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The present framework of modern cosmology consists of classical
General Relativity (GR) as a theory of gravitation and Quanfum Field
Theory (QFT) as the theory of matter. A common working assumption is
that the quantum aspects of gravitation can be ignored for energies
below the Planck energy of 10'°GeV and, therefore, gravity can be
treated classically. In contrast, the full quantum character of particle
interactions is considered within QFT. The quantum interactions of the
matter fields coupled to the classical gravitational field infroduce
modifications to the standard GR action with cosmological implications.
Such are non-minimal couplings of the inflaton field or higher power
terms of the Ricci curvature in models of cosmological inflation. The
Metric-Affine formulation of gravity, where the metric and the
connection are independent variables, although equivalent to the
standard (metric) GR in the case of the Einstein-Hilbert action, leads to
different predictions when the above corrections are included.



To be discussed
1) a metric-affine model with quadratic scalar curvature terms and its
inflationary behaviour
2) a metric-affine model with quadratic scalar curvature terms with
derivative couplings and its inflationary behaviour



Metric Versus Metric-Affine Formulation of Gravity

The General Relativity Principle states that all laws of physics should be
invariant under general coordinate fransformations. To implement such
a principle we need to infroduce a metric g,,,,. which has to fransform

OxH Ox
wor- () (e o

as well as a Connection Fﬁ,, in order to define covariant derivatives of
tensors. In the standard metric formulation of gravity the connection is
not an independent quantity but it is given by the Levi-Civita relation as
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In contrast, in the so-called Metric-Affine theories of gravity the
connection is an independent variable not related to the metric
through (2). Note that D9, = O (metricity), while D,,g,, # 0in
general for a metric-affine theory.



Torsion and Non-Metricity
The Curvature (Riemann tensor) of a metric-affine theory is defined as
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A general rﬁ,, implies non-zero Torsion and Non-Metricity

7%, =T5 —T% (Torsion)
@

Quas = V,ugas (Non-Metricity)

Curvature measures the change of a vector under rotation after
parallel transport in a closed loop. Torsion measures the non-closure of
parallelograms formed from parallel-fransported vectors. Non-metricity
measures the change of the length of parallel-transported vectors.
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Formulation of Gravity | Rupo | Tuvp | Quup
Metric-affine

Einstein-Cartan 0
Weyl 0

Metric 0 0
Generic Teleparallel 0

Metric Teleparallel 0 0

Symmetry | Metric | Einstein-Cartan | Metric-affine
RW[ o] yes yes yes
Rruv)po yes yes no

Riuw) (o) yes no no




The Distortion Tensor

The difference between the independent connection of a metric-affine
theory and the corresponding Levi-Civita one is a tensor called the
Distrortion tensor

CM”V = Fupy — FM",,(g). ®
The distortion tensor vanishes for metric theories.
The curvature tensor can be written in terms of the distortion as

ROfB’yJ = RO;J”Y(;(Q) + V,YC(;O‘/@) — V(SC,yaﬁ + C,yaAC(;)\ﬁ — C&a/\C,YAIB (6)

where R%,_ ;(g) is the standard metric Riemann fensor and V is the
standard metric covariant derivative in terms of the Levi-Civita
connection. Notfe that the only symmetry is Raﬁ'y 5= —RO‘B 5y



It is possible to express the distortion C,”,, (or I',/’,)) in terms of the torsion
and the non-metricity

1
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Citv = 0 [=3T + 35 (2Q, —5Q)] + 307 [2Q, — 5Q,]
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This expression gives the distortion in terms of the four vectors
L=T% T=6"Tp, €=Q°% &=, O
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and a purely tensorial part
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"Equivalent” metric theory
The metric-affine version of the Einstein-Hilbert action can be written in

terms of the distortion as
/ d*xv/—gR = / d*xv/—g {R(g) + Vo =V +CfC)N - cfkc,}"}
an
Variation with respect to the distortion gives a linear algebraic
equation with a trivial solution that reduces the action into the standard
metric GR form. Therefore, The metric-affine Einstein-Hilbert action is
entirely equivalent to standard GR. Nevertheless, this is not so if the
action includes quadratic terms of the curvature

/ a'xv/=g {R+ 84" R R 12)

Introducing the distortion, we obtain

/ / / /
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where the A-term contains up to quartic distortion terms and upon
variation the resulting equation is dynamical corresponding to the extra
dynamical degrees of freedom of the connection.



