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Entanglement and other quantum properties are crucial in:

- developing quantum technology/devices


- understanding QFT and quantum gravity

IBM Q system



22 2 The Basic Formalism and Interpretation of Decoherence
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Fig. 2.1. Schematic illustration of the Stern–Gerlach experiment. Silver atoms with
a magnetic moment equal to the spin of a single electron are emitted from an oven
and subsequently pass through an inhomogeneous magnetic field in the z direction
(the inhomogeneity is created, for example, by the shape of the pole pieces of the
magnet). Depending on the spin state, the path of the atom is deflected along two
possible trajectories, thereby indicating the quantized value of the spin along the z
axis. After many atoms have traversed the apparatus, two distinct bands become
observable on the detection screen.

cloud. Thus only the spin of the 47th electron yields a net magnetic moment
of the atom as a whole. We therefore deal with a comparably massive atom
characterized by a magnetic moment equal to the spin magnetic moment of
a single electron.

Since the electron can take only two equal but opposite values of spin
along the z axis, namely, spin “up” or spin “down,” the silver atom has two
possible values ±µz of magnetic moment. When a silver atom passes through
the inhomogeneous magnetic field, it experiences a force in the z direction
due to the interaction of the magnetic moment with the field. This force
is proportional to the value of the magnetic moment. Thus the trajectory
of the silver atom will be deflected in either the +z or the −z direction,
depending on whether the 47th electron in the atom is in the spin-up or the
spin-down state along the z axis (we shall denote these states by |0z⟩ and |1z⟩,
respectively, which are the eigenstates of the Pauli z-spin operator σ̂z). When
the beam of atoms hits a detector screen, two spatially separated spots will
appear, corresponding to the two distinct trajectories that the atoms may
take. Alternatively, we may place a particle detector in one of the paths that
will then tell us whether a particular atom took this path. Either way, this
setup corresponds to a measurement of the z-component of electron spin.

Suppose now we prepare the incoming atoms in a quantum state corre-
sponding to “spin up” of the electron along the z axis, i.e., in the eigenstate
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Spin is weird

• Z-component of spin has only two possible values: +1 and -1



• If spin is in the Z-direction, X, Y-component should be zero! (?)
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• If spin is in the Z-direction, X-component should be zero! (?)
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• If spin is in the Z-direction, X-component should be zero! (?)
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sz = �1

<latexit sha1_base64="TJNj29gcaw2ymP0btEa9tUoY5Hk=">AAACDHicbVDLSsNAFL3xWeur6tLNYBEEoSQi1Y1QdOOygn1AG8pkOmmHTiZhZiLUkA9w46+4caGIWz/AnX/jNA2irQcGDufc1xwv4kxp2/6yFhaXlldWC2vF9Y3Nre3Szm5ThbEktEFCHsq2hxXlTNCGZprTdiQpDjxOW97oauK37qhULBS3ehxRN8ADwXxGsDZSr1TuZjMSj8c0Rap3j34ETEYpukDHjqmyK3YGNE+cnJQhR71X+uz2QxIHVGjCsVIdx460m2CpGeE0LXZjRSMzHg9ox1CBA6rcJNubokOj9JEfSvOERpn6uyPBgVLjwDOVAdZDNetNxP+8Tqz9czdhIoo1FWS6yI850iGaJIP6TFKi+dgQTCQztyIyxBITbfIrmhCc2S/Pk+ZJxalWqjen5dplHkcB9uEAjsCBM6jBNdShAQQe4Ale4NV6tJ6tN+t9Wrpg5T178AfWxzcijZsE</latexit>

sz = +1
<latexit sha1_base64="ebDRpH42HzjLMRj1hr/7nE1hWYA=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LJaCp5CkbVpvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmF3nfu+eCEljfqfmCfEjNOE0pBgpLXkNCw6ro3LFMi9brtNwoGVaVtOpuTlxmnWnBm2t5KiANTqj8vtwHOM0IlxhhqQc2Fai/AwJRTEji9IwlSRBeIYmZKApRxGRfrY8dgGrWhnDMBa6uIJL9ftEhiIp51GgOyOkpvK3l4t/eYNUhS0/ozxJFeF4tShMGVQxzD+HYyoIVmyuCcKC6lshniKBsNL5lHQIX5/C/0nXMW3XdG/rlfbVOo4iOAPn4ALYoAna4AZ0gAcwoOABPIFngxuPxovxumotGOuZU/ADxtsnuaaOAQ==</latexit>

50%

<latexit sha1_base64="/l+ESUoe4R7RhC2kbZugwws9bgg=">AAACCnicdVBJSwMxGM3UrdZt1KOXaBEEYchUO7YHoejFYwW7QFtKJs20oZmFJCPUoWcv/hUvHhTx6i/w5r8xnVZR0QeBl/e+JXluxJlUCL0bmbn5hcWl7HJuZXVtfcPc3KrLMBaE1kjIQ9F0saScBbSmmOK0GQmKfZfThjs8n/iNayokC4MrNYpox8f9gHmMYKWlrrnbTmckLo/pWHZvvq6YDMfwFB7aXTOPLOQUy6gMkVVEdiklCDmlwhG0NZkgD2aods23di8ksU8DRTiWsmWjSHUSLBQjnI5z7VjSSI/HfdrSNMA+lZ0k3TuG+1rpQS8U+gQKpur3jgT7Uo58V1f6WA3kb28i/uW1YuWVOgkLoljRgEwXeTGHKoSTXGCPCUoUH2mCiWD6rZAMsMBE6fRyOoTPn8L/Sb1g2Y7lXB7nK2ezOLJgB+yBA2CDE1ABF6AKaoCAW3APHsGTcWc8GM/Gy7Q0Y8x6tsEPGK8fzWea9w==</latexit>

sz = +1

<latexit sha1_base64="/l+ESUoe4R7RhC2kbZugwws9bgg=">AAACCnicdVBJSwMxGM3UrdZt1KOXaBEEYchUO7YHoejFYwW7QFtKJs20oZmFJCPUoWcv/hUvHhTx6i/w5r8xnVZR0QeBl/e+JXluxJlUCL0bmbn5hcWl7HJuZXVtfcPc3KrLMBaE1kjIQ9F0saScBbSmmOK0GQmKfZfThjs8n/iNayokC4MrNYpox8f9gHmMYKWlrrnbTmckLo/pWHZvvq6YDMfwFB7aXTOPLOQUy6gMkVVEdiklCDmlwhG0NZkgD2aods23di8ksU8DRTiWsmWjSHUSLBQjnI5z7VjSSI/HfdrSNMA+lZ0k3TuG+1rpQS8U+gQKpur3jgT7Uo58V1f6WA3kb28i/uW1YuWVOgkLoljRgEwXeTGHKoSTXGCPCUoUH2mCiWD6rZAMsMBE6fRyOoTPn8L/Sb1g2Y7lXB7nK2ezOLJgB+yBA2CDE1ABF6AKaoCAW3APHsGTcWc8GM/Gy7Q0Y8x6tsEPGK8fzWea9w==</latexit>

sz = +1



• If spin is in the Z-direction, X-component should be zero! (?)

Z
X

<latexit sha1_base64="oIYn8/W3cEl1dZ9PBXNr9FnY+/o=">AAAB63icbVBNSwMxEJ2tX7V+VT16CZaCp7IrtnosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyqe4OqsNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jqlVGKIyULWnQQv09kWKh9UwEtlNgM9GrXib+5/UTE974KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedy5rXqDUerirN2zyOIpzBOVyAB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AAK6Nkw==</latexit>

50%
<latexit sha1_base64="oIYn8/W3cEl1dZ9PBXNr9FnY+/o=">AAAB63icbVBNSwMxEJ2tX7V+VT16CZaCp7IrtnosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyqe4OqsNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jqlVGKIyULWnQQv09kWKh9UwEtlNgM9GrXib+5/UTE974KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedy5rXqDUerirN2zyOIpzBOVyAB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AAK6Nkw==</latexit>

50%

<latexit sha1_base64="8V9vsX4RO37YKCeXKmHxB9L+FM4=">AAACC3icbVDLSgMxFM34rPU16tJNaBEEocyIVDdC0Y3LCvYB7TBkMrdtaOZBkhHLMHs3/oobF4q49Qfc+Tem01lo64HAyTn3kRwv5kwqy/o2lpZXVtfWSxvlza3tnV1zb78to0RQaNGIR6LrEQmchdBSTHHoxgJI4HHoeOPrqd+5ByFZFN6pSQxOQIYhGzBKlJZcs9LPZ6QC/AxL9wEXd48TOs7wJT6xXbNq1awceJHYBamiAk3X/Or7EU0CCBXlRMqebcXKSYlQjHLIyv1EQqzHkyH0NA1JANJJ870ZPtKKjweR0CdUOFd/d6QkkHISeLoyIGok572p+J/XS9TgwklZGCcKQjpbNEg4VhGeBoN9JoAqPtGEUMH0WzEdEUGo0vGVdQj2/JcXSfu0Ztdr9duzauOqiKOEDlEFHSMbnaMGukFN1EIUPaJn9IrejCfjxXg3PmalS0bRc4D+wPj8AUZ/mos=</latexit>

sx = +1

<latexit sha1_base64="cMFXHOdQ4gT4OnhaRNxOwbdel3g=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZBYqBKECgtSBQtjkehDaqPIcW5bq85DtoOoouws/AoLAwix8gNs/A1umgFajmTp+Jz7sI8XcyaVZX0bS8srq2vrpY3y5tb2zq65t9+WUSIotGjEI9H1iATOQmgppjh0YwEk8Dh0vPH11O/cg5AsCu/UJAYnIMOQDRglSkuuWennM1IBfoal+4CLu8cJHWf4Ep/Yrlm1alYOvEjsglRRgaZrfvX9iCYBhIpyImXPtmLlpEQoRjlk5X4iIdbjyRB6moYkAOmk+d4MH2nFx4NI6BMqnKu/O1ISSDkJPF0ZEDWS895U/M/rJWpw4aQsjBMFIZ0tGiQcqwhPg8E+E0AVn2hCqGD6rZiOiCBU6fjKOgR7/suLpH1as+u1+u1ZtXFVxFFCh6iCjpGNzlED3aAmaiGKHtEzekVvxpPxYrwbH7PSJaPoOUB/YHz+AEmJmo0=</latexit>

sx = �1

Z
X

Z

<latexit sha1_base64="oIYn8/W3cEl1dZ9PBXNr9FnY+/o=">AAAB63icbVBNSwMxEJ2tX7V+VT16CZaCp7IrtnosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyqe4OqsNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jqlVGKIyULWnQQv09kWKh9UwEtlNgM9GrXib+5/UTE974KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedy5rXqDUerirN2zyOIpzBOVyAB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AAK6Nkw==</latexit>

50%
<latexit sha1_base64="lHH5hdy0I+sMtAtHSN8aT9ki8to=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBKR6kYounFZwT6gDWUynbRDJ5MwMxFqyAe48VfcuFDErR/gzr9xmgbR1gMDh3Pua44Xcaa0bX9ZC4tLyyurhbXi+sbm1nZpZ7epwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90NfFbd1QqFopbPY6oG+CBYD4jWBupVyp3sxmJx2OaItW7Rz8CJqMUXaBjx1TZFTsDmidOTsqQo94rfXb7IYkDKjThWKmOY0faTbDUjHCaFruxopEZjwe0Y6jAAVVuku1N0aFR+sgPpXlCo0z93ZHgQKlx4JnKAOuhmvUm4n9eJ9b+uZswEcWaCjJd5Mcc6RBNkkF9JinRfGwIJpKZWxEZYomJNvkVTQjO7JfnSfOk4lQr1ZvTcu0yj6MA+3AAR+DAGdTgGurQAAIP8AQv8Go9Ws/Wm/U+LV2w8p49+APr4xsll5sG</latexit>

sz = �1

<latexit sha1_base64="TJNj29gcaw2ymP0btEa9tUoY5Hk=">AAACDHicbVDLSsNAFL3xWeur6tLNYBEEoSQi1Y1QdOOygn1AG8pkOmmHTiZhZiLUkA9w46+4caGIWz/AnX/jNA2irQcGDufc1xwv4kxp2/6yFhaXlldWC2vF9Y3Nre3Szm5ThbEktEFCHsq2hxXlTNCGZprTdiQpDjxOW97oauK37qhULBS3ehxRN8ADwXxGsDZSr1TuZjMSj8c0Rap3j34ETEYpukDHjqmyK3YGNE+cnJQhR71X+uz2QxIHVGjCsVIdx460m2CpGeE0LXZjRSMzHg9ox1CBA6rcJNubokOj9JEfSvOERpn6uyPBgVLjwDOVAdZDNetNxP+8Tqz9czdhIoo1FWS6yI850iGaJIP6TFKi+dgQTCQztyIyxBITbfIrmhCc2S/Pk+ZJxalWqjen5dplHkcB9uEAjsCBM6jBNdShAQQe4Ale4NV6tJ6tN+t9Wrpg5T178AfWxzcijZsE</latexit>

sz = +1
<latexit sha1_base64="ebDRpH42HzjLMRj1hr/7nE1hWYA=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LJaCp5CkbVpvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmF3nfu+eCEljfqfmCfEjNOE0pBgpLXkNCw6ro3LFMi9brtNwoGVaVtOpuTlxmnWnBm2t5KiANTqj8vtwHOM0IlxhhqQc2Fai/AwJRTEji9IwlSRBeIYmZKApRxGRfrY8dgGrWhnDMBa6uIJL9ftEhiIp51GgOyOkpvK3l4t/eYNUhS0/ozxJFeF4tShMGVQxzD+HYyoIVmyuCcKC6lshniKBsNL5lHQIX5/C/0nXMW3XdG/rlfbVOo4iOAPn4ALYoAna4AZ0gAcwoOABPIFngxuPxovxumotGOuZU/ADxtsnuaaOAQ==</latexit>

50%

previously blacked  
reappears!

sz = − 1

Is there a definite  value of this particle before the  measurement?sz sz

<latexit sha1_base64="/l+ESUoe4R7RhC2kbZugwws9bgg=">AAACCnicdVBJSwMxGM3UrdZt1KOXaBEEYchUO7YHoejFYwW7QFtKJs20oZmFJCPUoWcv/hUvHhTx6i/w5r8xnVZR0QeBl/e+JXluxJlUCL0bmbn5hcWl7HJuZXVtfcPc3KrLMBaE1kjIQ9F0saScBbSmmOK0GQmKfZfThjs8n/iNayokC4MrNYpox8f9gHmMYKWlrrnbTmckLo/pWHZvvq6YDMfwFB7aXTOPLOQUy6gMkVVEdiklCDmlwhG0NZkgD2aods23di8ksU8DRTiWsmWjSHUSLBQjnI5z7VjSSI/HfdrSNMA+lZ0k3TuG+1rpQS8U+gQKpur3jgT7Uo58V1f6WA3kb28i/uW1YuWVOgkLoljRgEwXeTGHKoSTXGCPCUoUH2mCiWD6rZAMsMBE6fRyOoTPn8L/Sb1g2Y7lXB7nK2ezOLJgB+yBA2CDE1ABF6AKaoCAW3APHsGTcWc8GM/Gy7Q0Y8x6tsEPGK8fzWea9w==</latexit>

sz = +1

<latexit sha1_base64="/l+ESUoe4R7RhC2kbZugwws9bgg=">AAACCnicdVBJSwMxGM3UrdZt1KOXaBEEYchUO7YHoejFYwW7QFtKJs20oZmFJCPUoWcv/hUvHhTx6i/w5r8xnVZR0QeBl/e+JXluxJlUCL0bmbn5hcWl7HJuZXVtfcPc3KrLMBaE1kjIQ9F0saScBbSmmOK0GQmKfZfThjs8n/iNayokC4MrNYpox8f9gHmMYKWlrrnbTmckLo/pWHZvvq6YDMfwFB7aXTOPLOQUy6gMkVVEdiklCDmlwhG0NZkgD2aods23di8ksU8DRTiWsmWjSHUSLBQjnI5z7VjSSI/HfdrSNMA+lZ0k3TuG+1rpQS8U+gQKpur3jgT7Uo58V1f6WA3kb28i/uW1YuWVOgkLoljRgEwXeTGHKoSTXGCPCUoUH2mCiWD6rZAMsMBE6fRyOoTPn8L/Sb1g2Y7lXB7nK2ezOLJgB+yBA2CDE1ABF6AKaoCAW3APHsGTcWc8GM/Gy7Q0Y8x6tsEPGK8fzWea9w==</latexit>

sz = +1



Is probabilistic outcomes in experiments fundamental or due to our 
ignorance about the physical state/system? 



Albert Einstein

Is probabilistic outcomes in experiments fundamental or due to our 
ignorance about the physical state/system? 

God does not play dice!
Can’t be fundamental!



Can experimentally check :-)

Albert Einstein John Bell

Is probabilistic outcomes in experiments fundamental or due to our 
ignorance about the physical state/system? 

God does not play dice!
Can’t be fundamental!



Alice Bob

Spin-0 particle

e e



Alice Bob

Spin-0 particle

Z Z



Alice Bob

Spin-0 particle

Z Z

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

50%

50%



Alice Bob

Spin-0 particle

Z Z

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

50%

50%

50%

50%



Alice Bob

Spin-0 particle

X X

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

⃗X

⃗Z

50%

50%

50%

50%



Alice Bob

Spin-0 particle

θ

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

⃗X

⃗Z
⃗θ

θ
50%

50%

50%

50%



Alice Bob

Spin-0 particle

θ

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

⃗X

⃗Z
⃗θ

Z

?

50%

50%

50%

50%



Alice Bob

Spin-0 particle

Alice + + - + - - + + + - + -

Bob - - + - + + - - - + - +

⃗X

⃗Z
⃗θ

Z

?

X
50%

50%

50%

50%



prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob



prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob

P( +z, any) 

= P1 + P3 + P4 + P5 = 0.5



P( +z, +x) =  ？

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob



P( +z, +x) =  P3 + P5

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob



P( +z, +x) =  P3 + P5

P( +z, +θ) = ？

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob



P( +z, +θ) =  P4 + P5

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob

P( +z, +x) =  P3 + P5



P( +θ, +x) = ？

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob

P( +z, +θ) =  P4 + P5

P( +z, +x) =  P3 + P5



P( +θ, +x) =  P3 + P7

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob

P( +z, +θ) =  P4 + P5

P( +z, +x) =  P3 + P5



P( +z, +x) =  P3 + P5

P( +z, +θ) =  P4 + P5

P( +θ, +x) =  P3 + P7

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob



P( +z, +x) =  P3 + P5

P( +z, +θ) =  P4 + P5

P( +θ, +x) =  P3 + P7

prob. z x θ z x θ

P1 + + + - - -
P2 - + + + - -
P3 + - + - + -
P4 + + - - - +
P5 + - - - + +
P6 - + - + - +
P7 - - + + + -
P8 - - - + + +

Alice Bob

P( +z, +x)

P( +z, +θ) + P( +θ, +x)
≥

Bell inequality



0

4 x [ P( z+, θ+) + P( θ+, x+) - P( z+, x+) ]

≥

Bell inequality

B (θ)

B (θ) =

for any θ

⃗X

⃗Z
⃗θ



0

4 x [ P( z+, θ+) + P( θ+, x+) - P( z+, x+) ]

≥

Bell inequality

B (θ)

B (θ) =

for any θ

⃗X

⃗Z
⃗θ

<latexit sha1_base64="+aZiqVvrJzJX6+APX29xcLjDhXk="></latexit>

| (0,0)i = |+,�iz � |�,+izp
2

B (θ) =  1 − 2 cos (θ − π/4)
QM



0

4 x [ P( z+, θ+) + P( θ+, x+) - P( z+, x+) ]

≥

Bell inequality

B (θ)

B (θ) =

for any θ

⃗X

⃗Z
⃗θ

<latexit sha1_base64="+aZiqVvrJzJX6+APX29xcLjDhXk="></latexit>

| (0,0)i = |+,�iz � |�,+izp
2

B (θ) =  1 − 2 cos (θ − π/4)
QM

B ( )  < 0 !!θ = π/4 ≃ − 0.414



0

4 x [ P( z+, θ+) + P( θ+, x+) - P( z+, x+) ]

≥

Bell inequality

B (θ)

B (θ) =

for any θ

⃗X

⃗Z
⃗θ

<latexit sha1_base64="+aZiqVvrJzJX6+APX29xcLjDhXk="></latexit>

| (0,0)i = |+,�iz � |�,+izp
2

B (θ) =  1 − 2 cos (θ − π/4)
QM

B ( )  < 0 !!θ = π/4 ≃ − 0.414

Violation of Bell inequality 
has been experimentally 
confirmed!!



Entanglement 
Alice Bob

spin = 0

|Ψ(0,0)
AB ⟩ ≃ | + ⟩ ⊗ | − ⟩ − | − ⟩ ⊗ | + ⟩

≠ |ΨA⟩ ⊗ |ΨB⟩

|Ψsep
AB⟩ = |ΨA⟩ ⊗ |ΨB⟩

Entanglement = Separable

all quantum states

Entangled 

Separable

entangled

separable

Alice Bob



Entanglement 
Alice Bob

spin = 0

|Ψ(0,0)
AB ⟩ ≃ | + ⟩ ⊗ | − ⟩ − | − ⟩ ⊗ | + ⟩

≠ |ΨA⟩ ⊗ |ΨB⟩

|Ψsep
AB⟩ = |ΨA⟩ ⊗ |ΨB⟩

Entanglement = Separable

all quantum states

Entangled 

Separable

| + , − ⟩

entangled

separable

Alice measures  
and found +

szAlice Bob

Alice’s local measurement changes 
the global state involving (spacelike 
separated) Bob’s particle.

~ Nonlocality



α (spin 1/2) β (spin 1/2)

δ (spin 0)Alice Bob

The experiment consists of 4 sessions:

1) Alice and Bob measure  and , respectively.      
Repeat the measurement many times and calculate 

.   


2) Repeat (1) for  and .


3) Repeat (1) for  and .


4) Repeat (1) for  and . 

sα
a sβ

b

⟨sa ⋅ sb⟩

a b′￼

a′￼ b
a′￼ b′￼

Finally, we calculate: SCHSH ≡ ⟨sasb⟩ − ⟨sasb′￼⟩ + ⟨sa′￼sb⟩ + ⟨sa′￼sb′￼⟩

Local and Real  ≤ 2SCHSH
CHSH inequality 
[Clauser, Horne, Shimony, Holt, 1969]

(sz)

(sx)

â

â′￼

(s↗)

(s↘)

b̂

b̂′￼



• Assuming the reality, Alice’s result is predetermined before her measurement.

