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What problems?

There are so many different kinds of problems in theoretical physics!

Mathematical problems

For instance, we do not know how to solve Navier-Stokes equations!

-

8 — = 2 — 1—* — _
<8t+(v~V)—I/V>v+pr+f(x,t)—0

® Necessary to fully grasp motion of fluids!
® One of the Millennium Prize Problems: $1 million prize to solve!
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What problems?

There are so many different kind of problems in theoretical Physics!

Philosophical problems

For instance, how should we interpret 1 in quantum mechanics?
® Copenhagen interpretation: give up determinism!
® Bohmian mechanics: try to save determinism by giving up locality

® Superdeterminism: try to preserve both by giving up statistical independence
. Y
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What problems?

There are so many different kind of problems in theoretical Physics!

Conceptual problems
For instance, does the universe have a periodic or non-periodic history?
® Traditional Big Bang

e Conformal cyclic cosmology of Roger Penrose (2020 Nobel laureate)

Universe consists of periodic repetition of Big Bang singularities, connecting one aeon to another
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Accelerated Expansion
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Pattern  Dark Ages
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What problems?

There are so many different kind of problems in theoretical Physics!

Technical problems

For instance, how can we solve 3d—Ising model on a lattice?
® We know all the physics!
® The necessary mathematics is available!
® Yet, the problem is NP-complete!

® NP-complete problems require computational times superpolynomial in input

size: the computation is not feasible!

[Istrail, 2000]

Soner Albayrak (METU) Problems in Theoretical Physics

May 18, 2024

Problems
M

Contents
Bad Omens

The Gist



What am | going to talk about?

Some of the major problems in field theories!

Obvius questions...

® What do we mean by field theories?

® Why should we care for them?
® What problems do they have?
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What is a field in Mathematics?

A field F is a set of elements with two operations + and x such that

® F is a commutative group with respect to +, with identity element e

e F\{e} is a commutative group with respect to x

where a commutative group is a set of elements g; € G with an operation * such that

de g1 st g8 =gxg =e, and g1 x (g2 * g3)

=(g1*g)*g3 Vg € G
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What do we mean by a field in Physics?

Classical definition

A field is any physical quantity which takes on different values at different points in space.

[Feynman, 1964]
Field theories are descriptions of such fields, e.g. temperature field T(x,y, z, t):

0 .
5 T(x,y,z,t) =« (8X2 + 52 + 822> T(x,y,z,t) (Heat Equation)
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What do we mean by a field in Physics?

Classical definition

A field is any physical quantity which takes on different values at different points in space.

[Feynman, 1964]
Field theories are descriptions of such fields, e.g. temperature field T(x,y, z, t):

0 .
E T(x,y,z,t) =« <8X2 + 52 + (‘922> T(x,y,z,t) (Heat Equation)

Modern definition

Field theories are descriptions s.t. objects of interest are mappings from some space!
® Traditional field theories: temperature, electromagnetic field, gravitational field, etc.

® Field theoretic interpretation of other theories, e.g. QM:

@ object of interest does not fill space: (ifi% — A |y(t)) =0
@ interpret t € R as a 1d space: QM = 1d QFT
® New field theories, e.g. holographic description of a bulk theory:

@ object of interest fills a d — 1 dimensional space

@® extend the definition to any generic n—dimensional space!
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Obvius questions...

° What-de-we-meanbyfield-theories?

® Why should we care for them?
® What problems do they have?
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Why should we care for field theories?
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Why should we care for field theories?
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® In short: fields are everywhere! (pun intended)

® Despite that, they are plagued with problems!

® In what follows, I'll be using the language and context of high energy
physicists, but the discussion is relevant for other applications as well!
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® In short: fields are everywhere! (pun intended)

Problems

Contents
® Despite that, they are plagued with problems! e theoris

Bad Omens
® In what follows, I'll be using the language and context of high energy The Gist

physicists, but the discussion is relevant for other applications as well!

Obvius questions...

® What problems do they have?
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What is the broad view of issues in field theories?

® We do not know how to compute the scattering of massless particles!
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What is the broad view of issues in field theories?

® We do not know how to compute the scattering of massless particles!

® We do not know how to do computations with strongly interacting particles!

(path integral not computable, perturbative expansion not convergent, ... ) Problems
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What is the broad view of issues in field theories?
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What is the broad view of issues in field theories?

