarithmicÓ scale, and the hatch marks which emphasize that the axes
have been cut. Finally, note that these regions are a projection which might lose
some information, as the values ofm2

3 are not included, and that certain supercooled
countings have been excluded as they overlap with other regions. As such, the Þgure
should only be taken as a guiding sketch.
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2410.23210 — Camargo-Molina, Enberg, JL

Shorthand Meaning of acronym Scale of Higgs dynamics

TLB tree-level barrier soft

SQTLB small quartic TLB soft

RB radiative barrier supersoft

RSB radiative symmetry breaking soft

RB 6 RB with dimension-six term ! 6
3 supersoft

RSB 6 RSB with dimension-six term! 6
3 soft

SC supercooled variant

Table 1: Explanation of the shorthands in the catalog. The SC variants have di! erent
scale hierarchies than their regular variants, see table2.

This temperature would signal a second-order phase transition, and hence a candidate
Þrst-order phase transition needs to complete at a temperature aboveT0. (The barrier
disappears for temperatures belowT0, because therem2

3 < 0.)

Supercooling

Each potential also has one or more supercooled variants. Supercooling is the phe-
nomenon where a system is cooled well below the critical temperature, yet it still stays
in the metastable state. This can occur if the nucleation rate is not particularly large
when the minima are close to degenerate. As time passes and the minima become
more and more separated, a larger latent heat can be released in the transition.

The phenomenon of supercooling can be directly reßected in the power-counting
schemes, by giving meaning to the size of the energy di! erence between the minima.
When the di! erence becomes large enough, the true minimum can be neglected
compared to the metastable minimum, and the potential can be modeled as a potential
that is unbounded from below. The supercooled potentials we consider all have this
feature, and either feature smallerm2

3Ñand thus larger bubblesÑor a smaller ! 6
3

coe" cient than produced by the transitions of the corresponding potentials from
which they supercooled. This reßects that the balance between the barrier and the
metastable minimum occurs for smaller Þeld values during supercooling.

Somewhat counter-intuitively, potentials unbounded from below, but with a barrier,
do not lead to an inÞnite decay rate. Though the energy di! erence between the vacua
is formally inÞnite, at the moment of nucleation the region inside of the critical bubble
is not of the true vacuum but of the value at the escape point (the Þeld value at the
origin found by solving the bounce equation). Hence the energy di! erence is Þnite and
so is the nucleation rate. This is similar to the unbounded from below, and scale-free,

12
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Conclusions

¥ Phase transitions care a lot about  and other potential parameters
¥ The SMEFT can support a first order phase transition

¥ Requires somewhat low new-physics scale 
¥ Many different kinds of barriers

¥ Future work:
¥ Higher order calculations 
¥ Lattice studies
¥ Explore collider phenomenological signatures such as di-Higgs

λ
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BONUS: Gravitational waves

X

8

(a) (b)

FIG. 2. The entire region of gravitational wave parameter space onto which the 3-d Standard Model-like e ! ective Þeld
theory can be mapped, along with prospects for detection. In panel (a), the corresponding region is shaded gray, along with
explanations of the various limits to the e ! ective Þeld theoryÕs validity. Also shown are LISA SNR = 10 sensitivity curves [12]
(assuming a Þve year mission duration) for two cases: one where the sound source is on until the shock formation time
(tend = tsh ), and the other where the sound source lasts the full Hubble time ( tend = H ! 1

" ). In panel (b), the parameter space
mapping to the 3-d SM-like EFT is shown in light blue, while the black line shows the ranges of ! and " /H " that can be
determined nonperturbatively from the results of Ref. [39]. Additional LISA SNR curves are shown in (b), assuming that the
sound source lasts for a Hubble time (the dashed contours give the shock formation time, and only in the shaded region is the
shock formation time longer than a Hubble time). Note that other gravitational wave experiments are not expected to provide
additional sensitivity to the SM-like 3-d EFT regions. Finally, the dark blue region in (b) is the area of relevance for the real
singlet model (xSM), as discussed in Sec. V. The points shown correspond to the benchmark comparison of our nonperturbative
analysis and the predictions of 3-d and 4-d perturbation theory. The sensitivity curves assume vw = 1 and T" = 140 GeV.
The latter is the appropriate choice for transitions described by the 3-d SM-like theory, as the magnitude of T" is primarily
set by the Higgs mass absent other light degrees of freedom or large higher-dimension operator e! ects. This Þgure shows that
the 3-d SM-like EFT and existing lattice results cannot be reliably used to study electroweak phase transitions predicting an
observable gravitational wave signal.

x, as the dimension-6 operators that have been dropped
in the DR can become comparable to, or larger than,
the dimension-4 term, which is proportional to x. The
dominant higher dimensional operator isc6(!  

3! 3)3. The
leading SM contribution to c6 is O(y6

t / (4" )3), where yt
is the top Yukawa coupling (see Appendix B). There will
also be contributions from any BSM physics that couples
to the Higgs. For the e! ect of the dimension-6 operator
to be small, the following strong inequality should hold,

ø#h, 3! ( ø!  
3

ø! 3)2"c # c6! ( ø!  
3

ø! 3)3"c, (19)

where the expectation values refer to the volume aver-
aged condensates, evaluated at the critical point (see, for
example, Ref. [45]). Calculating these condensates using
the two-loop e! ective potential, which should be reason-
ably accurate at smallx, and taking c6 to be its Standard
Model value, we arrive at x # 0.01. However, it should
be remembered that the precise condition will depend on
BSM contributions to c6. In practice, such small values
of x are likely overoptimistic and encourage us to investi-
gate an extended 3-d EFT including higher dimensional
operators in the future.

Using the 3-d PT approach to calculate" l3 and #3! d

allows us to trace out the entire region on the ($, %/H " )
plane that can be described by the SM-like 3-d EFT
in Eqs. (3)- (4), as argued above. Consideringx $
[0.01, 0.06] and the aforementioned range of&y (Tc), we
arrive at the gray and light blue regions of Figs. 2(a)
and 2(b), repsectively. Here we have chosen the upper
value x = 0 .06 since larger values are not accurately de-
scribed by our 3-d PT approach and our next-to-leading
order calculation of the bubble nucleation rate becomes
numerically challenging in this regime. Nevertheless val-
ues in the range 0.06 < x < 0.11 give only very weak Þrst
order phase transitions. Any BSM theory which reduces
to the 3-d SM-like EFT and gives a reasonably strong
Þrst-order phase transition will lie in the light blue re-
gion of Fig. 2(b). The dark blue region in Fig. 2(b) is for
the speciÞc case of the singlet extended Standard Model
(xSM), which we discuss further in Section V A.