• The spin components of Bob’s particle are also predetermined and not affected by 
Alice’s measurement by the locality assumption. 

sα
Z sβ

Z

• Without loss of generality, we can parametrise their spin components by a set of 
parameters , which appears with the probability  in each decay.λ P(λ)

(λ) (λ)

⟨sα
Z ⋅ sβ

Z⟩ = ∑
λ

P(λ) sα
Z(λ) sβ

Z(λ) = − 1

∑
λ

P(λ) = 1

• The spin correlation is given by



4 Bell’s inequality

One can derive an interesting inequality that must be held for hidden variable theories. Let’s consider
the following experiments:

1. Choose four unit vectors, ~a, ~a0, ~b and ~b0. We denote the spin component in the ~a direction by
sa, and so on.

2. Prepare a lot of e-ē pairs coming from decays of the spin 0 particles.

3. We divide the sample into four subsamples, (i), (ii), (iii), (iv).

4. In the subsample (i), Alice measures sa and Bob measures sb.

5. In the subsample (ii), Alice measures sa and Bob measures sb0 .

6. In the subsample (iii), Alice measures sa0 and Bob measures sb.

7. In the subsample (iv), Alice measures sa0 and Bob measures sb0 .

In hidden variable theories, each e-ē pair in a sample is described by a set of variables �. In the
i-th pair in a sample, Alice’s outcome of her sa measurement is a(�i) and Bob’s outcome of his sb

measurement is b(�i). If sa and sb are the same spin component, we have a(�i) = �b(�i), but this is
not satisfied in the general case with sa 6= sb.

Bell’s inequality considers the average of the product of Alice and Bob’s measurement outcomes.
For example, for the subset (i), we denote the average of ab by habi. In hidden variable theories this
can be calculated as

habi =
1

N

NX

i=1

a(�i)b(�i) , (4.5)

where N is the number of e-ē pairs in the subset (i). If we know the probability density, P (�), the
same average can be computed as

habi =

Z
a(�)b(�)P (�)d� . (4.6)

Since P (�) is a probability density, we have
Z

P (�)d� = 1 . (4.7)

Derivation of Bell’s inequality

Let’s consider the quantity

|habi � hab0i| =

����
Z

d� (ab � ab
0)P

���� , (4.8)

where we suppressed � in the RHS. Here we made an implicit assumption that the probability density
P (�) is common for the subsamples (i) and (ii). In the next step we will assume P (�) is common for
the all subsamples. By adding ± aba

0
b
0
P � (± aba

0
b
0
P ) = 0 to the RHS, we have

|habi � hab0i| =

Z
d� |ab(1 ± a

0
b
0)P � ab

0(1 ± a
0
b)P | ,


Z

d�

⇣
|ab||1 ± a

0
b
0|P + |ab0||1 ± a

0
b|P

⌘
. (4.9)

2

|ab | = |ab′￼| = 1

|1 ± a′￼b′￼| , |1 ± a′￼b | ≥ 0

∑
λ

abP − ∑
λ

ab′￼P

= ∑
λ

[ab(1 ± a′￼b′￼)P − ab′￼(1 ± a′￼b)P]

= 2 ± ( ⟨a′￼b′￼⟩ + ⟨a′￼b⟩ )

⟨ab⟩ − ⟨ab′￼⟩ =

S̃CHSH ≡
1
2 ( ⟨ab⟩ − ⟨ab′￼⟩ + ⟨a′￼b⟩ + ⟨a′￼b′￼⟩ ) ≤ 2

max RCHSH = max R̃CHSH
(a, b, a′￼, b′￼) (a, b, a′￼, b′￼)

∑
λ

[ ab 1 ± a′￼b′￼ P + ab′￼ 1 ± a′￼b P]≤

= ∑
λ

[(1 ± a′￼b′￼) P + (1 ± a′￼b) P]

≤ 2SCHSH

SCHSH ≡ ⟨ab⟩ − ⟨ab′￼⟩ + ⟨a′￼b⟩ + ⟨a′￼b′￼⟩ ≤ 2Let’s derive



SCHSH ≤
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{ 2

2 2

4 No-signalling [Popescu, Rohrlich(1994)]

Quantum Mechanics

Local theories

[Tsirelson(1987)]

[CHSH(1969)]

The CHSH Bell-type inequality can test not only hidden local 
variable theories but also Quantum Mechanics! 



- Nonlocal states in QM does not violate causality

[Cirel’son(1980), Popescu, Rohrlich(1994)]Condition for no causality violation: No-Signalling 

∀a, b, x, x′￼, y, y′￼

p(b |x, y) = p(b |x′￼, y)

p(a |x, y) ≡ ∑
b

p(a, b |x, y)

p(a |x, y) = p(a |x, y′￼)
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{ Alice’s dist. is indep. of Bob’s choice for meas. axis

Bob’s dist. is indep. of Alice’s choice for meas. axis

No-signalling  Quantum  Local  Separable⊃ ⊃ ⊃



- Entangled photon pairs (from decays of Calcium atoms)
Clauser, Horne, Shimony, Holt (1969), Freedman and Clauser (1972), A. Aspect 
et. al. (1981, 1982), Y. H. Shih, C. O. Alley (1988), L. K. Shalm et al. (2015) [5σ]

- Entangled proton pairs (from decays of 2He)
M. M. Lamehi-Rachti, W. Mitting (1972), H. Sakai (2006)

-  flavour oscillationK0K0, B0B0 CPLEAR (1999), Belle (2004, 2007) 

✤ Violation of CHSH inequality has been observed at low energies ≪ TeV

-  spin correlation, , [36σ]B0 → J/ψ + K*(892)0 SCGLMP > 2

Fabbrichesi, Floreanini, Gabrielli, Marzola (2023)

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-PH-EP-2013-104
LHCb-PAPER-2013-023

September 5, 2013

Measurement of the polarisation

amplitudes in B0 ! J/ K⇤
(892)

0

decays

The LHCb collaboration1

Abstract

An analysis of the decay B0 ! J/ K⇤(892)0 is presented using data, corresponding
to an integrated luminosity of 1.0 fb�1, collected in pp collisions at a centre-of-mass
energy of 7TeV with the LHCb detector. The polarisation amplitudes and the
corresponding phases are measured to be

|Ak|2 = 0.227 ± 0.004 (stat.) ± 0.011 (syst.),
|A?|2 = 0.201 ± 0.004 (stat.) ± 0.008 (syst.),
�k [rad] = �2.94 ± 0.02 (stat.) ± 0.03 (syst.),
�? [rad] = 2.94 ± 0.02 (stat.) ± 0.02 (syst.).

Comparing B0 ! J/ K⇤(892)0 and B
0 ! J/ K

⇤
(892)0 decays, no evidence for

direct CP violation is found.

Submitted to Phys. Rev. D

c�CERN on behalf of the LHCb collaboration, license CC-BY-3.0

1Authors are listed on the following pages.
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Testing QM at high energy colliders

large small
distance

Quantum 
Mechanics 
(Nonlocal) ?Classical 

Mechanics 
(Local)

✤ Bell inequalities/Entanglement have not been tested at the TeV energy scale:

➡ LHC (and FCCee/hh) provides the unique opportunity for this test

✤ Detection of Entanglement/Bell violation requires a detailed analysis of spin 
correlation:

➡ provides a very good test for the Standard Model (sensitive to BSM) 

Motivation



beam

Entangled pairs at Colliders

beam

e.g.)  pp → tt̄

e.g.)  H → τ+τ−, WW*, ZZ*



beam

Entangled pairs at Colliders

beam

e.g.)  pp → tt̄

e.g.)  H → τ+τ−, WW*, ZZ*

how to measure spin?



Particles with weak decays are their own polarimeters

τ−⇒

s
m

measurement axis

p( + |m) = |⟨ +m | +s ⟩ |2

=
1 + (m ⋅ s)

2

e.g.) For  (  rest frame), the spin of  is measured in the direction of   
and the outcome is +1.  

τ− → π− + ντ τ− τ− π− ( ⃗π)



Particles with weak decays are their own polarimeters

τ−⇒

s
m

measurement axis

p( + |m) = |⟨ +m | +s ⟩ |2

=
1 + (m ⋅ s)

2

e.g.) For  (  rest frame), the spin of  is measured in the direction of   
and the outcome is +1.  

τ− → π− + ντ τ− τ− π− ( ⃗π)

dΓ
dΩ

=
1 + ( ⃗π ⋅ s)

2

⇒
⇒

s
τ−

ντ

π−



Particles with weak decays are their own polarimeters

τ−⇒

s
m

measurement axis

p( + |m) = |⟨ +m | +s ⟩ |2

=
1 + (m ⋅ s)

2

e.g.) For  (  rest frame), the spin of  is measured in the direction of   
and the outcome is +1.  

τ− → π− + ντ τ− τ− π− ( ⃗π)

dΓ
dΩ

=
1 + ( ⃗π ⋅ s)

2

⇒
⇒

s
τ−

ντ

π−

For spins to be measurable, one must focus on entangled pairs of weakly 
decaying particles

τ, t, W±, Z0



dΓ
dΩ

=
1 + αx ⋅ ( ⃗x ⋅ s)

2

More generally,
 for αx = 1 (x = π− in τ− → π−ν)

Spin correlation:  : spin measurement axesn, n′￼

 : direction of decay products⃗x, ⃗y

SCHSH ≡ Cn1,n′￼1
+ Cn1,n′￼2

+ Cn2,n′￼1
− Cn2,n′￼2

> 2 → Bell inequality violation

r
n

k

D ≡ Tr[C]/3 < −
1
3

→ sufficient cond. for entanglement

Particles with weak decays are their own polarimeters

: spin analyzing powerαx ∈ [−1, + 1]

Cn,n′￼ ≡ ⟨(sA ⋅ n)(sB ⋅ n′￼)⟩ =
9

αxαy
⟨( ⃗x ⋅ n)( ⃗y ⋅ n′￼)⟩

- tau decay

- top decay

specifically D
(1) = �⌘ for the singlet, and D

(i) = �⌘ for the three triplets. For Werner
states, it is known that

⌘ >
1

3
=) entanglement, (2.19)

⌘ >
1p
2

=) Bell inequality violation, (2.20)

⌘ = 1 =) pure state. (2.21)

In the limit ⌘ ! 1 the Werner states reduce to pure singlet | �i and pure triplet | +i,
|��i, |�+i Bell states.

The spin state of particles decaying electroweakly is transferred into the direction of
flight of their decay products. Therefore, the spin state of tt̄ pairs survives their decay, and
leaves an imprint in the direction of flight of top-quark decay products. Spin correlations
of top quarks are accessible experimentally from the correlations of angles between their
daughters, i.e. leptons or jets.

Assuming the top quark decays into particle a (plus other, uninteresting particles) and
the anti-top decays into particle b, the differential cross section for tt̄ production plus the
decays t ! a+X and t̄ ! b+X is given at LO by [29]:

1

�

d�

d(cos ✓ai cos ✓bj)
= �

1 + Cij ↵a ↵b cos ✓ai cos ✓bj
2

log
�� cos ✓ai cos ✓bj

�� (2.22)

(no sum over i or j), where ✓ai is the angle between the momentum of a and the i-th axis
in the top rest frame, and ✓bj is the angle between the momentum of b and the j-th axis in
the anti-top rest frame. The parameters ↵a and ↵b provide a measure of the spin analyzing
power of particles a and b, that is, they parameterize how much their direction of emission
is correlated to the original top/anti-top-quark spin. The spin analyzing power of top decay
products in the SM is given in Table 1.

Particle ↵

b �0.3925(6)

W
+ 0.3925(6)

`
+ (from a W

+) 0.999(1)

d̄, s̄ (from a W
+) 0.9664(7)

u, c (from a W
+) �0.3167(6)

Table 1: Spin analyzing power of top decay products in the SM at NLO accuracy [33],
[34]. Values for antiparticles differ by a sign.

In the SM, light charged leptons have ↵ ' 1, making the dileptonic channel very
promising for top spin correlations studies. As shown in [35], heavy (with respect to the
top mass) new physics is unlikely to fundamentally alter this picture.

The integration of (2.22) gives an explicit relation for the entries of C in terms of the
average value of cos ✓ai cos ✓bj :

Cij =
9

↵a↵b
Avg [cos ✓ai cos ✓bj ] . (2.23)

– 6 –
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decay product x
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Recent activities to look into entanglements, etc. in HEP 

• pp → tt̄

• H → WW, ZZ

•  (@ )H → τ+τ− e+e− colliders

❖ Experimental observation of entanglement and Bell-ineq violation @ LHC 

Y. Afik and J. R. M. de Nova ’21, ’22, M. Fabbrichesi, R. Floreanini, G. Panizzo ‘21

Z. Dong, D. Gonçalves, K. Kong, A. Navarro ‘23

A. J. Barr ’21, J.A. Aguilar-Saavedra, A. Bernal, J.A. Casas, J.M. Moreno ’22, 
A. Bernal, P. Caban, J. Rembieliński ’23, M. Fabbrichesi, R. Floreanini, E. 
Gabrielli, Luca Marzola ‘23

M. Fabbrichesi, R. Floreanini, E. Gabrielli 22, M. Altakach, 
P. Lamba, F. Maltoni, K. Mawatari, KS ’22, K. Ma, T. Li ‘23 Entanglement and Bell Inequality Before Integration

a) gg ! tt̄ Concurrence.

b) qq̄ ! tt̄ Concurrence.

c) Full LHC ⇢(Mtt̄ , k̂)
Concurrence.

d) Full Tevatron ⇢(Mtt̄ , k̂)
Concurrence.

Solid line: entanglement
boundary; Dashed line:
Bell non-locality
boundary.

(a) (b)

(c) (d)

It is possible to control the gg/qq̄ fraction by further selections (�tt̄),
see Aguilar-Saavedra, Casas, EPJC (2022).
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C[ρ]gg qq̄

In addition, one has to remove the reducible background events from tt̄ and Wt production. The
irreducible background for the H ! Z`+`� signal is rather small and dominated by the electroweak
process pp ! ZZ/Z� ! 4`, which is about 4 times smaller at the Higgs peak [44]. We can therefore
neglect all backgrounds in our assessment of the significance.

We run 1000 pseudo experiments as we vary the invariant mass of the o↵-shell gauge boson and
compute the observable I3. Fig. 6 and Fig. 7 show the distributions which are obtained for, respectively,
LHC run 2 and Hi-Lumi. The distributions are skewed because the observable is computed near its
maximum value and the random variation can only reduce this value.

Fig. 6 shows that, at the LHC run 2, the significance for rejecting the null hypothesis I3  2 is 1 for
the WW ⇤ case and 1.3 for the ZZ⇤ case. Fig. 7 shows that, at the LHC Hi-Lumi, the significance for
rejecting the null hypothesis I3  2 remains 1 for the WW ⇤ case, since the uncertainty is dominated
by the statistical error, while it reaches 5.6 for the ZZ⇤ case. These significances are likely to diminish
in a more complete analysis based on a full simulation.

Figure 6: Distribution of the events at the LHC run 2 for the H ! W+`�⌫̄` and H ! Z`+`� processes.The
set of events for WW ⇤ has mean value I3 = 2.4, that for ZZ⇤ has mean value I3 = 2.5. The threshold value of
2 for Bell inequality violation is shown as a dashed red line.

Figure 7: Distribution of the events at the LHC Hi-Lumi for the H ! W+`�⌫̄` and H ! Z`+`� processes.
The set of events for WW ⇤ has mean value I3 = 2.5, that for ZZ⇤ has mean value I3 = 2.9. The threshold
value of 2 for Bell inequality violation is shown as a dashed red line.

Our results confirm the numerical simulations presented in [5] for theH ! WW ⇤ process and in [12]
for the H ! ZZ⇤ case. These works estimate the uncertainties from a parton-level reconstruction of

20

range of the kinematic variables. The bin in which I3 > 2 is indicated by the hatched area in first
plot of Fig. 10. The matrices maximizing the Bell observable are given by
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, (4.16)

with a precision of 1% with respect to the numerical solutions we found. Accordingly, unitarity is
satisfied barring O(10�2) terms. These expressions might be useful in a future simulation of the
process.

Figure 10: The observables I3 (left plot) and C2 (right plot) for the process p p ! W+W� as functions of
the invariant mass and scattering angle. The hatched area in the plot on the left represents the bin used as
reference for our estimate of the significance.

The observable C2 follows roughly the pattern of I3 and reaches the largest values in the upper-left
quadrant, thus witnessing the presence of states more entangled than in the rest of the kinematic space.
This feature can be made manifest by considering the density matrix of the process. For instance,
at mWW = 900 GeV and cos⇥ = 0, the polarization density matrix for the W+W� states can be
approximated up to terms O(10�3) by the following combination of pure state density matrices

⇢ = ↵ | +�ih +�|+ � | +� 0ih +� 0|+ � |00ih00|+ � | 0�ih 0�| , (4.17)

with decreasing weights: ↵ ' 0.72, � ' 0.18, � ' 0.07 and � ' 0.02; the normalization condition
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where

fZZ =
8↵2⇡2Nc

DZZc4Ws4W
, and DZZ = 1 + �4

Z + 2�2
Z(1� 2c2⇥) , (4.26)

with �Z =
q

1� 4M2
Z
/m2

ZZ . The angle ⇥ is here defined as the angle between the anti-quark momen-

tum and k1 in the CM frame. The orientation of the latter coincides with that of the k̂ unit vector of
the basis in Eq. (2.26).

Figure 12: The observables I3 (left plot) and C2 (right plot) for the process p p ! ZZ as functions of the
invariant mass and scattering angle in the CM frame. The hatched area in the plot on the left indicates the bin
in which the observable is to be evaluated.

The Eq. (4.24) makes it possible through Eq. (2.38) to compute the correlation coe�cients f̃a, g̃a,
and h̃ab (given in Appendix C) of the density matrix for the process at hand and consequently, the
value of the operators I3 and C2.

In Fig. 12 we present our results for the entanglement observables. The violation of the Bell
inequalities takes place only in a limited range of the kinematic variables. The bin in which I3 > 2 is
shown as a hatched area in the left panel.

The observable C2 follows the pattern of I3—as it does in the case of the W+W� final states—and
reaches the largest values in the upper-left quadrant. In this region it witnesses the presence of states
more entangled than in the rest of the kinematic space.

4.2.1 Events and sensitivity

The number of expected events at the LHC is given in Table 3. As before, the relevant cross sec-
tions were computed with MADGRAPH5 [40] at the LO and then corrected by the -factor given at
the NNLO [48]. Only fully leptonic decays can be used, as explained in Section 1. We reduce the
number of events thus found by the e�ciency in the identification of the final leptons—which we take
conservatively to be 70% for each of the identified leptons [42].

Though there are irreducible background events from the H ! ZZ decay, they are negligible in
the kinematic bin where the observables are to be estimated.
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H → W W*
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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4 Spin correlations with new intermediate states

We now consider explicit new physics models, given by the extension of the SM with
new particles light enough to be resonantly produced in collider experiments.

4.1 Scalar/pseudoscalar resonances

One interesting scenario to consider is the introduction of a spin-0 state � that couples
to SM tops with a scalar and pseudoscalar interaction, in a simplified model similar to the
one studied in [40, 41]:

L = LSM � 1

2
�(@2 +M

2
�)�+ cy

ytp
2
� t (cos↵+ i�

5 sin↵) t. (4.1)

In this simplified case there are only three parameters, the heavy scalar mass M�, the
coupling cy (normalised as a rescaling of the SM top-quark Yukawa coupling), and the
angle ↵, which produces a scalar particle for ↵ = 0 and a pseudoscalar particle for ↵ = ⇡/2.

At LO in cy top/anti-top quark pair production mediated by � is given by the diagram
in Figure 3.

Figure 3: Feynman diagram corresponding to tt̄ production mediated by a scalar �.

The heavy scalar, like the SM Higgs, only couples to top quarks at tree-level, so that
for M� > 2mt the largely dominant decay channel is the on-shell tt̄ pair. Explicitly, the
decay width ��!tt̄ is given at LO by:
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We note � may also decay at one loop to a gluon pair, which is dominant for light scalars, but
this channel is subdominant with respect to the tree-level process � ! tt̄ when M� > 2mt.

The spin correlation coefficients for tt̄ production mediated by �, that is for the square
of the diagram in Figure 3, are given by:
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�
, (4.3)

eC [gg,�]
kk = F

[gg,�]
�
�s

2
↵ � �

2
c
2
↵

�
, (4.4)

eC [gg,�]
kr = 0, (4.5)
eC [gg,�]
rr = F

[gg,�]
�
�s

2
↵ + �

2
c
2
↵

�
, (4.6)

eC [gg,�]
nn = F

[gg,�]
�
�s

2
↵ + �

2
c
2
↵

�
. (4.7)
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Figure 5: Same as Fig. 4, but considering the effect on D

(1).

Without attempting a fit, which would be inappropriate given the current scarcity of
experimental data and the large modelling uncertainty, we simply note that the tension
between the recent ATLAS measurement of D(1) [1] and the reference SM prediction seems
to follow the pattern seen in Figure 5. The overall size of the toponium contribution is
given by the t t̄� coupling cy, while the proportion between on-shell and off-shell effects is
driven by the toponium width �.

4.2 SUSY in the top-quark corridor

Another interesting scenario is provided by pair production of supersymmetric top
squarks decaying into top quarks and (stable) neutralinos, see Figure 6.

It is important to note that in this scenario the top squark decay chains,

t̃1 t̃1 ! t t̄ �̃
0
1 �̃

0
1 ! b b̄W

+
W

�
�̃
0
1 �̃

0
1, (4.12)

always contain a top quark pair, so that the interpretation of a measurement on final-state
leptons in terms of SM top spin polarization/correlation/entanglement is still valid for top
squark pair production events.

