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2d toy model

2d Abelian fields: A, (z"), p=1,2

1) Complexify: A= A; +iAdy, A=A —iA,

& parametrize:. A =0f, A=0f

2) Gaugedof: Re(f),  gauge-invariant dof: Im( f)
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1. Parametrization

Why CP??

1. 4d Euclidean space has no complex structure

2. Choose CP? as the 2d complex manifold

» finite space with flat space limit

> group theoretic structure as SU(3)/U(2) facilitates a parametrization of
the gauge fields
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» scalars, vectors, tensors are functions on SU(3) that behave in the right way
under the U(2) subgroup
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CIP% = SU(3)/U(2)

* functions on SU(3) in terms of Wigner D-matrices:

F(g) =Y cV'DYyg)=> (7, Al3)J. B)
J,A

J,A

* U(2) subgroup: local isotropy group for CIP*

Scalar functions on CP%: f(g) = f(gh), h € U(2) subgroup

Vector fields on CIP?: Vaf(g), vaf(g), a=1,2
— SU(2) doublets with Y = +1
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Az = _va]?(g) — géaeabvbi(g)
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Abelian gauge fields: A, = Vaf(g)ﬂLgaaEaB@BX(g)

A; = _va]?(g) — g&aeabvbi(g)

Non-Abelian gauge fields: A, = -V MM+ M1 (gaae“b?bx) MT
A = MIWN_.M + M (—gaaeabvb)_() M1

gauge group SU(N): M,M' € SL(N,C)
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1. Parametrization
gauge fields on CIP?
Ag = —VaMM™ + M7 (gae™Vpx ) M1
As = M™'WMT+ M (—gaee®Vyx) M~

e

Q|

* Under gauge transformations U € SU(N):
A—-UAUt—vVUUY, A UAU'+UVU!
M —- UM MY — MTU!

* With polar decomposition M = Up, U € SU(N) and p = ol

pure gauge gauge-invariant , , v
parameters: U e SU(N) parameters: P X X
H=MM = p?
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Measure for space of gauge potentials

Measure for gauge potentials: dV = H[det(gaa) dA*dA?]

Aa:Aa(MaMT7X)7 A&:A&(MaMTai)

AV = e"Hx (M, M) dydy]
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Measure for space of gauge potentials

Measure for gauge potentials: dV = H[det(gaa) dA*dA?]

Aa:Aa(MaMT7X)7 A&:A&(MaMTai)

dV

e XV (M, MT) dxdy]

@é{ ) du(H)dxdy]
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Measure for gauge potentials: dV = H[det(gaa) dA*dA?]

X
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Corresponding metric:  ds® = /g““éAg“ 0AT = 2/§MMO¢B§B

E=(0,0",6%,6X") = (MM, MT Y6 MY, MT15xMT, MéxM ™)

dV = VdetM [ du(M, M") dxdy]
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Finding the Jacobian

Measure for gauge potentials: dV = H[det(

X

Corresponding metric:  ds® = /g““éAg“ 0AY =

2. Measure

Ga) dAg‘dflg‘]

o

§=(0,0",0x,0x") = (OMM ", MY PSMT, M oy MT, MéxM ™)

= VdetM [d Mdu

e (Hxx

)dxdy]
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2. Measure

Finding the Jacobian

. 1
metric:  ds* = 2/§Ta/\/[a5§5

Jacobian:

[ ~-D-D

26 D, (MM 1) D,
0

\ D-D(MxM™)

where D, =V,®+ [-V, MM, ®],

—2e D, (MT=1xyM™) Dy

DD
—D - D(MT1yM")

0

0 —D(MP' M) - D\
D(MYM™")-D 0
~D-D 0

<]
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2. Measure

Measure

Measure for the gauge orbit space: dV[C] = el (HX0X) du(H)dxdx]
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+finite terms
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Low energy effective theory

1. Introduce an IR cutoff A\ st. 1/\ < r?

2. Take the flat limit of CP* r — 00
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Low energy effective theory

Measure for the gauge orbit space: dV[C] = el (HX0X) du(H)dxdx]

_ A 1 .
I'(H,x,x) = %SWZW(H) —E/TI(VX-HV)ZHl)
log e

+=5 /Tr[(v(VHH1))2+(WX.HVXH1)2
%"V, (Vo HH™Y) [HV . XH L, Vix]
—g*g"Va (HVyxH ) DN@X}