From Fig. 2 we can reasonably conclude that, in the re-
gion where the e! ects of heavy BSM Þelds on the EWPT
can be captured by the 3-d SM-like EFT, a given model
does not predict a su$ ciently strong transition to pro-
duce an observable gravitational wave signal at LISA.
In fact, we have veriÞed that no planned gravitational

Source: 1903.11604 — Gould, Kozaczuk, Niemi, Ramsey-Musolf, Tenkanen, Weir
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FIG. 2. The entire region of gravitational wave parameter space onto which the 3-d Standard Model-like e ! ective Þeld
theory can be mapped, along with prospects for detection. In panel (a), the corresponding region is shaded gray, along with
explanations of the various limits to the e ! ective Þeld theoryÕs validity. Also shown are LISA SNR = 10 sensitivity curves [12]
(assuming a Þve year mission duration) for two cases: one where the sound source is on until the shock formation time
(tend = tsh ), and the other where the sound source lasts the full Hubble time ( tend = H ! 1

" ). In panel (b), the parameter space
mapping to the 3-d SM-like EFT is shown in light blue, while the black line shows the ranges of ! and " /H " that can be
determined nonperturbatively from the results of Ref. [39]. Additional LISA SNR curves are shown in (b), assuming that the
sound source lasts for a Hubble time (the dashed contours give the shock formation time, and only in the shaded region is the
shock formation time longer than a Hubble time). Note that other gravitational wave experiments are not expected to provide
additional sensitivity to the SM-like 3-d EFT regions. Finally, the dark blue region in (b) is the area of relevance for the real
singlet model (xSM), as discussed in Sec. V. The points shown correspond to the benchmark comparison of our nonperturbative
analysis and the predictions of 3-d and 4-d perturbation theory. The sensitivity curves assume vw = 1 and T" = 140 GeV.
The latter is the appropriate choice for transitions described by the 3-d SM-like theory, as the magnitude of T" is primarily
set by the Higgs mass absent other light degrees of freedom or large higher-dimension operator e! ects. This Þgure shows that
the 3-d SM-like EFT and existing lattice results cannot be reliably used to study electroweak phase transitions predicting an
observable gravitational wave signal.
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aged condensates, evaluated at the critical point (see, for
example, Ref. [45]). Calculating these condensates using
the two-loop e! ective potential, which should be reason-
ably accurate at smallx, and taking c6 to be its Standard
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gate an extended 3-d EFT including higher dimensional
operators in the future.
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allows us to trace out the entire region on the ($, %/H " )
plane that can be described by the SM-like 3-d EFT
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order calculation of the bubble nucleation rate becomes
numerically challenging in this regime. Nevertheless val-
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the speciÞc case of the singlet extended Standard Model
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gion where the e! ects of heavy BSM Þelds on the EWPT
can be captured by the 3-d SM-like EFT, a given model
does not predict a su$ ciently strong transition to pro-
duce an observable gravitational wave signal at LISA.
In fact, we have veriÞed that no planned gravitational

Source: 1903.11604 — Gould, Kozaczuk, Niemi, Ramsey-Musolf, 
Tenkanen, Weir

We found one power counting which we estimate to move 
the blob in the right direction: a tree-level barrier with a 
small negative quartic coupling.

Hierarchy Shorthand ! / ! RB " /H
!

(" /H )RB ! log! sph

m3 " M # #T
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3
2 g! 1
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SC TLB (2) g1 g1 g! 1
2

m3 # M # #T

SQTLB g! 1 g
1
2 g! 3

2

SC SQTLB (1) g! 1 g
1
2 g! 3

2

SC SQTLB (2) 1 g
1
4 g! 5

4

RB 1 1 g! 1

RB 6 1 1 g! 1

SC RB g g
1
4 g! 1

2

SC RSB g g g! 1
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Table 3: Estimations of the thermodynamic parameters relevant for GW detection
and the sphaleron suppression rate, for each entry in the catalog in table2.
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C.1 Tree-level terms only

Let us by start with assuming that all loop corrections are suppressed and that the
tree-level potential is an accurate description. Then the potential is

V3(! 3) =
1
2

m2
3! 2

3 +
1
4

" 3! 4
3 +

1
6

C!
3 ! 6

3. (C.5)

Balancing the termsÑand assuming that the 1-loop gauge boson contribution is
negligibleÑgives

m2
3! 2

3 ! " 3! 4
3 ! C!

3 ! 6
3 " g3

3! 3
3. (C.6)

From which we deduce the relations

nm2 = n" + 2n#, (C.7)

nC = n" # 2n#, (C.8)

n" < 3 # n#. (C.9)

With these expressions we can use the perturbativity constraintsA, B and (D) , and
the constraint from Eq. (C.9), to constrain n#,

A =$ n# <
1
4

(6 # n" ) , (C.10)

B =$ n# > #
1
2

n" , (C.11)

(D ) =$ n# > # 1, (C.12)

Eq. (C.9) =$ n# < 3 # n" . (C.13)

These constraints are still fairly loose. There are many solutions amongn" and n#

for which they are satisÞed. To achieve some regularity, we will assume thatn" % 2
and that n" only takes integer values. Then we can consider each case one by one.

¥ n" = 2:
# 1 < n # < 1, (C.14)

from which we can pickn# = 0 as a representative. This is the case ÒTLBÓ in
the catalog, and the counting is

m2
3 ! g2T2, " 3 ! g2T, ! 3 !

&
T , C!

3 ! g2. (C.15)

¥ n" = 3:
# 1 < n # < 0, (C.16)

from which we can pickn# = # 1/ 2. This is the case ÒSQTLBÓ in the catalog,
and the counting is

m2
3 ! g2T2, " 3 ! g3T, ! 3 ! g! 1

2

&
T , C!

3 ! g4. (C.17)
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BONUS: Tree Level Barrier

X

potentials described in [48].5

To be more concrete, we can illustrate power-counted supercooling by continuing
with our example of a radiative barrier (RB) in SU(2)+Higgs. For large temperatures
the Þeld is trapped in the symmetric minimum at the origin,

V(! 3) =
1
2

m2
3! 2

3 +
1
4

" 3! 4
3, m2

3 ! g2T2, m2
3 > 0, " 3 > 0. (3.18)

But as the temperature lowers and approachesT0, m2
3 = " m2 + # g2T2 becomes

smaller and a barrier can form. A new minimum comes into existence and a phase
transition becomes possible,

V(! 3) =
1
2

m2
3! 2

3 "
g3

3

16#
! 3 +

1
4

" 3! 4
3, m2

3 ! g3T2. (3.19)

As the temperature lowers even further, if the Þeld is still trapped in the metastable
symmetric minimum (e.g. due to a low nucleation rate), the system supercools:m2

3
becomes even smaller and the true minimum becomes negligible from the point of
view of the scalar Þeld at the symmetric minimum,

V(! 3) =
1
2

m2
3! 2

3 "
g3

3

16#
! 3

3, m2
3 ! g3 1

2 T2. (3.20)

As described above, though the potential is unbounded from below, the nucleation
rate is still Þnite. The dynamics of the bubble are set by the size of the barrier in
comparison to the mass of the Þeld. If the temperature lowers yet more, without
nucleation occurring,m2

3 becomes negative and the barrier is eliminated,

V(! 3) = "
1
2

|m2
3|! 2

3 +
1
4

" 3! 4
3, |m2

3| ! g2T2. (3.21)

Then a smooth phase transition takes place instead.

3.2 Details of the catalog

In this subsection, we list the di! erent potentials in the catalog in table2, and note
some restrictions on the parameters for a barrier to be able to form. We only include
those terms in the potential that are of su" cient size to contribute to the formation
of the barrier.