The region of parameter space we will consider is::

|mt̃1 � m�̃0
1
�mt| ⇡ �t, (4.13)

a region usually named the "top mass corridor". In this scenario the decay channel t̃1 ! t �̃
0
1

(with the top quark possibly slightly off-shell) is expected to be dominant under most SUSY
scenarios and results in a top-quark pair with basically no additional missing momentum,
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We used the shorthand notation c↵ ⌘ cos↵ and s↵ ⌘ sin↵. Note that here ↵ is a parameter,
not the scattering angle ✓ of previous sections. The normalisation factor F

[�] is given by:

F
[gg,�] =

3m4
t c

4
yy

4
t g

4
s(1� �

2)

8⇡4|⇧�|2
Re

✓
c
2
↵

�
�
2 log2

� � 1

� + 1
� 4

�2
+ s

2
↵ log

4 � � 1

� + 1

◆
. (4.8)

We have denoted ⇧� = 4m2
t + m

2
�
�
2 � 1

�
. Similarly to the case of the Z boson, finite

width effects can be accounted for by replacing m
2 ! m

2 � im� in ⇧�.
If the particle is a scalar, the tt̄ quantum state is always a pure triplet, while if the

particle is a pseudoscalar the tt̄ quantum state is a pure singlet:

C[gg,�]
��
↵=0

=

0

B@
�1 0 0

0 1 0

0 0 1

1

CA , C[gg,�]
��
↵=⇡/2

=

0

B@
�1 0 0

0 �1 0

0 0 �1

1

CA . (4.9)

In addition to the pure � contribution, QCD and � production can interfere in the gg

channel, and one might wonder about the quantum state of the top pair in this case. In
fact, a calculation is not needed: since the Bell states (2.15)-(2.16) are orthogonal, when
the gg ! � ! tt̄ amplitude reduces to a pure Bell state it acts as a projector. Top-
quark production via the exchange of a �, therefore, is described by the spin state (4.9) at
both the interference and squared level. By the same argument, since the quantum states
reached for ↵ = 0 and ↵ = ⇡/2 are orthogonal, the scalar–pseudoscalar interference vanishes
identically. One can easily check that the corresponding QFT amplitudes gg ! �↵=0 ! tt̄

and gg ! �↵=⇡/2 ! tt̄ do not interfere for on-shell tops.

4.1.1 Effective description of tt̄ bound states

The model described in this Section is a typical BSM simplified model. However,
it can also be taken as a simple effective description for the production of a tt̄ bound
state near threshold. Several studies [42, 43] have suggested that such a pseudo-bound
state ("toponium") leads to an enhancement of the cross section in the color singlet gg !
tt̄ channel at threshold resulting in a structure that resembles a resonance peak. The
Lagrangian in Eq. (4.1) can then be used as a first rough model of such an enhancement
as also suggested in Ref. [44]. We also note that recently, toponium effects received further
attention after the publication of the ATLAS entanglement measurement [1], which exhibits
an interesting negative excess with respect to all NLO+PS predictions of D

(1) near tt̄

threshold. Even though the resolution in invariant mass is not sufficient to draw any
conclusion, such an enhancement could be consistent with the enhancement predicted by
QCD. The Lagrangian in Eq. (4.1) allows to provide a modelization of such a pseudo-
resonance, choosing parameters so to resemble the QCD predictions, i.e.,

M� = 343.5GeV, ↵ = ⇡/2. (4.10)

When taking (4.1) as an effective description of toponium, the coupling cy and the width
� may be tuned independently to give a toponium cross-section consistent with theoretical
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Figure 3: Concurrence averaged over solid angle as a
function of the top quark velocity � for c(8)tq (top) and

ctG (bottom).

matrix. Hence, in the case of pp collisions displayed in
the left panel of Fig. 3, we can observe an effect of the
EFT already at threshold, even at the linear level. This
also holds true for four-fermion operators, such as for
instance O(8)

tq shown in the upper panel.

IV. QUANTUM STATES IN THE SMEFT

In this section we consider the effects of new physics
on the quantum state of the tt̄ pair in different regions
of the phase space. Observables directly related to the
quantum state probe different and complementary direc-
tions in the parameter space compared to the scattering
amplitude. In the following, we discuss in particular two
phase space regions of interest, i.e., the production of top
quarks at threshold, characterised by high statistics, and
the production at high pT in the central region, where
top-quark mass effects become negligible.

A. Threshold region

In the SM, the gg initiated channel at threshold is
characterised by a pure maximally-entangled state as
in Eq. (13), with the top quark spins forming a singlet
state of spin 0. The presence of new physics effects can
potentially change the picture. In particular, we find that
the chromo-magnetic operator OtG and the triple-gluon
operator OG change the quantum state, which is then
not a pure state anymore. As a matter of fact, these op-
erators induce the presence of a triplet state of spin 1,
and the density matrix is therefore described by a mixed

state:

⇢EFT
gg (0, z) = pgg| +iph +|p + (1 � pgg)| �iph �|p .

(18)

Note that here the spins are defined with respect to the
beam direction p. The probability of being in a triplet
state is given by pgg = 72m2

t (3
p

2mt cG + v ctG)2/7⇤4 ,
which shows that no linear effects are present and only
the squares contribute. In particular, we find a flat di-
rection for a specific combination of cG and ctG, while
the operator O'G does not affect the quantum state at
threshold.

For the qq̄ channel, in the SM the spin density matrix
is characterised by a mixed separable state:

⇢SMqq̄ (0, z) =
1

2
|""ip h""|p +

1

2
|##ip h##|p . (19)

Specifically, the probability of having both, top and anti-
top quark, with spin up (down) is 1/2 in the SM. The
EFT effects in this case do not change the structure of
the state, but the eigenvalues of the density matrix are
affected and a preference for one spin direction is in gen-
eral observed:

⇢EFT
qq̄ (0, z) = pqq̄ |""ip h""|p +(1�pqq̄) |##ip h##|p , (20)

where pqq̄ = 1
2 � 4

c(8),uV A
⇤2 + O(1/⇤4), which also includes

corrections at linear order in the Wilson coefficients [41].
Here, c(8),uV A = (�c(8,1)Qq � c(8,3)Qq + c(8)tu � c(8)tq + c(8)Qu)/4.
The spoiling of the symmetry is due to P-violating in-
teractions induced by dimension-six operators but is also
present if electroweak corrections are taken into account.

In Fig. 4 we show contour plots of the probabilities pgg
and pqq̄. In the case of the quark initiated channel, we
choose O(8)

tu and O(8,3)
Qq as a pair of representative four-

fermion operators. In addition to the probabilities, we
also plot contours of the relative EFT effects on the scat-
tering amplitude, in order to highlight the complemen-
tarity of the two observables, which are clearly probing
different directions in the parameter space.

B. Central high-pT region

The other interesting region to consider is the one char-
acterised by high pT . In the following, we set ✓ = ⇡/2
(z = 0) and look at the probability for the top quark pair
to be in a triplet state

p + = h +|n ⇢ | +in , (21)

which, in particular, is the quantum state for the SM in
the limit of � ! 1, both in the gg and the qq̄ initiated
channels. However, as already discussed above, the limit
� ! 1 is ill-defined in the presence of higher dimensional
operators. We therefore study the probability as a func-
tion of the invariant mass ŝ of the top quark pair (or

(a)

(b) (c)

(d) (e)

Figure 1: Change from the SM value for spin observables for the operators OtG (1a),
O

(8,3)
Qq (1b), O(1,3)

Qq (1c), O(8,1)
Qq (1d), O(1,1)

Qq (1e), inclusive in tt̄ phase space. Dashed lines
indicate results at LO, continuous lines indicate NLO. The shaded region around each curve
represents the combination of scale and MC uncertainty. The MC uncertainty is always
sub-leading compared to scale variation. Only curves that deviate appreciably from zero
are shown.
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[2]. We will assume the flavor symmetry as in [29]:

U(2)Q ⇥ U(2)u ⇥ U(3)d, (2.1)

that implies new physics couples predominantly to top quarks. This is rooted on the unusu-
ally large value of the SM top Yukawa coupling yt ⇡ 0.993, signaling a special relationship
between the two heaviest SM particles, and hinting at the presence of new physics close to
the electroweak scale.

We focus on operators containing at least one top quark field, assuming other operators
are well enough constrained from measurements not involving tops. All such operators are
considered, in a systematic approach, with the exception of those that enter top production
only in virtual corrections, and those only entering in highly suppressed contributions (e.g.
bb̄ ! tt̄).

2.1 Two-fermion operators

One can write down three dimension-six operators modifying the top-gluon interaction
and thus tt̄ production. To highlight the chiral properties of the induced tt̄g vertex these
can be written as:

Ogt = t TA�
µ
D

⌫
tG

A
µ⌫ , (2.2)

OgQ = QTA�
µ
D

⌫
QG

A
µ⌫ , (2.3)

OtG = gS QTA'̃�
µ⌫
tG

A
µ⌫ = gS QuG,33. (2.4)

The second equality is in terms of the Warsaw basis [30]. Once the additional symmetry
(2.1) and the EOM are enforced, only OtG and O

†
tG survive, as standard manipulations

yield:

Ogt +O
†
gt = gs

⇣
four-quarks

⌘
(2.5)

OgQ +O
†
gQ = gs

⇣
four-quarks

⌘
(2.6)

Ogt �O
†
gt = O

†
gQ �OgQ =

yt

gS
(OtG �O

†
tG) (2.7)

This shows that Ogt and OgQ reduce to four-fermion operators; more specifically, they
reduce to operators composed of two light quarks and two tops, that will be considered
in the following, and to operators with four top quark fields, that we will neglect due to
their large suppression in the process at hand. The only surviving operator, OtG, has the
effect of deforming the top quark color charge distribution, producing a chromo-magnetic
and chromo-electric dipole moment proportional to <(ctG) and =(ctG) respectively.

On top of the two-fermion operators listed above, there are five operators involving two
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fermion fields and electroweak gauge bosons that are in principle relevant for top physics,

Q'u, 33 = i('† $
Dµ ')(t�µt), (2.8)

Q
(1)
'q, 33 = i('† $

Dµ ')(Q�
µ
Q), (2.9)

Q
(3)
'q, 33 = i('† $

Dµ �I')(Q�
µ
�
I
Q), (2.10)

QuB, 33 = (Q�
µ⌫
t)'̃Bµ⌫ , (2.11)

QuW, 33 = (Q�
µ⌫
�It)'̃W

I
µ⌫ . (2.12)

Both at O(c/⇤2) and O(c2/⇤4), these operators only enter electroweak top production,
and since this process is heavily suppressed with respect to QCD production, their effect
will be neglected. An NLO computation including both QCD and EW corrections would
be required to fully take into account these contributions.

We note that Q
(3)
'q, 33 and QuW, 33 also induce a modified tWb vertex. Since spin mea-

surements involve both the production and the decay of the particle at hand, operators that
modify the decay of tops enter our study. In the following we will show that their actual
effect on the spin observables we consider is negligible.

2.2 Four-fermion operators

There are seven independent dimension-6 operators mediating tt production by qq

annihilation that result in a color-octet final state. These operators are constructed with a
combination of four quark fields, two light (u, d, c, s) and two tops. Following the LHC Top
WG notation and convention [2], we express SMEFT operators in a basis that highlights
their chiral structure:

O
8
tu =

P2
f=1(t�µT

A
t)(uf�

µ
TAuf) =

P2
f=1�

1
6Quu,ff33 +

1
2Quu,3ff3, (2.13)

O
8
td =

P3
f=1(t�µTAt)(df�

µ
T
A
df) =

P3
f=1Q

(8)
ud,33ff, (2.14)

O
8
tq =

P2
f=1(qf�µTAqf)(t�µTA

t) =
P2

f=1Q
(8)
qu,ff33, (2.15)

O
8
Qu =

P2
f=1(Q�µTAQ)(uf�

µ
T
A
uf) =

P2
f=1Q

(8)
qu,33ff, (2.16)

O
8
Qd =

P3
f=1(Q�µTAQ)(df�

µ
T
A
df) =

P3
f=1Q

(8)
qd,33ff, (2.17)

O
1,8
Qq =

P2
f=1(Q�µT

A
Q)(qf�

µ
TAqf) =

P2
f=1

1
4Q

(1)
qq,3ff3 �

1
6Q

(1)
qq,33ff + 1

4Q
(3)
qq,3ff3, (2.18)

O
3,8
Qq =

P2
f=1(Q�µT

A
�IQ)(qf�

µ
TA�

I
qf) =

P2
f=1

3
4Q

(1)
qq,3ff3 �

1
6Q

(3)
qq,33ff �

1
4Q

(3)
qq,3ff3. (2.19)
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– the SM cross sections �
(0)
S and �

(0) in (3.13) are replaced by their most accurate
values, EFT terms are not modified, and then the ratio S is taken;

– numerator and denominator of (3.13) are globally rescaled by the SM K-factors KS =

�
(0)
S,accurate/�

(0)
S and K = �

(0)
accurate/�

(0), then and the ratio S is taken;

– the ratio (3.13) is series expanded, the first term �
(0)
S /�

(0) is replaced with the accurate
value, other terms in the series are not modified – even if they contain �

(0)
S or �

(0).

It is not clear which one, if any, of the prescriptions outlined above entails the best
physical meaning, and the spread in results obtained by implementing accurate SM predic-
tions in different ways may be considered to be a theoretical uncertainty. In this work we
will report all six cross sections that enter (3.13), leaving the possibility open for arbitrary
implementations of accurate SM calculations.

Quantum entanglement.
As discussed in the introduction, and in more detail in Refs. [15, 16, 18, 20], top spin

correlations can signal the presence of quantum entanglement between tops. A calculation
shows that, in the case of tt̄, entanglement is signaled by the condition:

� = |Ckk + Crr|� Cnn � 1 > 0. (3.15)

Inequality (3.15) is general, and independent of the possible presence of new physics. We
also note that the concurrence of the tt̄ spin quantum state (3.1) is given by:

C[⇢] =

(
�/2, � > 0

0 �  0
(3.16)

The absolute value in the definition of � is non-trivial, as, already in the SM, at tt̄ threshold
Ckk + Crr < 0, so � = �TrC � 1, while at large top pT , Ckk + Crr > 0, so � becomes
Ckk + Crr � Cnn � 1. The use of TrC to detect entanglement at tt̄ threshold has been
the topic of extended studies [15, 16]; in fact, as shown in Ref. [17], � can be measured
directly using dedicated angular observables, regardless of the sign of the absolute value.
To appreciate directly the effect of SMEFT operators on the amount of spin entanglement,
in the following we will consider:

�± = ±(Ckk + Crr)� Cnn � 1 =
±(�Ckk + �Crr)� �Cnn � �

�
(3.17)

as additional observables, as an extension to those appearing in (3.1). We note that �� is
a well known top spin observable, usually called D ⌘ (�� + 1)/3.

4 Computation Setup

Since the reconstruction of a spin quantum state requires the analysis of decay products,
the analysis of top spin polarization and correlations at NLO would require the generation
of events of the form:

p p ! b b̄ `
+
`
�
⌫ ⌫̄ (4.1)
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: top velocity in the  rest frameβ t t̄
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Effect of BSM  pp → tt̄



 @ H → τ+τ− e+e− colliders
M. Altakach, F. Maltoni, K. Mawatari, P. Lamba, KS, Phys.Rev.D 107 (2023) 9, 093002 [2211.10513]
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Chapter 2. Higgs Boson

Figure 2.8

Higgs recoil mass distri-
bution in the Higgs-
strahlung process
e+e≠ æ Zh, with
(a) Z æ µ+µ≠ and
(b) Z æ e+e≠(n“).
The results are shown
for P (e+, e≠) =
(+30%, ≠80%) beam
polarization.
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of 32 MeV is obtained [74, 75]. The corresponding model independent uncertainty on the Higgs
production cross section is 2.5%. Similar results were obtained from SiD [76]. It should be emphasized
that these measurements only used the information from the leptonic decay products of the Z and
are independent of the Higgs decay mode. As such this analysis technique could be applied even if
the Higgs decayed invisibly and hence allows us to determine the absolute branching ratios including
that of invisible Higgs decays. By combining the branching ratio to ZZ with the production cross
section, which involves the same ghZZ coupling, one can determine the total width and the absolute
scale of partial widths with no need for the theoretical assumptions needed for the LHC case. We will
return to this point later.

It is worth noting that, for the µ+µ≠X channel, the width of the recoil mass peak is dominated
by the beam energy spread. In the above study Gaussian beam energy spreads of 0.28 % and 0.18 %
are assumed for the incoming electron and positron beams respectively. For ILD the detector response
leads to the broadening of the recoil mass peak from 560 MeV to 650 MeV. The contribution from
momentum resolution is therefore estimated to be 330 MeV. Although the e�ect of the detector
resolution is not negligible, the dominant contribution to the observed width arises from the incoming
beam energy spread rather than the detector response. This is no coincidence; the measurement
of mh from the µ+µ≠X recoil mass distribution was one of the benchmarks used to determine the
momentum resolution requirement for a detector at the ILC.

If there are additional Higgs fields with vacuum expectation values that contribute to the mass of
the Z, the corresponding Higgs particles will also appear in reactions e+e≠

æ ZhÕ, and their masses
can be determined in the same way.

We now turn to the determination of the spin and CP properties of the Higgs boson. The h æ ““

decay observed at the LHC rules out the possibility of spin 1 and restricts the charge conjugation C
to be positive. We have already noted that the discrete choice between the CP even and CP odd
charge assignments can be settled by the study of Higgs decay to ZZú to 4 leptons at the LHC.

The ILC o�ers an additional, orthogonal, test of these assignments. The threshold behavior
of the Zh cross section has a characteristic shape for each spin and each possible CP parity. For
spin 0, the cross section rises as — near the threshold for a CP even state and as —3 for a CP odd
state. For spin 2, for the canonical form of the coupling to the energy-momentum tensor, the rise
is also —3. If the spin is higher than 2, the cross section will grow as a higher power of —. With a
three-20 fb≠1-point threshold scan of the e+e≠

æ Zh production cross section we can separate these
possibilities as shown in Fig. 2.9 (left) [77]. The discrimination of more general forms of the coupling
is possible by the use of angular correlations in the boson decay; this is discussed in detail in [78].

At energies well above the Zh threshold, the Zh process will be dominated by longitudinal
Z production as implied by the equivalence theorem. The reaction will then behave like a scalar
pair production, showing the characteristic ≥ sin

2 ◊ dependence if the h particle’s spin is zero. The
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• For precise event reconstruction and for much smaller background, we 
consider lepton colliders.
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At e+e� colliders, the main production channel near
the threshold,

p
s ⇠ (mH+mZ), is e+e� ! ZH followed

by Z ! qq̄/`+`� and H ! ⌧+⌧�. The main background
is e+e� ! Z⌧+⌧�, where the pair of taus comes from
an exchange of �⇤/Z⇤. Unlike hadron colliders, the full
4-momentum, Pµ

in
, of the initial state (e+e� pair) is pre-

cisely known at lepton colliders. From this and the mea-
sured Z-boson momentum, pµ

Z
= (pq/`� + pq̄/`+)

µ, one
can reconstruct the Higgs momentum as

pµ
H

= Pµ

in
� pµ

Z
(36)

in a good accuracy independently from the Higgs de-
cays. The distribution of the recoil mass, mrecoil =p

(Pin � pZ)2, therefore sharply peaks at the Higgs mass
in the signal [49]. By selecting events that fall within an
narrow window, |mrecoil �mH | < 5 GeV, one can achieve
background/signal ⇠ 0.05 with the signal efficiency of
93% and 96% for the ILC and FCC-ee, respectively.

The second advantage of e+e� colliders over hadron
colliders is the ability of reconstructing two tau mo-
menta by solving kinematical constraints. This is possi-
ble thanks to the fact that the initial state 4-momentum,
Pµ

in
, is known in a good precision. This is important for

the C-matrix measurement and the Bell inequality test
since they are based on the angular distributions of u
and ū, which must be performed at the rest frames of
⌧� and ⌧+, respectively. Since taus are heavily boosted,
a small error on the tau momentum leads to a large er-
ror on the angular distribution when boosted to the tau
rest frame. Precise reconstruction of the tau momenta is
therefore crucial for the C-matrix measurement and Bell
inequality test.

We consider two benchmark collider scenarios labelled
by “ILC” [31] and “FCC-ee” [33]. The relevant parameters
we use in our simulation are listed in Table I.

ILC FCC-ee
energy (GeV) 250 240

luminosity (ab�1) 3 5
beam resolution e

+ (%) 0.18 0.83⇥ 10�4

beam resolution e
� (%) 0.27 0.83⇥ 10�4

�(e+e� ! HZ) (fb) 240.1 240.3
# of signal (� · BR · L · ✏) 385 663

# of background (� · BR · L · ✏) 20 36

Table I: Parameters for benchmark lepton colliders
[31, 33]. Only the main background, e+e� ! Z⌧+⌧�, is

considered, where ⌧+⌧� are produced from off-shell
Z/�. The numbers of signal and background reported

here include the decay branching ratios and the
efficiency of the event selection, |mrecoil �mH | < 5 GeV.

We notice that the beam energy resolution is significantly
better for FCC-ee, which will have a significant impact on
the Bell inequality test as we will see in the next section.

We assume the e+e� beams are unpolarised for both ILC
and FCC-ee.

VI. EVENT ANALYSIS AND RESULTS

In our analysis, we focus on the tau decay modes:

⌧� ! ⌫⌧⇡
�, ⌧+ ! ⌫̄⌧⇡

+ (37)

with Br(⌧� ! ⌫⇡�) = 0.109 [50]. For these decay
modes, the spin analyzing power is maximum, ↵f,d↵f̄ ,d̄

=
�1. We generate signal and background events with
MadGraph5_aMC@NLO [51] at leading order in the Stan-
dard Model, i.e. (, �) = (1, 0). We employ the TauDecay
package for ⌧ decays [52]. The beam energies are smeared
according to the parameters in Table I. All “neutrinoless”
Z-boson decay modes, Z ! xx̄ with xx̄ = qq̄, e+e�,
µ+µ�, are included in the analysis. The expected signal
events, [e+e� ! HZ, Z ! xx̄, H ! ⌧+⌧�, ⌧± ! ⌫⇡±],
produced at the ILC and FCC-ee are 414 and 691, re-
spectively. At the ILC and (FCC-ee), after imposing the
requirement, |mrecoil � mH | < 5 GeV, 385 (663) signal
events survive. We estimated that 20 (36) background
events contribute to this phase-space region. We per-
form 100 pseudo-experiments for each benchmark collider
and estimate the statistical uncertainties on the measure-
ments.

To take into account the energy mismeasurement, we
smear the energies of all visible particles in the final state
as

Etrue ! Eobs = (1 + �E · !) · Etrue (38)

with the energy resolution �E = 0.03 [32, 33] for both
ILC and FCC-ee, where ! is a random number drawn
from the normal distribution.