+finite terms

19



2. Measure

Low energy effective theory

Measure for the gauge orbit space: dV[C] = el (HX0X) du(H)dxdx]

_ A 1 .
I'(H,x,x) = %SWZW(H) —E/TI(VX-HV)ZHl)
log e

+=5 /Tr[(v(VHH1))2+(WX.HVXH1)2
%"V, (Vo HH™Y) [HV . XH L, Vix]
—g*g"Va (HVyxH ) DN@X}

+finite terms (K*/7)

19
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Low energy effective theory

Measure for the gauge orbit space: dV[C] = el (HX0X) du(H)dxdx]
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3. Results

Results

Measure for the gauge orbit space:  dV'[C] = el HX:X) du(H)dydx]
F(Ha X X) = lyaw + Dinass + Flog T ..

A 1 ~ 1
= — Fmass — T V * Hv H
FWZW o SWZW(H) Ae I ( X X )

[y ~ 10ge/(8A)2
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3. Results

Mass terms

A 1

D(H, X %) = o Swn(H) = [ T (Vx-HVRHTY) 4.



I'(H, X, X)

—>

Mass terms

3. Results

A 1 _

—Swrw(H) — — [ Tr (Vx-HVYH ™

S SumlH) = o [ T (Vx HVRH ) 4.
A

o

Suan (H) + pren [ e (V- HYRHY) ..
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Dimensional transmutation

A

P(H, X, X) = 5~ Swaw(H) + u/ Tr (Vx - HVXH ™)

In pure YM theory need to introduce a dimensional parameter: Agcp

» Can we express AQCD interms of A and Hren ?

7= f du(H)][dx][dx] " 072 I o Aqen = Agen (A, jimen)
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Gluon self-energy

A

['(H,x,X) = %SWZW(H) —i—,uren/Tr (@X'HV)ZH—l)



['(H, x, X)

Gluon self-energy

A

o

SWZW(H) T Hren / It (?X ’ HVXH_l)

- /Tr n*“A, (52 ~ Ubbaaab) A+

Q|

N,

3. Results
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I'(H, x, X)

Gluon self-energy

A

= —Syuw(H) +,uren/Tr (Vx-HVYH™)

2T

3. Results
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Gluon self-energy

A _
I'(H, x,x) = %Swzw(H) +Mren/Tr (VX'HV)_CH_l)
_ . - 0=0 _
N T a,a,Aa 51_)_ bb Za b A
/ I (a g 8-8) p T

Mass term in 4d Euclidean space:

0. 1
/TIA@- (53'3'—%)14]4-“' N/TIF(—D°D)F?

3. Results
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Gluon self-energy

Soft gluon mass

Gluon propagator
L=64,72,80, SA

> Lattice simulation evidence ) P L e
= |.L. Bogolubsky, et.al., Phys.Lett. B676, 69-73 (2009) i e . |
= |.L. Bogolubsky et.al., POSLAT2007:290 (2007) ol % |
= PO. Bowman, et.al., Phys.Rev. D76:094505 (2007)  ° | Y
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q [GeV]
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3. Results

Gluon self-energy

Soft gluon mass

Gluon propagator
L=64,72,80, SA

> Lattice simulation evidence ) P SEEE
= |.L. Bogolubsky, et.al., Phys.Lett. B676, 69-73 (2009) i o :, |
= |.L. Bogolubsky et.al., PoOSLAT2007:290 (2007) =i EY |
= PO. Bowman, et.al., Phys.Rev. D76:094505 (2007) | Y
and more... Al 2 |
R Y TRE— i 21\’? 0
q [GeV]

» Schwinger-Dyson calculations of gluon self-energy

= A.C. Aguilar et.al., Front.Phys. 11(2), 111203 (2016)
= A.C. Aguilar et.al., Phys.Rev. D78:025010 (2008)
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I'(H, x,X)

A

2

3. Results

WZW term

Swaw (H) —l—uren/Tr (Vx-HVXH™') +...
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3. Results
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WZW term

3. Results



SWZW (H)

4d WZW action

1

(

= g°Tr(V,HV H ') — ——

o

Kihler 2-form on CIP?:

 2Ur

3. Results

/w ATe(H 'dH)?