Tree-Level Barrier (TLB and SQTLB)

With a negative " 3, it is possible to get a barrier just from the tree-level terms,

V3(! 3) =
m2

3

2
! 2

3 "
|" 3|
4

! 4
3 +

C!
3

8
! 6

3, (3.22)

m2
3 > 0, " 3 < 0, C!

3 > 0.

5Similar considerations regarding supercooled nucleation in terms of power counting are discussed
in [27].
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BONUS: Radiative Barriers

X

Radiative barrier (RB)

As described above, if the scalar Þeld is lighter than the gauge boson, then the gauge
boson can be integrated out. This results in a radiative barrier, with potential

V3(! 3) =
m2

3

2
! 2

3 !
g3

3

16"
! 3

3 +
#3

4
! 4

3, (3.25)

m2
3 > 0, #3 > 0.

The critical mass is

m2
3

!
!
!
Tc

=
g6

3

128" 2#3

!
!
!
!
!
Tc

. (3.26)

Radiative barrier with ! 6 term (RB 6)

If a radiative barrier is generated, and the Wilson coe! cient C!
3 is large enough, then

they can both play a role in the formation of a barrier, as it would allow for a negative
#3:

V3(! 3) =
m2

3

2
! 2

3 !
g3

3

16"
! 3

3 +
#3

4
! 4

3 +
C!

3

8
! 6

3, (3.27)

m2
3 > 0, C!

3 > 0.

The critical mass can be found from

"
m2

3

#

c
= !

3
4

C!
3 ! 4

3,c +
3g3

3! 3,c

16"
! #3! 2

3,c, (3.28)

! 3,c

"
C!

3 ! 2
3,c + #3

#
=

g3
3

8"
, (3.29)

where ! 3,c is the location of the broken minimum. It is possible to solve Eq.(3.29)
analytically, but we opt to not do so here for brevity.

Radiative symmetry breaking (RSB)

Radiative symmetry breaking (RSB), Þrst realized by the Coleman-Weinberg (CW)
mechanism [52], occurs when there is no symmetry breaking present in the classical
potential, but instead the symmetry is broken when loop corrections are included.
At zero temperature, this requires the scalar coupling to be small compared to the
gauge-boson coupling,# " g4.

There are obstacles to studying RSB at Þnite temperature. First and foremost is
the problem that the gauge bosons are too heavy for the high-T expansion to apply,
posing challenges to the framework of DR.

However, as explained in [12], it is still possible to use a 3D EFT to describe the
bubble nucleationÑas long as the scalar is still light. Constructing the 3D EFT of

17

Radiative barrier (RB)

As described above, if the scalar Þeld is lighter than the gauge boson, then the gauge
boson can be integrated out. This results in a radiative barrier, with potential

V3(! 3) =
m2

3

2
! 2

3 !
g3

3

16"
! 3

3 +
#3

4
! 4

3, (3.25)

m2
3 > 0, #3 > 0.

The critical mass is

m2
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!
!
!
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=
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!
!
!
!
Tc

. (3.26)

Radiative barrier with ! 6 term (RB 6)

If a radiative barrier is generated, and the Wilson coe! cient C!
3 is large enough, then

they can both play a role in the formation of a barrier, as it would allow for a negative
#3:
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! 2

3 !
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16"
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3 +
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m2
3 > 0, C!

3 > 0.

The critical mass can be found from
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16"
! #3! 2
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3 ! 2
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#
=

g3
3

8"
, (3.29)

where ! 3,c is the location of the broken minimum. It is possible to solve Eq.(3.29)
analytically, but we opt to not do so here for brevity.

Radiative symmetry breaking (RSB)

Radiative symmetry breaking (RSB), Þrst realized by the Coleman-Weinberg (CW)
mechanism [52], occurs when there is no symmetry breaking present in the classical
potential, but instead the symmetry is broken when loop corrections are included.
At zero temperature, this requires the scalar coupling to be small compared to the
gauge-boson coupling,# " g4.

There are obstacles to studying RSB at Þnite temperature. First and foremost is
the problem that the gauge bosons are too heavy for the high-T expansion to apply,
posing challenges to the framework of DR.

However, as explained in [12], it is still possible to use a 3D EFT to describe the
bubble nucleationÑas long as the scalar is still light. Constructing the 3D EFT of

17
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the nucleating Þeld hence requires integrating out the gauge boson at the same time
as the thermal ßuctuations are integrated out. This means we need to include the full
1-loop thermal functions in our LO potential. (See [56] for an alternate approach to
studying RSB using DR.)

This results in an e! ective potential of the form

V3(! 3) =
m2

3

2
! 2

3 +
" 3

4
! 4

3 +
9
T

JA (g3! 3) + 9
T3

2#2
J T !=0

A

!
g2

3! 2
3

T2

"

, (3.30)

m2
3 > 0, " 3 > 0.

See Eq.(A.3) and Eq. (A.4) for deÞnitions of the loop functions. The factor 9 comes
from the physical modes of the gauge boson, three spacetime components for each
of the three gauge components. This factor 9 is di! erent from the radiative barrier
case (with a factor of 6) because the spatial and temporal modes are only separated
when the gauge boson is dynamic at some scale below the hard scale. Because the
gauge boson mass is here as large as the hard scale, we should use the full 3 spacetime
components.

The critical mass is not likely to be found analytically, and ought to be determined
numerically.

Radiative symmetry breaking with ! 6 term (RSB 6)

The RSB potential discussed above can be modiÞed if the Wilson coe" cient C!
3 is

large enough. Then the potential takes the form

V3(! 3) =
m2

3

2
! 2

3 +
" 3

4
! 4

3 +
9
T

JA (g3! 3) + 9
T3

2#2
J T !=0

A

!
g2

3! 2
3

T2

"

+
C!

3

8
! 6

3, (3.31)

m2
3 > 0, C!

3 > 0.

Again, the critical mass should be determined numerically.

SC RB and SC RSB

If the nucleation rate for the RB (or RSB) potential is small, the Þeld might stay in
the metastable minimum until supercooling happens. Then the potential will take the
form

V3(! 3) =
m2

3

2
! 2

3 !
g3

3

16#
! 3

3, (3.32)

m2
3 > 0.

In this case the high-T expansion does apply to the gauge boson, even if this is a
supercooled RSB potential. This is because the supercooled potential is valid for
smaller ! 3 values than the non-supercooled potential.

This potential can only describe the physical system after it has cooled beyond
the critical temperature. Hence, it is not possible to ÞndTc from this potential.
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m2
3 > 0, " 3 > 0.

See Eq.(A.3) and Eq. (A.4) for deÞnitions of the loop functions. The factor 9 comes
from the physical modes of the gauge boson, three spacetime components for each
of the three gauge components. This factor 9 is di! erent from the radiative barrier
case (with a factor of 6) because the spatial and temporal modes are only separated
when the gauge boson is dynamic at some scale below the hard scale. Because the
gauge boson mass is here as large as the hard scale, we should use the full 3 spacetime
components.

The critical mass is not likely to be found analytically, and ought to be determined
numerically.

