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WHY SHOULD WE DO B-PHYSICS ON THE LATTICE?

m Search for BSM physics at the high-precision frontier: Deviations between
Standard Model predictions and experiment in flavor physics observables.

m Several B-anomalies, e.g.,
> Ratios testing lepton flavor universality.
» Branching fractions of rare decays.
» Tension between inclusive and exclusive determinations of |V,;,| and |V¢p|.

m Need precise determinations of hadronic matrix elements and quark masses.

— Ab initio Standard Model predictions from lattice QCD.

1/ 21



MULTI-SCALE PROBLEMS IN LATTICE QCD

m By discretizing QCD in a finite volume, we introduce two cutoffs:
» |nfrared cutoff: Agr ~1/L
» Ultraviolet cutoff: Ayy ~ 1/a

m Finite-volume effects vanish exponentially o exp(—mL)

— require m,L > 4.

m Cutoff effects vanish polynomially  c¢ia + c2a® + c3a” + cqa® .. .,
possibly with logarithmic corrections [Husung et al., 1912.08498]

— For energy scales ¢: fulfill ag < 1 for reliable continuum extrapolations.

L '<m;~135MeV « ¢ < a™*
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https://inspirehep.net/literature/1771515

MULTI-SCALE PROBLEMS IN LATTICE QCD

L '<m;~135MeV < ¢ < a™*

m The cost to generate ensembles scales at least with L°.

m What are the energy scales that can be reached at physical pion mass?
» mPWS[ > 4 implies L > 6 fm (assume T >> L here).
> State of the art: L/a = 96 at a = 0.06 fm — a~* ~ 3.3GeV .
> Largest on the market: L/a = 144 at a = 0.04fm — a~' ~ 4.9GeV ™.

m We are limited in view of the energy scales, e.g. quark masses,
that we can simulate on large lattices.
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QUARK MASS DEPENDENT CUTOFF EFFECTS
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m Continuum extrapolation
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3.00 ] heavy-light decay constant
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m For illustration: Use three finest resolutions < 0.05 fm to extrapolate with

fu(a) = po + p1 - a®
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NON-PERTURBATIVE STEP-SCALING

THE RUNNING COUPLING OF QCD



THE CASE OF THE STRONG COUPLING CONSTANT

The computation of the strong coupling constant a;(q) is @ multi-scale problem:

m Define o, from an Euclidean short-distance quantity O(q) with the perturbative
expansion (see, e.g., [Dalla Brida, 2012.01232]),

N
—00 AP O
)XY el (g) + O N+l>+0(qp) ~ ao@=".
n=1

up to truncation errors.

m Converges as ap(q) " 1/1log(q/Aqcp) — have to reach high energy scales.
m Possible solution to the multi-scale problem [Liischer, Weisz, Wolffl:
Use finite-volume effects as part of the definition of ap(q),
ao(g)withg=L 't <a™t,

and work with a series of lattices and physically small volumes.
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https://inspirehep.net/literature/1834415
https://inspirehep.net/literature/314550

s FROM STEP-SCALING |

[LUSCHER ET AL, HEP-LAT/9207010, HEP-LAT/9309005]
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1. Given ao(gnaa = Ly,y) determine guad/muad ~ 1

2. Measure the change in ap(q = L~!) as you change the
volume L — L/2: the step-scaling function

UO(U) = a(’)(QQ)|u:o¢o(q)
with the implicit relation to the non-pert. 8 function,
Vo(u) dx
log(2) = — / A
g(2) s B

3. Starting from gnaa ~ Aqcp, perform n ~ O(10) steps
to reach
qrpT = 2nqhad ~ 0(100 GGV)

where ap(gpr) ~ 0.1.
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https://inspirehep.net/literature/336063
https://inspirehep.net/literature/358648
https://indico.cern.ch/event/1315609/contributions/5764048/attachments/2793514/4872490/trento_24.pdf

s FROM STEP-SCALING [ [LUSCHER ET AL, HEP-LAT/9207010, HEP-LAT/9309005]

4. Extract agg(gpr) from the oM oM i ~ 200MeV
perturbative expansion of ap. h ] | ' Lloop :‘_—_' ’
Schrédinger Functional messss - —0.5
. X radient Flow
5. Compute Aqcp/muaq by integrating ‘ 11
the non-perturbative and ) 4 -15
. . T T T
perturbative S functions, <=k oo == e 4 -2
s x‘~~\\~_\3—loopS --------- \\ 1 5
A= pp(a s : 1
S . X \
( ) e 3 N \\ - —=3.5
X Y -o.
90 p ﬁ “ee | C”L"If",‘gér | | | |. —03 A - -4
0.08 0.1 0[412 0.14 041610418 0.2 J | ] a5
from ao( ) tO OZO(QPT) and 0 0.2 0.4 a0.6 0.8 1
from ap(gpr) to 0. [Ramos][Bruno et al., 1706.03821]
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NON-PERTURBATIVE STEP-SCALING

HEAVY QUARK PHYSICS



HEAVY QUARK PHYSICS

m A heavy (e.g. bottom) quark introduces an energy scale my, in addition to Aqcp.

m Simulating relativistic bottom quarks at several resolutions is not possible in
large volumes!