W =1 Gag dz* dZ”
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3. Results

4d WZW action

[ _ ' ;
Swm(H) = o g““Tr(VGHVaH_l)—QLT / WA Te(HYdH)?

Kdhler 2-form on CP?:  w =1 g,z d2* dz°

» 4d-WZW theory first considered by Simon Donaldson (1980s).

» Also appears in Kahler-Chern-Simons theory, quantum Hall
systems, string theory etc.

» Low energy dynamics dominated by antiself-dual instantons.
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3. Results

Casimir energy

Lattice simulations of Casimir energy for 4d Yang-Mills theory
M.N. Chernodub et. al., Phys. Rev. D 108, 014515 (2023)

» good fit for a massive scalar field

iSWZW(H) + 1 / TrF*(H) >

H) = —
S( ) 2 2q




Casimir energy

Lattice simulations of Casimir energy for 4d Yang-Mills theory
M.N. Chernodub et. al., Phys. Rev. D 108, 014515 (2023)

» good fit for a massive scalar field

S(H) = —2

2T g

3. Results

S (H) + %/TIFQ(H) > ;/(Vqﬁ)z +m?¢* + O(¢?)
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3. Results

WZW theory and confinement

In 241 Yang Mills theory can show area law of Wilson loop:

W(C)) = (TrPefe VY & Ty exp B( j{ VHH j’{ VHHU}
C C

ca SEY — _Bm r(V —1))? 1
= Trexp [N /d,u(H) ¢ oA (H)=zacy J T (V(VHETE) (ng VHH_lngHH_l)}
¢ c

—opr Area(C)

~ €

. 4 CACR
y Orp — €
4

D. Karabali, C. Kim, V.P. Nair, Phys. Lett. B434, 103 (1998)
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3. Results

WZW theory and confinement

In 4d Yang Mills theory?

W(C)) = (TrPefe VI & Ty axp E( jé VHH jé VHH*)}
' C C

A 1 2 1 _ B
= Trexp [N/d,u.(H) g7 o (H)=3g7 [ T (H) (Ejé VHH 1j§V’HH 1)} =7
C C



3. Results

WZW theory and confinement

In 4d Yang Mills theory?

W(C)) = (TrPefe VHI™ & Ty oxp B( jé VHH! jé VHH*)}
' C C

A 1 [(TyF2 1
= Trexp [N/d,u,.(H) g 3 S (H) =553 [ TrF(H) (5% VHH—ljg
c

C

VHH_I)} =7

Calculations too complicated here...
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WZW theory and confinement

2+1 Yang Mills theory:

> Limit of €2 — oo -

(W(C)) = (TrPefe VEEY ~ Ty exp B( fi« VHH™! jé VHH*)}
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3. Results

WZW theory and confinement

2+1 Yang Mills theory:

> Limit of €2 — oo -

1 1
(W(C)) = (Trpe-‘fc‘?— VIHH ) ~ Tr exp [5(% VHH™! j{ VHH_l)}
C C
CA~ E\.Q:EE __EW_ TLS —1))2 ]- . .
— Trexp [N/d,u(H) g S ()= W) (5}5 VHH 1j£VHH 1)}
C C
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3. Results

WZW theory and confinement

2+1 Yang Mills theory:

> Limit of €2 — oo -

, 1
(W(C)) = (TrPefe VI Ty exp [§< j{ VHH™' j{ VHH*)}
C C
CA- E.,?:f,? ——EW— I = —1))2 ]. . .
— Trexp [N/du.(H) g S ()= W) (ﬁfg VHH 1j£VHH 1)}
¢ C

—opr Area(C) 41CACR

4>O OrR =€ A HOO

~ €

> Wilson loop vanishes in absence of F? term
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3. Results

WZW theory and confinement

4d Yang Mills theory:

> In absence of F# term (pure 4d WZW theory) Wilson loop vanishes:

(W(C)) = (TrPefe V) ~ Tr exp E( j’{ VHH™! j{ VHHS}
C C

1
~ Trexp [N/(Z;JJ(H) CSwaw(H) (2% VHHlngHHI)}
C

C

— 0
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Thank youl!



Gribov problem?

= |s the parametrization of A/G.in terms
of H, X and X global?

Most likely, no.

" Expect the measure to be invariant
under possible transition functions
between coordinate patches.
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