® We do not know how to compute the scattering of massless particles!

® We do not know how to do computations with strongly interacting particles!
(path integral not computable, perturbative expansion not convergent, ... ) Problems

Contents

® \We do not know the full implication of basic physical principles:
@ Causality (nothing goes faster than light) Issues in i

@ Unitarity (probabilities should add up to 1)  [EEEKSLEE

© Analyticity (low energy expansions should resum to sensible results at high energies) The Gist

Field th
shameful

Soner Albayrak (METU) Problems in Theoretical Physics May 18, 2024



What is the broad view of issues in field theories?

® We do not know how to compute the scattering of massless particles!

® We do not know how to do computations with strongly interacting particles!

(path integral not computable, perturbative expansion not convergent, ... )

® \We do not know the full implication of basic physical principles:
@ Causality (nothing goes faster than light)
@ Unitarity (probabilities should add up to 1)
© Analyticity (low energy expansions should resum to sensible results at high energies)
°

We do not fully understand the quantum version of field theories in curved
spacetimes!*

*For instance, we do not have a natural analog of vacuum state in curved spacetimes [Witten '18], nor
can we make sense of properties of a particle in dS [Witten '01].
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What is the broad view of issues in field theories?

® We do not know how to compute the scattering of massless particles!

® We do not know how to do computations with strongly interacting particles!

(path integral not computable, perturbative expansion not convergent, ... )

® \We do not know the full implication of basic physical principles:

@ Causality (nothing goes faster than light)
@ Unitarity (probabilities should add up to 1)
© Analyticity (low energy expansions should resum to sensible results at high energies)

® We do not fully understand the quantum version of field theories in curved
spacetimes!*

e We do not fully understand the role of symmetries in field theories!t

*For instance, we do not have a natural analog of vacuum state in curved spacetimes [Witten '18], nor
can we make sense of properties of a particle in dS [Witten '01].

TFor instance, it is not even clear how to define gauge symmetries precisely, roughly because they are not

required to act faithfully on the set of local operators [Harlow & Ooguri '19].
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What is the broad view of issues in field theories?
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Reminder: non-relativistic quantum mechanics

® Say you would like to compute the Larmor precession of a proton inside MRI:
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Reminder: non-relativistic quantum mechanics

® Say you would like to compute the Larmor precession of a proton inside MRI:

. h h
[in) =|S«=—=), |out)=|5==
2 2 Problems
Contents
® As a first attempt, , take its projection to the B @iis

final state, and take initial and final states to infinite past and future:

t—o0 The Gist

<out|-<e—"H<ff—tf>|in>) —  lim e 2t (outlin)

note that these are eigenstates of H with energy E (in flat space energy is conserved)
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Reminder: non-relativistic quantum mechanics

® Say you would like to compute the Larmor precession of a proton inside MRI:

s 8) oy =5, = 1)
2 2 Problems

Contents
® As a first attempt, , take its projection to the Berd] O
final state, and take initial and final states to infinite past and future:

lin) =

t—o0 The Gist

<out|-<e—"H<ff—tf>|in>) —  lim e 2t (outlin)

note that these are eigenstates of H with energy E (in flat space energy is conserved)

® Result is incorrect: 3 evolution of a state to another one, the scattering is trivial!
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Reminder: non-relativistic quantum mechanics

® Say you would like to compute the Larmor precession of a proton inside MRI:

s 8) oy =5, = 1)
2 2 Problems

Contents
® As a first attempt, , take its projection to the et Omens
final state, and take initial and final states to infinite past and future:

lin) =

(out| - <e—"H<ff—tf> |in>) —  lim e 2t (outlin)
t—o0 The Gist
note that these are eigenstates of H with energy E (in flat space energy is conserved)
® Result is incorrect: 3 evolution of a state to another one, the scattering is trivial!

® Correct approach: evolve with Mgller operators instead of the full Hamiltonian:

S —matrix ~ lim (out| QLQ_|in) | Q= eMtteHote
t+ —Foo
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Reminder: non-relativistic quantum mechanics

® Say you would like to compute the Larmor precession of a proton inside MRI:

s 8) oy =5, = 1)
2 2 Problems

Contents
® As a first attempt, , take its projection to the Berd] O
final state, and take initial and final states to infinite past and future:

lin) =

(out| - <e—"H<ff—tf> |in>) —  lim e 2t (outlin)
t—o0 The Gist
note that these are eigenstates of H with energy E (in flat space energy is conserved)
® Result is incorrect: 3 evolution of a state to another one, the scattering is trivial!

