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Preliminaries: LQFT and HMC
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The field configuration  is a random variable sampled with MCMC to estimate 
computed over a Boltzmann-like density:

ϕ(x)

⟨𝒪⟩p = ∫ D[ϕ] 𝒪(ϕ) p(ϕ) ≈
1
N

N

∑
i=1

𝒪(ϕi)

p(ϕ) =
e−S(ϕ)

Z
Z = ∫ D[ϕ]e−S(ϕ)

known in closed form up to a 
numerically intractable normalisation
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HMC and its flaws
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(Adapted from: )

ThThe MCMC hasn’t 
converged yet!!

MCMC: sequentially proposes new sample and guarantees to eventually converge to a target density.

👎  Sequential   ⟹   MCMC chains can’t be parallelized.

👎  Critical slowing down   ⟹   Phase transitions.

👎  Long-range autocorrelations ⟹ large statistical errors.

👎  The partition function  is unknown.

👎  No direct estimation of thermodynamic observables. 

Z

However MCMC algorithms come at a cost:

https://xkcd.com/303
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What about flow-based sampling?
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We use a parametric function  (a diffeomorphism) to transform Gaussian samples 
 into physical configurations 

fθ
z ∼ q0 ϕ ∼ qθ

<latexit sha1_base64="wZh2EiCb8nwuymwBSQXvY47b4+g="></latexit>

f✓ : z 2 Z ⇠ qz ! x = f✓(z) 2 X ⇠ q✓ .

The parametric function needs to fulfill certain criteria: 
• Bijective transformation   
• Invertible and differentiable 
• Tractable Jacobian

ϕ = fθ(z)
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What’s flow-based sampling?
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qθ(ϕ) = q0( f −1
θ (ϕ)) det ( ∂fθ

∂z )
−1

The likelihood of  can be computed exactly: qθ
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How do we train a generative model?
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KL(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

≡ 𝔼qθ [ln
qθ(ϕ)
p(ϕ) ]

Often the variational density  is trained by minimizing the Reverse-KL divergence: qθ
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KL(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

≡ 𝔼qθ [ln
qθ(ϕ)
p(ϕ) ]

Often the variational density  is trained by minimizing the Reverse-KL divergence: qθ

since we know the target  is a Boltzmann distribution  p(ϕ) p(ϕ) = Z−1 exp{−S(ϕ)}

KL(qθ | |p) = 𝔼qθ [ln
qθ(ϕ)
p(ϕ) ] = 𝔼qθ [ln qθ(ϕ) + S(ϕ) + ln Z]
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How do we train a generative model?
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KL(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

≡ 𝔼qθ [ln
qθ(ϕ)
p(ϕ) ]

Often the variational density  is trained by minimizing the Reverse-KL divergence: qθ

∇θKL(qθ | |p) = 𝔼qθ [∇θln qθ(ϕ)+ ∇θS(ϕ)+ln Z]
since we know the target  is a Boltzmann distribution  p(ϕ) p(ϕ) = Z−1 exp{−S(ϕ)}
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How do we train a generative model?

10

KL(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

≡ 𝔼qθ [ln
qθ(ϕ)
p(ϕ) ]

Often the variational density  is trained by minimizing the Reverse-KL divergence: qθ

Training can be performed by self-sampling from the model we are training!

∇θKL(qθ | |p) = 𝔼qθ [∇θln qθ(ϕ)+ ∇θS(ϕ)+ln Z]
since we know the target  is a Boltzmann distribution  p(ϕ) p(ϕ) = Z−1 exp{−S(ϕ)}
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p(ϕ) qθ(ϕ)

Sample  ̂ϕ ∼ qθ ≈ p

11

Minimize the reverse-KL

(Image credits: Kavlakoglu, www.ibm.com)

How do we train a generative model?
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p(ϕ) qθ(ϕ)
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How do we train a generative model?

=
🤔

?
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p(ϕ) qθ(ϕ)
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How do we train a generative model?

= 😭
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p(ϕ) qθ(ϕ)

13

How do we train a generative model?