Radiative symmetry breaking with ! 6 term (RSB 6)

The RSB potential discussed above can be modiÞed if the Wilson coe" cient C!
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m2
3 > 0, C!

3 > 0.

Again, the critical mass should be determined numerically.

SC RB and SC RSB

If the nucleation rate for the RB (or RSB) potential is small, the Þeld might stay in
the metastable minimum until supercooling happens. Then the potential will take the
form

V3(! 3) =
m2

3

2
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m2
3 > 0.

In this case the high-T expansion does apply to the gauge boson, even if this is a
supercooled RSB potential. This is because the supercooled potential is valid for
smaller ! 3 values than the non-supercooled potential.

This potential can only describe the physical system after it has cooled beyond
the critical temperature. Hence, it is not possible to ÞndTc from this potential.
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RB 6
and with Þnite-temperature corrections included, can be written [52,93]

V1(! ) =
!

a
naI a(M 2

a , T), (A.1)

I a(M 2
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2 for scalars and fermions,
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6 for gauge bosons,

(A.3)

J T !=0
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' "

0
dy y2 log

(

1 ± e#
"

y2+ x
)

,

$
%

&
+ for fermions,

! for bosons.
(A.4)

HereJa(x) is the zero-temperature contribution (often dubbed the Coleman-Weinberg
potential), na denotes the number of degrees of freedom of the Þelda with Þeld-
dependent massMa, including a sign for the fermion loop.

To Þnd the 1-loop corrected minimum, we will consider the leading order e! ective
potential at zero temperature to be given by integrating out the gauge bosons and
the top quark. This gives the potential

VLO (! ) = V0(! ) + nW JW (M 2
W ) + nZ JZ (M 2

Z ) + ntJt (M 2
t ), (A.5)

nZ = 3, M 2
Z =

g2 + g$2

4
! 2

(

1 +
1
2

C! D ! 2
)

, (A.6)

nW = 6, M 2
W =

g2

4
! 2, (A.7)

nt = ! 12, M 2
t =

y2
t

2
! 2. (A.8)

This leading order potential is gauge invariant because the unphysical modes give
nonzero contributions Þrst at next to leading order [94]. We Þx the renormalization
scale to be the same as the measured Z mass,µ = MZ |" = v. Then we can Þnd an
expression for the vacuum expectation valuev by minimizing this potential,

#" VLO |v = 0. (A.9)

We also calculate the squared mass of the Higgs Þeld from the LO potential,

m2
H = ! m2 +

3$v2

2
! 2Ckin v2

"
3$v2

2
! m2

#

!
15
4

C! v4 + " m2
H , (A.10)

Ckin =
C! D

4
! C! ! . (A.11)

Because we want to make an estimation of the allowed parameter space, we will
make some simplifying assumptions. Starting with the expression for the vev, we can
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To Þnd the critical temperatureTc at leading order, we would need to Þrst Þnd the
critical mass of this 3D potential. The critical mass (m2

3)c ! (m2
3)|Tc is the value ofm2

3
where the broken minimum is degenerate with the symmetric minimum. Making the
broken minimum degenerate with the symmetric minimum, and using thatdV/d! = 0
at the minima gives

!
m2

3

"

c
=

" 2
3

4C!
3

#
#
#
#
#
Tc

. (3.23)

Then the leading order value ofTc can be found by solving this equation after inserting
the temperature dependence of these Wilson coe! cients from the matching relations
of subsection4.3.

It is actually possible to realize this same potential with two di" erent power-
countings. The Þrst is dubbed TLB (short for tree-level barrier), and features a
quartic coupling of size" 3 " g2T. This size of" 3 is the same as is used in ordinary
loop expansions.

Perhaps more surprising is the existence of a second counting, SQTLB (Small
Quartic TLB), which features " 3 " g3T among its other parameter scalings. That
size of" 3 often implies that a radiative barrier can form [54]. In this case, there is a
hierarchy between the scalar and the gauge boson, with the scalar at the soft scale and
the gauge boson at the semisoft scale. But still there is no radiative barrier, because
the ! 3

3 term is subleading. We can then draw the conclusion that a hierarchy between
the scalar and the gauge boson is necessary, but not su! cient, for a radiative barrier
to arise.

Supercooled (SC) TLB

If the nucleation rate for the TLB potential is small, the Þeld might stay in the
metastable minimum until supercooling happens. Then the potential will take the
form

V3(! 3) =
m2

3

2
! 2

3 #
|" 3|
4

! 4
3, (3.24)

m2
3 > 0, " 3 < 0.

By construction, this potential is unbounded from below and only features the
metastable minimum. It can only describe the physical system after it has cooled
beyond the critical temperature, and can therefore be used to calculate either the
nucleation temperature or the percolation temperature (which are both lower than
Tc). However, it is not possible to ÞndTc from this potential, although it can be found
by studying the original TLB potential.
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the nucleating Þeld hence requires integrating out the gauge boson at the same time
as the thermal ßuctuations are integrated out. This means we need to include the full
1-loop thermal functions in our LO potential. (See [56] for an alternate approach to
studying RSB using DR.)
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m2
3 > 0, " 3 > 0.

See Eq.(A.3) and Eq. (A.4) for deÞnitions of the loop functions. The factor 9 comes
from the physical modes of the gauge boson, three spacetime components for each
of the three gauge components. This factor 9 is di! erent from the radiative barrier
case (with a factor of 6) because the spatial and temporal modes are only separated
when the gauge boson is dynamic at some scale below the hard scale. Because the
gauge boson mass is here as large as the hard scale, we should use the full 3 spacetime
components.

The critical mass is not likely to be found analytically, and ought to be determined
numerically.

Radiative symmetry breaking with ! 6 term (RSB 6)

The RSB potential discussed above can be modiÞed if the Wilson coe" cient C!
3 is

large enough. Then the potential takes the form
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m2
3 > 0, C!

3 > 0.

Again, the critical mass should be determined numerically.

SC RB and SC RSB

If the nucleation rate for the RB (or RSB) potential is small, the Þeld might stay in
the metastable minimum until supercooling happens. Then the potential will take the
form

V3(! 3) =
m2

3

2
! 2

3 !
g3

3

16#
! 3

3, (3.32)

m2
3 > 0.

In this case the high-T expansion does apply to the gauge boson, even if this is a
supercooled RSB potential. This is because the supercooled potential is valid for
smaller ! 3 values than the non-supercooled potential.

This potential can only describe the physical system after it has cooled beyond
the critical temperature. Hence, it is not possible to ÞndTc from this potential.
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thermal escape. For early-universe phase transitions, we are interested in transitions
at large temperatures and will hence focus on bubble nucleation via thermal escape.
The dynamics of a scalar Þeld undergoing such a transition with bubble nucleation
take place at an energy scale much lower than the scale of thermal ßuctuations. In
more physical terms, the expected radius of the nucleated bubbles should be much
larger than the length scale of thermal ßuctuations, which is proportional to the
inverse temperature. On the other hand, dynamics at energies higher than the thermal
ßuctuations is Boltzmann suppressed and can thus be ignored.