® Correct approach: evolve with Mgller operators instead of the full Hamiltonian:

S —matrix ~ lim (out| QLQ_|in) | Q= eMtteHote
t+ —Foo

® Physical interpretation of Q: convert from the Heisenberg to the interaction picture!
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]
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® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl
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From non-relativistic QM to quantum field theories
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl

Contents
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Haag-Ruelle construction: ERlores

@ Carefully construct wave packets
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl
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Haag-Ruelle construction: ERlores

LSZ formalisr

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl
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LSZ formalisr

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl
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LSZ formalisr

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!
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® Assumptions of Haag-Ruelle construction:
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl

Contents
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Haag-Ruelle construction: ERlores

LSZ formalisr

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!
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® Assumptions of Haag-Ruelle construction:

@ A mass gap in theory (no room for massless particles)
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl
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LSZ formalisr

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!
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® Assumptions of Haag-Ruelle construction:

@ A mass gap in theory (no room for massless particles)
® A unique vacuum state (no Higgs mechanism)
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62] Bl

Contents
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@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!
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® Assumptions of Haag-Ruelle construction:

@ A mass gap in theory (no room for massless particles)
® A unique vacuum state (no Higgs mechanism)
© Exponentially vanishing two point functions (e.g. no conformal symmetry)
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From non-relativistic QM to quantum field theories

® Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]
@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
@® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62]
[ ]

Haag-Ruelle construction:

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!

® Assumptions of Haag-Ruelle construction:

@ A mass gap in theory (no room for massless particles)
® A unique vacuum state (no Higgs mechanism)
© Exponentially vanishing two point functions (e.g. no conformal symmetry)

What do we do in practice (for instance in the Standard model)?
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From non-relativistic QM to quantum field theories

Mgller operators do not exist as unitary operators acting on a Fock space! [Haag, '55]

@ No interaction picture for QFTs: work entirely in the Heisenberg picture!
@® Rigorous way to do things: Haag-Ruelle construction [Haag '58; Ruelle '62]

Haag-Ruelle construction:

@ Carefully construct wave packets
@® Take their limits to obtain isolated asymptotic states
© Derive LSZ theorem: S—matrix from correlation functions of fields!

® Assumptions of Haag-Ruelle construction:

@ A mass gap in theory (no room for massless particles)
® A unique vacuum state (no Higgs mechanism)
© Exponentially vanishing two point functions (e.g. no conformal symmetry)

What do we do in practice (for instance in the Standard model)?
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Introduction to intellectual ignorance

What we do:

® |gnore that , that vacuum is not necessarily
unique, that we have massless particles

® Assume LSZ reduction theorem holds anyway

® | earn to live with singular S—matrices obtained this way
(a little bit divergence won't hurt anyone!)
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Introduction to intellectual ignorance

What we do:
® |gnore that , that vacuum is not necessarily
unique, that we have massless particles
Problems
® Assume LSZ reduction theorem holds anyway Contents
® | earn to live with singular S—matrices obtained this way Bad Omens
(a little bit divergence won't hurt anyone!) oty et
v
Utilies of this pragmatic approach The Gi
he Gist

® Even though we have infrared divergences,
they actually drop out once we sum over
initial or final states
(strong version of KLN theorem) [Frye et al. '19]

® Computations done this way do match the
experimental data!

_,/ Hey, as‘long as it works.
o7 \
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What was LSZ again?

Harry Lehmann, Kurt Symanzik and Wolfhart Zimmermann:

2

) J
- = - ‘ =
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LSZ FORMALISV
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What was LSZ again?

