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Abstract

Abstract

Using the loop equation, we reduce the problem of
decaying turbulence in the 3 + 1 dimensional Navier-Stokes
equation to the quantum mechanics of N Fermi particles
on a ring in one dimension, interacting with an Euler
ensemble of random fractions % with denominator ¢ < N.
We find the solution of this system in the statistical limit
N — oo and compute the energy spectrum, dissipation
rate, and velocity correlation function in decaying
turbulence without approximations and fitted parameters.
We find the whole spectrum of critical indexes, some of
which are real, but others are complex numbers related to
zeros of the Riemann ¢ function. Grid turbulence
experimental data and the recent large-scale DNS verify
our predictions for the energy decay curve and the energy
spectrum. All scaling laws -K41, multifractal and
Heisenberg — are ruled out.
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Theories and Our generation of theoretical physicists is accustomed to build-
models ing and solving models based on existing physics theories.

These basic theories —Classical Mechanics, Statistical Physics,
Relativity, Quantum Mechanics, Quantum Field Theory—
were all built for us in previous centuries.

Statistical Theory of Turbulence?Still missing.

The phenomenological models like K41 of multifractal scaling
laws all fall short of the micsposcopic theory we are looking for.

This theory must be built from the Navier-Stokes equations, like
Gibbs Statistics built from Newton mechanics or the quantization
of field theory by Dirac-Feynman sum over classical histories.

Turbulent statistics must emerge spontaneously from the NS
internal symmetry, without ad hoc stochastic forces.
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Introduction

In this talk, we present a new perspective on fluid mechanics,
Introduction leading to such a statistical theory of turbulence.

By employing the loop equation, we reformulate fluid mechan-
ics in arbitrary spatial dimensions as a singular one-dimensional
problem.

This transformation is based on the concept of rough initial con-
ditions in the Cauchy problem for the Navier-Stokes equation.

These rough initial conditions, which arise from thermal fluctu-
ations, are inherent in any physical fluid. Consequently, physical
fluid dynamics can be viewed as the evolution of a statistical
distribution.
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Loop equation as QM in Loop space

We derived a closed functional equation for the loop average in
incompressible Navier-Stokes equationM93, M23PR

Locp et <7 7{ AC(0) - (¥ x 3+ 7 % ) exp (?Fc)> =
Loop space

The operator L [55‘,5( )} only depends on the functional derivative,

but does not depend on the coordinate C'(.) in loop space.

This independence (translation invariance) is the key to the so-
lution. External forces would break it.
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This equation is equivalent to the Schrodinger equation in loop

space with Hamiltonian Heo = §dC(9) - L [6655( )].

A plane wave in loop space solves this Schrodinger equation
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This formula for ¥[~y, C] represents the Dirac-Feynman sum over
alternative histories P (¢, #) with the classical Action v § dC'(6) -
P(t,0) and viscosity v as Planck’s constant .

Loop equation
as QM in

LooP space Initially, the sum goes over the distribution of the initial data for
P(0,0) (which we consider below).

In the same way as in the Newton's mechanics the trajectory
eventually covers the energy surface (ergodicity) we expect this
trajectory asymptotically cover some universal manifold (decay-
ing rurbulence trajectory).
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The Cauchy problem, notoriously difficult for nonlinear PDE, can
be solved analytically for the loop equation.

Let us describe this solution. Assuming the momentum loop
equation is satisfied, we have certain conditions for the initial
data Py(0) = P(0,0).

Cauchy
problem

This data is distributed with some unknown distribution W[P]
to be determined from the equation

Uo(7,C) = ¥(7,C)i=0 =

/[DPO]W[ﬁO] exp (??{d(j ’ 130) ;
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In the previous work M93, M23PR, we completely solve the
Cauchy problem for an interesting example — the exact fixed
point of the loop equation corresponding to a global random
rotation.