This separation of scales allows us to use the theoretical framework of Dimensional
Reduction (DR), which yields a three-dimensional (3D) Euclidean Þeld theory with
only bosons. The Þrst step in DR is to decompose the Þelds into their Matsubara
modes due to their periodicity in the Euclidean time direction. SpeciÞcally, the Þelds
are expanded as:

! (" , x) =
!!

n= "!
ei ! n " ! n (x), (2.1)

where
#n = 2n$T (bosons), #n = (2 n + 1) $T (fermions), n ! Z. (2.2)

Each mode has a mass ofm2
n(T) = #2

n + m2, wherem is the mass at zero temperature.
For very high temperatures, all but the bosonicn = 0 modes are thus very massive. The
second step is to integrate out the non-zero Matsubara modes, obtaining an e! ective
3D theory of bosonic Matsubara zero-modes [42,43]; fermions do not have zero-modes
and are not present in the 3D theory. The zero-modes are interacting strongly at high
temperatures and are hence the most important degrees of freedom. Notably, the 3D
theory does not contain any temperature dependence, as the temperature dependence
is encoded in relations between 3D and 4D parameters determined by matching to the
full theory at the hard scale. In particular, this matching introduces Debye masses
of the bosons, which contain a temperature dependence, while the potential does not
explicitly depend on the temperature.

At this point, it is conceptually important to note the separation of scales involved
in our framework. The scale of the thermal ßuctuations,p " $T, is referred to as the
hard scale. It it the scale at which non-zero Matsubara modes are integrated out during
DR. Integrating out the thermal ßuctuations at the hard scale gives a perturbative
Þeld theory, which properly resums large logarithms [28] (See [36] for a modern review
of DR.) and captures the physics of the scalar Þeld driving the phase transition.
Well below this lies the scale where the phase transition occurs, characterized by the
dynamics of the scalar Þeld driving the transition, which is assumed to have a mass
well below the hard scale.

The assumption of a scalar Þeld with a small mass compared to the temperature
allows for the use of classical nucleation theory to describe the process of bubble nucle-
ation [27]. This theoretical framework can be pushed to higher orders in perturbation
theory without violating consistency conditions such as gauge invariance and realness
of observables [12,44Ð46].

5

Only bosons have (Matsubara) zero-modes. Hence the 3D EFT only consists of bosonic fields.
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separating the soft zero-mode from the hard non-zero Matsubara modes. In fact, at high

temperature m/T ∼ g (note that this choice merely parametrises the high-T limit), the mass

of the zero-mode scales as ∼ gT while all non-zero modes exceed this, with masses of ∼ πT –

this signals a scale hierarchy.

Therefore, in the high-T limit, non-zero mode excitations of the thermal plasma effectively

screen the zero mode. The zero mode acquires an effective thermal mass m2
T = m2 +#g2T 2,

where the numerical coefficients, denoted generically by #, depend on the group structure

and representation of the fields in question. Physically this thermal mass arises as a screening

mass due to the heat bath. Since m2 can be negative, thermal corrections can trigger a phase

transition around where they cancel the zero-temperature contribution, i.e. when the effective

mass of the zero-mode becomes ultrasoft (we will expand upon this point later).

Similarly, the gauge field zero-mode is also screened by non-zero modes. Since it is massless

in the symmetric phase (or gauge eigenstate basis), its thermal mass is solely dictated by the

hard modes and reads mD = #gT . This thermally induced mass is called the gauge field

Debye mass, in analogy to Debye screening of the electric plasma. In Appendix B.1 we show

the calculation of these thermal masses in detail.

The infrared problem manifests itself when considering higher loop contributions, the

so-called daisy diagrams

N

∝ g2N
[
∫

p

T

(p2 +m2
T )

N

][

∑
∫ ′

Q

1

Q2

]N

∝ m3
TT
( gT

mT

)2N
, (2.16)

where we have omitted an overall combinatorial factor and replaced λ by g2 according to

its assumed scaling. In these diagrams the hard mode contributions (double dashed lines)

screen soft zero-modes (single dashed lines). When the inner loop of Eq. (2.16) is a zero-

mode, i.e. has a soft momenta P = (0,p) and all N outer loops or petals have hard momenta

Q with non-vanishing Matsubara frequencies, this contribution is of order O(g3) for any N .

Furthermore, it is IR-divergent for N ≥ 2 in the limit of vanishing mass. For scalar fields

and zero-components of gauge fields this IR-problem can be partially cured. The recipe is

called daisy resummation. One must first calculate the thermal corrections from the non-zero

modes to find the corrected mass of the zero-mode. Then, in computing the contributions

of the zero-mode, its mass is upgraded to the thermally corrected mass mT . The following

subsection describes this prescription in more detail.

Now, we turn to the effective potential, which at one-loop is of the following form, in

terms of the background field φ

Veff(φ, T, µ̄) = Vtree + V1-loop , (2.17)

where the one-loop piece is composed of the master sum-integral6

V1-loop $ J1-loop ≡
1

2

∑
∫

P

ln
(

P 2 +m2
)

, (2.18)

6For a brief review in a similar context, see Appendix C of Ref. [26].

– 10 –

on the critical bubble are not enhanced by a scale hierarchy. The leading-order effect from

these scales is encoded in the fluctuation determinants.

Lastly, we note that there are scale-shifting fields. They belong to the intermediate scale

on the main body of the critical bubble and to the nucleation- and lower scales on the bubble

tail. These scale-shifter fields include all the three dimensional fields, except B0 and the

nucleating d.o.f. φ3. Contributions related to scale-shifters entail subtleties, but they only

appear at higher orders [59].

3.2. Matching from intermediate scale to nucleation scale

The matching to the nucleation scale is the second step in Eq. (3.12); see Tab. 2. It proceeds

with matching the 1PI actions for the nucleating field [59]. This matching procedure differs

from the dimensional reduction from thermal to intermediate scale. The latter can be per-

formed in the symmetric, unbroken phase perturbation theory. The difference arises since

the background of the nucleating field, φ3, affects the masses of the soft scale fields at leading

order. The nucleation scale spatial variations of the background can still be treated as small

external momenta in the loop integrals, and can hence be treated with a gradient expansion.

The matching to the nucleation scale EFT reproduces the two first orders from the con-

ventional computation of the nucleation rate with the full effective action; see the description

in Sec. 2.2. This is because the scale hierarchy enhances the two first orders coming from the

intermediate scale. By inspecting Eq. (1.2), we see that terms enhanced by negative powers

of g result from the intermediate scale (and implicitly from the thermal scale), compared to

the contributions from the nucleation scale, encoded by the (lnA)-term that is of O(1) up to

possible logarithms of g. Thus, one can interpret the two first orders as creating an effective

description for the nucleating field.

Now we match to the nucleation scale by matching the 1PI action for the φ3-field in analogy

to a scalar field theory [59] and SU(2) + Higgs theory [67].7 The matching helps to understand

better the physical picture coming from scale separations. Formally, we equate actions at the

intermediate and nucleation scales which is illustrated diagrammatically

Snucl +
[

+ +
]

(a)
= S0 +

[

+ +
]

(a)

+ + +

+ (b) + (c) , (3.13)

where the action on the l.h.s. is at the nucleation scale and r.h.s. at the intermediate scale.