Harry Lehmann, Kurt Symanzik and Wolfhart Zimmermann:

‘e

ammm===2® O X
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- 016’ 4 nles
— f"m(jlkﬂ 75704
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CORRELATION
FUNCTIN S

("1 {\”’f\/m} QV'}YWL
of feld Hrericr)

LSZ FORMALISM

But can we compute the correlation functions in the first place?
this brings us to our second problem with field theories...
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Review: correlation functions

correlation functions = glorified expectation values

not of variables but of functions
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Review: correlation functions

correlation functions = glorified expectation values

not of variables but of functions

v

Ordinary expectation value

® x;: random-variables

® P(x1,...,Xn): joint probability distribution

e f: function of random variables, whose expectation value is being computed
v
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Review: correlation functions

correlation functions = glorified expectation values

not of variables but of functions

Ordinary expectation value Froblems
Contents
Bad Omens
® x;: random-variables ‘
® P(x1,...,Xn): joint probability distribution The Giat

e f: function of random variables, whose expectation value is being computed

Correlation function

¢ O;: random-functions (operator valued fields)
® P(Oq,...,0,): joint probability distribution — determined by the action S

® [DO;]: measures on the function space
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Review: correlation functions

Compute (O(x1)O(x2) - --) LSZ formalism

Soner Albayrak (METU)
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Review: correlation functions

Compute (O(x1)O(x2) - - +)

LSZ formalism

Correlation functions can be direct observables as well!

Obtain S—matrix elements
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Review: correlation functions

LSZ formalism

Compute (O(x1)O(x2) - - +)

Correlation functions can be direct observables as well!

Obtain S—matrix elements

J

ConSider a 3d magnet Problems

® The magnetization on the magnet can be represented as a field M(x)
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Review: correlation functions

LSZ formalism

Compute (O(x1)O(x2) - +) Obtain S—matrix elements

Correlation functions can be direct observables as well! )

ConSider a 3d magnet Problems

Contents

® The magnetization on the magnet can be represented as a field M(x)

Bad Omens

® 3 microscopic interactions: (M(xq) - - - M(x,)) <> how n—points are correlated!
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Review: correlation functions

Compute (O(x1)O(x2) - +) L52 formalism Obtain S—matrix elements

Correlation functions can be direct observables as well! )

Consider a 3d magnet

® The magnetization on the magnet can be represented as a field M(x)

® 3 microscopic interactions: (M(xq) - - - M(x,)) <> how n—points are correlated!

® Measure two-point correlation experimentally and fit

1
(M(x)M(0)) NHT" at its Curie temperature
X
o—IxI/€(T)
lim (M(x)M(0)) ~————— around its Curie temperature
x| =00 at temperature T ‘X|
for £(1) ~ |7]7". (1=T — Tcurie)
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Review: correlation functions

LSZ formalism

Compute (O(x1)O(x2) - +) Obtain S—matrix elements

Correlation functions can be direct observables as well! )

Consider a 3d magnet

® The magnetization on the magnet can be represented as a field M(x)

® 3 microscopic interactions: (M(xq) - - - M(x,)) <> how n—points are correlated!

® Measure two-point correlation experimentally and fit

1
(M(x)M(0)) NHT" at its Curie temperature
X
o—IxI/€(T)
lim (M(x)M(0)) ~————— around its Curie temperature
x| =00 at temperature T ‘X|
for £(1) ~ |7]7". (1=T — Tcurie)

® 7 and v are examples of critical exponents: many things can be computed in terms
of them, for instance:
compressibility ~ 7°(") " and so on

)
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Summary

® So correlation functions are useful in many contexts!
sometimes direct observables, sometimes lead to them
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Summary

® So correlation functions are useful in many contexts!
sometimes direct observables, sometimes lead to them

® Can we compute them in general?

® But can we compute them in our interested cases (not in full generality)?
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Summary

® So correlation functions are useful in many contexts!
sometimes direct observables, sometimes lead to them

® Can we compute them in general?
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® But can we compute them in our interested cases (not in full generality)? NO!
We still do not know how to do the relevant integrals... The Gist
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® Can we compute them at least in very special cases?
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So correlation functions are useful in many contexts!

sometimes direct observables, sometimes lead to them

® Can we compute them in general?

But can we compute them in our interested cases (not in full generality)?

We still do not know how to do the relevant integrals...
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We know how to do the relevant integrals if the theory is free!
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® So correlation functions are useful in many contexts!
sometimes direct observables, sometimes lead to them

® Can we compute them in general?

® But can we compute them in our interested cases (not in full generality)?

We still do not know how to do the relevant integrals...

® Can we compute them at least in very special cases?

We know how to do the relevant integrals if the theory is free!