¥ MEASUREMENTS WITH amp <1 |
—¥—~ EXTRAPOLATION TO B SCALE !

-

OBSERVABLE

3 O 1
STATIC BOTTOM CHARM
INVERSE QUARK MASS

m Extrapolation to the B scale is difficult, possibly mixing extra-/interpolations in
a, my, and ¢ for semi-leptonic form factors.
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HEAVY QUARK PHYSICS

m A heavy (e.g. bottom) quark introduces an energy scale my, in addition to Agcp.

m Simulating relativistic bottom quarks at several resolutions is not possible in
large volumes!

Employ effective field theories for low-energy physics

alpl <1, Ip] < myp
m here: Heavy Quark Effective Theory (HQET)

m Renormalizable effective theory «+ continuum limit.
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HEAVY QUARK EFFECTIVE THEORY

Heavy Quark Effective Theory

m Integrate out heavy degrees of freedom of QCD Lagrangian for one heavy quark.

m Expand the Lagrangian in powers of 1/my,.

— Possible to describe bottom physics at next-to-leading order in HQET.
Eheavy h vDohy — wWiin Okin — Wspinospin , Okin = BUD2hv ) Ospin = 77/1)0' -Bh,

m Perturbative matching at order g2’ leads to power divergences in the
coefficients [Nucl.Phys.B 368 (1992) 281-292, Maiani et al.]

Aci, ~ g; 2D =p P [ln(aA)]f(lH) 2 %o

due to mixing of operators differing in dimensions by p.
7121


https://inspirehep.net/literature/30843

(NON-PERTURBATIVE) HQET

¥ MERSUREMENTS WITH amp < 1 T
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STATIC BOTTOM CHARM

INVERSE QUARK MASS

m Can we just perform an interpolation between results in static HQET and results

in relativistic QCD below my, where am;, < 1?
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https://inspirehep.net/literature/630410

(NON-PERTURBATIVE) HQET

¥ MEASUREMENTS WITH amp <1 | ____',
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INVERSE QUARK MASS

m Can we just perform an interpolation between results in static HQET and results
in relativistic QCD below my, where am;, < 1?

— No! Even the static approximation requires non-trivial renormalisation and
matching that would have to be computed non-perturbatively.

m Existing strategy to renormalize HQET non-perturbatively
via step-scaling techniques [Heitger and Sommer, hep-lat/0310035].

— Quite challenging since 1/my, effects are needed for precision.
8 /21


https://inspirehep.net/literature/630410

THE STATIC THEORY

m Given the static action £5% = 1), Do1)y, , we have E5t ~ g2,

— Es%2t divergentas a — 0

m Renormalization — ém ~ 1g3 and matching — mjinite,

- FE = Estat+ Sm + mf;nite

m Heavy-light currents
V’Stat _ CVk (mb)ZStat (go)%ﬁk%
‘/Ostat — CVO (mb)ZStat (go)ah'YOT/’l

— Matching coefficients CVioy (my,) log-divergent as my, — oo [Sommer, 1008.0710].

Our strategy, based on [Guazzini et al., 0710.2229]:

Cancel renormalization and matching [Sommer et al., 2312.09811].
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https://inspirehep.net/literature/864434
https://inspirehep.net/literature/763911
https://inspirehep.net/literature/2737639

SEMI-LEPTONIC FORM FACTORS

m Phenomenologically relevant: the ¢ dependence of semi-leptonic form factors.

m Form factor decomposition in the B-meson rest frame
(V2p7) " (w (p") |V (0)| B(5 = 0)) = b1 (Ex) = h¥™(Ex) + O(1/my,)
m Cancel matching and renormalization for pStat,

hJ_(ETr) _ hi_tat(Efr)
ho (BE) — hy™ ()

m Connection with fg«: Normalize to the vector decay constant

- h Eref R hstat Eref
ety = R - D o1
fV fv

— Problem solved for h . How to compute fv?
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STEP-SCALING