Non-Minimal Coupling to Scalars

One can derive the metric-equivalent of any metric-affine theory
based on an action, where gravity couples to a scalar field,

S = / d“x\/T;{;Q?(gb)R + L(¢, g aﬂgb)} Q)

Note that any F(R) theory can dlso be set in this form. Indeed the action
S = % f a*x /=g F(R). corresponding to the metric-affine formulation of f(R) theories
studied in the standard metric formulation. The action can be set in the form

S = / dAXJjg{%F'(X)R — V(X)} where V(x) = % (xXF(x)-Fx), B

in terms of the auxiliary scalar x.

Substituting the expression of R in terms of the distortion, we obtain
152 152
S = / a’x \/—9{29 ()R(g) + 5Q (¢) (DuC " —D,C ™

+c/ \CY — CV“AC,f”) + L(¢, v 8;@)} , (16)



Variation with respect to the distortion gives an algebraic equation with
a solution for it (up to terms U, gy, of an arbitrary vector U,)

Cuvp = % (gW(‘)p nQ? — upOu In Qz) Qan
Note that this corresponds to & = Q@=0andT =0. Substituting C
back into the action we obtain
212

S = / d*xv/—g { %Qz(qb)l?(g) + Z(ng) + L(¢, g a,@)}

18)
This is a metric theory and the appearing connection is the Levi-Civita
one. Note that the extra term has the form of the extra kinetic term that
appears when we Weyl-rescale the metric theory to the Einstein frame,
albeit with an opposite sign. The inequivalence of the two formulations
rests on this ferm. Going to the Einstein frame we obtain standard GR
without any additional scalar dof apart from a modified matter
Lagrangian.



Quadratic Scalar Curvature terms
There are only two scalars, linear in the Riemann tensor, defined as

{ R =Ry = R(g) + V,Cf” =V +Cf e — ¢l e, (Ricci scalar)

R = (—g)_1/2e””p"7l“y,,g = 2(—g)_1/25“"”" (Vu Cupo + Cupx CUAJ) (Holst invariant)
a9
Consider the following metric-affine generalization of the Starobinsky

model

/ d*xv/—g { oR + 6R+ 7R2+ 5R2} (20)

where R is the Ricci scalar curvature and R is the Holst invariant. This is
a general quadratic action of these scalars. In what follows we shall use
Planck-mass units taking o = 1. An equivalent way o express the
action is in terms of the auxiliary scalars y and ¢ as

= /d“x\ﬁg{;(Hvx)RJr;(ﬁJréC)ﬁ—l(7x2+542)}
@)



Next, we may use the expressions of R and 7~€ in ferms of the Distortion
C, given in (19), and obtain

S = [d'*y/= { (T+x)R
+10+7%) (Dp,c,, WD, C M+l e N — CV“ACM*"> @

+(B+6¢)(—9) /247 (DuCupo + CuprC.t o) — 7 (1 + )}

where R = R(g) and the covariant derivatives are with respect to
A

s

a solution

Variation with respect to Caﬁ 7 gives an algebraic equation with

Cop = g“” (923 Q2+ 42°0,0°) - i’“” (20,92 + 420,00 )

+7A€W’fg (22070 - Q'ore?) | @3)

where

R =14~y, L=+ 24)

and A = Q% + 454. Note that this corresponds to & = Q=r=0.