The tree-level actions are denoted as Snucl and S0 respectively. We include loop corrections

up to two-loop order and at the r.h.s. distinguish contributions of light nucleating field (solid

7See also Appendix D of Ref. [81] for a related computation at zero temperature.
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The bounce extremizes the Euclidian action: 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3

Here, the Þrst and third terms are individually of
O(g2T 2). However, for µ2 < 0, a cancellation between the
Þrst and remaining terms can render the overall sum in
µ2

eff smaller Ð parametrised byN > 0 Ð for some temper-
ature range. Henceforth, we assume a temperature win-
dow where N = 1 and argue below that this occurs in
the vicinity of the phase transition critical temperature
[35, 39].

The assumptions of Eqs. (9)Ð(12) induce the chain of
thermal scale hierarchies in Eq. (5). Non-zero Matsub-
ara modes have masses! ! T . In the unbroken phase
(" = 0) zero Matsubara modes have the following scales:
Higgs and Goldstone Þelds have masses! µeff ! g

3
2 T .

At zero temperature it is su! cient to talk of transverse
and longitudinal modes of the gauge Þeld, but at high
temperatures there is a further splitting of the three
transverse modes into two spatial modes and one tem-
poral. The gauge Þeld temporal mode,B0, has a mass
ømB 0

! gT; while spatial gauge Þelds remain massless
(mB = 0). In the broken phase (" > 0), spatial and
temporal gauge bosons, Goldstone and ghost Þelds have
masses! g" ! gT, while the Higgs Þeld that undergoes
nucleation has parametrically lighter mass! g

3
2 T .

The full one-loop e" ective potential is found using the
following background Þeld dependent mass eigenvalues

øm2
H = µ2

eff + 3 #" 2 , (13)

øm2
! = µ2

eff + #" 2 + g2$"2 , (14)

øm2
B 0

=
1
3

g2T 2 + g2" 2 , (15)

m2
c = g2$"2 , m2

B = g2" 2 , (16)

where masses for the zero Matsubara modes of the Higgs,
Goldstone and temporal gauge ÞeldB0 include resummed
thermal corrections e.g. theT 2-term in the third line de-
scribes Debye screening. The mass of the longitudinal
component of the gauge Þeld equals the ghost mass. Nei-
ther spatial gauge Þelds, nor ghost Þelds, develop thermal
masses. Based on the power counting ing, the leading
contribution to the e " ective potential is of O(g3T 4) and
reads

V e!
LO =

1
2

µ2
eff " 2 +

1
4

#" 4

"
g3T
12!

!
2" 3 +

" 1
3

T 2 + " 2
# 3

2
$

, (17)

where the second line is the transverse gauge Þeld con-
tribution and the second term therein corresponds to the
Debye mass (15) of the temporal mode. Near the phase
transition, all terms in the potential should be approxi-
mately of the same order of magnitude which is assured
by construction, given the assumed power counting ing
in Eqs. (9)Ð(12). The leading-order potential of Eq. (17)
at O(g3T 4) is gauge invariant.

The one-loop contribution to the e" ective potential
from the longitudinal gauge Þeld, Goldstone Þeld, and

ghost Þelds is

"
T

12!

%
øm3

! " m3
c

&
! O(g4T 4) . (18)

Note that ghosts contribute with a relative minus sign to
other Þelds. These contributions give rise to an explicit
$ dependence, but these terms are of higher order com-
pared to Eq. (17) due to a cancellation at leading order.
Below we include the remainingO(g4T 4) terms at NLO
in the e" ective potential which expands as

V e! = V e!
LO + V e!

NLO + O(g
9
2 T 4) , (19)

where
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(
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The last term on the second line originates from the one-
loop Goldstone-ghost contribution in Eq. (18), and the
last two lines correspond to the two-loop contributions of
the B0 Þeld. The remaining terms result from two-loop
diagrams with spatial gauge Þelds, ghosts and scalars
(%,H ). The O(g

9
2 T 4) term in Eq. ( 19) arises at one-loop

order from the Higgs Þeld.
Consistent treatment of the e" ective action (2) at NLO

also requires the inclusion of Þeld renormalization:

Z = 1 + ZNLO + O(g
3
2 ) , (21)

where

ZNLO (" ) =
gT
48!

+
"
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"

+
" 2

( 1
3 T 2 + " 2)

3
2

-
. (22)

The Þrst term is from the two spatial modes and ghosts
and the second term is from the temporal mode. No-
tably, at order O(g) the Þeld renormalisation is indepen-
dent of the gauge-Þxing parameter. Higher order terms
at O(g

3
2 ) arise from two-loop diagrams involving gauge,

ghost and Goldstone Þelds, and one-loop diagrams with
internal Higgs legs.

In the semiclassical approximation, the background
Þeld extremizes the leading-order action and can be found
from the equation of motion for the leading-order poten-
tial

# 2" b(x) =
&V e!

LO

&"

/
/
/
/
" = " b

,

0
" b($ ) = 0

" !
b(0) = 0

, (23)

where # 2 % &i &i is the three-dimensional Laplacian op-
erator, and " b is the Òbounce solutionÓ [40]. We expand

! ." Non-equilibrium dynamics

Thermal escape is a non-equilibrium process. As such, damping and related e! ects are

important [ ", "#, $"]. However, these e! ects are hidden in Equation %.". In addition, the

saddle-point approximation is expected to break down for small damping [$$]. This mo-

tivates going beyond leading-order results ["#,$%].

! .# Thermal escape and tunneling

To see how Equation%." should be modiÞed, it is informative to discuss the physics behind

thermal escape.

The formulas for quantum tunneling and thermal escape look similar

! T= 0 =
!

SB

2!

" 2
#
#
#
#
det([ ! " 2 + V""(0)])

det"[ ! " 2 + V""(# b)]

#
#
#
#

1/ 2

e! SB (%.&)

! T#= 0 =
$

2!

!
S3

2! T

" 3/ 2
#
#
#
#
det([ ! " 2 + V""(0)])

det"[ ! " 2 + V""(# b)]

#
#
#
#

1/ 2

e! S3/ T (%.' )

However, the physics is quite di! erent.

For tunneling, the rate is!

! T= 0 = 2Ime! Se! . (%.$)

The e! ective action is evaluated on a solution of%Se! [# b] = 0. In essence the tunneling

rate comes from a saddle-point approximation around the bounce solution. The functional

determinant (one-loop contribution to Se! ) arises from ßuctuations around the bounce,

and higher-order terms in Se! consist of vacuum diagrams in the bounce background [#,

"( ]. Crucially the e! ective action is imaginary due to a negative eigenvalue of%2SB[# b] .

The thermal-escape formula is similar to the tunneling decay rate. Indeed, except for

the prefactor, the determinant and exponent could be the Þrst terms ofe! Se! / T , where Se!

is the e! ective action in three dimensions. This has led to the conjecture ["#,$) ]

! T#= 0 = Adyn $ 2Ime! Se! / T . (%.) )

The leading-order dynamical prefactor is Adyn = $
2! , and $ is normally taken as

$
|&|,

where & is the only negative eigenvalue of%2S3[# b] .