® How is this helpful?
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Summary

® So correlation functions are useful in many contexts!
sometimes direct observables, sometimes lead to them

® Can we compute them in general?
Problems
Contents

Bad Omens

LSZ form

® But can we compute them in our interested cases (not in full generality)? NO! :
We still do not know how to do the relevant integrals... The Gist

® Can we compute them at least in very special cases? YES!
We know how to do the relevant integrals if the theory is free!

® How is this helpful?

® We can always do a perturbation expansion around a free theory if the coupling
is not strong.

® |n high energy physics, this is good enough for even precision computations of
electroweak theory!

® Basically, even though we cannot compute the necessary integrals, we can
compute almost everything for each and every engineering!
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Review: perturbation theory in QFT

Reminder: the problem

We know how to compute

but not the general one that we need:

<01(X1, tl)OQ(XQ, t2) .. > = / (Ol(Xl, tl)OQ(XQ, t2) SO )P(Ol, 02, R )[DO,]
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Review: perturbation theory in QFT

Reminder: the problem

We know how to compute

but not the general one that we need:

<01(X1, tl)OQ(XQ, t2) .. > = / (Ol(Xl, tl)OQ(XQ, t2) SO )P(Ol, 02, R )[DO,]

® |n typical local Lagrangian theories, P is continuously related to Prree by
bunch of parameters called coupling constants:

P = Pfree<1 + A1g11(0;) + M2g12(0;) + . ..
+ 20g21(0;) + A22g20(0;) + . ..

+)
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Review: perturbation theory in QFT

Reminder: the problem

We know how to compute free theory but not the general one that we need.

® |n typical local Lagrangian theories, P is continuously related to Prree by Problems
bunch of parameters called coupling constants ;. Contents
® Taylor expand P around Pree: Bad Omens
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Review: perturbation theory in QFT

Reminder: the problem
We know how to compute free theory but not the general one that we need.

® |n typical local Lagrangian theories, P is continuously related to Prree by Problems
bunch of parameters called coupling constants ;. Contents
® Taylor expand P around Prree: Bad Omens

® Example: scalar field (like Higgs or inflaton fields) with cubic coupling:

(0x0y) = (00,), + )2 / dwd?z (040,), (0,0,) (0,0, (0,0L)s,

The Gist

12 / 49?2 (040, (0,0, (020002 + #) + 420 + ...
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Review: perturbation theory in QFT

Reminder: the problem
We know how to compute free theory but not the general one that we need.

® |n typical local Lagrangian theories, P is continuously related to Prree by Problems
bunch of parameters called coupling constants ;. Contents
® Taylor expand P around Prree: Bad Omens

® Example: scalar field (like Higgs or inflaton fields) with cubic coupling:

(0x0y) = (00,), + )2 / dwd?z (040,), (0,0,) (0,0, (0,0L)s,

The Gist

+ A2 / d9wd¥z (040,) (0, Ou) e (00,07 + #X* + #25 + ...

Physisists’ way of dealing with this mess: Feynman diagrams

Soner Albayrak (METU) Problems in Theoretical Physics May 18, 2024



Review: perturbation theory in QFT

Bottomline: if you see a Feynman
diagram (almost everytime for
anything to do with standard model of
particle physics), it shows that we are
doing perturbation theory!
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Review: perturbation theory in QFT

Bottomline: if you see a Feynman
diagram (almost everytime for
anything to do with standard model of
particle physics), it shows that we are
doing perturbation theory!

Google

Perturbation theory in QFT:
correlation functions of

interacting particles in terms of

correlation functions of free particles!

en.wikipedia.org
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Review: perturbation theory in QFT

Bottomline: if you see a Feynman
diagram (almost everytime for
anything to do with standard model of
particle physics), it shows that we are
doing perturbation theory!

Perturbation theory in QFT:
correlation functions of

interacting particles in terms of

correlation functions of free particles!

How good is this approximation?

Actual thing = #X + #X° + - -
What we compute = #X + #\

Smaller the )\, better the
approximation!
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Coupling constants in field theories

Summary

® We cannot compute the correlation functions in generic field theories, but
approximate them in terms of correlation functions of free theories!

® This approximation is fine if the coupling constant is small!