Substituting C back into the action, we obtain the corresponding metric
action
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The Weyl rescaling g, = Q’ZQW takes us to the Einstein frame. The
action is

S = / d“x\/fg{;/‘?(g) - Qf ~ (92652 —62692)2
1T /1, 5 o 1 ,=2 2
e (S -2 @ - op) | @

=2
Infroducing the field o0 = Q / 202 the scalar part of the Lagrangian
becomes

o 12(Ve)?r v, L, 2 | —2y2
L= e (o e e ) @



Variation with respect to the non-dynamical Q2 gives

oL _, 0+20vo 12(Vo)? 1 (20 — B)?
s~ 0 §+ B2y £ (1+1602) 4(6+ %)
28

The theory can be expressed in terms of a canonical scalar s defined by

1
o= Zsinh(\/2/3s) 29

as

2
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At least one of v and J has to be included in order to generate the
additional pseudoscalar degree of freedom represented by o. The
inflationary behaviour of this model has been studied by G.Pardisi and
A.Salvio (2022). Note that the parameters + and 0, associated with R?
and R? , can only have a secondary role in a possible inflationary
behaviour, which would be controlled by (.

o
2



R GR

R+R GR
R+ R? GR
R + R? o, No Inflation

R+R+R? 0. Inflation possible

R+R+R? o, Inflation possible

R+ R2 + R2 o. No Inflation

R+ R+ R?>+R? | 0. Inflation possible

I.Antoniadis, A.Karam, A.Lykkas, KT (2018)
|.Gialamas, KT (2023)
G.Pradisi, A.Salvio (2022)



Coupling to a Fundamental Scalar
We consider a scalar ¢ coupled to quadratic metric-affine gravity
non-minimally. The action is

S = /d“x\ﬁ{ ()R + h(¢)7z+ 7R2+5R2+L¢}
(31
with .
Ly = —59" 0,00, — V(9). (32)

Introducing the auxiliaries x and (, we arrive at
S = / dAXJTQ{%(vx + (IR + %(54 +h(¢))R — % (vx* +6¢%) + 5¢} @3
or, infroducing
QP =y +H¢), Q@ = 5+h(p), @34)

s= [ @m- ) (Lo i@ h(¢))2)+£¢i5)



The Corresponding Metric Theory

Rewriting the action in terms of the Distortion and solving for it we arrive
at the action of the corresponding metric theory in the Jordan frame

1 3 (VQ?)? 3 —2 =2 2
S = /ddx\/—g{QQQR(g)ﬁ—A( QQ) - 02A (QQVQ - Q VQQ)

(@ oy + 5@ - noF) ) o

The Weyl rescaling g, — Q’Zg#,, takes the action info the Einstein
frame

S = / dAXJTQ{;R(g) - Q‘?A (QQV§2 — ﬁQVQQ)z

e (=t )1 )
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Infroducing the field o = QQW we get the action in the form

_ 1 12(Vo)2 1(Ve)? o
S_/ddxﬁ{zl?_(wwﬁ)_z 2 5
L (#(¢) - 22)% - Z{ggi (h(¢) — 4092) — ng)} 38)
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Note that no kinetic term for Q2 appears. Solving for it we obtain

0S5 _ o F(O) + MyV(9) +y(9) /0
502 =0= = 0) T 270h(0) /0 — (Vo) (€%




Substituting Q2 into the action we get it in the form

5= [ dxv=a{ 1R Ja(.a)TOF + LT ~ Lolo)(Va): — u(s.o)]
(40)
where

p f(¢)+2yoh(¢)/8
Ky(9p,0) = 7h2(q5)/6+1z(¢)+4’)’v(¢)

_ 24
Lo = SR@)FTR@ V()

Ks(0) = 17557

V(e () +4vV(¢ 2
U(@:0) = agriavm + (e v ) (0~ oo(@))
én
where

 ho)(6))2
7(9) = 2(5) + ayv(9)

Note that the potential is positive-definite with a minimum line along

o = oo(¢).

42)
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3D plot of U, @) for (6) = 1+ 6, h(6) = £ + &6 and V(6) = 3 *



Inflation in the R?, R?, ¢ model
Addopting the following leading terms of f(¢) and h(¢). namely

() = 1+&6%,  h(¢) = Ep+E¢°. @3)

Note that h(¢) is chosen this way to counteract the parity-odd
coupling h(¢)R. We dlso replace o with the canonical field

o —2ﬁ/m:>a—1sinh \/Ea (44)
© V1 + 1602 4 3 °)

In an FRW background the equations of motion read
(Ko +3Ls?) + SH(Ky + Lyd2)d + doo et + (352 + 35242) d2 + 84 =0

1 OKg

e +3Hoe — S 5.2 0% + S~ =0

H=3p,  p= 3K+ fLsd® + 362+ U

[

H=—1(p+p), pP=iKed?+ 3L0*+ 362U

(45)



Solving numerically the equations of motion (with V = \¢? /4) we
obtain the plots
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showing that very soon the system falls along the minimum line Jo(¢).



