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Normalizing Flows learn a coordinate transformation.

\

plx) = 7(F1(x)) |det 250

!:unctlond/ Distribution o | Normalizing Flow | N !:unctlond/ Distribution
inzeR inx €R
f(z)=x
f~1(x)=z
Mathematically speaking, this is a bijective function.
“easy” base biiecti “target”
R ijective s
distribution ) =3
transformation distribution

< density estimation, p(x)

= sample generation
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Training Normalizing Flows

Maximum Likelihood Estimation gives the best loss functions:

@ Regression: Mean Squared Error Loss
@ Binary classification: Binary Cross Entropy Loss
o ...

Normalizing Flows give us the log-likelihood (LL) explicitly!

= Maximize log p (the LL) over the given samples.
L= -3 logp(x)

= If we don't have samples, but a target f(x), we can use the KL-divergence.

f(x f(x f(x
£ = Dalf, p] = [ dx f(x) log 23 = (£ log pi(;%>xwp(x)
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Base distributions

p®) = (@) = 7(FHR)) |det 252

of(Z
07

@ Can be any distribution with only 2 requirements:

» We can easily sample from it
» We have access to 7(x)

@ Sets the initial domain of the coordinates.

@ Most common choices:

> uniform distribution (compact in [a, b])
» Gaussian distribution (in R)
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We need a trackable Jacobian and Inverse.

p(X) =  w(2)|det 22

-1 — p(ft ‘detaf )

o First idea:  making f a NN.

X inverse does not always exist

X Jacobian slow via autograd
of 3

X |det E’ XX O(nd,-m)

Dinh et al. [arXiv:1410.8516], Rezende/Mohamed [arXiv:1505.05770]
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We need a trackable Jacobian and Inverse.

px) = w(2)

of(Z)
det %

o= (I (R)|det 252

o First idea:  making f a NN.

X inverse does not always exist

X Jacobian slow via autograd
of 3

X |det 5’ XX O(nd,'m)

= Let a NN learn parameters 6 of a pre-defined transformation!

@ Each transformation is 1d & has an analytic Jacobian and inverse.
=f(%;0) = (Ci(x1;61), Co(x2;02), . - -, Co(Xn; 04)) T

Dinh et al. [arXiv:1410.8516], Rezende/Mohamed [arXiv:1505.05770]
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We need a trackable Jacobian and Inverse.
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PR) = (2 |det %2

-1 = g(f? ‘detd'c ()

First idea:  making f a NN.

X inverse does not always exist

X Jacobian slow via autograd
of 3

X |det 5’ XX O(nd,'m)

Let a NN learn parameters 6 of a pre-defined transformation!

Each transformation is 1d & has an analytic Jacobian and inverse.
=f(%;0) = (Ci(x1;61), Co(x2;02), . - -, Co(Xn; 04)) T

Require a triangular Jacobian for faster evaluation.

= The parameters 6 depend only on a subset of all other coordinates.

Dinh et al. [arXiv:1410.8516], Rezende/Mohamed [arXiv:1505.05770]
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A chain of bijectors is also a bijector

The full transformation is a chain of these bijectors.

()] 2= |m@)] =] .. zi= | .. zc = | mk(2)
fo(z1) | A(z) fi(zit1) fi—1(2x)
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A chain of bijectors is also a bijector

The full transformation is a chain of these bijectors.

71'0(20) Zy =
fo(z1)

m(za) [ z= ] .. zj =

1 fi(z) fi(zi11)

7 = | m(z)
fi—1(2k)

Initial sample from N(0, 1)

Claudius Krause (HEPHY Vienna)
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The full transformation is a chain of these bijectors.

(o) [ o= |m@)] z= zj = zc = | mk(2)
fo(z1) | A(z) fi(zit1) fi—1(2x)
Initial sample from N(0, 1) After layer 3

Claudius Krause (HEPHY Vienna)
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Affine Transformations

The coupling function (transformation)
@ must be invertible and expressive

o is chgsen to factorize:
f(X;0) = (G(x1;61), C(x2;62), - .., Co(Xn; 0,,))T,_'
where X are the variables to be transformed and € the parameters of the transformation.

historically first: the affine coupling function
C(x;s,t) =exp(s) x+t
where s and t are predicted by a NN.

o It requires x € R.

@ Inverse and Jacobian are trivial.

@ lts transformation powers are limited.
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Any monotonic function can be used.
Changing coordinates from Z to X with a map X = f(Z) changes the distribution according to

of(2)|
0z

det _ (—))

p(x) = 7(2) = 7(f71(%)) |de

A more complicated transformation then leads to a more complicated transformed distribution.

—— RQ Spline
Inverse
e  Knots

9()

figures taken from Durkan et al. -B 0 B
[arXiv:1906.04032] x
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Piecewise Transformations (Splines) in a finite domain

piecewise linear coupling function:

pdf cdf

The NN predicts the pdf bin heights Q;.