Well, are coupling constants small in general?
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Coupling constants in field theories

Summary
® We cannot compute the correlation functions in generic field theories, but
approximate them in terms of correlation functions of free theories!

® This approximation is fine if the coupling constant is small!

Problems

Contents

Bad Omens

Well, are coupling constants small in general?

The Gist

® )\ change with E 5%‘%&‘%27 Qaﬁ‘%o{ m}/ U\
o Analyzed by RG flow <7 et \
o . ’ N 5{?1’/\77‘)/) (Such as Q/:U/\

® No generic theory

where perturbative

approach works

everywhere EWW =

v
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Focus on theories in their weakly coupled regimes!

® QED at around 0 Kelvin
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Focus on theories in their weakly coupled regimes!

® QED at around 0 Kelvin

® This is close to our daily life

[cw,r ,IVV
Stoyth
~ 0K

Energy Scrle

5‘/»’17/17)/ CM/[{(J ot W
(Swh aJ QEO)
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® QED at around 0 Kelvin Coliy
.. - (such as QED
® This is close to our daily life Shogth - v )
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Focus on theories in their weakly coupled regimes!

5‘/»’17/17)/ CM/[{(J ot W

® QED at around 0 Kelvin Coliy
® This is close to our daily life Shogth JOK kel ey
(]

Energy Scrle

GREAT! Coupling constant is very small: does this mean we can approximate the correct
correlation function by including many terms in the expansion?
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5‘/»’17/17)/ CM/[{(J ot W

® QED at around 0 Kelvin Coliy
® This is close to our daily life Shogth JOK kel ey
(]

Energy Scrle

GREAT! Coupling constant is very small: does this mean we can approximate the correct
correlation function by including many terms in the expansion? Not really!
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Focus on theories in their weakly coupled regimes!

5‘/»’17/17)/ CM/[{(J ot W

® QED at around 0 Kelvin Coliy
® This is close to our daily life Shogth JOK kel ey
(]

Energy Scrle

GREAT! Coupling constant is very small: does this mean we can approximate the correct
correlation function by including many terms in the expansion? Not really!

® Thousands of Feynman diagrams to compute at higher orders in «!
(it takes 12,672 diagram for a computation to order &® [Aoyama et al '12])
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Focus on theories in their weakly coupled regimes!

5‘/»’17/17)/ CM/[{(J ot W

® QED at around 0 Kelvin Coliy
.. - (such as QED
® This is close to our daily life Shogth - v )
~
)
Problems
9"”33 Seale Contents

Bad Omens

GREAT! Coupling constant is very small: does this mean we can approximate the correct sz
correlation function by including many terms in the expansion? Not really! ry and

® Thousands of Feynman diagrams to compute at higher orders in «!

. . . The Gist
(it takes 12,672 diagram for a computation to order &® [Aoyama et al '12]) e

® Tens of thousands even in leading order for longer correlation functions!
(it takes ~ 2"(n + 1)! diagrams for ete™ — nv, i.e. more than 10 million diagrams for
10-point correlation function at tree level!) [Kleiss & Kuijf '88]
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Focus on theories in their weakly coupled regimes!

5‘/»’17/17)/ CM/[{(J ot W

® QED at around 0 Kelvin Coliy
® This is close to our daily life Shogth JOK kel ey
(]

Energy Scrle

GREAT! Coupling constant is very small: does this mean we can approximate the correct
correlation function by including many terms in the expansion? Not really!

® Thousands of Feynman diagrams to compute at higher orders in «!
(it takes 12,672 diagram for a computation to order &® [Aoyama et al '12])

® Tens of thousands even in leading order for longer correlation functions!
(it takes ~ 2"(n + 1)! diagrams for ete™ — nv, i.e. more than 10 million diagrams for
10-point correlation function at tree level!) [Kleiss & Kuijf '88]

ko a@) [y F A mPy = 2mk + K u(p)

Example ) )
Vi ((k — p)Z + ie) (k2 — m2 + ie) (k2 — m? + i€) " [Peskin & Schroder]

diagram:

Soner Albayrak (METU) Problems in Theoretical Physics May 18, 2024

Problems
Contents

Bad Omens

LSZ

The Gist



Focus on theories in their weakly coupled regimes!

Problem

Too much computation even at leading order approximation (and definitely more at higher orders)
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Focus on theories in their weakly coupled regimes!