= 😭

p(ϕ) qθ(ϕ)≈ 🫤
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Neural Importance Sampling (NIS)
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p(ϕ) ≈ qθ ∼ ϕi

Z = ∫ D[ϕ] exp{−S(ϕ)} = ∫ D[ϕ] qθ(ϕ) w̃(ϕ) where w̃(ϕ) =
exp{−S(ϕ)}

qθ(ϕ)

p(ϕ) =
exp{−S(ϕ)}

Z
with



Kim A. Nicoli - Uni-Bonn, TRA Matter COMETA WG2, March 28th

Neural Importance Sampling (NIS)

14

p(ϕ) ≈ qθ ∼ ϕi
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Neural Importance Sampling (NIS)

14

p(ϕ) ≈ qθ ∼ ϕi

Z = ∫ D[ϕ] exp{−S(ϕ)} = ∫ D[ϕ] qθ(ϕ) w̃(ϕ) where w̃(ϕ) =
exp{−S(ϕ)}

qθ(ϕ)

Z ≈ ̂Z =
1
N

N

∑
i=1

w̃(ϕi)
ϕi ∼ qθ

MC

p(ϕ) =
exp{−S(ϕ)}

Z
with
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Neural Importance Sampling (NIS)

14

p(ϕ) ≈ qθ ∼ ϕi

Z = ∫ D[ϕ] exp{−S(ϕ)} = ∫ D[ϕ] qθ(ϕ) w̃(ϕ) where w̃(ϕ) =
exp{−S(ϕ)}

qθ(ϕ)

Z ≈ ̂Z =
1
N

N

∑
i=1

w̃(ϕi)
ϕi ∼ qθ

MC

p(ϕ) =
exp{−S(ϕ)}

Z
with

̂F = − T ln ̂Z⚠
Nicoli+, Phys. Rev. Lett. (2021) 
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Asymptotically Unbiased Estimators
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MC

ϕi ∼ qθ⟨𝒪⟩p = ⟨w𝒪⟩qθ
≈

1
N

N

∑
i=1

w(ϕi)𝒪(ϕi)
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MC

ϕi ∼ qθ⟨𝒪⟩p = ⟨w𝒪⟩qθ
≈

1
N

N

∑
i=1

w(ϕi)𝒪(ϕi)

w(ϕ) =
p(ϕ)
qθ(ϕ)

Asymptotically Unbiased Estimators
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MC

ϕi ∼ qθ⟨𝒪⟩p = ⟨w𝒪⟩qθ
≈

1
N

N

∑
i=1

w(ϕi)𝒪(ϕi)

w(ϕ) =
p(ϕ)
qθ(ϕ)

Asymptotically Unbiased Estimators
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The 2D Ising Model
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H(ξ) = − J ∑
<i, j>

ξiξj p(ξ) =
e−βH(ξ)

Z

0 5000 10000 15000

Training step

≠2.1150

≠2.1125

≠2.1100

≠2.1075

≠2.1050

ÈO
(›

,Z
)Í

q ◊

VAN

0.430 0.435 0.440 0.445 0.450
—

≠2.13

≠2.12

≠2.11

≠2.10

ÈO
(›

,Z
)Í

q ◊

Reference (Exact)
VAN

⟨𝒪⟩qθ
≠ ⟨𝒪⟩p

Wu+, Phys. Rev. Lett. (2019)   VAN (Variational Autoregressive Network)⟹
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The 2D Ising Model

19

0 5000 10000 15000

Training step

≠2.115

≠2.110

≠2.105

ÈO
(›

,Z
)Í

q ◊

VAN
NIS

0.430 0.435 0.440 0.445 0.450
—

≠2.13

≠2.12

≠2.11

≠2.10

ÈO
(›

,Z
)Í

q ◊

Reference (Exact)
VAN
NIS

Nicoli+, Phys. Rev. E (2020)  NIS (Neural Importance Sampling)⟹

⟨𝒪⟩qθ
⟨w𝒪⟩qθ

H(ξ) = − J ∑
<i, j>

ξiξj p(ξ) =
e−βH(ξ)

Z

Wu+, Phys. Rev. Lett. (2019)   VAN (Variational Autoregressive Network)⟹
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Real Scalar -Theory in (1+1) Dϕ4
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PHASE TRANSITION

0.0 0.1 0.2 0.3 0.4 0.5
hopping parameter Ÿ

1

2

3

4

5

È|„|Í
|�|

Broken PhaseSymmetric Phase

S(ϕ) = ∑
x∈Λ {− 2κ

d

∑
μ=1

ϕ(x)ϕ(x + ̂μ) + (1 − 2λ)ϕ(x)2 + λϕ(x)4}
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PHASE TRANSITION

0.0 0.1 0.2 0.3 0.4 0.5
hopping parameter Ÿ

1

2

3

4

5

È|„|Í
|�|

Broken PhaseSymmetric Phase

•

•  is needed to compute 

• Integration through phase space (MCMC)