We can make use of the step-scaling toolbox:

m Cancel matching and renormalization via ratios of observables O(Ly)/O(L,) or
differences of logs computed in two volumes :

ov = [log[LYF fy (L2)] — log[LYF fy (L))
m Same ansatz to cancel the additive divergence in the static energy
Om = Lyef [mps(L2) — mps(L1)]
m Connect large-volume (CLS) ensembles with small volumes:
Lo — Lo =1fm and Lo=1fm — Ly =0.5fm

m Small volume L; = 0.5 fm: Simulate relativistic b quarks.
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B-PHYSICS FROM STEP-SCALING

QCD | QCD + static HQET
L, i L, Lo L Loo
/N
@ w A
DA
N RNTIN
N XNV
X
VAN
%
Sa Ss

m QCD observables with
relativistic b quarks in
finite volume at
Ly = 0.5fm where
a~' €19.5, 25] GeV L.

m Step-scaling for
observables with:

» static quarks
» relativistic quarks

with mp < mp

m Contact with
large-volume
simulations.
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THE VECTOR MESON DECAY CONSTANT FROM STEP-SCALING

m Vector meson decay constant fi, = fi/\/my,

fv = V200V (0)|[V (5 = 0, k))xg = [ + O(1/mp)
m For the step-scaling, we define
132 ¢
o= (BE00)
m Compute the large-volume (physical) quantity via

m Each observable is continuum extrapolated.
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FIRST RESULTS

FOR THE VECTOR DECAY CONSTANT

[2312.09811] [2312:10017]


https://inspirehep.net/literature/2737639
https://inspirehep.net/literature/2737610

RECAP: THE STRATEGY

Interpolate observables to the B-scale:

m Interpolate between the static limit and m; < my,:
> In large volume: Ratios of observables like i (E;)/hL (E™) or h (E™)/ fy.

» Step-scaling functions such as ov, o,,.

m Interpolate relativistic measurements around my,:
> In small volumes: Observables such as fy, mz/m.

m Interpolations in 1/m;, are performed in the continuum limit:
» Continuum extrapolations at the B-scale only for a=! € [9.5, 25] GeV~*
» Cutoff effects partially cancel in differences.
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CONTINUUM EXTRAPOLATION AT THE BOTTOM SCALE

0.61 0.61
0.9mfi¢! §  1ampe 0.9mfic! & 1amp
0.97mEST W p(ur,y) (] 0.97mfc! B o (u,y)
0.60 4 1.03mfe! 0.60 4 1.03mji¢!
0.59 & 0.59
= J> =
= —
= 058 L \33 0.58
=S ‘ <
& =
0.57 4 + 057 {) i $ [
0.56 0.56 +
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
2 2
(a/L1) (a/L1)

m B-physics on fine lattices in small volumes
m Continuum extrapolations for vector (left) and axial (right) decay constants.

m Four heavy valence quark masses encompass the bottom quark mass.
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INTERPOLATION TO THE BOTTOM SCALE

0.580 0.580
Dy (u,y) B Dy, (ur, )

0.575 0.575 4

f
T4 |
ol
T

0.560 0.560 - %
0.555 0.555 +

T T T T T T T T T T T T T T T T T T
0.0380  0.0385  0.0390 0.0395 0.0400 0.0405 0.0410 0.0415  0.0420 0.0380  0.0385  0.0390 0.0395 0.0400 0.0405 0.0410 0.0415 0.0420

1/y = 1/(Lamps(L1)) 1/y =1/(Lamps(L1))

0.565

q’v(uhy)
g, (ur,y

m B-physics on fine lattices in small volumes.
m Straight-forward interpolation to mj, = my,.

m Interpolate in inverse heavy-light meson mass 1/y = 1/(Lyegmps(L1)) o 1/my,
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STEP-SCALING FROM L; TO Ls: CONTINUUM LIMIT

Continuum extrapolation of relativistic and static step-scaling functions for ®.

Vector and axial-vector decay constants are equal in the static theory.
m L =0.5fmto L =1fm. Only include amf“! < 0.8.