—

In a physically justified case of Gaussian thermal noise £(7) added
to the initial velocity field #(7), we can advance solving the
Gy Cauchy problem for a generic initial velocity field.

problem

Averaging the initial loop functional over Gaussian noise, we find

1 JERN
(. ) = exp (2 f ar-)

exp <—2’Y;fcjidf'<q(f”)®g(7ﬂ)>-dﬂ>
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the molecular structure of the fluid, which leads to the following

estimate
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This yields the following initial distribution of the random loop
Py (0)

Cauchy
problem

winl = [ipcscones (-7155°)

exp (ZZ j[ dc - (ao(é(e)) - 130(9))> ;
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—

Gaussian thermal noise £(7) added to the initial velocity field

o (7).

o (-1 f o (@edn) o) @

problem

This Gaussian noise is correlated at small distances rg,

I L, |Cle*
ﬁfgdr-<£(r)®§(r)>-dr—> 7 (9)

o

1= flaco) = [ wco) (10)
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This yields the following initial distribution of the random loop
Py (0)

v2|0|02>

2,2
2v4rg

wWin) = [(DCI3(C) exp (—
esxp (’y fac (aco - ﬁo<9>)> W

Cauchy
problem

Let us compute this path integral for an important case of uni-
form initial velocity ¥ip(7) = const . The path integral, in this
case, is equivalent to the vacuum energy of the free Klein-Gorgon
particle with the mass

me= 2~ (12)
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o0
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Let us summarize the results of this section. We bypassed the
nonlinear Cauchy problem for the Navier-Stokes equation by
treating it as a limit of the solvable Cauchy problem in the linear
loop equation.

As we argued, the unavoidable thermal noise in any physical fluid
makes such a limit the correct definition.

Cauchy
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We presented an explicit solution to the Cauchy problem for the
loop equation. This solution reduces the Navier-Stokes equation
in arbitrary space dimension to a one-dimensional momentum
loop equation with a given distribution of initial values.

The Cauchy problem solution involves averaging over the Gaus-
sian noise in initial data, but the turbulent asymptotic solution
we are looking for corresponds to trajectory uniformly covering
some unknown manifold (fixed point).



Asymptotic regimes of the loop equation

Loop Functional Evolution

Finite time Blowup? Fixed Point

P-(t-t)"); W(t-t)EC,

P=P.(8) ; W.oce(**3);
2=CxdC;

Asymptotic
regimes of the
loop equation

Noisy data
t=0
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Exact solution for decaying turbulence

This singular nonlinear equation discouraged us back in the nineties.

Surprisingly, an infinite family of analytic solutions was found.

_ v . F@O) -
P(t,0) = Q- ; Q€ 0(3); 18
00 =[5 ®) (18)
{cos(ak), sin(ay ), i cos <§)}
Fy = ; (19)
2sin (g)
2wk 27p
g, = " =2 N . 2
k N’ /8 q 3 — O0; ( 0)
et ki1 = ap +oxB; oy = £1, B oy = 2mprs (21)

turbulence

The parameters Q, N, q,7,00...0N_1 are arbitrary, making this
solution for F'(#) a fixed manifold rather than a fixed point.
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The integer 1 < p < ¢ is bound by being co-prime with ¢, and
2<qg< N,(N—-¢q) mod2=0.

The fractions % with fixed denominator are counted by Euler
totient function ¢(q)

¢(q)—§1—qH<1—;>;

=1 plg
P,q)

hS

—

We suggested to call this manifold the Euler ensemble, for his dis-
coveries to fluid dynamics merging with his discoveries in Number
Theory.

Classical flow

1) GG What could the number theory have in common with the turbu-

mechanics

lent flow?
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Classical flow and quantum mechanics

The statistical distribution of a solution of nonlinear classical
Navier-Stokes PDE is related to the wave functional satisfying
linear Schrodinger equation in the loop space. The quantization
mechanism is the same as in ordinary quantum mechanics: the
solution’s periodicity.

Every distinct state in a quantum system enters the partition
function with unit weight, which we also accept in our quantum
solution of the nonlinear classical system.