Miiller et al. [arXiv:1808.03856]
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Piecewise Transformations (Splines) in a finite domain

piecewise linear coupling function:

pdf cdf

The NN predicts the pdf bin heights Q;.

U‘

x
Il

-1

1

Miiller et al. [arXiv:1808.03856]

Qk + aQp

a =

8X B

x—(b—1)w

HQb
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Piecewise Transformations (Splines) in a finite domain

piecewise linear coupling function:

pdf cdf

The NN predicts the pdf bin heights Q;.

Miiller et al. [arXiv:1808.03856]

o

-1

w
1

HQb

x
Il

aXB

cdf

rational quadratic spline coupling function:

Durkan et al. [arXiv:1906.04032]
Gregory/Delbourgo [IMA Journal of Numerical Analysis, '82]

o still rather easy

e 32042 + aia+ ag

b2a2 + bia + by
The NN predicts the cdf bin widths, heights, and derivatives that go in a;&b;.

@ more flexible

Claudius Krause (HEPHY Vienna)
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Taming Jacobians 1: Autoregressive Models

Remember: To tame the determinants, the parameters
0 must depend only on a subset of all other coordinates.

Autoregressive models solve this by g; = 6_’;(><J<,)

6, = const. | 0, = 52(21) 03 = 53(21,22) 0; = 5/(21, ey Zic1)
- 1 \ o 1
p(xt) p(x2|x1) p(xs|x1, x2) p(xilxt, -y Xi—1)

0 d
Jacobian : ’\ = Hp(x,-|x1, oo xiz1) = p(X)

i=1

—_——
o(d)

Claudius Krause (HEPHY Vienna) Normalizing Flows
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Autoregressive NNs: MADE Blocks

MADE Block 0; = 0:(x1, %2, -

~\

-y Xj<i)

(" bijector input cond. input

£ 1 R co a ca 3

Implementation via masking:

@ a single “forward” pass gives all
Oi(x, ..o, Xi-1).
= very fast

@ its “inverse” needs to loop through all
Y Y Y dimensions.
L transformation parameters ) = very SIOW

Germain et al. [arXiv:1502.03509]
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Autoregressive NNs: MADE Blocks

MADE Block 0; = 0:(x1, %2, -

~\

-y Xj<i)

(" bijector input cond. input

£ 1 R co a ca 3

Implementation via masking:

@ a single “forward” pass gives all
Oi(x, ..o, Xi-1).
= very fast

@ its “inverse” needs to loop through all
Y Y Y dimensions.
L transformation parameters ) = very SIOW

Germain et al. [arXiv:1502.03509]
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) MADE Block . G = 0i(xt, %2 .. <)
bijector input cond. input
£ £ T2 co e c3
Implementation via masking:
@ a single “forward” pass gives all
Oi(x, ..o, Xi-1).
= very fast
@ its “inverse” needs to loop through all
Y Y 7 dimensions.
L transformation parameters ) = very SIOW
Germain et al. [arXiv:1502.03509]
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Taming Jacobians 2: Bipartite Flows ( “INNs")

[0ica(x €B) &  Oecn(x € A)|

= Coordinates are split in 2 sets, transforming each other.

forward: inverse: Jacobian:
YA = XA XA = ya 1 5972 B H OC(xa,i; 0(xa))
yB,i = C(xz,i; 0(xa)) xg,i = C (y,i; 0(xa)) axB ; Oxg,i
XA

Y permutation b—»

Dinh et al. [arXiv:1410.8516]

XB
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Applications of Normalizing Flows: An Outline
Phase Space Sampling End-to-End Simulation Detector Simulation
= sample according to do = sample from p(events) = sample from p(showers|E)
N\ | /
AN 3 Z
Shower Hadronization Detectors

Machine Leaggs nd LHC Event Generation,ﬁ. Butter et al. [2203.07460], R. Wintdalder

Inference Bump-Hunt Searches Unfolding
= learn p(parameters|data) = use p(data) as bg estimate = learn p(parton|event)

Lattice QCD ‘ Astrophysics ’
= improve MCMC proposals = stellar densities
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Applications of Normalizing Flows: An Outline

Phase Space Sampling ’ ‘ End-to-End Simulation ’ ‘ Detector Simulation

=/Napble according to do = sample from p(events) = sample from \o(show
‘i\\ ,1, /ﬁ by Claudius 4

%y Ramon

Shower Hadronization Detectors

=8 5©

I\}MC Event Generation,‘k. Butter et al. [2203.07460], R. WinNal-e{T by Sofia
1 N7
Inference Bump-Hunt Searches Unfolding
= learn p(param by Kim se p(data) as bg estimate

= learn p(parton|event)

Lattic€ QC ‘ Astrophysics ’
= improve MCMC proposals = stellar densities
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