T T T T T T T T T T T T T T T T T T
0.0000  0.0005 0.0010  0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.000 0.002 0.004 0.006 0.008  0.010  0.012 0.014 0.016

(a/L)? (a/L)?

relativistic: valence masses mPGl < 0.5 mRGI static: two heavy quark actions
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Lo TO Lo: CONTINUUM LIMIT

m Continuum extrapolation of relativistic and static step-scaling functions for ®.

m L = 1fmto Lcps. Only include amBPS! < 0.8.
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INTERPOLATIONS FOR DECAY CONSTANTS

m Interpolation to 1/mp: highly constrained by the static result.

m Step-scaling functions of pseudoscalar ® 4, and vector ®; decay constant have

the same static limit (heavy quark symmetry).
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RESULTS FOR fp+/f3

m Combine all pieces to arrive at the final result.

m N.b.: We (currently) work at the SU(3) symmetric point.
Expect light quark dependence in the ratio fz«/fp to be small.

* fp/f . . )
o o f:,/f]; ETMC 1707.04529 m Puzzling situation for the
I /f5 ratios /s, / /5, -
—h— . .
— HPQCD 1503.05762 m Systematically improvable
N;=2+1+1 . ..
: This work result W.Ith. competitive
Ny =241 — (preliminary) uncertainties.
—— twisted mass 1407.1019
Ny=2
Py 1410.6684
————————— 1305.5432
sum rules
O.'90 0,135 1.00 1.b5 1.10
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RESULTS FOR fp+/f3

m Combine all pieces to arrive at the final result.

m N.b.: We (currently) work at the SU(3) symmetric point.
Expect light quark dependence in the ratio fz«/fp to be small.

fo m Puzzling situation for the
- CsAtat .
m— FiniteVolume ratios fp,./fp* .
CLs (s) (s)
- L,
Other

m Systematically improvable
result with competitive
uncertainties.

m Decay constants currently at
about 2.5% precision,
dominated by finite-volume
statistical uncertainties.
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FULL STEP-SCALING FOR m,

m Slightly more involved: Compute m*“!(N; = 3) = 6.605(61) GeV [0.9%).

m Uncertainty dominated by running to RGlI — improvable external quantity.

my (M)
RGI _
Ny=2+1+1 - FLAG2L my Ny =3)
Ney=2+1 g FLAG21
This work
—— (preliminary)
B Petreczky 19
Maezawa 16
@ HPQCD 138
— HPQCD 10
Np=2 FLAG16
_— PDG
410 415 420 425 430
[GeV]
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FULL STEP-SCALING FOR my,

m Slightly more involved: Compute mI“L(N; = 3) = 6.605(61) GeV [0.9%).
m Uncertainty dominated by running to RGlI — improvable external quantity.

m Expect very mild light-quark dependence [Heitger, Joswig, SK, 2101.02694]:

Ll M
| T

F R [mp, sd], (1,1, 1,0, 0)

3.18 4

< 3169

V/ 8ty V.

10
i

3.10 4

0.4 0.5 0.6 0.7
2
8tom;
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https://inspirehep.net/literature/1839643

CONCLUSIONS

m Step-scaling solves the multi-scale problem in lattice QCD: Standard Model
predictions that are limited by statistical and not systematic uncertainties.

m This leads to the most precise predictions for a; on the market.

m Prospects to remove the dominant systematic uncertainties in B-physics
predictions from lattice QCD.

m Next step: Proceed from the proof of concept to phenomenologically
semi-leptonic form factors.

m The step-scaling is performed in the continuum: Results can be used
with any discretization of large-volume QCD.
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BACKUP: MORE RESULTS

THE MASS OF THE BOTTOM QUARK

[2312.09811] [2312:10017]


https://inspirehep.net/literature/2737639
https://inspirehep.net/literature/2737610

THE BOTTOM QUARK MASS FROM STEP-SCALING

m In small volume, compute

RGI M Za

m _ mps(L1)
T mr(1/Lo) Zp(Lo)

(14 (ba — bp)amy)my “*°(L1) and  m, = mRGT

with the running factor from [ALPHA, 1802.05243] and the renormalization and
improvement from [Fritzsch, Heitger, SK].

m Compute the bottom quark mass via

RQI
my

Lyegmp ! :(LremeS — Lyet[mps — mps(La)] — Lyet[mps(L2) — mPs(Ll)]) —
mps(L1)
LremeS - pm(LQ) - Um(Ll)

7Tm(L1)

with the physical input for mps. We choose mpg = mpz = %mB + tmp, for h = .


https://inspirehep.net/literature/1654908

THE BOTTOM QUARK MASS FROM STEP-SCALING

m We have omitted the light quark dependence. Let's expand
pm(L2) = Lyet[mps — mps(L2)]

L s~ 8] = e[ - )

where mg{é(:&) = mps(m; = mg ~ 420MeV) is the heavy-light meson mass at

the SU(3) symmetric point. 8

3.85 3.70 3.55 3.46 3.4 3.34

T T T T T T
m Normalize step-scaling to the Su(@3) B e B p o g |
symmetric point (2 + 1 flavor CLS). w o .
350 |- s g0z Q3 GO0 g

SU(3) z ° mos  ®
| Compute Lref[mps — Mpg ] 2300 Jroo - Jus1 ot .

h 5 303
for m,; — mh™>. =250 - ° D10 G101 ]
2 2300 9200 :)452 i
u Curre'nt status: . . 150 [gPhsical oo ¢ pio 1
Restrict to the SU(3) symmetric point. YT Ty YT

a? [fm?]