Problem

Too much computation even at leading order approximation (and definitely more at higher orders)

GOOd neWS? Problems
Technology advances: we can use computers to do these computations! Contents
Bad Omens
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Too much computation even at leading order approximation (and definitely more at higher orders)

GOOd neWS? Problems

Technology advances: we can use computers to do these computations! Comigis
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Bad news!

Computing higher and higher order corrections do not improve the results: the p—
expansion is NOT convergent BUT asymptotic! The Gist
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Technology advances: we can use computers to do these computations! Contents
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Bad news!

Computing higher and higher order corrections do not improve the results: the p—
expansion is NOT convergent BUT asymptotic! The Gist

® |n convergent exp.. adding more terms always improve the approximation
In asymptotic exp.: adding more terms will worsen the approximation after a point!
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Bad news!

Computing higher and higher order corrections do not improve the results: the p—
expansion is NOT convergent BUT asymptotic! The Gist

® |n convergent exp.. adding more terms always improve the approximation
In asymptotic exp.: adding more terms will worsen the approximation after a point!
® In QED, it is known as Dyson’s argument after Freeman J. Dyson.
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Bad news!

Computing higher and higher order corrections do not improve the results: the p—
expansion is NOT convergent BUT asymptotic! The Gist

® |n convergent exp.. adding more terms always improve the approximation

In asymptotic exp.: adding more terms will worsen the approximation after a point!
® In QED, it is known as Dyson’s argument after Freeman J. Dyson.
® |n general it follows from that perturbative series have zero radius of convergence!
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Focus on theories in their weakly coupled regimes!

Problem

Too much computation even at leading order approximation (and definitely more at higher orders)

GOOd neWS? Problems
Technology advances: we can use computers to do these computations! Contents
Bad Omens

LSZ

Bad news!

Computing higher and higher order corrections do not improve the results: the p—
expansion is NOT convergent BUT asymptotic! The Gist

® |n convergent exp.. adding more terms always improve the approximation

In asymptotic exp.: adding more terms will worsen the approximation after a point!
® In QED, it is known as Dyson’s argument after Freeman J. Dyson.
® |n general it follows from that perturbative series have zero radius of convergence!

o
/ exp(—x* — Ax*)dx = well-defined if Re A >0 = X\ =0is bndry of convrgnce

— 00

oo o0
/ exp(—x?)dx + )\/ x*exp(—x?)dx + ... is not a convergent sum!
— 00

— 00
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Summary of the conundrums!
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Summary of the conundrums!
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Where are we now?

® Field theory is ripe with problems!

1This is also a topic for another talk!
Soner Albayrak (METU)
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® Conventional methods work in certain scenarios, but not necessarily rigorous...
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Where are we now?

® Field theory is ripe with problems!

® Conventional methods work in certain scenarios, but not necessarily rigorous...

® \We do not know the full implications of basic principles:! Problems
W . . 7. . .
@ Unitarity < Crossing relations < Dispersion relations Contents
Bad Omens

L7 o .
@® Causality <> Analyticity < IR expansions
LT . . ? . .
© Locality <+ Cluster Decomposition Principle < Restrictions on Lagrangians
@ Lorentz covariance, supersymmetry, internal & gauge symmetries

1This is also a topic for another talk!
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Where are we now?

® Field theory is ripe with problems!

® Conventional methods work in certain scenarios, but not necessarily rigorous...

® \We do not know the full implications of basic principles:! Problems

. . ? . . ? . . . Contents
@ Unitarity <+ Crossing relations < Dispersion relations

L7 o .
@® Causality <> Analyticity < IR expansions
LT . . ? . .
© Locality <+ Cluster Decomposition Principle < Restrictions on Lagrangians
@ Lorentz covariance, supersymmetry, internal & gauge symmetries

Bad Omens

® Mainstream approaches in high energy physics & cosmology:

: expand action around free action
Old-fashioned perturbation theory: expand hamiltonian around free hamiltonian
On-shell diagrams: use recursion relations, double copy, & similar methods

Positive geometry: use abstract mathematical structures such as polytopes

Bootstrap: start with physical properties and try to construct bottom-up

1This is also a topic for another talk!
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Summary

The field theory has yet to mature, so we
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Summary

The field theory has yet to mature, so we (D
have a lot to talk about!
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