Therefore, for the inflationary period it would be sufficient to study the
single-field problem described by ¢, og(¢)

5= [ =g {gR - JROTOF + JUONToY - ule) |
(46)
where

- _ f(¢) 2
K(9) = z@yrmvi) + <1+49<]¢>2f2<¢>> {

[2(¢)+4avv(9)2

/(@)H(@)+a(d)F (¢ 6)1(¢ 2
AT ™ — E i @ OF(6) +av(9) |

L(p) = Wgz(¢)/5+f27(¢)+4w(¢) ’

N 4 ()
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Note that both kinetic functions K(¢) and L(¢) are positive definite.



Considering an FRW background, we obtain the set of equations

H2:P
3

. 1
and H= 3 (p+p), (48)

where the energy density and pressure are given by

1_

p = K@+ UOF+UG) and p= 2R(6)d+4L0)5 V(o).

49
In the analysis of inflationary observables we have focused on
f(¢) =1+ &% 9(¢) = £¢ + 6 and V() = Ap*/4.
Due to the ¢4 terms the speed of sound deviates from unity
14+ L(p)d? /K
2 _ VLA /K() 0

T4 3L(¢)P?/K(9)

Nevertheless, the deviation from unity turns out to be quite smaill.



Inflationary Observables

Assuming the slow-roll approximation we have the scalar and tensor

power spectrum

Pe(k) ~ Y@ <k>n$_] o 2U(9) <k>m

T 24m2ey () \ ke 32 \ ks

The scalar and fensor spectral indices are

dinP; 66 + 2 g dinPr
~ —O0€ T en ny =
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where the (potential) slow-roll parameters are defined

1 U\ 2 ,‘(71/2U/’
€y <> ) 77u=u

2k \U K1/2y

61N

(52)

(83)

The tensor-to-scalar ratio is r = Pr / 774 ~ 16¢y. Recent observations

yield the constraints (k, = 0.05 Mpc’])

A = (2.1040.03)x107°, n, = 0.9649+0.0042 (1o region), r < 0.03

(54)
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Figure: Predictions of the model using pivot scales 0.05 Mpc ™' for n; and
0.002 Mpc ™! for r. Shaded regions are the allowed parameter regions at 68%
and 95% confidence coming from the latest combination of Planck,
BICEP/Keck and BAO data. The values of the parameters are f_’ =0and

~ = 10°%, while £ = 0.1 (green dashed-dotted line), £ = 1 (red dashed line)
and £ = 10 (black dotted line). The parameter Evories from 1073 to 10% in
each curve in a clockwise direction indicated by the arrow. The small numbers
at the edges of the curves indicate the number of e—folds Ny g5, for the
extreme values of the parameter f_ .



Derivative Couplings
In the general metric-affine framework there are three non-zero
contractions of the Riemann tensor given by

Ruw =RCypr RE, =g"RF . R}, =R%,, 65

called the Ricci, co-Ricci, and homothetic curvature tensor,
respectively. There is a single Ricci scalar determined through an
additional contraction of either the Ricci tensor or the co-Ricci tensor,
expressed as R = g""'R,, = —RH - In what follows we shall consider
the following metric-affine action of a scalar field ¢ coupled
non-minimally to the Ricci scalar as well as the Ricci tensors through
derivative couplings:

S= / d*xv/—g {%(f(¢) + a1 X)R — éK(qﬁ)X + 0 R* Xy + s RFV X, + %/3722 - v(¢)}

(56)
where X, = 0,,00,¢ and X = g’ X,,,,. There is no R’W coupling due
to the antisymmetry of its indices. In the metric case there is no as
coupling since R, = —Ryu.



