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lattice QCD mixed action

setup : mixed action with Wilson twisted mass (Wtm) valence quarks

on CLS Nf = 2 + 1 ensembles

motivation :

▶ alternative/complementary way to control lattice artefacts

⇝ universality

▶ steps :

▶ light-quark sector : sea/valence matching, scale setting

light-quark masses

▶ heavy-quark sector : [2309.14154]

charm quark mass

D-mesons leptonic and semi-leptonic decays



sea sector : Nf =2+1 CLS [1411.3982, 1608.08900, 1712.04884]

▶ lattice action:

▶ gauge action: Lüscher-Weisz gauge action (tlSym)

▶ fermion action: Nf =2+1Wilson fermions with non-perturbative cSW

▶ open boundary conditions in time : relevant for heavy-quark physics

▶ chiral trajectory Mq =diag
(
mqu, mqd , mqs

)
tr Mq = mq u + mq d + mq s = const.

renormalised chiral trajectory [Bruno, Korzec, Schaefer, 1608.08900]

ϕ4 ≡ 8t0

(
1
2 M2

π + M2
K

)
= 1

2 ϕ2 + ϕK = const = ϕphys
4

▶ lattice spacings: a ≈ 0.085, 0.075, 0.063, 0.050, 0.038 fm MπL ≥ 3.9
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valence quarks: Wilson twisted mass

[ALPHA, hep-lat/0101001; Frezzotti and Rossi hep-lat/0306014, Pena et al., hep-lat/0405028]

▶ valence action

D Wtm = DSW
W + m ± iγ5µ

▶ maximal twist α= π
2 :

m = m̃cr ⇝ mval
12 = 0

µ = {µud , µs, µc}

flavours : i=1, 2 → (u, d) ; i=3, 4 → (s, s′)
▶ properties :

▶ absence of O (aµ) lattice artefacts in physical quantities at maximal twist

▶ SW term: same renormalization in sea and valence, valence flavour breaking
cutoff effects

▶ µ acts as an infrared cutoff

▶ mixed action : match sea & valence quark masses (at maximal twist)



mixed action : lattice artefacts
[A. Bussone et al., 1812.01474]

extension of [Bhattacharya et al., hep-lat/0511014] to Wtm

▶ singlet and non-singlet bilinears and masses

▶ improvement of the twisted mass µj : mixed action with valence Wtm at maximal twist

µ̂j =
1

ZP
µj

[
1 + abµtr Msea

]
+ O(a2)

bµ = O(g4
0)

▶ Wilson fermions : current quark mass from PCAC relation

m̂ij =
ZA

ZP
mij
[
1 + a(b̄A − b̄P) tr Msea + a(b̃A − b̃P)mij

]
+ O(a2)

ZP : non-perturbative [Schrödinger Functional (SF)]

[ALPHA, 1802.05243]

ZA : non-perturbative [chirally rotated SF]

[ALPHA, 1808.09236]

mij includes non-perturbative cA

[ALPHA, 1502.04999]

b̃A − b̃P : non-perturbative

[ALPHA, 1906.03445]

bA & bP = O(g4
0)



mixed action : lattice artefacts twist angle
▶ flavours : i=1,2 → (u, d) ; i=3,4 → (s, s′)

µ̂i = =
1

ZP
µi

[
1 + abµ tr Msea

]
+ O(a2)

bµ = O(g4
0)

▶ Wilson twisted mass fermions : current quark mass

m̂val
ij =

ZA

ZP
mval

ij

[
1 + a(b̄A − b̄P) tr Msea + a(b̃A − b̃P)m

val
ij

]
+ O(aµ2

i ) + O(a2)

mval
ij includes non-perturbative cA [ALPHA, 1502.04999]

b̃A − b̃P : non-perturbative [ALPHA, 1906.03445] ; bA & bP = O(g4
0)

▶ deviation from maximal twist : θi

tan θij = tan

(
αij −

π

2

)
=

m̂val
ij

µ̂i
=

ZAmval
ij

µi

[
1 + a(b̃A − b̃P)m

val
ij

]
+ O(aµi) + O(a2)

tuning to maximal twist : θ12 = 0

⇝ what are the deviations θ34

in the strange quark sector?
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ϕ4 = 1.101(9)
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matching of mixed action

ϕ
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2
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( 1
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continuum-limit scaling

fπK ≡ 2
3

( 1
2 fπ + fK

)
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charm sector : ground-state extraction
▶ setup : mixed action with Wilson twisted mass (Wtm) valence quarks

on CLS Nf = 2 + 1 ensembles

Wtm charm quark is partially quenched : three masses around physical value

▶ meson masses and matrix elements extracted from a GEVP

C(t) =
[

fP(t) fP(t + τ)
fP(t + τ) fP(t + 2τ)

]
τ = 3a

C(t)vn(t, tref) = λn(t, tref)C(tref)vn(t, tref)
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charm sector : ground-state extraction

meson masses and matrix elements extracted from a GEVP

0 20 40 60 80

t/a

0.468

0.470

0.472

0.474

0.476

0.478

0.480

a
m

H

{tmin} {tmax}

W = 0.448 - tmin/a = 39 - tmax/a = 83

W = 0.28 - tmin/a = 41 - tmax/a = 83

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.5 3.9 4.3
t [fm]