Yet thermal escape is a classical process.

To illustrate the physics it is useful to consider a classical particle moving in three

dimensions. We assume that the potential of this particle has one metastable minimum at

'x = 'xS, and a lower-energy minimum at 'x = 'xTV. Furthermore, let us assume that these

two minima are separated by a barrier. Lowest at 'x = 'xB. Without loss of generality we

take 'xB to lie in the x1 direction.

If this was a tunneling process, the particle would start at the metastable minimum and

go through the barrier with some probability. The most likely path of escape, the bounce,

results in a negative eigenvalue, which gives an imaginary energy. The rate is identiÞed

$ Subtleties related to zero modes [ %,$&] are discussed in Section ' .! .

#
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with ! = ! 2ImE.

But the picture is di! erent for thermal escape, where the particle travels over the

barrier. That is, the probability for the particle to have an energy E is proportional to

e! E/ T . This means that the particle is most likely to escape where the barrier is lowest

(VB = V(x)|x= !xB
), with probability ! " e! VB/ T . Although, the particle can also escape

close-by !xB by moving slightly in the x2 or x3 directions.!

A better approximation is ! "
!

x1= xB
d x2d x3e! V(x)/ T . Crucially only variations in

orthogonal directions to !xB are included in this integral. The rate is real because there is

no integration in the concave x1 direction.

What about non-equilibrium physics? When the particle jumps over the barrier, it Þrst

needs to get su" cient energy to escape, and then move to the other side. If thenegative

curvature (" ) in the concave direction is large, the probability to get moving over the edge

is naturally big. Likewise, large damping (#) slows down the particle. This is the physical

reason for the leading-order dynamical prefactor: Adyn = |" |
2$# .

Intuitively the Boltzmann factor describes the probability to jump up to, and the dy-

namical factor describes the ßow from, the barrier. To leading order this ßow is in the

concave direction, while higher-order corrections make the ßow veer down the barrier

from orthogonal directions.

Note that it does not matter that V is concave in the x1 direction because we should

only integrate in orthogonal directions to x1 when calculating the rate. Thus no imaginary

terms can appear in the saddle-point approximation."

These considerations motivate the main result of this paper

! T#= 0 = Adyne! Se! , (#.$)

where the e! ective action omits contributions from negative eigenvalues. This means that

the e! ective action is real to all orders.

Equation #.$ is derived in the next section for an overdamped system; an equivalent

derivation for general damping is given in Section %. The complete nucleation rate, in

Þeld theory, is given in Section&.' .

! The nucleation rate

In this section we derive a complete formula for the nucleation rate. To that end, consider

a system with n degrees of freedom, indexed byi . Translating the results to Þeld theory

is straightforward, and is done in Section &.

For simplicity this section assumes an overdamped system. While not generic, an over-

damped system makes the physics transparent. The steps are similar for the general-

damping case, di! ering only by longer intermediate formulas, which are given in Section

! This discussion assumes an overdamped system, and ignores kinetic contributions to the energy. See Section "

for a discussion of the general case.
# This has been previously observed in [ $#,$$,$%]. However, care must be taken for generic damping. For example,

away from the strict overdamping limit the integral should not be done at the saddle point. Yet the decay rate

is still real for general damping coe & cients, but the reason is more subtle. See Section " .
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important [ ", "#, $"]. However, these e! ects are hidden in Equation %.". In addition, the

saddle-point approximation is expected to break down for small damping [$$]. This mo-

tivates going beyond leading-order results ["#,$%].

! .# Thermal escape and tunneling

To see how Equation%." should be modiÞed, it is informative to discuss the physics behind

thermal escape.
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However, the physics is quite di! erent.

For tunneling, the rate is!

! T= 0 = 2Ime! Se! . (%.$)

The e! ective action is evaluated on a solution of%Se! [# b] = 0. In essence the tunneling

rate comes from a saddle-point approximation around the bounce solution. The functional

determinant (one-loop contribution to Se! ) arises from ßuctuations around the bounce,

and higher-order terms in Se! consist of vacuum diagrams in the bounce background [#,

"( ]. Crucially the e! ective action is imaginary due to a negative eigenvalue of%2SB[# b] .

The thermal-escape formula is similar to the tunneling decay rate. Indeed, except for

the prefactor, the determinant and exponent could be the Þrst terms ofe! Se! / T , where Se!

is the e! ective action in three dimensions. This has led to the conjecture ["#,$) ]
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The leading-order dynamical prefactor is Adyn = $
2! , and $ is normally taken as
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where & is the only negative eigenvalue of%2S3[# b] .

Yet thermal escape is a classical process.

To illustrate the physics it is useful to consider a classical particle moving in three

dimensions. We assume that the potential of this particle has one metastable minimum at

'x = 'xS, and a lower-energy minimum at 'x = 'xTV. Furthermore, let us assume that these

two minima are separated by a barrier. Lowest at 'x = 'xB. Without loss of generality we

take 'xB to lie in the x1 direction.

If this was a tunneling process, the particle would start at the metastable minimum and

go through the barrier with some probability. The most likely path of escape, the bounce,

results in a negative eigenvalue, which gives an imaginary energy. The rate is identiÞed

$ Subtleties related to zero modes [ %,$&] are discussed in Section ' .! .
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nucleating classical bubbles. A primed determinant means that the translational-invariance
zero-modes are excluded. The statistical part is normalized such that ! is the exponential
growth rate of the nucleating bubbles [116]. The remainder of this article focuses on the
statistical part ! without further discussing the dynamical prefactor ! .

The spatial extent of the critical bubble sets a length scale, the nucleation scale " ! 1
nucl .

The nucleation scale can be identiÞed with the mass of the nucleating d.o.f., " nucl ! µe!

(cf. Eq. (2.54)), away from the thin-wall limit. Given that t here is a hierarchy between the
nucleation scale and higher intermediate (soft) 3d scale, one can use the e#ective Þeld theory
framework to organize the calculation.

The relevant scales within the Abelian Higgs model are5

" T
!"#$

thermal scale

Step 1
" gT

!"#$
intermediate scale

Step 2
"

g
3
2

#
"

T
! "# $

nucleation scale

"
g2

"
T

! "#$
ultrasoft scale

, (3.12)

where both thermal and intermediate scales are higher scales to be integrated out for the
nucleation scale e#ective description.6 The computation separates into two parts as presented
in Tabs. 1 and 2. Step 1 in Tab. 1 is the usual dimensional reduction, as described at the
beginning of this section and in Appendix A. This step takes care of the highest energy scale
of the theory, the thermal scale (" T), when constructing the 3d EFT with Lagrangian in
Eq. (3.1) describing the length scales of (gT)! 1.

Step 2 in Tab. 2 matches the intermediate (soft) scale to the nucleation scale, by integrating
out heavier degrees of freedom than the nucleating Þeld. Thus, we can create a local descrip-
tion for the length scale, µ! 1

nucl , of nucleating bubbles whereµnucl ! (g3/ 2T/
#

" ). Here, we
included a factor of " coming from the one-loop order of the heavy contributions to# ! g3/ " .
The e#ects from the higher scales enter the local nucleation scale e#ective action, Snucl , that
can be used to Þnd an approximation for the critical bubble.