The functions F(¢), K(¢). and V(¢) represent nonminimal couplings,
non-canonical kinetic terms, and the potential ferm of the scalar field,
respectively. General quadratic terms of the Riemann and Ricci tensors
are known to be associated with unphysical degrees of freedom in
contrast to quadratic terms of the Ricci scalar with its reliable
inflationary predictions. Introducing the auxiliary scalar field . the
action takes the form

S=[d**/=g{;5( X) + a1 X) R — 1K(¢)X 4+ aaR* X,

+ 0437,\?/“”)(;1,1/ - U(¢7 X)}
67
with

F(6.0) = 1(6) + BX_and U(6,) = V() + 7008 69

In order to discuss inflationary dynamics it is necessary to go to the
Einstein frame.



Disformal Transformations
While actions constructed solely from the Ricci scalar can be
transformed via a Weyl rescaling. since our action (67) involves
derivative couplings of the scalar field fo the Ricci tensors, we need to
employ a broader set of fransformations, namely the disformal
fransformations. These transformations are defined as

9w = 711(0, X)G + 72(0, X)X (59

where X = g X, The inverse transformation is

QMV = ;5/1 ((bv X)g/w + ;5/2((257 X)X/w ) 60)

with 47 = 1/ and 52 = —72/71. while the determinants are related
by the equation g = g3 (¢, X)(71(, X) + 72(¢, X)X). Using the
relations for the inverse metrics g* and g"** we obtain also that

X . X
T @R+ ne0x X_%(@X)Jr’"m(qﬁ,)())((é'])

X




We may replace the co-Ricci tensor with the average Ricci tensor,
defined as R, = (R + Ryuw)/2. which vanishes in the metric case.
Omitting the tildes for brevity, we obtain

S=[d'x/—g [F1(¢>,X,x)§ + R, X)RM Xy + Fa(, X, X)RHY Xy

—Fa( ¢, X)X — Fs(, X, x)U(¢, X)]

F(9.X,0) = (14702 (1F(000) + 225 )
(62)

Fa($, X) = as(1 +X) /2
F(6,X,X) = 301 +7X) 772 (=72 (9, x) + 22 onraadx)
Fa(d,X) = 3 (1 +9X)712K(9),  Fs(, X, x) = ¥2(1 +9X)"/2,

General metric-affine theories have non-zero torsion T, = 2C[u| Av]
and non-metricity & = Vgur = —2C(,u),- We intend fo focus on
the Einstein-Cartan gravity case, where Q,,,,, = 0, considering ciz — 0.



Focusing on the a3 = 0 case (Einstein-Cartan), we need to solve the
system of equations (¢, X, x) = 1 and F3(¢, X, x) = 0. We
approximate the solutions by assuming that in the slow-roll
approximation, the higher-order kinetic terms are negligible (i.e.

X < 1), particularly during inflation as well as during reheating. An
approximate solution under this assumption is

= % (1= (a1 + a2/2)X + (anaz + 503/8)X?) ,
63

where we kept terms up to O(X?). Substituting the solution back to the
action we obtain

S = [ d%v/=g [}R(g) = 782251 = (a1 + a2)x)
64

- ji_’Q(‘&f‘;) (1= (21 + a2/2)X + (a2 + 20105 + 5a§/8)x2)]

Varying the action with respect to the auxiliary field y, we obtain a
solution x (¢, X). which is re-expanded in powers of X and then
substituted back into the action. The resulting effective action will
represent the final metric action of the scalar field ¢, featuring modified
potential and kinetic terms.



The x-variation gives

S 4V (o) + A(p)X + B(¢)X?
R X:«%Lcé&+m%;’ ©®
with
A(p) =K(9)F(d) — 4V(¢)(2an + az/2), (660)
B(¢) =4V(¢)(05 + 21z +503/8) — (a1 + 2)K()f(¢),  (660)
C(¢) = — BK(¢) — f(d)(2an + a2/2), (660)
D(¢) =B(ar + a2)K () + (0F + 20102 + 5a5/8)f() - (66d)

Expanding in powers of X we obtain’

. 4v(¢)
()]

(¢) 2 K(4)
*”@C+“ﬁ@%‘a50+“

v(9)
(¢)

) (201 — a2)1(6) + 20K(6))
(68)

'In the minimal case f(¢) = K(¢) = 1 the auxiliary field reads

X = 4V(¢) + (1 +4BV())X + (1 +4BV(¢))(B + a1 — az2/2)X* + O(X®) . (67)



Substituting back into the action and re-expanding in powers of X, we
obtain

5= / d*xy/—g (;R(g) — R(e)x = U(o) + 0(x2)> )

2
with

o —EV@AOKE) V()
KO = @) rapviey o U0 SORTON

where we have defined 4oy + ap = .