0.4734

0.4736

0.4738

0.4740

a
m

H

0.0

0.2

0.4

W

0.0

0.2

0.4

0.6

p
−
v
a
lu
e

[3
7,

83
]

[3
9,

80
]

[3
9,

83
]

[4
1,

80
]

[4
1,

83
]

[4
3,

83
]

[4
5,

83
]

Models [tmin/a, tmax/a]

0.0

0.5

1.0

χ
2
/d
.o
.f
.

a = 0.050 fm ; Mπ = 190 MeV ; MπL = 4.1
1100 configurations , Nnoise = 6



charm sector : ground-state extraction

meson masses : mD , mDs
, m(conn.)

ηc
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matching charm quark mass
▶ consider two matching conditions ϕ

(i)
H ≡

√
8t0m(i)

H =̂ϕ
(i),isoQCD
H

m(1)
H =̂ misoQCD

D
≡

2

3
misoQCD

D +
1

3
misoQCD

Ds

m(2)
H =̂ m(conn.,isoQCD)

ηc

[includes 100% uncertainty from absence of quark-disconnected contributions]

▶ chiral-continuum behaviour of D(s) meson masses
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matching charm quark mass
▶ consider two matching conditions ϕ

(i)
H ≡

√
8t0m(i)

H =̂ϕ
(i),isoQCD
H
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D
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D +
1

3
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ηc

[includes 100% uncertainty from absence of quark-disconnected contributions]

▶ chiral-continuum behaviour of D(s) meson masses
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charm quark mass

RGI quark mass

µ
RGI
c =

M

m̂(µhad)
Z−1

P (g2
0 , µhad)µc

non-perturbative running [Schrödinger Functional] [ALPHA, 1802.05243]

M

m̂(µhad)
= 0.9148(88) [1%]

from µhad = 233(8) MeV to µpt ∼ O(MW)

continuum factor: applies to Wilson and Wtm regularizations

▶ mass dependence ϕ2 = 8t0Mπ, ϕ
(i)
H =

√
8t0M(i)

H

√
8t0mRGI

c (0, ϕ2, ϕ
(i)
H ) = p0 + p1ϕ2 + p3ϕ

(i)
H

▶ discretization effects

cM(a, ϕ2, ϕH) =
a2

8t0

(
c1 + c2ϕ2 + c3ϕ

2
H

)
+

a4

(8t0)2

(
c4 + c5ϕ

2
H + c6ϕ

4
H

)



charm quark mass

lattice spacing dependence
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charm quark mass

lattice spacing dependence
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charm quark mass

mass dependence
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charm quark mass [ preliminary ]
lattice spacing dependence :

cµc
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systematic effects : model averaging
▶ generalised least square

χ
2
K (a) = [y − f (a)]T K−1 [y − f (a)]

K = C covariance matrix ; K = Ksyst
▶ Akaike Information Criterion

AIC = χ
2
C + 2Npar

▶ Takeuchi Information Criterion [Frison, 2302.06550]

TIC = χ
2
K − 2⟨χ2

K ⟩

⟨χ2
K ⟩ : [Bruno & Sommer, 2209.14188]

▶ model m : apply weight Wm

Wm ∝ exp

(
−

1

2
TICm

)
with

M∑
m=1

Wm = 1

▶ if K = C → ⟨χ2
C⟩ = Ndof = N tot

dat − Npar

if data cuts : N cut
dat = N tot

dat − Ncut → ⟨χ2
C⟩ = N cut

dat − Npar

Wm ∝ exp

(
−

1

2

[
χ

2
C + 2Npar + 2Ncut

]
m

)
[Jay & Neil, 2008.01069]

▶ model average (MA)

⟨O⟩MA =
M∑

m=1

⟨Om⟩Wm

σ
2
syst = ⟨O2⟩MA − ⟨O⟩2

MA



charm quark mass [ preliminary ]
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decay constants : fD(s)
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decay constants : fD(s)
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m3
PS

(|µq| + |µr |)
∣∣⟨0|Pqr |Pqr (p = 0)⟩

∣∣
matrix element extracted from GEVP

combined study of mass and lattice spacing dependence of ϕD & ϕDs

ϕD(s)
= (8t0)

3/4 fD(s)

√
mD(s)

▶ global fit of ΦD and ΦDs

▶ generic functional form
ΦDs

= Φχ[1 + δ
D(s)

χPT][1 + δ
D(s)
a ]



decay constants : fD(s)

▶ continuum heavy-quark mass dependence

Φχ = Φ0

[
1 + p(1)

h

1

ΦH
+ p(2)

h

1

Φ2
H

+ . . .