This quantum statistical counting is not necessary for solving
the loop equation; it is an extra conjecture that may be proven
from the underlying Navier-Stokes equation, like an ergodic hy-
pothesis in reversible Newton mechanics (accepted in Physics
but mathematically proven only on a few special cases).
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Fermionic representation of the Euler ensemble

The number n(M) of positive sigmas S 2, d[o; — 1] coincides
with the occupation number of these Fermi particles.

This relation leads to the representation of the Markov transition
matrices

M)=17v _—
The Ising variables o; can also be expressed in terms of this
operator algebra by using

—i—(l—l)M)

o =20 — 1.
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Fermionic representation of the Euler ensemble

{COS (éll) , 8in (dl) ) 0}
. 8 ’
251n(§>
EN): pqreZ —N<gqgr<N,

with 0<p<gq<N, gecd(p,q) =1,
-1

& =B (20 —1);

k=1

F=

Fermionic
representation
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The equivalence of a strong coupling phase of the fluctuating
vector field to the weak coupling phase of quantum geometry is a
well-known duality phenomenon in gauge theory (the ADS/CFT
correspondence).

The duality does not imply a direct relation between the dynam-
ical variables of the two theories— only statistical averages are
related.

The quantum Fermions of our dual theory is no less real than the
turbulent vorticity field: arguably, more real, as the fluctuations
of vorticity go to infinity, whereas fluctuations of our Fermion
density go to zero in turbulent limit.

We are not just computing correlation functions of decaying tur-
bulence; we are revealing its hidden true identity.
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The simplest observable quantities we can extract from the loop
functional are the vorticity correlation functions M23PR, cor-
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Correlation function and loop functional

The simplest observable quantities we can extract from the loop
functional are the vorticity correlation functions M23PR, cor-
responding to the loop C backtracking between two points in

space 71 = 0,7 = 7.

(e ()

The vorticity operators @ are inserted at these two points.
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Correlation function and loop functional

The correlation function reduces to the following average:
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Correlation function and loop functional

The averaging (...) in these formulas involves group integration
f0(3) dO with p'= O - p.

(-0 7)), =1 / azH (|71 F:)

The rest is tedious but well-defined work, familiar to QFT ex-
perts, especially those involved with one-dimensional systems.

Our system has extra simplicity because in the turbulent limit
v — %,N — 00, we can use the WKB approximation to the
path integral and asymptotic summation formulas of the number
theory for Euler totients with large denominators ¢ ~ N — oo.



Experimental verification
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This equation is equivalent to the Schrodinger equation in loop

space with Hamiltonian Heo = §dC(9) - L [6655( )].

A plane wave in loop space solves this Schrodinger equation

Uy, C] = <exp (7 f dc(9) - ]3(t,9)>> : (22)

Z’y@tﬁ =L [—2%8915(75, 9)} : (23)
VoL P = —’yz(Aﬁ)Qﬁ—i—

5 A2
AP <72P AP+ 1y <(PA%P) - P2>> ;o (24)

P2

with AP = B(0 +0) — P(0 — 0), P = £OTQIPO-0)
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Remarkably, this nonlinear singular equation for ﬁ(@,t) can be
solved analytically.

The mathematical details are too complex to present them here.

Here is the resulting formula for the second moment of velocity
difference in decaying turbulence:

(AT%) (1) = 7 /:+m D (p) (%)p; (25)

Vt Je oo 2710
L -p(F —p)ese ()
1672 (p + 1)(2p — 15)(2p = 5)¢ (3 — p)

Here Ay = 0.157143, Ay = 0.43015, and f(z) is an entire func-
tion computed using Mellin integrals of elementary functions.
V(p) is meromorphic. v is physical viscosity and turbulent vis-
cosity 7 is a free parameter of our solution.