Note that for large values of the potential V() >>, the effective
potential tends to a constant 1/4/3. This the well known Palatini-R?
plateau, inducive of inflationary behaviour.



INFLATION IN THE DERIVATIVE-COUPLED MODEL
We shalll simplify the analysis by considering the minimal case where

f(¢) = K(¢) = 1. Then,

k-1 gV an
14487 T 1448V

A canonically normalized inflaton ¢ can be expressed as a function of
¢ through doe = dp/K().

We consider the simple case of the minimally coupled (f(¢) = 1)
quadratic model with a potential V(¢) = m?¢? /2, which can be
treated analytically. For small O(X?) terms the first slow-roll parameters
are

4 8 (1+ BmP?(3amP¢? — 4))

GD: o=

$2(2 — amPe?)(1 + 28me2) " U T @2(2 — amegR)2(1 + 2BmPeR)
72)



The number of e—folds, left to the end of on inflation are

N, = %( end Qb*) ( ( end T Qb*) ) ~ '|.|76¢3(4 _ dngbi),

@73)
where the second equality holds for gbgnd <K cbi. The above equation
has a solution

2 — \/@mPPl.y — Aam2d2 4 + 4 — 16GmMPN, a0

2 _
On = am?

B2 q 4N, .
74
The field value at the end of inflation is defined by €j(¢end) = 1 =

2aﬁm4 end + (am - 45”‘) ) end 2¢§nd + 4=0. (75)

We have seen numerically that the approximation Qﬁgnd < qﬁ holds
frue and we safely omit the term ¢eng. Under this approximation the
field value at the horizon crossing is given by

P 2\/1 = 4am?N,
* &P '

(76)



Using ¢.. given above, A is written in terms of N, as

o YT aamPN (1 - VT 4&meN;)°

s = 247262 m? ’ 77
which under this approximation does not depend on the parameter S.
The above equation can be used to see the impact of & on m?. For
N, ~ 50 — 60 this becomes drastic for |&| = 108, Given that the
parameter m represents the mass of the scalar field ¢ it is essential for it
to remain sub-Planckian. Thus, we may derive an upper limit for the
parameter |G| given by

3
N
la| < 4.3 x 10" (5;> . 78)
The spectral index is

2 .
1= 2 i JAI/Ne <1
1+ /1 — 48m2N, — 6a&m?N, Ny JAI/N

— 44 - 3 ,
Na (1 — 4GmPN..) T— = i JAl/N. > T
2N,

ns >~ 1 79

being 3-independent to leading order. Therefore, for small |A|, this
prediction aligns with that of the simple quadratic model of inflation.



Finally, the tensor-to-scalar ratio is given by

1660m?
r~ ,
V1 = 4an?N,(v/T — 4am?N, — 1) [48(v/1 — 4am?N, — 1) — @]
80
while its limiting cases are
8 it |A]/Ny < 1
S —— |
N, + 4872A3 *
r~ 4 @n
it |A|/Ne>1.

N, + 24m2A,3°

Here the infroduction of a substantial 5 parameter (3 2 10%) becomes
necessary in order to bring r within the observational limit (3 > 10%).
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Figure: Left: The mass parameter m? as function of the parameter é. Right:The
tensor-to-scalar ratio as function of the parameter & for 3 = 10%,

(I.Gialamas, T.Katsoulas and KT, JCAP 2024)



CONCLUSIONS

Metric-Affine Ricci and Holst-squared models coupled to scalars yield
an extra dynamical pseudoscalar and exhibit one-field inflation for a
large class of potentials.

Metric-Affine Ricci-squared models with derivative couplings of scalars
to the Ricci tensors exhibit one-field inflation for a large class of
potentials.