A. Solving kinematical constraints

Due to the presence of neutrinos in Eq. (37), the mo-
menta of two taus are not measured. To perform mea-
surements of the C-matrix and R⇤

CHSH
, the momenta of

two neutrinos must be reconstructed by solving kinemat-
ical constraints. For 6 unknown momentum components,
there are two mass-shell constraints: m2

⌧
= (p⌫⌧

+ p⇡�)2

and m2

⌧
= (p⌫̄⌧

+ p⇡+)2, and four conditions from the
energy-momentum conservation: (Pin � pZ)µ = (p⌫⌧

+
p⇡� +p⌫̄⌧

+p⇡+)µ. By solving those 6 constraints for the
6 unknowns, an event can be fully reconstructed up to
two-fold solutions: is = 1, 2 (see Appendix C for details).

The system is first boosted to the rest frame of H.
For each solution, is, we then boost the system to the
reconstructed rest frame of ⌧� and calculate the r, n, k
components of the ⇡� direction, i.e. (uis

r
, uis

n
, uis

k
). In the

same way, the ⇡+ direction, (ūis
r

, ūis
n

, ūis

k
), are obtained

at the reconstructed rest frame of ⌧+. We estimate the
C-matrix elements with Eq. (30). For the Bell inequality

e+e− → Z + (Z*/γ*) → f f̄ + τ+τ−

H
τ+

τ−

π+

π−

ν̄
ν

x

x̄ (x = e, μ, j)

|Mrecoil − 125 GeV | < 5 GeV

(Preco
H )μ ≡ Pμ

e+e− − Pμ
Z→xx̄ M2

recoil ≡ (Preco
H )2

- 100 pseudo-experiments to estimate the statistical uncertainties

- Generate the SM events  with MadGraph5.(κ, δ) = (1,0)

Event selection:
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m2
τ = (pτ+)2 = (pπ+ + pν̄)2

m2
τ = (pτ−)2 = (pπ− + pν)2

(pee − pZ)μ = pμ
H = [(pπ− + pν) + (pπ+ + pν̄)]μ

H
τ+

τ−

π+

π−

ν̄
ν

- To determine the tau momenta, we have to reconstruct the 
unobserved neutrino momenta . (pν

x , pν
y , pν

z ), (pν̄
x, pν̄

y, pν̄
z )

- 6 unknowns can be constrained by 2 mass-shell conditions 
and 4 energy-momentum conservation.

=> 2-fold solutions.

CSM
ij = (

1
1

−1)
CSM[ρ] = 1

SCHSH = 2 2

reproduced very accurately in the simulation

→ we found that false solutions also give the 
correct correlations! (?)  



7

ILC FCC-ee

Cij

0

@
�0.600± 0.210 0.003± 0.125 0.020± 0.149
0.003± 0.125 �0.494± 0.190 0.007± 0.128
0.048± 0.174 0.0007± 0.156 0.487± 0.193

1

A

0

@
�0.559± 0.143 �0.010± 0.095 �0.014± 0.122
�0.010± 0.095 �0.494± 0.139 �0.002± 0.111
0.012± 0.124 0.020± 0.105 0.434± 0.134

1

A

Ek �1.057± 0.385 �0.977± 0.264
C[⇢] 0.030± 0.071 0.005± 0.023
S[⇢] 1.148± 0.210 1.046± 0.163

R
⇤
CHSH 0.769± 0.189 0.703± 0.134

Table II: Result of quantum property measurements with a simple kinematical reconstruction method.

test, R⇤
CHSH

⌘ RCHSH(a⇤,a0
⇤,b⇤,b0

⇤) is calculated using
Eqs. (26) and (27). Both solutions, is = 1, 2, are included
in the calculation of Cab and R⇤

CHSH
.

The result of the measurements for Cab, Ek, C[⇢], S[⇢]
and R⇤

CHSH
is summarised in Table II. We see that the

C-matrix is measured as a diagonal form with good ac-
curacy. However, the diagonal elements are far off from
the true values, C = diag(1, 1,�1). Not only the magni-
tudes are significantly less than one but also the signs are
flipped for all diagonal components. We also see no clear
indication of the quantum correlations, i.e. entanglement
(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤

CHSH
> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters

We now discuss how to overcome the limitations iden-
tified in the previous section. We note that the informa-
tion obtained from the impact parameter measurements
of tau decays has not been employed. Since tau leptons
are marginally long-lived, c⌧ = 87.11 µm [50], and highly
boosted, one can observe a mismatch between the inter-
action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
lows an exponentially falling distribution with the mean
|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT

' 2µm
(transverse) and �bz

' 5µm (longitudinal) [32].
If all quantities are accurately measured, the impact

parameter, ~b±, from the ⌧± ! ⌫⇡± decay, is related to
the directions of ⌧+ and ⇡+ and their angle ⇥± by [53]

~b± = |~b±| ·
⇥
e⌧± · sin�1 ⇥± � e⇡± · tan�1 ⇥±

⇤

⌘ ~breco

± (e⌧±) , (39)

where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
~breco

± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as

Eobs

↵
! E↵(�↵) = (1 + �E · �↵) · Eobs

↵
, (40)

where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+

⇡
, ��

⇡
, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,

~�is

b±
(���) ⌘ ~b± �~breco

±
�
eis
⌧+(���)

�
, (41)

we define a contribution to the log-likelihood for a solu-
tion is as

Lis(���) = Lis
+
(���) + Lis

�(���) (42)

with

Lis
±(���) =

[�is

b±
(���)]2

x
+ [�is

b±
(���)]2

y

�2

bT

+
[�is

b±
(���)]2

z

�2

bz

. (43)

The total log-likelihood function is then defined as

L(���) = min
⇥
L1(���), L2(���)

⇤
+ �2

⇡+ + �2

⇡� + �2

x
+ �2

x̄
. (44)

random number drawn from the normal distribution
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for signal/background separation is the invariant mass
of the visible decay products of two taus, mvis(⌧+⌧�).
However, due to presence of neutrinos in tau decays, the
mvis(⌧+⌧�) distributions have long tails and the signal
and background distributions therefore overlap. A usual
practice to overcome this problem is to try to reconstruct
the tau momenta by making some assumption on the neu-
trino momenta, either based on kinematics (e.g. collinear
approximation) or the knowledge of the Standard Model
(e.g. likelihood approach). However, this is not an option
here, since our aim is to measure the angular distribution
and making such assumptions defeats our purpose.

At e+e� colliders, the main production channel near
the threshold,

p
s ⇠ (mH + mZ), is e+e� ! ZH fol-

lowed by Z ! qq̄/`+`� and H ! ⌧+⌧�. The main
background is e+e� ! Z⌧+⌧�, where the pair of taus
comes from an off-shell photon. Unlike hadron colliders,
the full 4-momentum, Pµ

in
, of the initial state (e+e� pair)

is precisely known at lepton colliders. From this and the
measured Z-boson momentum, pµ

Z
= (pq/`� + pq̄/`+)

µ,
one can reconstruct the Higgs momentum as

pµ
H

= Pµ

in
� pµ

Z
(35)

in a good accuracy independently from the Higgs de-
cays. The distribution of the recoil mass, mrecoil =p

(Pin � pZ)2, therefore sharply peaks at the Higgs mass
in the signal. By selecting events that fall within an nar-
row window, |mrecoil�mH | < 5 GeV (Is 5 GeV optimal?),
one can achieve background/signal ⇠? with the signal ef-
ficiency ?%.

The second advantage of e+e� colliders over hadron
colliders is the ability of reconstructing two tau mo-
menta by solving kinematical constraints. This is possi-
ble thanks to the fact that the initial state 4-momentum,
Pµ

in
, is known in a good precision. This is important for

the C-matrix measurement and the Bell inequality test
since they are based on the angular distributions of u
and ū, which must be performed at the rest frames of
⌧� and ⌧+, respectively. Since taus are heavily boosted,
a small error on the tau momentum leads to a large er-
ror on the angular distribution when boosted to the tau
rest frame. Precise reconstruction of the tau momenta is
therefore crucial for the C-matrix measurement and Bell
inequality test.

We consider two benchmark collider scenarios labelled
by “ILC” [23] and “FCC-ee” [24]. The relevant parameters
we use in our simulation are listed in the table below:
We notice that the beam energy resolution is significantly
better for FCC-ee, which will have a significant impact on
the Bell inequality test as we will see in the next section.
We assume the e+e� beams are unpolarised for both ILC
and FCC-ee.

VI. EVENT ANALYSIS AND RESULTS

In our analysis, we focus on the tau decay modes:

⌧� ! ⌫⌧⇡
�, ⌧+ ! ⌫̄⌧⇡

+ (36)

ILC FCC-ee
energy (GeV) 250 240

luminosity (ab�1) 3 5
resolution e

+ (%) 0.18 0.83 · 10�4

resolution e
� (%) 0.27 0.83 · 10�4

�(e+e� ! HZ) (fb) 240.1 240.3
# of signal (� · BR · L) 414 691

Table I: Parameters for benchmark lepton colliders
[23, 24].

with Br(⌧� ! ⌫⇡�) = 0.109 [25]. For these decay modes,
the spin analyzing power is maximum, ↵f,d↵f̄ ,d̄

= �1.
We generate signal events with MadGraph5_aMC@NLO [26]
at leading order with the Standard Model, i.e. (, �) =
(1, 0). The beam energies are smeared according to the
parameters in Table I. We consider only “neutrinoless” Z-
boson decay modes, Z ! xx̄ with xx̄ = qq̄, e+e�, µ+µ�.
ILC and FCC-ee are expected to produce NILC = 414.3
and NFCC = 691.0 signal events, [e+e� ! HZ, Z ! xx̄,
H ! ⌧+⌧�, ⌧± ! ⌫⇡±], respectively. We then further
multiply the efficiency, ✏ILC = 0.99 and ✏FCC = 0.99,
corresponding to the event selection, |mrecoil � mH | <
5 GeV. ? The background is negligible with this cut.
We perform 100 pseudo-experiments for each benchmark
collider and estimate the statistical uncertainties on the
measurements.

In order to take account of the energy mismeasure-
ment, we smear the energies of all visible particles in the
final state as

Etrue ! Eobs = (1 + �E · !) · Etrue (37)

with the energy resolution �E = 0.03 [23], where ! is a
random number drawn from the normal distribution.

A. Solving kinematical constraints

Due to the presence of neutrinos in Eq. (36), the mo-
menta of two taus are not measured. To perform mea-
surements of the C-matrix and R⇤

CHSH
, the momenta of

two neutrinos must be reconstructed by solving kinemat-
ical constraints. For 6 unknown momentum components,
there are two mass-shell constraints: m2

⌧
= (p⌫⌧

+ p⇡�)2

and m2

⌧
= (p⌫̄⌧

+ p⇡+)2, and four conditions from the
energy-momentum conservation: (Pin � pZ)µ = (p⌫⌧

+
p⇡� + p⌫̄⌧

+ p⇡+)µ, and events can be fully reconstructed
up to two-fold solutions: is = 1, 2 (see Appendix B for
details).

The system is first boosted to the rest from of H. For
each solution, is, we then boost the system to the mea-
sured rest frame of ⌧� and calculate the r, n, k compo-
nents of the ⇡� direction, i.e. (uis

r
, uis

n
, uis

k
). The ⇡+ di-

rection, (ūis
r
, ūis

n
, ūis

k
), are obtained at the measured rest

frame of ⌧+ in the same way. For the Bell inequality
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p
s ⇠ (mH + mZ), is e+e� ! ZH fol-

lowed by Z ! qq̄/`+`� and H ! ⌧+⌧�. The main
background is e+e� ! Z⌧+⌧�, where the pair of taus
comes from an off-shell photon. Unlike hadron colliders,
the full 4-momentum, Pµ

in
, of the initial state (e+e� pair)

is precisely known at lepton colliders. From this and the
measured Z-boson momentum, pµ

Z
= (pq/`� + pq̄/`+)

µ,
one can reconstruct the Higgs momentum as

pµ
H

= Pµ

in
� pµ

Z
(35)

in a good accuracy independently from the Higgs de-
cays. The distribution of the recoil mass, mrecoil =p

(Pin � pZ)2, therefore sharply peaks at the Higgs mass
in the signal. By selecting events that fall within an nar-
row window, |mrecoil�mH | < 5 GeV (Is 5 GeV optimal?),
one can achieve background/signal ⇠? with the signal ef-
ficiency ?%.

The second advantage of e+e� colliders over hadron
colliders is the ability of reconstructing two tau mo-
menta by solving kinematical constraints. This is possi-
ble thanks to the fact that the initial state 4-momentum,
Pµ

in
, is known in a good precision. This is important for

the C-matrix measurement and the Bell inequality test
since they are based on the angular distributions of u
and ū, which must be performed at the rest frames of
⌧� and ⌧+, respectively. Since taus are heavily boosted,
a small error on the tau momentum leads to a large er-
ror on the angular distribution when boosted to the tau
rest frame. Precise reconstruction of the tau momenta is
therefore crucial for the C-matrix measurement and Bell
inequality test.

We consider two benchmark collider scenarios labelled
by “ILC” [23] and “FCC-ee” [24]. The relevant parameters
we use in our simulation are listed in the table below:
We notice that the beam energy resolution is significantly
better for FCC-ee, which will have a significant impact on
the Bell inequality test as we will see in the next section.
We assume the e+e� beams are unpolarised for both ILC
and FCC-ee.

VI. EVENT ANALYSIS AND RESULTS

In our analysis, we focus on the tau decay modes:

⌧� ! ⌫⌧⇡
�, ⌧+ ! ⌫̄⌧⇡

+ (36)

ILC FCC-ee
energy (GeV) 250 240

luminosity (ab�1) 3 5
resolution e

+ (%) 0.18 0.83 · 10�4

resolution e
� (%) 0.27 0.83 · 10�4

�(e+e� ! HZ) (fb) 240.1 240.3
# of signal (� · BR · L) 414 691

Table I: Parameters for benchmark lepton colliders
[23, 24].

with Br(⌧� ! ⌫⇡�) = 0.109 [25]. For these decay modes,
the spin analyzing power is maximum, ↵f,d↵f̄ ,d̄

= �1.
We generate signal events with MadGraph5_aMC@NLO [26]
at leading order with the Standard Model, i.e. (, �) =
(1, 0). The beam energies are smeared according to the
parameters in Table I. We consider only “neutrinoless” Z-
boson decay modes, Z ! xx̄ with xx̄ = qq̄, e+e�, µ+µ�.
ILC and FCC-ee are expected to produce NILC = 414.3
and NFCC = 691.0 signal events, [e+e� ! HZ, Z ! xx̄,
H ! ⌧+⌧�, ⌧± ! ⌫⇡±], respectively. We then further
multiply the efficiency, ✏ILC = 0.99 and ✏FCC = 0.99,
corresponding to the event selection, |mrecoil � mH | <
5 GeV. ? The background is negligible with this cut.
We perform 100 pseudo-experiments for each benchmark
collider and estimate the statistical uncertainties on the
measurements.

In order to take account of the energy mismeasure-
ment, we smear the energies of all visible particles in the
final state as

Etrue ! Eobs = (1 + �E · !) · Etrue (37)

with the energy resolution �E = 0.03 [23], where ! is a
random number drawn from the normal distribution.

A. Solving kinematical constraints

Due to the presence of neutrinos in Eq. (36), the mo-
menta of two taus are not measured. To perform mea-
surements of the C-matrix and R⇤

CHSH
, the momenta of

two neutrinos must be reconstructed by solving kinemat-
ical constraints. For 6 unknown momentum components,
there are two mass-shell constraints: m2

⌧
= (p⌫⌧

+ p⇡�)2

and m2

⌧
= (p⌫̄⌧

+ p⇡+)2, and four conditions from the
energy-momentum conservation: (Pin � pZ)µ = (p⌫⌧

+
p⇡� + p⌫̄⌧

+ p⇡+)µ, and events can be fully reconstructed
up to two-fold solutions: is = 1, 2 (see Appendix B for
details).

The system is first boosted to the rest from of H. For
each solution, is, we then boost the system to the mea-
sured rest frame of ⌧� and calculate the r, n, k compo-
nents of the ⇡� direction, i.e. (uis

r
, uis

n
, uis

k
). The ⇡+ di-

rection, (ūis
r
, ūis

n
, ūis

k
), are obtained at the measured rest

frame of ⌧+ in the same way. For the Bell inequality

i i i
(i = π±, e±, μ±, j)

Effect of momentum mismeasurement

CSM
ij = (

1
1

−1) CSM[ρ] = 1 SSM
CHSH/2 = 2

 Momentum smearing spoils the previous good result…
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Table II: Result of quantum property measurements with a simple kinematical reconstruction method.

test, R⇤
CHSH

⌘ RCHSH(a⇤,a0
⇤,b⇤,b0

⇤) is calculated using
Eqs. (26) and (27). Both solutions, is = 1, 2, are included
in the calculation of Cab and R⇤

CHSH
.

The result of the measurements for Cab, Ek, C[⇢], S[⇢]
and R⇤

CHSH
is summarised in Table II. We see that the

C-matrix is measured as a diagonal form with good ac-
curacy. However, the diagonal elements are far off from
the true values, C = diag(1, 1,�1). Not only the magni-
tudes are significantly less than one but also the signs are
flipped for all diagonal components. We also see no clear
indication of the quantum correlations, i.e. entanglement
(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤

CHSH
> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters

We now discuss how to overcome the limitations iden-
tified in the previous section. We note that the informa-
tion obtained from the impact parameter measurements
of tau decays has not been employed. Since tau leptons
are marginally long-lived, c⌧ = 87.11 µm [50], and highly
boosted, one can observe a mismatch between the inter-
action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
lows an exponentially falling distribution with the mean
|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT

' 2µm
(transverse) and �bz

' 5µm (longitudinal) [32].
If all quantities are accurately measured, the impact

parameter, ~b±, from the ⌧± ! ⌫⇡± decay, is related to
the directions of ⌧+ and ⇡+ and their angle ⇥± by [53]

~b± = |~b±| ·
⇥
e⌧± · sin�1 ⇥± � e⇡± · tan�1 ⇥±

⇤

⌘ ~breco

± (e⌧±) , (39)

where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
~breco

± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as

Eobs

↵
! E↵(�↵) = (1 + �E · �↵) · Eobs

↵
, (40)

where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+

⇡
, ��

⇡
, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,

~�is

b±
(���) ⌘ ~b± �~breco

±
�
eis
⌧+(���)

�
, (41)

we define a contribution to the log-likelihood for a solu-
tion is as

Lis(���) = Lis
+
(���) + Lis

�(���) (42)

with

Lis
±(���) =

[�is

b±
(���)]2

x
+ [�is

b±
(���)]2

y

�2

bT

+
[�is

b±
(���)]2

z

�2

bz

. (43)

The total log-likelihood function is then defined as

L(���) = min
⇥
L1(���), L2(���)

⇤
+ �2

⇡+ + �2

⇡� + �2

x
+ �2

x̄
. (44)

cτ ∼ 100 μm

(i = π±, e±, μ±, j)Etrue
i → Eobs

i → Etrue
i

Goal:

What we do:

Eobs
i → Ei(δi) = (1 + δi σE) ⋅ Eobs

i

- modify  for some amount by Eobs
i δ
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test, R⇤
CHSH

⌘ RCHSH(a⇤,a0
⇤,b⇤,b0

⇤) is calculated using
Eqs. (26) and (27). Both solutions, is = 1, 2, are included
in the calculation of Cab and R⇤

CHSH
.

The result of the measurements for Cab, Ek, C[⇢], S[⇢]
and R⇤

CHSH
is summarised in Table II. We see that the

C-matrix is measured as a diagonal form with good ac-
curacy. However, the diagonal elements are far off from
the true values, C = diag(1, 1,�1). Not only the magni-
tudes are significantly less than one but also the signs are
flipped for all diagonal components. We also see no clear
indication of the quantum correlations, i.e. entanglement
(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤

CHSH
> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters

We now discuss how to overcome the limitations iden-
tified in the previous section. We note that the informa-
tion obtained from the impact parameter measurements
of tau decays has not been employed. Since tau leptons
are marginally long-lived, c⌧ = 87.11 µm [50], and highly
boosted, one can observe a mismatch between the inter-
action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
lows an exponentially falling distribution with the mean
|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT

' 2µm
(transverse) and �bz

' 5µm (longitudinal) [32].
If all quantities are accurately measured, the impact

parameter, ~b±, from the ⌧± ! ⌫⇡± decay, is related to
the directions of ⌧+ and ⇡+ and their angle ⇥± by [53]

~b± = |~b±| ·
⇥
e⌧± · sin�1 ⇥± � e⇡± · tan�1 ⇥±

⇤

⌘ ~breco

± (e⌧±) , (39)

where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
~breco

± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as

Eobs

↵
! E↵(�↵) = (1 + �E · �↵) · Eobs

↵
, (40)

where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+

⇡
, ��

⇡
, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,

~�is

b±
(���) ⌘ ~b± �~breco

±
�
eis
⌧+(���)

�
, (41)

we define a contribution to the log-likelihood for a solu-
tion is as
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+
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The total log-likelihood function is then defined as

L(���) = min
⇥
L1(���), L2(���)
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. (44)
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(i = π±, e±, μ±, j)Etrue
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i → Etrue
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What we do:
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- modify  for some amount by Eobs
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in the calculation of Cab and R⇤
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.

The result of the measurements for Cab, Ek, C[⇢], S[⇢]
and R⇤
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is summarised in Table II. We see that the

C-matrix is measured as a diagonal form with good ac-
curacy. However, the diagonal elements are far off from
the true values, C = diag(1, 1,�1). Not only the magni-
tudes are significantly less than one but also the signs are
flipped for all diagonal components. We also see no clear
indication of the quantum correlations, i.e. entanglement
(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤
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> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters

We now discuss how to overcome the limitations iden-
tified in the previous section. We note that the informa-
tion obtained from the impact parameter measurements
of tau decays has not been employed. Since tau leptons
are marginally long-lived, c⌧ = 87.11 µm [50], and highly
boosted, one can observe a mismatch between the inter-
action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
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ues for Cab (and therefore also for R⇤
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and Ek) are recovered
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is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
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|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT
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where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
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particle ↵ (↵ = ⇡±, x, x̄) from the observed value as
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where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
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in the calculation of Cab and R⇤

CHSH
.