Vip) = (26)
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Energy decay in grid turbulence experiments
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Reynolds number decay in DNS
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The time decay of Reynolds numbers for each of the four samples
from SreeniDecaying, GDSM24
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Verifying effective length and energy decay

The next test is the effective length scale, which we define as

[ E(k, t)kdk

L) = [ E(k, t)k2dk’

(27)

The log-log plot of L(t) is shown in Fig.40. In the turbulent
region, it perfectly matches our theory L(t) o< /1.

We plot E(t) as a function of L(t)

/E (K, t)dE; (28)
log E(t) =~ a+ f(b+1log L(t)) (29)
The parameters a,b were fitted by nonlinear regression using

"NonlinearModelFit" in Mathematica®. The resulting log-log
plot is shown in(Fig. 41).



Verifying effective length and energy decay
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The log-log plot of the effective length L(t) for the sample 14
from SreeniDecaying, GDSM24. The turbulent part, 1000 <
t < 8000, closely fits our theory L(t) oc v/%.



Verifying effective length and energy decay

{sample(14), stdev = 0.018}

Log[E[t]]
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The log-log plot of the decaying energy as a function of decaying
length scale L(t). Red dots are the DNS data, the green curve
is an exact theoretical curve, and the dashed blue line is its
asymptotic limit E(t) o< L(t)~°/* corresponding to E oc t~/*.
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. . H(k\/t+t0) .
We have a scaling law E(k,t) = ~ it + Which means that
the two-dimensional array of the data for E(k,t) must collapse

at one-dimensional subset.

We already saw the consequence of that collapse in the scaling
law for L(t). However, the low k part of the spectrum is discrete,
which introduces lattice artifacts.

We found the following method to avoid choosing the range of
discrete wavelengths and suppress statistical errors and lattice
artifacts.
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First, we consider the Mellin transform of the energy spectrum,
normalized at p = 0 together with its derivative

e P / dkE(k,t)(kL(t))P

Mp,t) = TdkE(k, 1) P (39
[ dnB(E o 0gi(kLo)

@= < TdkE(k,t) > ; (31

M(0,t) = 1; (32)

(0, M (p = 0,1)), = 0; (33)

The numerical integration (summation) over the energy spec-
trum suppresses the data noise and the lattice artifacts when
the Mellin parameter p is not too large.



Mellin transform and decay index spectrum

Mellin Transform of Energy Spectrum
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The Mellin integral (30) for the DNS (red dots with error bars),
our theory (green curve) and K41 pole term, shown as a blue
curve. Obviously, there is no such pole in DNS.
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Now, consider the second moment of velocity, related to the
energy spectrum by Fourier transform

_ etk ’
(A9) (r) = / fr’i(l 47T]_2,2E(k U e

There is a sharper test, namely the effective index &5(r, t) defined
as a log-log derivative of this second moment

&o(r,t) = 10, log (Av?) (1) =

Ji2 di (— cos(kr) + %) E(k,1)
Sy die (1= =590 Bk, 1)

(&2(xL(t), 1)), = f(x); (35b)

This universal function f(z) is numerically well defined as the
integration over the spectrum suppresses the DNS noise.

; (35a)




Verifying second velocity moment by the DNS data
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The plot of f(z) in (35) as a function of log x. The red dots with
error bars are the DNS data. The green curve is the theoretical
index without adjustment of the coordinate scale, and the dashed
blue line is the K41 constant value %



Verifying second velocity moment by the DNS data

sample[14], err= 0.029
r D[Log[A v/2],r]

Log[r/L[t]]

The plot of the effective index f(z) in (35) as a function of log =
in the turbulent range. Red dots with error bars are the DNS
data. The K41 Z law (blue dashed line) is off the charts, our
theory (green curve) fits perfectly.
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We have unveiled a duality between decaying classical
turbulence in 341 dimensions and the one-dimensional
quantum theory of N — oo Fermi particles on a ring.

The density fluctuations of these Fermi particles disappear
in the turbulent limit v ~ 1/N2 — 0, leading to the exact
WKB (instanton) solution for this density.