• Intermediate steps 

ΔF = Ft − F0 = − T ln Zt /Z0

F0 Ftarget

ΔF{i+1, i} = − T ln
Zi+1

Zi

ΔF =
t

∑
i=0

ΔF{i+1,i}

S(ϕ) = ∑
x∈Λ {− 2κ

d

∑
μ=1

ϕ(x)ϕ(x + ̂μ) + (1 − 2λ)ϕ(x)2 + λϕ(x)4}
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Real Scalar -Theory in (1+1) Dϕ4
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16x8 32x8 48x8 64x8
Lattice Volume �

≠1.056

≠1.054

≠1.052

≠1.050

≠1.048

F
V a2

flow
hmc

Nicoli+, Phys. Rev. Lett. (2021) 

Broken PhaseSymmetric Phase

S(ϕ) = ∑
x∈Λ {− 2κ

d

∑
μ=1

ϕ(x)ϕ(x + ̂μ) + (1 − 2λ)ϕ(x)2 + λϕ(x)4}
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Real Scalar -Theory in (1+1) Dϕ4
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Nicoli+, Phys. Rev. D (2023) 
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⌘ Ẑq✓
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Real Scalar -Theory in (1+1) Dϕ4

Nicoli+, Phys. Rev. D (2023) 
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Something seems to invalidate our asymptotic guarantees!

⚠

Real Scalar -Theory in (1+1) Dϕ4
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What’s going wrong then?

26

KLR(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

Reverse-KL Div.
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What’s going wrong then?

26

KLR(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

Reverse-KL Div.

KLF(p | |qθ) = ∫ D[ϕ]p(ϕ) ln
p(ϕ)
qθ(ϕ)

Forward-KL Div.
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What’s going wrong then?

27

KLR(qθ | |p) = ∫ D[ϕ]qθ(ϕ) ln
qθ(ϕ)
p(ϕ)

Reverse-KL Div.
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„
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2.5 p(„)
qF („)

• Self-Sampling (efficient).
• No need for training data.
• Mode-dropping.

• Maximum Likelihood.
• Requires training data.
• Fake modes.

KLF(p | |qθ) = ∫ D[ϕ]p(ϕ) ln
p(ϕ)
qθ(ϕ)

Forward-KL Div.
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What’s going wrong then?
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The model is blind with respect to one (or more) of the modes of the target density.

ESR is not a good metric!
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The effect of mode-dropping
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Definition. The effective support of the variational density  relative to qθ p
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for a given numerical threshold . The mode dropping set is then given byϵ

Nicoli+, Phys. Rev. D (2023) 
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for a given numerical threshold . The mode dropping set is then given byϵ

if the flow is effectively mode-dropping, the importance-weighted estimator, with a finite number of samples , 

will miss a contribution from the mass  with approximately the probability .

N

∫𝒮
p(ϕ)dϕ 1 − ϵN∫𝒮

p(ϕ)dϕ

Nicoli+, Phys. Rev. D (2023) 
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The effect of mode-dropping
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Definition. We define the effective sampler distribution
<latexit sha1_base64="hTTYiBLIfsVC5g3y+2zRbvuVouk="></latexit>

⇣ =
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]suppp,✏

D[�]q✓(�)  1where

is the multiplicative renormalization factor necessary to guarantee the normalization of  .q̃θ(ϕ)
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It follows that the importance-weighted estimator misses the contribution from the mode-dropping set 𝒮
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the typical values of the estimator  can be significantly different from the true expectation value!�̂� ≈ �̄� 👎
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The mode-dropping estimator
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When  has full effective support on the domain of qθ p
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for which we can get the corresponding Monte Carlo estimator, i.e., the mode-dropping estimator



Kim A. Nicoli - Uni-Bonn, TRA Matter COMETA WG2, March 28th

Estimation of  Mode Dropping Across Criticality
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Λ = 64 × 8, λ = 0.022

Nicoli+, Phys. Rev. D (2023) 
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Summary and Conclusions
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i) Asymptotically unbiased samplers can be constructed from trained DGMs (NIS or NMCMC).

ii) Direct estimation of the partition function and thermodynamic observables.

iii) Sampling from DGMs is embarrassingly parallelizable  MCMC (sequential).

iv)  Training with forward-KL leads to better models though requires training samples.

v) Derivation of mode-dropping estimator to reliably assess the goodness of the model.

vi) Mitigation of mode-dropping using different objectives (FWD-KL) or stochastic approaches (SNFs).

≠
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Thank you for your attention!