The nucleation scale and lower scales enter the ßuctuation determinants in the prefactor.
We will concern ourselves with the two leading orders of the exponent, and leave the determi-
nation of the next order, i.e. the nucleation scale contributions, as future work. The critical
bubble background has strong e#ects on these scales: The gradient expansion diverges as
variations of the bubble background cannot be treated as small external momenta within the
loop integrals, and the ßuctuations around the critical bubble background contain an un-
stable negative eigenmode and zero-modes (cf. ßuctuation determinant in Eq. (3.11)), which
need careful treatment. Contrary to the higher scale contributions, the e#ects of these scales

5The assumed scaling for the nucleation scale does not necessarily apply in the full parameter space, and
our discussion is limited to those regions where it is valid.

6Dimensional reduction literature interchangeably refers to the thermal scale as hard or superheavy and
the intermediate scale as soft or heavy.
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Scale Validity Dimension Lagrangian Fields Parameters

Hard ! T d + 1 L 4d (2.1) Bµ, ! , µ2, " , g
!
!
" Step 1: Integrate out n != 0 Matsubara modes

Intermediate gT d L 3d (3.1) B3,i , B0, ! 3 µ2
3, " 3, g3, mD , h3, #3

!
!
" Integrate out temporal scalar B0

Ultrasoft g2T/ ! d øL 3d
øB3,i , ø! 3 øµ2

3, ø" 3, øg3

Table 1: Conventional dimensional reduction of (d+1)-dimensional Abelian Higgs model into
e" ective d-dimensional theories based on the scale hierarchy at high temperature [64]. The
e" ective couplings are functions of the couplings of their parent theories and temperature
and are determined by a matching procedure. The Þrst step integrates out all hard non-
zero modes. The second step integrates out the temporal scalar B0 with soft Debye masses
mD . Lattice studies of thermodynamics in this model [111Ð113,118, 119] were performed at
the ultrasoft scale, where only ultrasoft spatial gauge Þelds Br (with corresponding Þeld-
strength tensorsFrs ) remain along with a light Higgs that undergoes the phase transition. In
our perturbative computation for bubble nucleation, ! 3 is not assumed to be ultrasoft and
hence we do not perform the second reduction to the ultrasoftscale, but instead construct
nucleation EFT; see Tab. 2.

Scale Validity Dimension Action Fields

Intermediate gT d S3($3) B3,i , B0, H3, %3, c3

!
!
" Step 2: Matching 1PI actions.

Nucleation g
3
2 T d Snucl ( ö$3) öH3

Table 2: Second step of the dimensionally reduced approach,matching the intermediate scale
e" ective action S3($3) onto the nucleation scale e" ective action Snucl ( ö$3). Here, we distinguish
Þelds between the two by using a circumßex for the nucleationscale EFT quantities.
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5

to be big enough to a! ect the classical potential. We need
something heavy to amplify the 1-loop potential, but we
only have a single scalar ÞeldÑand it can not be heavier
than itself.

Hierarchy II

Next I will consider a scale hierarchy with an intermedi-
ate scale,

m ! M ! ! T. (31)

This scale hierarchy o! ers a rich set of possibilities. One
example is that of a gauge theory at high temperature.
We can study the Abelian Higgs modelÑa complex scalar
charged under a U(1) gauge ÞeldÑby integrating out
high-energy modes in two steps. First a dimensional re-
duction is performed, and then the gauge boson is inte-
grated out [3, p. 30]. Note that the procedure requires
integrating out a Þeld whose mass and couplings depend
on the background Þeld of a lighter scalar. This will yield
a non-polynomial e! ective action [7, 29]; the construc-
tion of such e! ective actions is also known as functional
matching [6]. See also [30, 31] for early attempts at con-
structing non-polynomial e! ective actions for studying
phase transitions in gauge theories. Following the demon-
stration in [ 7], formally the method entails rewriting the
partition function

Z =
!

D" e! S[! ] (32)

by separating the UV and IR modes of the Þelds:D" =
D" uv D" ir , and performing the integral over the UV
modes:

Z =
!

D" ir e! Se! [! ir ]
, (33)

Se" [" ir ] = " log
!

D" uv e! S[! ir + ! uv ] . (34)

See [7] for a detailed account of how to perform this in-
tegral.

Denoting the gauge coupling byg, we get the leading-
order potential and parameters

VLO (" 3) =
1
2

m2
3" 2

3 "
1

12!

"
g2

3" 2
3

#3/ 2
+

1
4!

#3" 4
3, (35)

m2
3 = m2 +

g2

12
T2 +

1
18

#T2 + . . . , (36)

#3 = #T + . . . , (37)

g2
3 = g2T + . . . . (38)

We see that the leading-order potential has a barrier
via the " 3 term. To ensure that this is a well-formed
leading-order expression, we repeat the exercise of bal-
ancing terms. The result is [3, p. 9-10]

m2
3 #

g6
3

#3
, " 3 #

g3
3

#3
. (39)

But we have the additional constraint (from the assumed
scale hierarchy) that the gauge boson is heavier than the
scalar, g3" 3/m 3 # g3/

$
#3 ! 1. A simple realization

of this hierarchy is to assume that # # g3 (in contrast
with # # g2, which is the standard assumption in loop
expansions). So the potential in equation (35) is actually
a well-behaved leading-order expression.

By deriving the masses of the scalars from this po-
tential, it is possible to extend previous studies [32, 33]
to study phase transitions in this theory accurately and
consistently [9Ð11, 34].

Hierarchy III

We can also imagine another hierarchy in which the heavy
Þeld is so heavy it is not excited by the temperatureT,

m ! ! T ! M. (40)

In this case we should Þrst integrate out all the modes
of the heavy Þeld, and then integrate out the non-zero
Matsubara modes of the light Þeld. See [7] for an example.

Hierarchy IV

Consider a heavy Þeld at a scale close to the temperature
T,

m ! M # ! T. (41)

In this case, the high-temperature expansion does not
apply to the Þeld of massM . But neither can the tem-
perature be neglected when integrating it out, as in hier-
archy III. However, the high-temperature expansion still
applies for the light Þeld of massm. There should still
exist a 3D EFT for the zero-mode of the light Þeld. This
method of Òpartial dimensional reductionÓ is not widely
studied, but see [35Ð38] for a few studies.

Here I want to highlight another example: a variant
of the Coleman-Weinberg (CW) model [18] as studied
in [39]. This model featuresradiative symmetry breaking:
there is no symmetry breaking at tree-level, but there is
at 1-loop level. This is the Abelian Higgs model with a
small and positive mass term:

Vcl (" ) =
1
2

m2" 2 +
1
4!

#" 4, (42)

This potential is of comparable size to the 1-loop contri-
bution of the gauge boson when# # g4 and m2 # g4$2

with $ a characteristic size of the VEV.
There is a clear hierarchy of scales: the gauge boson is

heavier than the scalars and can be integrated out. This
gives a modiÞed potential

VLO (" ) =
1
2

m2" 2 +
1
4!

#" 4 + 3JCW (g2" 2), (43)
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