This establishes a new relation between classical nonlinear
dynamics and quantum theory: the Fourier transform of
classical probability adheres to the QM evolution with the
interference of alternative histories.

The spectrum of the turbulence scaling dimensions is
related to the zeros of the Riemann ( function.

The grid-turbulence experiments and recent DNS rule out
K41, multifractal, and Heisenberg scaling laws but confirm
this theory.
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1 ™™ 1
X(p,q) = = cot? [ 2) &
(pa Q) q2 co ( q ) — 71'2]02 (36)

andy = &
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a(n) = 3" olk) = S (39)
k=1

IOEDIN (y - %) ¢(q) (39)
q=2
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Continuum limit of small Euler ensemble

The BN variable can be related to y and X (p, q)

BN = 2N arcCot(qvVX) — yi\/y; (40)

Fo(X) = (1 — @)3(X) + 7X VX Qﬁjﬂ) . (4)



Continuum limit of small Euler ensemble

The BN variable can be related to y and X (p, q)

BN = 2N arcCot(qvVX) — yjy(; (40)

fx(X) = (1 - a)5(X) + nX VXD Q@?D ;
oo ]

27— 1
521: 7Tk ~ 225((5) (42)

(41)
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The classical equation can be solved in elementary functions
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The classical equation can be solved in elementary functions

a(§) = Acos(K (€ — &)) + Bsin(K (€ — &)); (43)
K= {5 a5 “
A=6&—&; (45)
g(r,A) =0; (46)
(2A — 1) sin (/(A = 1)r ) sin (VAr
(VAT ()
(A-1)A

2 cos ( (A — 1)7“) cos (@) -2 (47)
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flwn, A) =0;

Flw,A) = (—1A\/Es1n(§)( —1)Aw + 1)+

rcos<;(1—2A)\/_> ~ rcos ( 2“’)
r=1o(A);
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Spectrum: f(w,A)=0
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The functional determinant, resulting from the WKB approxi-
mation to the « path integral, would be related to the infinite
product of positive eigenvalues €,, = 72w,,, which can be written
using a contour integral

Qa (A7) = H (TPwn) ™ =

wn>0
(w

exp (1/23a'm j’g ?l(w)) 27r(zl::2)a>

and the integration contour I' encircles anticlockwise the positive
real poles of the meromorphic function f'(w)/f(w). The integral
converges at o > 1/2 and should be analytically continued to
a=0.

; (51)

a—0
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We introduce another function

f(w) -3/2
P(w) = —~~Z w3/ 2
() cos(\/a/Q)w (52)
At large w = wy this function reaches finite limits

(A—-1)Ar

(1) — 1signy(A — 1)2A% + (53)

|y
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The logarithmic derivative of the original function differs from

q;((:’)) by the following meromorphic function

N
o) e m(F) s
@) e ave taw Y

This difference produces a calculable contribution to our integral.
By summing residues of the poles of the tangent, we get

tan (@) 3 dw
7? _

4v/w +% 27 (wr?)™

o (1 —2%) (277) 72%¢(20) (55)
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The derivative at a@ = 0 yields a constant

log(2)
2

120oIm 2 (1 — 22%) (277)"2*¢(2ar) — (56)

leading to an irrelevant renormalization of Q(«,7) by a factor

V2.

The remaining integral with f(w) = ®(w) already converges at
Re a > —1, so that we can set & = 0 and rotate the integration
contour I' parallel to the imaginary axis at Re I' = ¢ > O:

Qo (A7) =

o (im [
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The remarkable property of this functional determinant is the
factorization of the 7 dependence

Qa(A,7) = TMAQu (A, 1); (58)
e+100 / w W
p(s) =tm [ ‘f;fw)) & (59)

The index ;1(A) has a topological origin and can be computed
analytically.

arg ®(100) — arg ®(—100)
27

H(A) = —1p (60)
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G (A, 7,k) =Qa (A1) T

J(A) | 2(ro(A) —6) B TrL(A)
(m\S(A)| a2y TO(A))> exp ( ) (63)
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