The result of the measurements for Cab, Ek, C[⇢], S[⇢]
and R⇤

CHSH
is summarised in Table II. We see that the

C-matrix is measured as a diagonal form with good ac-
curacy. However, the diagonal elements are far off from
the true values, C = diag(1, 1,�1). Not only the magni-
tudes are significantly less than one but also the signs are
flipped for all diagonal components. We also see no clear
indication of the quantum correlations, i.e. entanglement
(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤

CHSH
> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters

We now discuss how to overcome the limitations iden-
tified in the previous section. We note that the informa-
tion obtained from the impact parameter measurements
of tau decays has not been employed. Since tau leptons
are marginally long-lived, c⌧ = 87.11 µm [50], and highly
boosted, one can observe a mismatch between the inter-
action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
lows an exponentially falling distribution with the mean
|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT

' 2µm
(transverse) and �bz

' 5µm (longitudinal) [32].
If all quantities are accurately measured, the impact

parameter, ~b±, from the ⌧± ! ⌫⇡± decay, is related to
the directions of ⌧+ and ⇡+ and their angle ⇥± by [53]

~b± = |~b±| ·
⇥
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⇤
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± (e⌧±) , (39)

where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
~breco

± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as

Eobs

↵
! E↵(�↵) = (1 + �E · �↵) · Eobs

↵
, (40)

where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+

⇡
, ��

⇡
, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,

~�is
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(���) ⌘ ~b± �~breco

±
�
eis
⌧+(���)

�
, (41)

we define a contribution to the log-likelihood for a solu-
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+
(���) + Lis

�(���) (42)

with
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±(���) =
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(���)]2

x
+ [�is

b±
(���)]2

y

�2

bT

+
[�is

b±
(���)]2

z

�2

bz

. (43)

The total log-likelihood function is then defined as

L(���) = min
⇥
L1(���), L2(���)

⇤
+ �2

⇡+ + �2

⇡� + �2

x
+ �2

x̄
. (44)
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particular the direction of the tau leptons. In addition,
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bution measured at the reconstructed ⌧± rest frame.
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We now discuss how to overcome the limitations iden-
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of tau decays has not been employed. Since tau leptons
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action point and the origin of the ⇡± in ⌧± ! ⌫⇡±.
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CHSH
and Ek) are recovered
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particle ↵ (↵ = ⇡±, x, x̄) from the observed value as
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amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
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ters, eis
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i → Eobs
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i → Ei(δi) = (1 + δi σE) ⋅ Eobs
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- modify  for some amount by Eobs
i δ
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- compare the calculated  and measured             
aand construct the likelihood function 
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± (δ) b⃗obs

±
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(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
violation (R⇤
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> 1).

We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.

B. Log-likelihood with the impact parameters
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tified in the previous section. We note that the informa-
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The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
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where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
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± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as
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↵
! E↵(�↵) = (1 + �E · �↵) · Eobs
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where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+
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, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,
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The total log-likelihood function is then defined as
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+(���) + Lis

�(���) + �2⇡+ + �2⇡� + �2x + �2x̄ .
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(Ek > 1, C[⇢] > 0), steerability (S[⇢] > 1) and CHSH
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We identify two main reasons for this disappointing re-
sult. The first is the effect of false solutions of the kine-
matic reconstruction. The false solutions contribute to
the measurements as much as the true solutions.3 The
other effect is the smearing of the beam energies and
the energy mismeasurements for the final state particles.
These impact the reconstruction of the tau momenta, in
particular the direction of the tau leptons. In addition,
since the tau leptons are highly boosted, a small error on
their directions results in a large error on the ⇡± distri-
bution measured at the reconstructed ⌧± rest frame.
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are marginally long-lived, c⌧ = 87.11 µm [50], and highly
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point. The magnitude of the impact parameter |~b±| fol-
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The impact parameter ~b± is the minimal displacement
of the extrapolated ⇡± trajectory from the interaction

3 We however checked that when smearing is turned off, even if
only false solutions are used for the measurements, the true val-
ues for Cab (and therefore also for R⇤

CHSH
and Ek) are recovered

as in the case where only true solutions are used. When smearing
is switched on, both solutions are different from the MC truth
and we therefore loose the notion of true and false solutions.

point. The magnitude of the impact parameter |~b±| fol-
lows an exponentially falling distribution with the mean
|~b±| ⇠ 100µm for E⌧± ⇠ mH/2, which is significantly
larger than the experimental resolutions, �bT

' 2µm
(transverse) and �bz

' 5µm (longitudinal) [32].
If all quantities are accurately measured, the impact

parameter, ~b±, from the ⌧± ! ⌫⇡± decay, is related to
the directions of ⌧+ and ⇡+ and their angle ⇥± by [53]

~b± = |~b±| ·
⇥
e⌧± · sin�1 ⇥± � e⇡± · tan�1 ⇥±

⇤

⌘ ~breco

± (e⌧±) , (39)

where e⌧± and e⇡± are the unit vectors pointing to the
directions of ⌧± and ⇡±, respectively, and cos⇥± ⌘ (e⌧± ·
e⇡±). In the second line, we defined a 3-vector function
~breco

± (e⌧±) and emphasised its dependence on e⌧± .
We use this information to curb the effects of energy

mismeasurement. First, we shift the energy of a visible
particle ↵ (↵ = ⇡±, x, x̄) from the observed value as

Eobs

↵
! E↵(�↵) = (1 + �E · �↵) · Eobs

↵
, (40)

where �↵ is a nuisance parameter characterising the
amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
ical constraints, as outlined in Appendix C, and obtain
the tau directions as functions of the nuisance parame-
ters, eis

⌧±(���), up to two-fold solutions, is = 1, 2, where
��� = {�+

⇡
, ��

⇡
, �x, �x̄}. Based on the mismatch between the

observed and reconstructed impact parameters,

~�is

b±
(���) ⌘ ~b± �~breco

±
�
eis
⌧+(���)

�
, (41)

we define a contribution to the log-likelihood for a solu-
tion is as

Lis(���) = Lis
+
(���) + Lis

�(���) (42)

with

Lis
±(���) =

[�is

b±
(���)]2

x
+ [�is

b±
(���)]2

y

�2

bT

+
[�is

b±
(���)]2

z

�2

bz

. (43)

The total log-likelihood function is then defined as

L(���) = min
⇥
L1(���), L2(���)

⇤
+ �2

⇡+ + �2

⇡� + �2

x
+ �2

x̄
. (44)
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⇤
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Table II: Result of quantum property measurements with a simple kinematical reconstruction method.
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CHSH
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particle ↵ (↵ = ⇡±, x, x̄) from the observed value as
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amount of the shift with respect to the energy resolution
�E . Using these shifted energies, we solve the kinemat-
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The total log-likelihood function is then defined as

L(���) = min
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⇤
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x̄
. (44)

→ lets us calculate  as functions of b⃗± δ
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ILC FCC-ee

Cij

0

@
0.830± 0.176 0.020± 0.146 �0.019± 0.159
�0.034± 0.160 0.981± 0.1527 �0.029± 0.156
�0.001± 0.158 �0.021± 0.155 �0.729± 0.140

1

A

0

@
0.925± 0.109 �0.011± 0.110 0.038± 0.095
�0.009± 0.110 0.929± 0.113 0.001± 0.115
�0.026± 0.122 �0.019± 0.110 �0.879± 0.098

1

A

Ek 2.567± 0.279 2.696± 0.215
C[⇢] 0.778± 0.126 0.871± 0.084
S[⇢] 1.760± 0.161 1.851± 0.111

R
⇤
CHSH 1.103± 0.163 1.276± 0.094

Table III: Result of quantum property measurements with a log-likelihood method incorporating the impact
parameter information.

The log-likelihood function, L(���), is to be minimised
over the nuisance parameters, ���. We denote the location
of the minimum by ���⇤. We define “the most likely” so-
lution i⇤ as the solution that gives the smaller Lis , i.e.
Li⇤(���⇤) = min

⇥
L1(���⇤), L2(���⇤)

⇤
. Our best guess for the

tau lepton momenta are therefore given by

p⇤
⌧± = pi⇤

⌧±(���
⇤) . (45)

In what follows we use p⇤
⌧± in the quantum property mea-

surements.
In Table III we show the result of our quantum prop-

erty measurements when the impact parameter informa-
tion of tau decays is incorporated in the log-likelihood.
We see that for both ILC and FCC-ee the components
of the C-matrix is correctly measured including the sign.
The entanglement signature Ek and the concurrence C[⇢]
are also measured with a good accuracy and the forma-
tion of entanglement (Ek > 1 and C[⇢] > 0) is observed
at more than 5�. The steerability variable, S[⇢], is also
well measured and the Standard Model value, S[⇢] = 2,
is more or less reproduced. The steerability condition,
S[⇢] > 1, is observed at ⇠ 4� for the ILC and � 5�
for the FCC-ee. Observation of Bell-nonlocalilty is the
most challenging one since it is the strongest quantum
correlation. As can be seen in the last line of Table III,
the violation of the CHSH inequality is confirmed at the
FCC-ee at ⇠ 3� level, while R⇤

CHSH
> 1 is not observed

at the ILC beyond the statistical uncertainty. The su-
perior performance of FCC-ee is attributed to the fact
that the beam energy resolution of FCC-ee is much bet-
ter than ILC. The precise knowledge of the initial state
momentum is crucial to accurately reconstruct the rest
frame of ⌧±.

VII. CP MEASUREMENTS

Since the C-matrix is sensitive to the CP phase �, one
can use the result of C-matrix measurement and derive
a constraint on �. From Eq. (19) we see that only the
rn part (i.e. the upper-left 2 ⇥ 2 part) of the C-matrix
is sensitive to �. By comparing the measured C-matrix
entries in the rn part and the prediction in Eq. (19), we

CL ILC FCC-ee
68.3% [�7.94�, 6.20�] [�5.17�, 5.11�]
95.5% [�10.89�, 9.21�] [�7.36�, 7.31�]
99.7% [�13.84�, 12.10�] [�9.21�, 9.21�]

Table IV: Expected sensitivities on the CP phase �.

Figure 2: ��2 as a fuction of the CP phase �.

construct the �2 function as

�2(�) =
(Crr � cos 2�)2

�2
rr

+
(Crn � sin 2�)2

�2
rn

+
(Cnn � cos 2�)2

�2
nn

+
(Cnr + sin 2�)2

�2
nr

, (46)

where Cij and �ij are the central value and the stan-
dard deviation, respectively, obtained from the analysis
in subsection VI B. The goodness of fits are found to
be �2

min
(ILC)/d.o.f. = 0.93/3 and �2

min
(FCC-ee)/d.o.f.=

0.86/3 for each benchmark collider.
The minimum of �2 appear at the vicinity of three CP-

conserving points: � = 0, ±180� (CP-even) and ±90�

(CP-odd). Focusing on the minimum around � = 0,
the 1, 2 and 3 � regions of � obtained from this anal-
ysis are listed in Table IV. The analysis is based on
��2(�) ⌘ �2(�) � �2

min
, whose values around � = 0 is

Result  2211.10513
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for signal/background separation is the invariant mass
of the visible decay products of two taus, mvis(⌧+⌧�).
However, due to presence of neutrinos in tau decays, the
mvis(⌧+⌧�) distributions have long tails and the signal
and background distributions therefore overlap. A usual
practice to overcome this problem is to try to reconstruct
the tau momenta by making some assumption on the neu-
trino momenta, either based on kinematics (e.g. collinear
approximation) or the knowledge of the Standard Model
(e.g. likelihood approach). However, this is not an option
here, since our aim is to measure the angular distribution
and making such assumptions defeats our purpose.

At e+e� colliders, the main production channel near
the threshold,

p
s ⇠ (mH + mZ), is e+e� ! ZH fol-

lowed by Z ! qq̄/`+`� and H ! ⌧+⌧�. The main
background is e+e� ! Z⌧+⌧�, where the pair of taus
comes from an off-shell photon. Unlike hadron colliders,
the full 4-momentum, Pµ

in
, of the initial state (e+e� pair)

is precisely known at lepton colliders. From this and the
measured Z-boson momentum, pµ

Z
= (pq/`� + pq̄/`+)

µ,
one can reconstruct the Higgs momentum as

pµ
H

= Pµ

in
� pµ

Z
(35)

in a good accuracy independently from the Higgs de-
cays. The distribution of the recoil mass, mrecoil =p

(Pin � pZ)2, therefore sharply peaks at the Higgs mass
in the signal. By selecting events that fall within an nar-
row window, |mrecoil�mH | < 5 GeV (Is 5 GeV optimal?),
one can achieve background/signal ⇠? with the signal ef-
ficiency ?%.

The second advantage of e+e� colliders over hadron
colliders is the ability of reconstructing two tau mo-
menta by solving kinematical constraints. This is possi-
ble thanks to the fact that the initial state 4-momentum,
Pµ

in
, is known in a good precision. This is important for

the C-matrix measurement and the Bell inequality test
since they are based on the angular distributions of u
and ū, which must be performed at the rest frames of
⌧� and ⌧+, respectively. Since taus are heavily boosted,
a small error on the tau momentum leads to a large er-
ror on the angular distribution when boosted to the tau
rest frame. Precise reconstruction of the tau momenta is
therefore crucial for the C-matrix measurement and Bell
inequality test.

We consider two benchmark collider scenarios labelled
by “ILC” [23] and “FCC-ee” [24]. The relevant parameters
we use in our simulation are listed in the table below:
We notice that the beam energy resolution is significantly
better for FCC-ee, which will have a significant impact on
the Bell inequality test as we will see in the next section.
We assume the e+e� beams are unpolarised for both ILC
and FCC-ee.

VI. EVENT ANALYSIS AND RESULTS

In our analysis, we focus on the tau decay modes:

⌧� ! ⌫⌧⇡
�, ⌧+ ! ⌫̄⌧⇡

+ (36)

ILC FCC-ee
energy (GeV) 250 240

luminosity (ab�1) 3 5
beam resolution e

+ (%) 0.18 0.83 · 10�4

beam resolution e
� (%) 0.27 0.83 · 10�4

�(e+e� ! HZ) (fb) 240.1 240.3
# of signal (� · BR · L) 414 691

Table I: Parameters for benchmark lepton colliders
[23, 24].

with Br(⌧� ! ⌫⇡�) = 0.109 [25]. For these decay modes,
the spin analyzing power is maximum, ↵f,d↵f̄ ,d̄

= �1.
We generate signal events with MadGraph5_aMC@NLO [26]
at leading order with the Standard Model, i.e. (, �) =
(1, 0). The beam energies are smeared according to the
parameters in Table I. We consider only “neutrinoless” Z-
boson decay modes, Z ! xx̄ with xx̄ = qq̄, e+e�, µ+µ�.
ILC and FCC-ee are expected to produce NILC = 414.3
and NFCC = 691.0 signal events, [e+e� ! HZ, Z ! xx̄,
H ! ⌧+⌧�, ⌧± ! ⌫⇡±], respectively. We then further
multiply the efficiency, ✏ILC = 0.99 and ✏FCC = 0.99,
corresponding to the event selection, |mrecoil � mH | <
5 GeV. ? The background is negligible with this cut.
We perform 100 pseudo-experiments for each benchmark
collider and estimate the statistical uncertainties on the
measurements.

In order to take account of the energy mismeasure-
ment, we smear the energies of all visible particles in the
final state as

Etrue ! Eobs = (1 + �E · !) · Etrue (37)

with the energy resolution �E = 0.03 [23], where ! is a
random number drawn from the normal distribution.

A. Solving kinematical constraints

Due to the presence of neutrinos in Eq. (36), the mo-
menta of two taus are not measured. To perform mea-
surements of the C-matrix and R⇤

CHSH
, the momenta of

two neutrinos must be reconstructed by solving kinemat-
ical constraints. For 6 unknown momentum components,
there are two mass-shell constraints: m2

⌧
= (p⌫⌧

+ p⇡�)2

and m2

⌧
= (p⌫̄⌧

+ p⇡+)2, and four conditions from the
energy-momentum conservation: (Pin � pZ)µ = (p⌫⌧

+
p⇡� + p⌫̄⌧

+ p⇡+)µ, and events can be fully reconstructed
up to two-fold solutions: is = 1, 2 (see Appendix B for
details).

The system is first boosted to the rest from of H. For
each solution, is, we then boost the system to the mea-
sured rest frame of ⌧� and calculate the r, n, k compo-
nents of the ⇡� direction, i.e. (uis

r
, uis

n
, uis

k
). The ⇡+ di-

rection, (ūis
r
, ūis

n
, ūis

k
), are obtained at the measured rest

frame of ⌧+ in the same way. For the Bell inequality

Superiority of FCC-ee over ILC is due to 
a better beam resolution

8

ILC FCC-ee

Cij

0

@
0.830± 0.176 0.020± 0.146 �0.019± 0.159
�0.034± 0.160 0.981± 0.1527 �0.029± 0.156
�0.001± 0.158 �0.021± 0.155 �0.729± 0.140

1

A

0

@
0.925± 0.109 �0.011± 0.110 0.038± 0.095
�0.009± 0.110 0.929± 0.113 0.001± 0.115
�0.026± 0.122 �0.019± 0.110 �0.879± 0.098

1

A

Ek 2.567± 0.279 2.696± 0.215
C[⇢] 0.778± 0.126 0.871± 0.084
S[⇢] 1.760± 0.161 1.851± 0.111

R
⇤
CHSH 1.103± 0.163 1.276± 0.094

Table III: Result of quantum property measurements with a log-likelihood method incorporating the impact
parameter information.

The log-likelihood function, L(���), is to be minimised
over the nuisance parameters, ���. We denote the location
of the minimum by ���⇤. We define “the most likely” so-
lution i⇤ as the solution that gives the smaller Lis , i.e.
Li⇤(���⇤) = min

⇥
L1(���⇤), L2(���⇤)

⇤
. Our best guess for the

tau lepton momenta are therefore given by

p⇤
⌧± = pi⇤

⌧±(���
⇤) . (45)

In what follows we use p⇤
⌧± in the quantum property mea-

surements.
In Table III we show the result of our quantum prop-

erty measurements when the impact parameter informa-
tion of tau decays is incorporated in the log-likelihood.
We see that for both ILC and FCC-ee the components
of the C-matrix is correctly measured including the sign.
The entanglement signature Ek and the concurrence C[⇢]
are also measured with a good accuracy and the forma-
tion of entanglement (Ek > 1 and C[⇢] > 0) is observed
at more than 5�. The steerability variable, S[⇢], is also
well measured and the Standard Model value, S[⇢] = 2,
is more or less reproduced. The steerability condition,
S[⇢] > 1, is observed at ⇠ 4� for the ILC and � 5�
for the FCC-ee. Observation of Bell-nonlocalilty is the
most challenging one since it is the strongest quantum
correlation. As can be seen in the last line of Table III,
the violation of the CHSH inequality is confirmed at the
FCC-ee at ⇠ 3� level, while R⇤

CHSH
> 1 is not observed

at the ILC beyond the statistical uncertainty. The su-
perior performance of FCC-ee is attributed to the fact
that the beam energy resolution of FCC-ee is much bet-
ter than ILC. The precise knowledge of the initial state
momentum is crucial to accurately reconstruct the rest
frame of ⌧±.

VII. CP MEASUREMENTS

Since the C-matrix is sensitive to the CP phase �, one
can use the result of C-matrix measurement and derive
a constraint on �. From Eq. (19) we see that only the
rn part (i.e. the upper-left 2 ⇥ 2 part) of the C-matrix
is sensitive to �. By comparing the measured C-matrix
entries in the rn part and the prediction in Eq. (19), we

CL ILC FCC-ee
68.3% [�7.94�, 6.20�] [�5.17�, 5.11�]
95.5% [�10.89�, 9.21�] [�7.36�, 7.31�]
99.7% [�13.84�, 12.10�] [�9.21�, 9.21�]

Table IV: Expected sensitivities on the CP phase �.

Figure 2: ��2 as a fuction of the CP phase �.

construct the �2 function as

�2(�) =
(Crr � cos 2�)2

�2
rr

+
(Crn � sin 2�)2

�2
rn

+
(Cnn � cos 2�)2

�2
nn

+
(Cnr + sin 2�)2

�2
nr

, (46)

where Cij and �ij are the central value and the stan-
dard deviation, respectively, obtained from the analysis
in subsection VI B. The goodness of fits are found to
be �2

min
(ILC)/d.o.f. = 0.93/3 and �2

min
(FCC-ee)/d.o.f.=

0.86/3 for each benchmark collider.
The minimum of �2 appear at the vicinity of three CP-

conserving points: � = 0, ±180� (CP-even) and ±90�

(CP-odd). Focusing on the minimum around � = 0,
the 1, 2 and 3 � regions of � obtained from this anal-
ysis are listed in Table IV. The analysis is based on
��2(�) ⌘ �2(�) � �2

min
, whose values around � = 0 is

∼ 3σ

∼ 5σ
∼ 5σ ≫ 5σ

≫ 5σ
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−1) CSM[ρ] = 1 SSM
CHSH/2 = 2



CP measurement
• Under CP, the spin correlation matrix transforms:  


• This can be used for a model-independent test of CP violation.  We define:

C CP CT

A ≡ (Crn − Cnr)2 + (Cnk − Ckn)2 + (Ckr − Crk)2 ≥ 0

• Observation of  immediately confirms CP violation.A ≠ 0

• From our simulation, we observe

8

Model independent CP test

Under CP, the C matrix transforms as C
CP��! CT .

This fact can be used for a model-independent test of CP.
To measure the asymmetry in the C matrix, we define

A = (Crn � Cnr)
2 + (Cnk � Ckn)

2 + (Ckr � Crk)
2 � 0 .

(46)
An experimental verification of A 6= 0 immediately con-
firms CP violation.

From the analysis described in subsection VIB, A is
measured as:

0.204± 0.173 (ILC)

0.112± 0.085 (FCC-ee)

Here, the error corresponds to a 1� statistical uncer-
tainty obtained from 100 pseudo-experiments. The re-
sult is consistent with the Standard Model (i.e. absence
of CP violation) at ⇠ 1� level.

In the explicit model defined by Eq. (15), we have
A = 4 sin2(2�). One can interpret the above model-
independent result within this model and derive bounds
on �. In the domain around � = 0, the following limits
are obtained at 1�:

|�| < 8.9o (ILC)

|�| < 6.4o (FCC-ee)

We see that these bounds are as good as the limits ob-
tained in the �2 analysis (see Table IV).