CONTINUUM EXTRAPOLATION AT THE BOTTOM SCALE

0.744F 1 T T T T ™
0.742F J {
0.740F
0.738 } }
207361
.

0.734

e e+ o

1z ~12.0

1)z~ 124

1/ =127 -

0.730F &  1/x=~13.0 {
—¥— Continuum at 1/z = 12.33 -

0.732

tof to tof

0.728E 4 L L L L T | | I I I | |
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.00000  0.00025  0.00050  0.00075  0.00100  0.00125  0.00150  0.00175
(a/L)? (a/L)?

m Continuum extrapolations at the bottom scale for the step-scaling approach.
m Left: Ratio of heavy-light meson mass and heavy quark mass mH/mffGI.

m Right: Vector decay constant.



L1 TO Ly: CONTINUUM LIMIT

m Continuum extrapolation of relativistic and static step-scaling functions
for the quark mass ¥, = Lo [my(Ls2) — my(L1)] and X582t from L = 0.5 fm to
L = 1fm with mﬁGI < 0.5 mbRGI.

1.00
0.3mi¢! A HYP1 static action
0.39m ¢! I HYP2 static action
13 ¢ 043mpS! 0.95 1 & o
N $  0.48mfct
- 0.90 4
g 1
= 121
S = 0.85
s 58
=
S 0.80 4
g
A
0.75
1.0 1 {
0.70
T T T T 0.65 T T T T T
0.000 0.001 0.002 0.003 0.004 0.000 0.001 0.002 0.003 0.004
2 2
(a/Ls) (a/L»)

relativistic: several valence masses static: cy not known!



Lo TO CLS: CONTINUUM LIMIT

m Continuum extrapolation of relativistic and static step-scaling functions
for the quark mass R,,, = Lo [my — mpy(Lo)] and RS from L = 1 fm to CLS with
mpel < 0.3 mfel

1.4
1.6 4
1.3
= % L5
~
~
5 } i
=, Z S
S RS 1.4
3
=
3
~
1.14 1.34
0.18mf¢!
0.22m 1!
.2 RGI
b o 6 124
1.0 0.3mf¢!
0.000  0.001  0.002 0003 0004 0005 0006  0.007 0.000  0.001  0.002 0.003 0.004 0005 0.006 0007 0.008
2 2
(a/L2) (a/Ls)

relativistic static



SSFS IN THE CONTINUUM

m Interpolate SSFs to the bottom scale in the continuum, where
om = lim 3., and p,,, = lim R,,.
a—0 a—0

B o, 92) ¥ pnlu2.yp)
§ o o5 [
s B ot % % & ol y)
% % 1.20 4
Py 1.24 — L.15
=N =)
= &
2 Z 1104
= 114 g
b U
1.05 4
1.04
1.00 4
0.9 0.95
Y2 YB
T T T T T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.00 0.02 0.04 0.06 0.08 0.10 0.12
1/y = 1/(Lamps(L2)) 1/y = 1/(Lamps(Ls))

0.5fm — 1fm 1fm — oo



FULL STEP-SCALING FOR m,

Lyesmps — pim(L2) — om(L1)
Lrefﬂ-m(Ll)
m Uncertainty dominated by running to RGlI — improvable external quantity.

my SNy = 3) =

= 6.605(61) GeV [0.9%]

mb<mb>
Ny=2+1+1 —.— FLAG21
Ny=2+1 g FLAG21
This work
—_ (preliminary)
—_— Petreczky 19
Maezawa 16
_— HPQCD 13B
—— HPQCD 10
Ny=2 = FLAG16
— PDG
410 415 420 425 430

[GeV]



FULL STEP-SCALING FOR my,

Lyesmps — pim(L2) — om(L1)
Lrefwm(Ll)

m Uncertainty dominated by running to RGlI — improvable external quantity.

mi (N, = 3) = = 6.605(61) GeV [0.9%]

m Expect very mild light-quark dependence [SK, Heitger, Joswig, 2101.02694]:
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