]
, ΦH =

√
8t0mH



decay constants : fD(s)

▶ continuum light-quark mass dependence

δ
D
χPT = −

1 + 3g2

64π2ϕ2
f

[
3Lπ + 2LK +

1

3
Lη

]
+

4ϕ2

ϕ2
f

(
p(0)
χ + p(2)

χ

ϕ2

ϕ2
f

+
p(4)
χ

ϕH

)

δ
Ds
χPT = −

1 + 3g2

64π2ϕ2
f

[
4LK +

4

3
Lη

]
+

8 (ϕ4 − ϕ2)

ϕ2
f

(
p(0)
χ + p(2)

χ

ϕ2

ϕ2
f

+
p(4)
χ

ϕH

)

where

Lπ = ϕ2 log(ϕ2), LK =

(
ϕ4−

1

2
ϕ2

)
log

(
ϕ4 −

1

2
ϕ2

)
, Lη =

( 4

3
ϕ4−ϕ2

)
log

( 4

3
ϕ4 − ϕ2

)



decay constants : fD(s)

▶ lattice spacing dependence

δ
D
a =

a2

8t0

[
p(0)

a + ϕ2

(
p(1)

a + p(3)
a ϕ

2
H

)
+ p(2)

a ϕ
2
H

]
δ

Ds
a =

a2

8t0

[
p(0)

a + 2 (ϕ4 − ϕ2)
(

p(1)
a + p(3)

a ϕ
2
H

)
+ p(2)

a ϕ
2
H

]



decay constants : fD(s)
[ preliminary ]

f rq
PS =

√
2L3

m3
PS

(|µq| + |µr |)
∣∣⟨0|Pqr |Pqr (p = 0)⟩

∣∣
matrix element extracted from GEVP

combined study of mass and lattice spacing dependence of ϕD & ϕDs

ϕD(s)
= (8t0)

3/4 fD(s)

√
mD(s)
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decay constants : fD(s)

lattice spacing dependence
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[RQCD/ALPHA, S. Kuberski et al., 2405.04506]



decay constants : fD(s)
[ preliminary ]

f rq
PS =

√
2L3

m3
PS

(|µq| + |µr |)
∣∣⟨0|Pqr |Pqr (p = 0)⟩

∣∣
matrix element extracted from GEVP

combined study of mass and lattice spacing dependence of ϕD & ϕDs

ϕD(s)
= (8t0)

3/4 fD(s)

√
mD(s)
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decay constants : fD(s)
[ preliminary ]

▶ global fit between ΦD and ΦDs
ΦD(s)

= (8t0)
3/4fD(s)

√
mD(s)

▶ 57 models × 2 matching prescriptions

▶ model average
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decay constants : fDs/fD [ preliminary ]

ΦDs

ΦD

=

1 −
1 + 3g2

64π2ϕ2
f

[
2LK + Lη − 3Lπ

]
+

4
(
2ϕ4 − 3ϕ2

)
ϕ2

f

p
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χ + p
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χ

ϕ2
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f

+
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ϕH


 ×
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) .
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decay constants : fD(s)

200 220 240 230 250 270

MeVfD fDs

FLAG21 Nf = 2 + 1 + 1

FLAG21 Nf = 2 + 1

This work

RQCD/ALPHA 24

χQCD 20A

RBC/UKQCD 17

χQCD 14

HPQCD 12A

FNAL/MILC 11

PACS-CS 11

HPQCD 10A

1.12 1.14 1.16 1.18 1.20

fDs/fD

Nf = 2 + 1 + 1

Nf = 2 + 1

FLAG21

FLAG21

This work

RQCD/ALPHA 24

χQCD 20A

RBC/UKQCD 18A

RBC/UKQCD 17

HPQCD 12A

FNAL/MILC 11

PACS-CS 11

[2309.14154]

“RQCD/ALPHA 24” : [S. Kuberski, F. Joswig, S. Collins, J. Heitger, W. Söldner, 2405.04506]

relative precision on fDs
[0.9%]



continuum-chiral extrapolation of fπK

fπK ≡ 2
3

( 1
2 fπ + fK

)

systematic effects :

▶ additional term in χ2 :
systematic effects at largest
a & mπ

▶ SU(3) & SU(2) NLO χPT +
Taylor series

▶ discretization effects:
O(a2), O(ϕ2a2), O(a2αΓ

s )
[Husung, 2206.03536]

▶ cuts in Mπ , a, MπL

▶ excited states contamination
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= 3.70
= 3.85

ph. point

p-value = 0.55



systematic effects : t0 [ preliminary]
physical input [FLAG ‘21, PDG ‘22]

misoQCD
π = mexp

π0 = 134.9768(5) MeV

misoQCD
K = mexp

K 0 = 497.611(13) MeV

f isoQCD
π = 130.56(2)exp(13)QED(2)Vud

MeV [0.1%]

f isoQCD
K = 157.2(2)exp(2)QED(4)Vus

MeV [0.3%]

combined fit of Wilson and twisted mass data
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scale setting : t0 Nf = 2 + 1 [ preliminary ]

∼ 12% of the error (squared) is due to |Vus|



conclusions

▶ mixed action : Wilson twisted mass on Wilson fermions

▶ determination of t0 , mc , fD(s)

ongoing :

▶ analysis of systematic effects

▶ D-meson semileptonic decays