VIII. CONCLUSIONS
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Appendix A: Spin vs angular correlations

The spin correlation hsas̄bi of ⌧�⌧+ and the angular
correlation huaūbi between the ⌧�⌧+ decay products are
related by Eq. (25). To derive this result,3 we start by re-
membering Eq. (24), i.e. the conditional probability that
the decay product, d, takes the direction u (at the rest

3
Our derivation is largely based on [31].

frame of ⌧�) , when the tau spin is polarised into s di-
rection, is given by

P (u|s) = 1 + ↵f,d u · s

with the normalisation
R

d⌦u
4⇡

P (u|s) = 1.
We introduce the join probability that ⌧� and ⌧+ are

polarised into s and s̄, and write it as P (s, s̄) with normal-
isation

R
d⌦s
4⇡

d⌦s̄
4⇡

P (s, s̄) = 1. For arbitrary unit vectors
a and b, the correlation between the ⌧� and ⌧+ spin
components, sa ⌘ a · s and s̄b ⌘ b · s̄, can be written as

hsas̄bi =

Z
d⌦s

4⇡

d⌦s̄

4⇡
(a · s)(b · s̄)P (s, s̄) . (A1)

Similarly, the correlation between the components of the
u and ū vectors is given by

huaūbi =

Z
d⌦u

4⇡

d⌦ū

4⇡

d⌦s

4⇡

d⌦s̄

4⇡
(a · u)(b · ū)

⇥P (u|s)P (ū|̄s)P (s, s̄) . (A2)

We carry out the integration d⌦u by expressing u in a
polar coordinate where the pole is taken into the s direc-
tion (we call this z direction). Similarly, we represent ū
in a polar coordinate with the pole in the s̄ direction (z0
direction). Using these two coordinate systems, we have

u · s = c✓, ū · s̄ = c✓0 ,

a · u = axs✓c� + ays✓s� + azc✓,

b · ū = bx0s✓0c�0 + by0s✓0s�0 + bz0c✓0 ,

az = a · s = sa, bz0 = b · s̄0 = s̄b , (A3)

and Eq. (A2) is expressed as

huaūbi =

Z
dc✓d�

4⇡

dc✓0d�0

4⇡

d⌦s

4⇡

d⌦s̄

4⇡
(axs✓c� + ays✓s� + azc✓)

(bx0s✓0c�0 + by0s✓0s�0 + bz0c✓0)

(1 + ↵f,dc✓)(1 + ↵f 0,d0c✓0)P (s, s̄) . (A4)

Any terms depending on � or �0 will drop out by per-
forming d� and d�0 integrals, respectively. The reminder
is

huaūbi =

Z
dc✓
2

dc✓0

2

d⌦s

4⇡

d⌦s̄

4⇡
azc✓bz0c✓0(1 + ↵f,dc✓)(1� ↵f 0,d0c✓0)P (s, s̄)

=

Z ✓
d⌦s

4⇡

d⌦s̄

4⇡
sas̄bP (s, s̄)

◆

⇥
⇣Z

dc✓
2

dc✓0

2
c✓c✓0(1 + ↵f,dc✓)(1 + ↵f 0,d0c✓0)

⌘
,

(A5)

where the first bracket on the RHS is nothing but hsas̄bi
in Eq. (A1). The second bracket produces ↵f,d↵f0,d0

9
and

one obtains the result

huaūbi =
↵f,d↵f 0,d0

9
hsas̄bi .
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{A =

• This model independent bounds can be translated to the constraint on the CP-
phase  δ

Cij =
cos 2δ sin 2δ 0

−sin 2δ cos 2δ 0
0 0 −1

ℒint ∝ H ψ̄τ(cos δ+iγ5 sin δ) ψτ A(δ) = 4 sin2 2δ

consistent with 
absence of CPV



• Focusing on the region near , we find the 1-σ bounds:|δ | = 0

8

Model independent CP test

Under CP, the C matrix transforms as C
CP��! CT .

This fact can be used for a model-independent test of CP.
To measure the asymmetry in the C matrix, we define

A = (Crn � Cnr)
2 + (Cnk � Ckn)

2 + (Ckr � Crk)
2 � 0 .

(46)
An experimental verification of A 6= 0 immediately con-
firms CP violation.

From the analysis described in subsection VIB, A is
measured as:

0.204± 0.173 (ILC)

0.112± 0.085 (FCC-ee)

Here, the error corresponds to a 1� statistical uncer-
tainty obtained from 100 pseudo-experiments. The re-
sult is consistent with the Standard Model (i.e. absence
of CP violation) at ⇠ 1� level.

In the explicit model defined by Eq. (15), we have
A = 4 sin2(2�). One can interpret the above model-
independent result within this model and derive bounds
on �. In the domain around � = 0, the following limits
are obtained at 1�:

|�| <
⇢

8.9o (ILC)
6.4o (FCC-ee) .

We see that these bounds are as good as the limits ob-
tained in the �2 analysis (see Table IV).
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Appendix A: Spin vs angular correlations

The spin correlation hsas̄bi of ⌧�⌧+ and the angular
correlation huaūbi between the ⌧�⌧+ decay products are
related by Eq. (25). To derive this result,3 we start by re-
membering Eq. (24), i.e. the conditional probability that
the decay product, d, takes the direction u (at the rest

3
Our derivation is largely based on [31].

frame of ⌧�) , when the tau spin is polarised into s di-
rection, is given by

P (u|s) = 1 + ↵f,d u · s

with the normalisation
R

d⌦u
4⇡

P (u|s) = 1.
We introduce the join probability that ⌧� and ⌧+ are

polarised into s and s̄, and write it as P (s, s̄) with normal-
isation

R
d⌦s
4⇡

d⌦s̄
4⇡

P (s, s̄) = 1. For arbitrary unit vectors
a and b, the correlation between the ⌧� and ⌧+ spin
components, sa ⌘ a · s and s̄b ⌘ b · s̄, can be written as

hsas̄bi =

Z
d⌦s

4⇡

d⌦s̄

4⇡
(a · s)(b · s̄)P (s, s̄) . (A1)

Similarly, the correlation between the components of the
u and ū vectors is given by

huaūbi =

Z
d⌦u

4⇡

d⌦ū

4⇡

d⌦s

4⇡

d⌦s̄

4⇡
(a · u)(b · ū)

⇥P (u|s)P (ū|̄s)P (s, s̄) . (A2)

We carry out the integration d⌦u by expressing u in a
polar coordinate where the pole is taken into the s direc-
tion (we call this z direction). Similarly, we represent ū
in a polar coordinate with the pole in the s̄ direction (z0
direction). Using these two coordinate systems, we have

u · s = c✓, ū · s̄ = c✓0 ,

a · u = axs✓c� + ays✓s� + azc✓,

b · ū = bx0s✓0c�0 + by0s✓0s�0 + bz0c✓0 ,

az = a · s = sa, bz0 = b · s̄0 = s̄b , (A3)

and Eq. (A2) is expressed as

huaūbi =

Z
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dc✓0d�0
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Any terms depending on � or �0 will drop out by per-
forming d� and d�0 integrals, respectively. The reminder
is

huaūbi =
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where the first bracket on the RHS is nothing but hsas̄bi
in Eq. (A1). The second bracket produces ↵f,d↵f0,d0
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and

one obtains the result

huaūbi =
↵f,d↵f 0,d0

9
hsas̄bi .

• Other studies:

[Hagiwara, Ma, Mori 2016]

[Jeans and G. W. Wilson 2018]

Δδ ∼ 11.5o (HL-LHC)

Δδ ∼ 4.3o (ILC)

CP measurement



Summary
• High energy tests of entanglement and Bell inequality has recently attracted an 

attention.


•  pairs from  form the EPR triplet state , 

and maximally entangled.


• We investigated feasibility of quantum property tests @ ILC and FCC-ee.


• Quantum test requires to a precise reconstruction of the tau rest frames and IP 
information is crucial to achieve this.


• Spin correlation is sensitive to CP-phase and we can measure the CP-phase as a 
byproduct of the quantum property measurement.

τ+τ− H → τ+τ− |Ψ(1,0)⟩ =
| + , − ⟩ + | − , + ⟩

2

Entanglement Steering Bell-inquality CP-phase

ILC

FCC-ee

∼ 5σ
≫ 5σ

∼ 3σ
∼ 5σ ∼ 3σ

8.9o

6.4o



So far, the literature focuses on two-particle entanglement

what about three-particle entanglement?

✦ KS, M. Spannowsky [2310.01477] 



3-particle entanglement has a much richer structure that 2-PE !
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3-Particle Entanglement



3-particle entanglement has a much richer structure that 2-PE !
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3-particle entanglement has a much richer structure that 2-PE !

• Ent. btw 2-individual particles
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3-particle entanglement has a much richer structure that 2-PE !
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CA(BC)

• Ent. btw 2-individual particles

• Ent. btw one-to-other

C2
A(BC) ≥ C2

AB + C2
AC• “Monogamy”
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3-particle entanglement has a much richer structure that 2-PE !

A

B C
• “Genuine” 3-particle entanglement 

F3

• Ent. btw 2-individual particles

• Ent. btw one-to-other

F3

C2
A(BC) ≥ C2

AB + C2
AC• “Monogamy”

(non-separable even partially)
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A

B C
• “Genuine” 3-particle entanglement 

• Ent. btw 2-individual particles

• Ent. btw one-to-other

F3

C2
A(BC) ≥ C2

AB + C2
AC• “Monogamy”

(non-separable even partially)

X

3-body decay: X → ABC

3-particle entanglement has a much richer structure that 2-PE !
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explore all possible Lorentz invariant interactions

3-Particle Entanglement



How to quantify entanglement?

Ex.) Concurrence [ for 2 qubit system ]

IPPP/23/54

Three-body Entanglement in Particle Decays

Kazuki Sakurai⇤
Institute of Theoretical Physics, Faculty of Physics,

University of Warsaw, ul. Pasteura 5, PL-02-093 Warsaw, Poland

Michael Spannowsky†

Institute for Particle Physics Phenomenology, Department of Physics,

Durham University, Durham DH1 3LE, U.K.

Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
†Electronic address: michael.spannowsky@durham.ac.uk

By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.
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By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)

• For a pure state , the concurrence can be computed as|ψ⟩ ∈ ℋA ⊗ ℋB
| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

<latexit sha1_base64="p5jpW/N8EfgcAu5dG1/bsEH8n30=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZMaouETcuMSEV8KQSadcoKHTGdsOCRn4FDf+ihsXGqM7/RoLzELBk9zck3PuTXuPH3GmtG1/WSura+sbm5mt7PbO7t5+7uCwrsJYUqjRkIey6RMFnAmoaaY5NCMJJPA5NPzB7dRvDEEqFoqqHkXQDkhPsC6jRBvJyxVd2Q+9MnbhIWZDnLgywFU58W7wGLuRYtiVRPQ4YJenfSqOsZfL2wV7BrxMnJTkUYqKl/t0OyGNAxCacqJUy7Ej3U6I1IxymGTdWEFE6ID0oGWoIAGodjI7cIJPjdLB3VCaEhrP1N8bCQmUGgW+mQyI7qtFbyr+57Vi3b1uJ0xEsQZB5w91Y451iKdp4Q6TQDUfGUKoZOavmPaJJFSbTLMmBGfx5GVSPy84V4XL+4t8qZzGkUHH6ASdIQcVUQndoQqqIYoe0TN6RW/Wk/VivVsf89EVK905Qn9gff8ARKqibA==</latexit>

⇢B ⌘ TrA| ih |

How to quantify entanglement?



Ex.) Concurrence [ for 2 qubit system ]

IPPP/23/54

Three-body Entanglement in Particle Decays

Kazuki Sakurai⇤
Institute of Theoretical Physics, Faculty of Physics,

University of Warsaw, ul. Pasteura 5, PL-02-093 Warsaw, Poland

Michael Spannowsky†

Institute for Particle Physics Phenomenology, Department of Physics,

Durham University, Durham DH1 3LE, U.K.

Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.

⇤Electronic address: kazuki.sakurai@fuw.edu.pl
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By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.
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By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘
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I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.
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particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.
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tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

How to compute the entanglement btw. 2-individual qubits?
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⇢BC = TrA| ih |⇒
trace out A

  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)
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a, b, c 2 [0, 1]

How to quantify entanglement?
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Abstract
Quantum entanglement has long served as a foundational pillar in understanding quantum mechanics, with a predominant

focus on two-particle systems. We extend the study of entanglement into the realm of three-body decays, offering a more
intricate understanding of quantum correlations. We introduce a novel approach for three-particle systems by utilising the
principles of entanglement monotone concurrence and the monogamy property. Our findings highlight the potential of studying
deviations from the Standard Model and emphasise its significance in particle phenomenology. This work paves the way for
new insights into particle physics through multi-particle quantum entanglement, particularly in decays of heavy fermions and
hadrons.

I. INTRODUCTION

The study of quantum entanglement has been a corner-
stone of quantum mechanics, providing profound insights
into the non-local correlations between quantum systems
[1, 2]. Historically, much of the focus has been on two-
particle entanglement, particularly in the context of the
Bell inequalities [3, 4]. However, as the field of quantum
mechanics evolves, it becomes imperative to explore more
complex systems, specifically, the realm of multi-particle
entanglement.

Recent research has delved into the intricacies of two-
particle entanglement in the context of particle physics.
Bi-partite systems have been explored for top-anti-top
quarks [5–10], the Higgs boson [11–13], gauge bosons [14–
17] and leptons [18], revealing that the quantum infor-
mation properties of their spin states at proton colliders
are accessible in current data. Furthermore, some stud-
ies emphasised the importance of quantum observables
in probing the underlying dynamics of quantum systems
[19–21].

Given the advancements in studying two-particle en-
tanglement, reflected by the large number of entangle-
ment measures for bipartite systems [22–26], extending
this research to three-particle systems is a natural yet
surprisingly underexplored advancement. The study of
three-particle entanglement presents a richer tapestry of
quantum correlations and offers the potential to uncover
new insights into the fundamental nature of quantum me-
chanics. Moreover, extending the Bell inequality tests to
three particles can provide a more robust framework for
testing the foundational principles of quantum mechanics
and exploring potential deviations from the predictions
of the Standard Model.
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By building on the entanglement monotone concur-

rence and the monogamy property, we propose an ap-
proach to extend entanglement to three particles, chart-
ing a course for future explorations in the realm of multi-
particle quantum entanglement in particle phenomenol-
ogy. Extending the concept of entanglement to three
particles will bolster its applicability to uncharted terri-
tories in particle phenomenology, e.g. the decay of heavy
fermions and hadrons. This exploration into hadron de-
cays offers a fresh perspective and a deeper understand-
ing of the intricate quantum interactions within these
systems.

Additionally, the introduction of the three-particle en-
tanglement measure presents a new observable. This
novel measure holds significant promise in aiding the
search for unknown heavy resonances and potentially
discovering new physics. Thus, for a comprehensive
assessment of the expected three-particle entanglement
in three-body decays, we calculate its value for the ef-
fective Lorentz structures generated by (pseudo)scalars,
(pseudo)vectors and (pseudo)tensors exchanges, respec-
tively.

II. DEFINITION OF ENTANGLEMENT

Entanglement can be quantified by a class of non-
negative functions called entanglement monotones [26,
27], whose values do not increase under local opera-
tions and classical communication (LOCC). A particu-
larly convenient entanglement monotone is concurrence

[25, 28]. For a mixed state ⇢ of two qubits the concur-
rence is defined as

C[⇢] = max(0, ⌘1 � ⌘2 � ⌘3 � ⌘4) 2 [0, 1], (1)

where ⌘i (⌘i > ⌘j for i < j) are the eigenvalues of the
matrix R ⌘

pp
⇢⇢̃

p
⇢ with ⇢̃ ⌘ (�y ⌦ �y)⇢⇤(�y ⌦ �y).

For separable states C = 0, while C = 1 for maxi-
mally entangled states. For a pure state of two qubits,
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

How to compute the entanglement btw. 2-individual qubits?
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⇢BC = TrA| ih |⇒
trace out A

  are eigenvalues of   with  . η1 ≥ η2 ≥ η3 ≥ η4 ρρ̃ ρ̃ ≡ (σy ⊗ σy)ρ*(σy ⊗ σy)
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<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

CAB, CBC, CAC

How to quantify entanglement?
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC
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a, b, c 2 [0, 1]

How to calculate entanglement btw A and (BC) ?
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CA(BC)

<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC

<latexit sha1_base64="a0aYHeowBhiQqf7kz2ue4GHsM9Q=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkUh/LohuXFewD0lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6d+Z1HKhWLxYOeJNSP8FCwkBGsjdS3y7gaVAnqMYE8p+r6fbvi1Jw50Cpxc1KBHM2+/dUbxCSNqNCEY6U810m0n2GpGeF0WuqliiaYjPGQeoYKHFHlZ/PDp+jUKAMUxtKU0Giu/p7IcKTUJApMZ4T1SC17M/E/z0t1eO1nTCSppoIsFoUpRzpGsxTQgElKNJ8Ygolk5lZERlhiok1WJROCu/zyKmmf19zL2sV9vdK4yeMowjGcwBm4cAUNuIMmtIBACs/wCm/Wk/VivVsfi9aClc8cwR9Ynz8xV5GB</latexit>

a, b, c 2 [0, 1]

<latexit sha1_base64="DVFmrA6nM/nIak2MX82FQiH3Gao="></latexit>

C[| i] =
q

2(1� Tr⇢2BC)
<latexit sha1_base64="D02y88MerSku+FMAUX/GVljhl9g="></latexit>

⇢BC ⌘ TrA| ih |

How to calculate entanglement btw A and (BC) ?
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC
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q

2(1� Tr⇢2BC)
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How to calculate entanglement btw A and (BC) ?
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<latexit sha1_base64="PkA4RgYr3zSZt7MTM33nxSVVGbM="></latexit>

| i =
X

a,b,c

cabc · |aiA ⌦ |biB ⌦ |ciC

• For a pure state , the concurrence can be computed as|Ψ⟩ ∈ ℋA ⊗ ℋBC
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A

B C
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a, b, c 2 [0, 1]

<latexit sha1_base64="4ev8n4KH29h/XC/hC+QqVj2vKoQ="></latexit>

C[| i] =
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C[| i] =
q
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<latexit sha1_base64="wl6E5rhKyZ2gp+Fm1/jih7dSjFQ="></latexit>

⇢AB ⌘ TrC | ih |

<latexit sha1_base64="5Of2sKTlMO4UTGHzdCzH7/igTFk=">AAACEnicbVA5T8MwGHXKVcoVYGSxqJDapUoQ11jahbFI9JCaKHJch1p1nGA7laoov4GFv8LCAEKsTGz8G9w2A7Q8ydLTe9/l58eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1R82p3x0TIWnE79QkJm6I7jkNKEZKS55ZTZ3ZkFTrhCuUQS0gBpuZl15XGs1qlkGHPCR07Jllq2bNAJeJnZMyyNHyzC9nEOEk1GMxQ1L2bStWboqEopiRrOQkksQIj/TivqYchUS66eyaDJ5oZQCDSOjHFZypvztSFEo5CX1dGSI1lIveVPzP6ycquHJTyuNEEY7ni4KEQRXBaT5wQAXBik00QVhQfSvEQyQQVjrFkg7BXvzyMumc1uyL2vntWbneyOMogiNwDCrABpegDm5AC7QBBo/gGbyCN+PJeDHejY95acHIew7BHxifPws4nbI=</latexit>

CA(BC) ⌘
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CC(AB) ⌘

<latexit sha1_base64="DVFmrA6nM/nIak2MX82FQiH3Gao="></latexit>

C[| i] =
q

2(1� Tr⇢2BC)
<latexit sha1_base64="D02y88MerSku+FMAUX/GVljhl9g="></latexit>

⇢BC ⌘ TrA| ih |

How to calculate entanglement btw A and (BC) ?

<latexit sha1_base64="l9HElqFDoz6SH3isYE9Zy4kPx7k="></latexit>

⇢AC ⌘ TrB | ih |



• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A

B C
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• Coffman-Kundu-Wootters (CKW) monogamy inequality

• A-(BC) entanglement limits A-B and A-C entanglements

Monogamy

A

B C

A
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C2
A(BC) ≥ C2

AB + C2
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≥ +

C2
B(AC) ≥ C2

BA + C2
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CA + C2
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CA(BC) + CB(AC) ≥ CC(AB)

⇒C2
A(BC) + C2

B(AC) ≥ C2
C(AB)

[Coffman, Kundu, Wootters ’99]



CA(BC) + CB(AC) ≥ CC(AB)

CA(BC)
B C

A

CC(AB) CB(AC)⇒

“concurrence triangle”



CA(BC) + CB(AC) ≥ CC(AB)

CA(BC)
B C

A

CC(AB) CB(AC)⇒

“concurrence triangle”

A

B C

F3

Genuine Multi-particle Entanglement (GME) measure:

(1) vanish for all product and biseparable states   unseparable even partially  

(2) positive for all non-biseparable states

(3) not increase under LOCC

⇒
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GME should satisfy the following properties:

[Dur, Vidal, Cirac ’00, Ma, Chen, Chen, 
Spengler, Gabriel, Huber ’11, Xie, Eberly ’21]
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“concurrence triangle”
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F3

Genuine Multi-particle Entanglement (GME) measure:

(1) vanish for all product and biseparable states   unseparable even partially  

(2) positive for all non-biseparable states

(3) not increase under LOCC

⇒

GME should satisfy the following properties:

F3

The area of the “concurrence triangle” satisfies (1), (2), (3) !

F3 ≡
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[Jin, Tao, Gui, Fei, 
Li-Jost, Qiao (2023)]

[Dur, Vidal, Cirac ’00, Ma, Chen, Chen, 
Spengler, Gabriel, Huber ’11, Xie, Eberly ’21]
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n(✓,�)

• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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pµ2 = p2(1, sin ✓2, 0, cos ✓2)
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2 <latexit sha1_base64="1guk8qnu784T6Oj7NQ7Tv02kYts=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhApSJuJtIxTduKxgL9COQyZN29AkMyQZoYxd+CpuXCji1tdw59uYtrPQ6gmBj/8/h5z8YcyZNp735eTm5hcWl/LLhZXVtfUNd3OrrqNEEVojEY9UM8SaciZpzTDDaTNWFIuQ00Y4uBr7jXuqNIvkrRnG1Be4J1mXEWysFLg7cYDu2iKBF9BSCR169qCDwC16ZW9S8C+gDIogq2rgfrY7EUkElYZwrHULebHxU6wMI5yOCu1E0xiTAe7RlkWJBdV+Otl/BPet0oHdSNkrDZyoPydSLLQeitB2Cmz6etYbi/95rcR0z/2UyTgxVJLpQ92EQxPBcRiwwxQlhg8tYKKY3RWSPlaYGBtZwYaAZr/8F+pHZXRaPrk5LlYuszjyYBfsgRJA4AxUwDWoghog4AE8gRfw6jw6z86b8z5tzTnZzDb4Vc7HN5mFk0E=</latexit>

pµ1 = p1(1, 0, 0, 1)

<latexit sha1_base64="HFuvtOgIm/DtCeIoJ19mqb9SpL4=">AAACBnicdZDLSgMxFIYz9VbrbdSlCMEiuJCSGbW2u6IblxXsBdphyGTSNjRzIckIZejKja/ixoUibn0Gd76NmV5ERQ8EPv7/HE7O78WcSYXQh5FbWFxaXsmvFtbWNza3zO2dpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8vMb91SIVkU3qhRTJ0A90PWYwQrLbnmfpfrZh+71vGc7C86cc0iKiFd5TLMwKogS0O1WrHtKrQmFkJFMKu6a753/YgkAQ0V4VjKjoVi5aRYKEY4HRe6iaQxJkPcpx2NIQ6odNLJGWN4qBUf9iKhX6jgRP0+keJAylHg6c4Aq4H87WXiX14nUb2Kk7IwThQNyXRRL+FQRTDLBPpMUKL4SAMmgum/QjLAAhOlkyvoEOaXwv+haZescuns+rRYu5jFkQd74AAcAQucgxq4AnXQAATcgQfwBJ6Ne+PReDFep605YzazC36U8fYJL3yYVg==</latexit>

�1,�2,�3
<latexit sha1_base64="EfuGcfx6yCFfZX5xE6AIqMqgeME=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBAiatiNUZNb0IvHCOaByRJmJ7PJkNnZZWZWCEv+wosHRbz6N978GycvUNGChqKqm+4uL+JMadv+tBYWl5ZXVlNr6fWNza3tzM5uXYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve4HrsNx6oVCwUd3oYUTfAPcF8RrA20n2bCZQ7PkGnR51M1s7b5ZJ9VkZTUizMiY2cvD1BFmaodjIf7W5I4oAKTThWquXYkXYTLDUjnI7S7VjRCJMB7tGWoQIHVLnJ5OIROjRKF/mhNCU0mqjfJxIcKDUMPNMZYN1Xv72x+JfXirVfchMmolhTQaaL/JgjHaLx+6jLJCWaDw3BRDJzKyJ9LDHRJqS0CWH+Kfqf1At55yJ/flvMVq5mcaRgHw4gBw5cQgVuoAo1ICDgEZ7hxVLWk/VqvU1bF6zZzB78gPX+BWvyj3k=</latexit>

2 (+,�)

: polarisation of initial spin 

: helicities of 1,2,3

[KS, M.Spannowsky 2310.01477]

3-body decay: ψ0 → ψ1ψ̄2ψ3
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• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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3-body decay: ψ0 → ψ1ψ̄2ψ3



| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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n(✓,�)

• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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: polarisation of initial spin 

: helicities of 1,2,3
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1̂ =
X

�1,�2,�3

|�1,�2,�3ih�1,�2,�3|

+ ⋯

amplitude

initial state

final state

[KS, M.Spannowsky 2310.01477]

3-body decay: ψ0 → ψ1ψ̄2ψ3



| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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• all particles have spin 1/2

• all final particles 1,2,3 are massless

Assumptions:

• rest frame of the initial particle 0


•  is in the -axis


• decay is in the -  plane 

p1 z
x z

Kinematics:
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Interaction
• Consider most general Lorentz invariant 4-fermion interactions
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�A/B 2 {1, �5, �µ, �µ�5,�µ⌫}

❖ Scalar-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

❖ Vector-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

❖ Tensor-type

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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<latexit sha1_base64="RH8qLlUIuWrrAuZNhfQczSWns9g=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYSlJRYEGqYGFgKIg+pCZEjuu0Vu0ksh2kKsrOwq+wMIAQKz/Axt/gthmg5UhXOjrnXt17jx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25JRIjBp4ohFouMjSRgNSVNRxUgnFgRxn5G2P7wc++0HIiSNwjs1ionLUT+kAcVIackzSw0vvT26zuA5dAKBcGpDJ+bQ6SPO0X0tS6uZZ5atijUBnCd2TsogR8Mzv5xehBNOQoUZkrJrW7FyUyQUxYxkRSeRJEZ4iPqkq2mIOJFuOvklgwda6cEgErpCBSfq74kUcSlH3NedHKmBnPXG4n9eN1HBmZvSME4UCfF0UZAwqCI4Dgb2qCBYsZEmCAuqb4V4gHQkSsdX1CHYsy/Pk1a1Yp9UajfH5fpFHkcB7IMSOAQ2OAV1cAUaoAkweATP4BW8GU/Gi/FufExbF4x8Zg/8gfH5A9ZkmbA=</latexit>

PR/L =
1± �5

2

ψ0 → ψ1ψ̄2ψ3



Scalar
<latexit sha1_base64="4RjexJzqrRr8ghbwdGZj0xETxsU=">AAACD3icdVDJSgNBEO1xN25Rj14KgyIIYUbjdhCiXjxGNImQxKGnUxOb9Cx29whhyB948Ve8eFDEq1dv/o2dRVDRB0U93quiu54XC660bX9YI6Nj4xOTU9OZmdm5+YXs4lJFRYlkWGaRiOSlRxUKHmJZcy3wMpZIA09g1Wuf9PzqLUrFo/BCd2JsBLQVcp8zqo3kZtcZ1PEm4bfA3HPYBG76ERwCXqUc6k0UmrpOF9xszs7bB/v29gEMSGHri9jg5O0+cmSIkpt9rzcjlgQYaiaoUjXHjnUjpVJzJrCbqScKY8ratIU1Q0MaoGqk/Xu6sGaUJviRNBVq6KvfN1IaKNUJPDMZUH2tfns98S+vlmh/v5HyME40hmzwkJ8I0BH0woEml8i06BhCmeTmr8CuqaRMmwgzJoSvS+F/UtnKO7v5nbNCrng8jGOKrJBVskEcskeK5JSUSJkwckceyBN5tu6tR+vFeh2MjljDnWXyA9bbJ5NkmoY=</latexit>

c ⌘ cS + icA = ei�1
<latexit sha1_base64="aN8EP47cnWZ7hx80QOLoiDHHURU="></latexit>

d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).

<latexit sha1_base64="iJGb+vz25DO3nUJ04ncih8QKTI4=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1QS3+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPYbeNWQ==</latexit>z

<latexit sha1_base64="LYvhi36knHjL/niVKnOk5JAioUI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1YSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPXq+NVw==</latexit>x

<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="1UuTzaz5XS3MJPJLPpyHKuI7is8=">AAACAXicdVBNS8NAEN3Ur1q/ql4EL4tFqCAljdpWvIhePCrYD2hK2Ww37eJmE3YnQgn14l/x4kERr/4Lb/4bN20FFX0w8Hhvhpl5XiS4Btv+sDIzs3PzC9nF3NLyyupafn2jocNYUVanoQhVyyOaCS5ZHTgI1ooUI4EnWNO7OU/95i1TmofyGoYR6wSkL7nPKQEjdfNbiev5WI5OcNGFAQOyj91owPdy3XzBLh3XKs6Rg+2SbVedg0pKnOqhc4DLRklRQFNcdvPvbi+kccAkUEG0bpftCDoJUcCpYKOcG2sWEXpD+qxtqCQB051k/MEI7xqlh/1QmZKAx+r3iYQEWg8Dz3QGBAb6t5eKf3ntGPxaJ+EyioFJOlnkxwJDiNM4cI8rRkEMDSFUcXMrpgOiCAUTWhrC16f4f9JwSuVK6ejqsHB6No0ji7bRDiqiMqqiU3SBLlEdUXSHHtATerburUfrxXqdtGas6cwm+gHr7RN4lZWk</latexit>

n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

independent of final state momenta θ2, θ3
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:
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which can be explicitly checked from the formula (4). Be-
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M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable

independent of final state momenta θ2, θ3
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
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· c ✓

2 � c⇤d⇤ · �+�1
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· c ✓
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i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓
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cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
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2 . We see that this is a
biseparable state

| i =
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2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦
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⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3
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p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤
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2
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c ✓

2s ✓3
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2
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�+�3
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2

⇥
c ✓

2s ✓2
2 � ei�s ✓
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2
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, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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bi-separable
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✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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���3
· ei�s ✓
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· ei�s ✓

2

+c⇤d · �+�1
���2

���3
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2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
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2 , MRL =
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2
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

independent of final state momenta θ2, θ3
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| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).

1

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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while 2 and 3 are maximally entangled:
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The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:
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which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes
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µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable
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F3
✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ 2 and 3 are maximally entangled

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

independent of final state momenta θ2, θ3
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Scalar
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c ⌘ cS + icA = ei�1
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d ⌘ dS + idA = ei�2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =
1 Three-body decay kinematics

| i =
cd
p

2
· ei�s ✓

2
|���i �

cd⇤
p

2
· ei�s ✓

2
|� ++i +

c⇤d
p

2
· c ✓

2
| + ��i �

c⇤d⇤
p

2
· c ✓

2
| + ++i (1)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
.

We consider a three-body decay, 0 ! 123, at the rest frame of 0. We assume particle 0 has
the mass m, while the other particles are massless. We specify the momenta of the final state
momenta (p1, p2, p3) as follows. First, we take the z-axis in the direction of p1: pµ

1
= p1(1, 0, 0, 1).

The x and y axes are chosen such that the y axis is perpendicular to the decay plane and the p2
has a positive x-component. The opening angles between 1 � 2 and 1 � 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. With these angles we can write pµ

2
= p2(1, sin ✓2, 0, cos ✓2) and

pµ
3

= p3(1,� sin ✓3, 0, cos ✓3) with 0  ✓2, ✓3  ⇡. In other words, �2 = 0 and �3 = ⇡.
The energy-momentum conservation gives

p1 + p2 + p3 = m ,

p1 + p2 cos ✓2 + p3 cos ✓3 = 0 ,

p2 sin ✓2 � p3 sin ✓3 = 0 . (2)

The solution is

p1 = �mD sin(✓2 + ✓3) ,

p2 = mD sin ✓3 ,

p3 = mD sin ✓2 , (3)

with D = [sin ✓2 + sin ✓3 � sin(✓2 + ✓3)]�1. p1 � 0 ) ⇡  ✓2 + ✓3  2⇡.
Finally, we represent the spin polarisation n of the initial particle 0 by the polar and azimuthal

angles, ✓ and �, respectively (see Fig. 1).
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n; (✓,�)

Figure 1: The momentum and spin configuration. The momentum of 1 is fixed to the z-direction.
At the rest frame of 0, the decay plane is aligned with the x-z plane and the two opening angles,
1-2 and 1-3, are given by ✓2 and ✓3, respectively, with 0  ✓2, ✓3  ⇡ and ⇡  ✓2 + ✓3  2⇡. The
spin direction of 0 is given by n = (s✓c�, s✓s�, c✓).
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
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, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
cdp
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· ei�s ✓
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

bi-separable
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F3
✤ 1 is not entangled with 2 and 3 in any way:

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ 2 and 3 are maximally entangled

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

✤ Due to monogamy, 2 and 3 are maximally entangled with the rest

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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23
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PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

<latexit sha1_base64="ZNOCgKHtcjxqs5FGLvNs77kItOE=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5DWqu1CKLpx4aKCfUATwmQ6aYdOJmFmItQQ/BU3LhRx63+482+cvkBFD1w4nHMv997jx4xKZdufRm5hcWl5Jb9aWFvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHl2O/fUeEpBG/VaOYuCHqcxpQjJSWPHMvdTBi8DrzUkeEkHKVwXPPLNqWXavaxzU4JZXynNiwZNkTFMEMDc/8cHoRTkLCFWZIym7JjpWbIqEoZiQrOIkkMcJD1CddTTkKiXTTyfUZPNRKDwaR0MUVnKjfJ1IUSjkKfd0ZIjWQv72x+JfXTVRQdVPK40QRjqeLgoRBFcFxFLBHBcGKjTRBWFB9K8QDJBBWOrCCDmH+KfyftMpW6dQ6uakU6xezOPJgHxyAI1ACZ6AOrkADNAEG9+ARPIMX48F4Ml6Nt2lrzpjN7IIfMN6/ACjYlRA=</latexit>

Lint =

[KS, M.Spannowsky 
2310.01477]



Vector
<latexit sha1_base64="S8EytJJ+NM3MLthdVVwFjz7EWIo=">AAACC3icdZDLSsNAFIYn9VbrLerSzdAiuCglrVXbXdGNCxe12FpoQphMpu3QySTMTIQSunfjq7hxoYhbX8Cdb+OkF1DRHwY+/nMOc87vRYxKZVmfRmZpeWV1Lbue29jc2t4xd/c6MowFJm0cslB0PSQJo5y0FVWMdCNBUOAxcuuNLtL67R0Rkob8Ro0j4gRowGmfYqS05Zp57F4VIXZbRein5LstaFMOEztAauh5sDVxzYJVsuo167gOZ1CtLMCC5ZI1VQHM1XTND9sPcRwQrjBDUvbKVqScBAlFMSOTnB1LEiE8QgPS08hRQKSTTG+ZwEPt+LAfCv24glP3+0SCAinHgac70w3l71pq/lXrxapfcxLKo1gRjmcf9WMGVQjTYKBPBcGKjTUgLKjeFeIhEggrHV9Oh7C4FP4PnUqpfFo6ua4WGufzOLLgAOTBESiDM9AAl6AJ2gCDe/AInsGL8WA8Ga/G26w1Y8xn9sEPGe9f6sOZIw==</latexit>

cL, cR, dL, dR 2 R

<latexit sha1_base64="RH8qLlUIuWrrAuZNhfQczSWns9g=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYSlJRYEGqYGFgKIg+pCZEjuu0Vu0ksh2kKsrOwq+wMIAQKz/Axt/gthmg5UhXOjrnXt17jx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25JRIjBp4ohFouMjSRgNSVNRxUgnFgRxn5G2P7wc++0HIiSNwjs1ionLUT+kAcVIackzSw0vvT26zuA5dAKBcGpDJ+bQ6SPO0X0tS6uZZ5atijUBnCd2TsogR8Mzv5xehBNOQoUZkrJrW7FyUyQUxYxkRSeRJEZ4iPqkq2mIOJFuOvklgwda6cEgErpCBSfq74kUcSlH3NedHKmBnPXG4n9eN1HBmZvSME4UCfF0UZAwqCI4Dgb2qCBYsZEmCAuqb4V4gHQkSsdX1CHYsy/Pk1a1Yp9UajfH5fpFHkcB7IMSOAQ2OAV1cAUaoAkweATP4BW8GU/Gi/FufExbF4x8Zg/8gfH5A9ZkmbA=</latexit>

PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓
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2
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+���1
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2
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⇥
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2c ✓2
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, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
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2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction
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with cL, cR, dL, dR 2 R. The matrix element is found as
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and

<latexit sha1_base64="iJGb+vz25DO3nUJ04ncih8QKTI4=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1QS3+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPYbeNWQ==</latexit>z

<latexit sha1_base64="LYvhi36knHjL/niVKnOk5JAioUI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jEtPZW9OKxBfsBbSib7aRdu9mE3Y1YSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYX8399h1IxWJxoycJ+BEZChYySrSRGvf9YsmxPcetelW8JJXzjJQ97NrOAiWUod4vvvcGMU0jEJpyolTXdRLtT4nUjHKYFXqpgoTQMRlC11BBIlD+dHHoDJ8YZYDDWJoSGi/U7xNTEik1iQLTGRE9Ur+9ufiX1011eOFPmUhSDYIuF4UpxzrG86/xgEmgmk8MIVQycyumIyIJ1Sabggnh61P8P2md2W7Z9hrnpdplFkceHaFjdIpcVEE1dI3qqIkoAvSAntCzdWs9Wi/W67I1Z2Uzh+gHrLdPXq+NVw==</latexit>x

<latexit sha1_base64="wfUzHSsXyUCCV6so0j1lLayMk+g=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiTStHZXdOOyBfuANpTJdNKOnTyYmQgh9AvcuFDErZ/kzr9x2kZQ0QMXDufcy733eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHXRklgtAOiXgk+h6WlLOQdhRTnPZjQXHgcdrzZtcLv3dPhWRReKvSmLoBnoTMZwQrLbXTUblimY5lN5wGWpF6NSc1B9mmtUQFcrRG5ffhOCJJQENFOJZyYFuxcjMsFCOczkvDRNIYkxme0IGmIQ6odLPloXN0ppUx8iOhK1RoqX6fyHAgZRp4ujPAaip/ewvxL2+QKP/SzVgYJ4qGZLXITzhSEVp8jcZMUKJ4qgkmgulbEZligYnS2ZR0CF+fov9J98K0a6bTrlaaV3kcRTiBUzgHG+rQhBtoQQcIUHiAJ3g27oxH48V4XbUWjHzmGH7AePsEYDONWA==</latexit>y

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

<latexit sha1_base64="RIYmO+ELdl7IduoDTJXNRkVfGAc=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqmSK1nZXdOOygn1IO5RMJtOGJjNDkhFK6Ve4caGIWz/HnX9jpq2gogcCh3POJfcePxFcG4w/nNzK6tr6Rn6zsLW9s7tX3D9o6zhVlLVoLGLV9YlmgkesZbgRrJsoRqQvWMcfX2V+554pzePo1kwS5kkyjHjIKTFWuusLGw3IwB0US7iMLapVlBG3hl1L6vVapVJH7tzCuARLNAfF934Q01SyyFBBtO65ODHelCjDqWCzQj/VLCF0TIasZ2lEJNPedL7wDJ1YJUBhrOyLDJqr3yemRGo9kb5NSmJG+reXiX95vdSENW/KoyQ1LKKLj8JUIBOj7HoUcMWoERNLCFXc7oroiChCje2oYEv4uhT9T9qVslstn9+clRqXyzrycATHcAouXEADrqEJLaAg4QGe4NlRzqPz4rwuojlnOXMIP+C8fQLBVJBo</latexit>

�1

<latexit sha1_base64="RVv1ASpg0sgfg2HPUQrE2p+RzCY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KplBa7srunFZwT6kHUomk2lDk8yQZIQy9CvcuFDErZ/jzr8x01ZQ0QOBwznnkntPkHCmDUIfTmFldW19o7hZ2tre2d0r7x90dJwqQtsk5rHqBVhTziRtG2Y47SWKYhFw2g0mV7nfvadKs1jemmlCfYFHkkWMYGOluwG30RAPvWG5gqrIolaDOXHryLWk0ah7XgO6cwuhCliiNSy/D8KYpIJKQzjWuu+ixPgZVoYRTmelQappgskEj2jfUokF1X42X3gGT6wSwihW9kkD5+r3iQwLracisEmBzVj/9nLxL6+fmqjuZ0wmqaGSLD6KUg5NDPPrYcgUJYZPLcFEMbsrJGOsMDG2o5It4etS+D/peFW3Vj2/Oas0L5d1FMEROAanwAUXoAmuQQu0AQECPIAn8Owo59F5cV4X0YKznDkEP+C8fQLC2JBp</latexit>

�2
<latexit sha1_base64="alZZkdo41BRB6rXQE6a9oM+x//I=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclUzV2u6KblxWsA9ph5LJZNrQZGZIMkIp/Qo3LhRx6+e482/MtBVU9EDgcM655N7jJ4Jrg/GHs7S8srq2ntvIb25t7+wW9vZbOk4VZU0ai1h1fKKZ4BFrGm4E6ySKEekL1vZHV5nfvmdK8zi6NeOEeZIMIh5ySoyV7nrCRgPSP+0XiriELSoVlBG3il1LarVquVxD7szCuAgLNPqF914Q01SyyFBBtO66ODHehCjDqWDTfC/VLCF0RAasa2lEJNPeZLbwFB1bJUBhrOyLDJqp3ycmRGo9lr5NSmKG+reXiX953dSEVW/CoyQ1LKLzj8JUIBOj7HoUcMWoEWNLCFXc7orokChCje0ob0v4uhT9T1rlklspnd+cFeuXizpycAhHcAIuXEAdrqEBTaAg4QGe4NlRzqPz4rzOo0vOYuYAfsB5+wTEXJBq</latexit>

�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

[KS, M.Spannowsky 
2310.01477]



Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓
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2

⇤
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���3
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2
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2

⇤
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���2

�+�3
· cRdRs ✓3

2

⇥
c ✓
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2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
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2
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2
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2
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2c ✓2
2
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, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h
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���3
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2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction
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with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =
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interaction, we therefore have
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As a 3-body decay 0 ! 123 of one fermion into
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tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
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2
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M
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lations, we find
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For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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ij + C
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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n
�1,�2,�3

/
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2mp1p2p3 · s

✓2�✓3
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cd · ���1
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· ei�s ✓
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· ei�s ✓

2
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���2

���3
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2 � c⇤d⇤ · �+�1
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, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
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2 and MRR = �
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2
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2 . We see that this is a
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| i =
⇥
cei�s ✓
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2 |+i1

⇤
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⇤
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
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M
n
++�/N and MRR = M
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lations, we find
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For one-to-other entanglements, we obtain
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2),

C1(23) = 2
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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We next consider the vector interaction
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with MLL = M
n
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��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find
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For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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i(jk) � [C
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ij + C
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ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C
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2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
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where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =
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where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:
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The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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GME measure F3 is also non-vanishing in that case.
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|�+�i
<latexit sha1_base64="QwT2SzYDgtHo+iKFcnfoNn2Bwxc=">AAAB+HicbVDLSgNBEOyNrxgfiXr0MhgEQQy74usY9OIxgnlAEsLspJMMmZ1dZmaFuOZLvHhQxKuf4s2/cZLsQROraSiqupme8iPBtXHdbyeztLyyupZdz21sbm3nCzu7NR3GimGVhSJUDZ9qFFxi1XAjsBEppIEvsO4PbyZ+/QGV5qG8N6MI2wHtS97jjBordQr5J3Ji65i0FJV9gZ1C0S25U5BF4qWkCCkqncJXqxuyOEBpmKBaNz03Mu2EKsOZwHGuFWuMKBvSPjYtlTRA3U6mh4/JoVW6pBcq29KQqfp7I6GB1qPAt5MBNQM9703E/7xmbHpX7YTLKDYo2eyhXiyICckkBdLlCpkRI0soU9zeStiAKsqMzSpnQ/Dmv7xIaqcl76J0fndWLF+ncWRhHw7gCDy4hDLcQgWqwCCGZ3iFN+fReXHenY/ZaMZJd/bgD5zPH1zDkaE=</latexit>

|��+i
<latexit sha1_base64="BW/4uvJQv6f8IU0IDvT+qMjr1ew=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBCEYNgVX8egF48RzAOSJcxOOsmQ2dl1ZjYQYr7DiwdFvPox3vwbJ8keNLGgoajqprsriAXXxnW/naXlldW19cxGdnNre2c3t7df1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/duLXBqg0j+SDGcboh7QreYczaqzkP5FC4ZQ0FZVdga1c3i26U5BF4qUkDynKrdxXsx2xJERpmKBaNzw3Nv6IKsOZwHG2mWiMKevTLjYslTRE7Y+mR4/JsVXapBMpW9KQqfp7YkRDrYdhYDtDanp63puI/3mNxHSu/RGXcWJQstmiTiKIicgkAdLmCpkRQ0soU9zeSliPKsqMzSlrQ/DmX14k1bOid1m8uD/Pl27SODJwCEdwAh5cQQnuoAwVYPAIz/AKb87AeXHenY9Z65KTzhzAHzifPzKokRo=</latexit>

|++�i
<latexit sha1_base64="7L6CGCqh+9V4PAWwLTgW7KrHQQk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBCEYNgVX8egF48RzAOSJcxOOsmQ2dl1ZjYQYr7DiwdFvPox3vwbJ8keNLGgoajqprsriAXXxnW/naXlldW19cxGdnNre2c3t7df1VGiGFZYJCJVD6hGwSVWDDcC67FCGgYCa0H/duLXBqg0j+SDGcboh7QreYczaqzkP5HCaYE0FZVdga1c3i26U5BF4qUkDynKrdxXsx2xJERpmKBaNzw3Nv6IKsOZwHG2mWiMKevTLjYslTRE7Y+mR4/JsVXapBMpW9KQqfp7YkRDrYdhYDtDanp63puI/3mNxHSu/RGXcWJQstmiTiKIicgkAdLmCpkRQ0soU9zeSliPKsqMzSlrQ/DmX14k1bOid1m8uD/Pl27SODJwCEdwAh5cQQnuoAwVYPAIz/AKb87AeXHenY9Z65KTzhzAHzifPzKqkRo=</latexit>

|+�+i

<latexit sha1_base64="3WJI23gSBwyLXROPa/a404oSKL4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszvDTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7Cyura+UdwsbW3v7O6V9w8ercoM4w2mpDKtiFouRcobKFDyljacJpHkzWh4O/WbT9xYodIHHGkeJrSfilgwik5qdrRRGlW3XPGr/gxkmQQ5qUCOerf81ekpliU8RSapte3A1xiOqUHBJJ+UOpnlmrIh7fO2oylNuA3Hs3Mn5MQpPRIr4ypFMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+Dsci1RnylM0XxZkkqMj0d9IThjOUI0coM8LdStiAGsrQJVRyIQSLLy+Tx7NqcFm9uD+v1G7yOIpwBMdwCgFcQQ3uoA4NYDCEZ3iFN097L9679zFvLXj5zCH8gff5A6Ybj8o=</latexit>/ <latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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PR/L =
1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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✓3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2
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⇥
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2c ✓3
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2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2
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⇥
c ✓
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2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
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2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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Therefore, 1 is entangled neither with 2, 3 nor (23):
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M1 = M2 = M3 = C2
1(23) � 0

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).
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X
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M
n
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P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-
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� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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Vector

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes
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which can be explicitly checked from the formula (4). Be-
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GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
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2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
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C. Tensor and Pseudotensor Interaction

We consider the tensor interaction
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1± �5

2

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes
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which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
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1(23). In the vector

interaction, we therefore have
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C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)
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while 2 and 3 are maximally entangled:
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The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as
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used. This corresponds to the spin state
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with MLL =
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Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as
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corresponding to the state
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For one-to-other entanglements, we obtain
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Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as
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for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C
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2
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1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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n = 1p
3
(ex + ey + ez)

F3 for Vector

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="Pc8UEa6S1d9p3YyyclCZj1pSbSs=">AAAB/nicdVBNS8NAEN3Ur1q/quLJy2IRKkhJU23rTfTiUcF+QFPKZrtpl242YXcilFDwr3jxoIhXf4c3/42btoKKPhh4vDfDzDwvElyDbX9YmYXFpeWV7GpubX1jcyu/vdPUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0uU791x5TmobyFccS6ARlI7nNKwEi9/F7iej6Wk6ILQwbkGLvRkB/18gW7dFavOqcOtku2XXMq1ZQ4tROngstGSVFAc1z38u9uP6RxwCRQQbTulO0IuglRwKlgk5wbaxYROiID1jFUkoDpbjI9f4IPjdLHfqhMScBT9ftEQgKtx4FnOgMCQ/3bS8W/vE4Mfr2bcBnFwCSdLfJjgSHEaRa4zxWjIMaGEKq4uRXTIVGEgkksZ0L4+hT/T5pOqVwtnd6cFM4v5nFk0T46QEVURjV0jq7QNWogihL0gJ7Qs3VvPVov1uusNWPNZ3bRD1hvn12xlSE=</latexit>

n(✓,�)

<latexit sha1_base64="RIYmO+ELdl7IduoDTJXNRkVfGAc=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqmSK1nZXdOOygn1IO5RMJtOGJjNDkhFK6Ve4caGIWz/HnX9jpq2gogcCh3POJfcePxFcG4w/nNzK6tr6Rn6zsLW9s7tX3D9o6zhVlLVoLGLV9YlmgkesZbgRrJsoRqQvWMcfX2V+554pzePo1kwS5kkyjHjIKTFWuusLGw3IwB0US7iMLapVlBG3hl1L6vVapVJH7tzCuARLNAfF934Q01SyyFBBtO65ODHelCjDqWCzQj/VLCF0TIasZ2lEJNPedL7wDJ1YJUBhrOyLDJqr3yemRGo9kb5NSmJG+reXiX95vdSENW/KoyQ1LKKLj8JUIBOj7HoUcMWoERNLCFXc7oroiChCje2oYEv4uhT9T9qVslstn9+clRqXyzrycATHcAouXEADrqEJLaAg4QGe4NlRzqPz4rwuojlnOXMIP+C8fQLBVJBo</latexit>

�1

<latexit sha1_base64="RVv1ASpg0sgfg2HPUQrE2p+RzCY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KplBa7srunFZwT6kHUomk2lDk8yQZIQy9CvcuFDErZ/jzr8x01ZQ0QOBwznnkntPkHCmDUIfTmFldW19o7hZ2tre2d0r7x90dJwqQtsk5rHqBVhTziRtG2Y47SWKYhFw2g0mV7nfvadKs1jemmlCfYFHkkWMYGOluwG30RAPvWG5gqrIolaDOXHryLWk0ah7XgO6cwuhCliiNSy/D8KYpIJKQzjWuu+ixPgZVoYRTmelQappgskEj2jfUokF1X42X3gGT6wSwihW9kkD5+r3iQwLracisEmBzVj/9nLxL6+fmqjuZ0wmqaGSLD6KUg5NDPPrYcgUJYZPLcFEMbsrJGOsMDG2o5It4etS+D/peFW3Vj2/Oas0L5d1FMEROAanwAUXoAmuQQu0AQECPIAn8Owo59F5cV4X0YKznDkEP+C8fQLC2JBp</latexit>

�2
<latexit sha1_base64="alZZkdo41BRB6rXQE6a9oM+x//I=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclUzV2u6KblxWsA9ph5LJZNrQZGZIMkIp/Qo3LhRx6+e482/MtBVU9EDgcM655N7jJ4Jrg/GHs7S8srq2ntvIb25t7+wW9vZbOk4VZU0ai1h1fKKZ4BFrGm4E6ySKEekL1vZHV5nfvmdK8zi6NeOEeZIMIh5ySoyV7nrCRgPSP+0XiriELSoVlBG3il1LarVquVxD7szCuAgLNPqF914Q01SyyFBBtO66ODHehCjDqWDTfC/VLCF0RAasa2lEJNPeZLbwFB1bJUBhrOyLDJqp3ycmRGo9lr5NSmKG+reXiX953dSEVW/CoyQ1LKLzj8JUIBOj7HoUcMWoEWNLCFXc7orokChCje0ob0v4uhT9T1rlklspnd+cFeuXizpycAhHcAIuXEAdrqEBTaAg4QGe4NlRzqPz4rzOo0vOYuYAfsB5+wTEXJBq</latexit>

�3

Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

[KS, M.Spannowsky 2310.01477]

<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3

<latexit sha1_base64="RJd71yI2tsS+Z3CBxYzvmxIxGBU=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ6bT1umuKIjLivYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0Ya2srq1vbOa28ts7u3v7hYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8eXMb99TqVgs7vQkoX6Eh4KFjGBtpNurvtsvFJFd86qo7EFkI+S5rmtIBTm1kgsdo8xQBEs0+oX33iAmaUSFJhwr1XVQov0MS80Ip9N8L1U0wWSMh7RrqMARVX42P3UKT40ygGEsTQkN5+r3iQxHSk2iwHRGWI/Ub28m/uV1Ux16fsZEkmoqyGJRmHKoYzj7Gw6YpETziSGYSGZuhWSEJSbapJM3IXx9Cv8nrZLtVO3KTblYv1jGkQPH4AScAQecgzq4Bg3QBAQMwQN4As8Wtx6tF+t10bpiLWeOwA9Yb58uh43C</latexit>

F3
<latexit sha1_base64="RJd71yI2tsS+Z3CBxYzvmxIxGBU=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ6bT1umuKIjLivYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0Ya2srq1vbOa28ts7u3v7hYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8eXMb99TqVgs7vQkoX6Eh4KFjGBtpNurvtsvFJFd86qo7EFkI+S5rmtIBTm1kgsdo8xQBEs0+oX33iAmaUSFJhwr1XVQov0MS80Ip9N8L1U0wWSMh7RrqMARVX42P3UKT40ygGEsTQkN5+r3iQxHSk2iwHRGWI/Ub28m/uV1Ux16fsZEkmoqyGJRmHKoYzj7Gw6YpETziSGYSGZuhWSEJSbapJM3IXx9Cv8nrZLtVO3KTblYv1jGkQPH4AScAQecgzq4Bg3QBAQMwQN4As8Wtx6tF+t10bpiLWeOwA9Yb58uh43C</latexit>

F3

<latexit sha1_base64="ZR0wIEJritTYgHi4ZDwUNaQRXZU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHMA5IlzE5mkyGzs+tMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWAo4T7Ee0rEQpG0UqtDg440u5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+m9Y3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZPE96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwYSnuEV3pxH58V5dz5mrUtOPnMAf+B8/gDTr4/Y</latexit>

✓3



z

x

<latexit sha1_base64="lsDV9tNBEE1RrbCUFKF/bMxvE7g=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0nEVo9FLx4r2A9oQtlsN+3SzSbsboQa8ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOFMacf5ttbWNza3tks75d29/YOKfXjUUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuZ353UcqFYvFg54m1I/wSLCQEayNNLArXigxyep51siRl7CBXXVqzhxolbgFqUKB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJqXvVTRBJMJHtG+oQJHVPnZ/PAcnRlliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+xkTSaqpIItFYcqRjtEsBTRkkhLNp4ZgIpm5FZExNklok1XZhOAuv7xKOhc1t1Gr319WmzdFHCU4gVM4BxeuoAl30II2EEjhGV7hzXqyXqx362PRumYVM8fwB9bnD2wqkvM=</latexit>

5

6
⇡

<latexit sha1_base64="CBFn/UNmS3aEDcyNxsj6+fDmAJk=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mKVo9FLx4r2A9oQtlsN+3SzSbsboQa8ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOFMacf5ttbWNza3tks75d29/YOKfXjUUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuZ353UcqFYvFg54m1I/wSLCQEayNNLArXigxyep51siRl7CBXXVqzhxolbgFqUKB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJqXvVTRBJMJHtG+oQJHVPnZ/PAcnRlliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+xkTSaqpIItFYcqRjtEsBTRkkhLNp4ZgIpm5FZExNklok1XZhOAuv7xKOvWa26hd3l9UmzdFHCU4gVM4BxeuoAl30II2EEjhGV7hzXqyXqx362PRumYVM8fwB9bnD2eGkvA=</latexit>

2

6
⇡

2
1

3
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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c ⌘ cM + icE = ei!1

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction
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3

<latexit sha1_base64="ZNOCgKHtcjxqs5FGLvNs77kItOE=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5DWqu1CKLpx4aKCfUATwmQ6aYdOJmFmItQQ/BU3LhRx63+482+cvkBFD1w4nHMv997jx4xKZdufRm5hcWl5Jb9aWFvf2Nwyt3daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHl2O/fUeEpBG/VaOYuCHqcxpQjJSWPHMvdTBi8DrzUkeEkHKVwXPPLNqWXavaxzU4JZXynNiwZNkTFMEMDc/8cHoRTkLCFWZIym7JjpWbIqEoZiQrOIkkMcJD1CddTTkKiXTTyfUZPNRKDwaR0MUVnKjfJ1IUSjkKfd0ZIjWQv72x+JfXTVRQdVPK40QRjqeLgoRBFcFxFLBHBcGKjTRBWFB9K8QDJBBWOrCCDmH+KfyftMpW6dQ6uakU6xezOPJgHxyAI1ACZ6AOrkADNAEG9+ARPIMX48F4Ml6Nt2lrzpjN7IIfMN6/ACjYlRA=</latexit>

Lint =

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state
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The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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As in the scalar case all entanglement measures are
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as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
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as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for
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implying the spin quantum state
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
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p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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+

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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Lint =

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3
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2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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implying the spin quantum state
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with MR = M
n
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interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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+

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓
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2 + ei�s ✓
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2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓
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2 + ei�s ✓
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2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓
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2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓
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2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (
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6 , 5⇡

6 ) and (
2⇡
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6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
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with MR = M
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interpolates between the separable states, | + ++i and
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Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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(✓2, ✓3) = (
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c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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For the tensor interaction, there are no entanglements
between two individual particles
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
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plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (
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6 , 5⇡

6 ) and (
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6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)

2
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c ⌘ cM + icE = ei!1

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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p
8mp1p2p3h
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�+
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�+
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2 s ✓3
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2 ]

+ cd · ���1
���2

���3
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2 + 2c ✓
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2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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tion of the initial spin direction n. For vector in-
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2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
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in this case. When the initial spin is tilted, F3 behaves
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
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|���i, and the maximally entangled Greenberger Horne
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For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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2. In
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.
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In Fig. 2, we show the GME measure F3 as a function
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panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
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panel, the spin direction n of the initial particle is set
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
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/

p
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2h

cd · ���1
���2

���3
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2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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n
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/ �4

p
8mp1p2p3h
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�+
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�+
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2 ]

+ cd · ���1
���2

���3
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2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
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in this case. When the initial spin is tilted, F3 behaves
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
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2. In
the right and left panels, the decay angles are fixed to
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|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/
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2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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1(23) (orange-dotted), while only F3 is shown for
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

<latexit sha1_base64="3WJI23gSBwyLXROPa/a404oSKL4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszvDTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7Cyura+UdwsbW3v7O6V9w8ercoM4w2mpDKtiFouRcobKFDyljacJpHkzWh4O/WbT9xYodIHHGkeJrSfilgwik5qdrRRGlW3XPGr/gxkmQQ5qUCOerf81ekpliU8RSapte3A1xiOqUHBJJ+UOpnlmrIh7fO2oylNuA3Hs3Mn5MQpPRIr4ypFMlN/T4xpYu0oiVxnQnFgF72p+J/XzjC+Dsci1RnylM0XxZkkqMj0d9IThjOUI0coM8LdStiAGsrQJVRyIQSLLy+Tx7NqcFm9uD+v1G7yOIpwBMdwCgFcQQ3uoA4NYDCEZ3iFN097L9679zFvLXj5zCH8gff5A6Ybj8o=</latexit>/ <latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

✤  interpolates product states and the maximally entangled state:|Ψ⟩

<latexit sha1_base64="CgWxqzdYGyYrgDZOVNH7M5+13FA="></latexit>

|GHZi = 1p
2
(|+++i+ |���i)

<latexit sha1_base64="5XankV86vApvAJGre0M424CpJjQ=">AAAB8nicbZDLSgMxFIYzXmu9VV26CS1CRSgzgpeNMOjGhYUq9gLTYcikmTY0kwxJRhhK30I3LhRx69O469uYXhba+kPg4//PIeecMGFUadseWUvLK6tr67mN/ObW9s5uYW+/oUQqMaljwYRshUgRRjmpa6oZaSWSoDhkpBn2b8Z584lIRQV/1FlC/Bh1OY0oRtpYXrkaPMArWA3ujoNCya7YE8FFcGZQcovtk+eRm9WCwne7I3AaE64xQ0p5jp1of4CkppiRYb6dKpIg3Edd4hnkKCbKH0xGHsIj43RgJKR5XMOJ+7tjgGKlsjg0lTHSPTWfjc3/Mi/V0aU/oDxJNeF4+lGUMqgFHO8PO1QSrFlmAGFJzawQ95BEWJsr5c0RnPmVF6FxWnHOK2f3Tsm9BlPlwCEogjJwwAVwwS2ogTrAQIAX8AbeLW29Wh/W57R0yZr1HIA/sr5+AP8MksI=</latexit>

(MR = ML)
<latexit sha1_base64="xxVKLyMZaz0KHvJ6RJPh0xXaywo=">AAAB9HicbVDJSgNBEK1xjXGLevTSJAgRIcwILhdh0IsHA1HMAskw9HR6kiY9i909gTDkLwQvHhTx6sd4y9/YWQ6a+KDg8V4VVfW8mDOpTHNkLC2vrK6tZzaym1vbO7u5vf2ajBJBaJVEPBIND0vKWUiriilOG7GgOPA4rXu9m7Ff71MhWRQ+qkFMnQB3QuYzgpWWnGLZfUBl9w5dIfPYzRXMkjkBWiTWjBTsfOvkeWQPKm7uu9WOSBLQUBGOpWxaZqycFAvFCKfDbCuRNMakhzu0qWmIAyqddHL0EB1ppY38SOgKFZqovydSHEg5CDzdGWDVlfPeWPzPaybKv3RSFsaJoiGZLvITjlSExgmgNhOUKD7QBBPB9K2IdLHAROmcsjoEa/7lRVI7LVnnpbN7q2BfwxQZOIQ8FMGCC7DhFipQBQJP8AJv8G70jVfjw/icti4Zs5kD+APj6wfIr5Mm</latexit>

(MRML = 0)
<latexit sha1_base64="JWFTHXmke9ccO812kDFWQbn9oyk=">AAAB/nicdVDLSsNAFJ34rPUVFVduhhZBEEpSsLa7oBuXFewDmlAm00k7dDIJMxMhxIIf4Q+4caGIW7/DXf/GSav4QA9cOJxzL/fe48eMSmVZU2NhcWl5ZbWwVlzf2NzaNnd22zJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx+e537kmQtKIX6k0Jl6IhpwGFCOlpb65fwPdOPwqgfiQkb5ZtiqWRq0Gc2LXLVuTRqNerTagPbMsq+yU3OO7qZM2++abO4hwEhKuMENS9mwrVl6GhKKYkUnRTSSJER6jIelpylFIpJfNzp/AQ60MYBAJXVzBmfp9IkOhlGno684QqZH87eXiX14vUUHdyyiPE0U4ni8KEgZVBPMs4IAKghVLNUFYUH0rxCMkEFY6saIO4fNT+D9pVyt2rXJyaZedMzBHARyAEjgCNjgFDrgATdACGGTgHjyCJ+PWeDCejZd564LxMbMHfsB4fQeieZhM</latexit>

| ± ±±i

✤ No individual 2-party entanglements:

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
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6 ) and (
2⇡
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6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
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c ⌘ cM + icE = ei!1
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no entanglement of one-to-other is shared by the individ-
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As in the scalar case all entanglement measures are
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As a 3-body decay 0 ! 123 of one fermion into
three fermions requires two bilinears, 256 Lorentz struc-
tures form a complete basis. Instead, we will focus
on the matrix elements and Lorentz structures induced
by the exchange of (pseudo)scalars, (pseudo)vectors and
(pseudo)tensors.

A. Scalar and Pseudoscalar Interaction

We consider the effective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (11)

where cS , cA, dS , dA 2 R are coupling constants. We also
define c = cS + icA and d = dS + idA and take |c| =

|d| = 1 as we are not interested in the overall scale of the
amplitude. For given phase-space point (✓2, ✓3) and the
initial spin (✓,�), the matrix element of 0 ! 123 can be
calculated as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2h

cd · ���1
���2

���3
· ei�s ✓

2 � cd⇤ · ���1
�+�2

�+�3
· ei�s ✓

2

+c⇤d · �+�1
���2

���3
· c ✓

2 � c⇤d⇤ · �+�1
�+�2

�+�3
· c ✓

2

i
, (12)

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are
used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i

+ MRL| + ��i + MRR| + ++i, (13)

with MLL =
cdp
2
· ei�s ✓

2 , MLR = �
cd⇤
p

2
· ei�s ✓

2 , MRL =

c⇤dp
2
· c ✓

2 and MRR = �
c⇤d⇤
p

2
· c ✓

2 . We see that this is a
biseparable state

| i =
⇥
cei�s ✓

2 |�i1 + c⇤c ✓
2 |+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (14)

Therefore, 1 is entangled neither with 2, 3 nor (23):

C12 = C13 = C1(23) = 0, (15)

while 2 and 3 are maximally entangled:

C23 = 1 . (16)

The monogamy inequality (5) implies 2 and 3 must also
be maximally entangled with the rest of the system:

C2(13) = C3(12) = 1, (17)

which can be explicitly checked from the formula (4). Be-
cause the state is biseparable, the GME measure vanishes

F3 = 0 . (18)

B. Vector and Axialvector Interaction

We next consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ
(dLPL + dRPR) 2] , (19)

with cL, cR, dL, dR 2 R. The matrix element is found as

M
n
�1,�2,�3

/ �

p
8mp1p2p3h

���1
�+�2

���3
· cLdLs ✓3

2

⇥
c ✓

2c ✓2
2 + ei�s ✓

2s ✓2
2

⇤

+���1
���2

�+�3
· cLdRs ✓2

2

⇥
c ✓

2c ✓3
2 + ei�s ✓

2s ✓3
2

⇤

+�+�1
�+�2

���3
· cRdLs ✓2

2

⇥
c ✓

2s ✓3
2 � ei�s ✓

2c ✓3
2

⇤

+�+�1
���2

�+�3
· cRdRs ✓3

2

⇥
c ✓

2s ✓2
2 � ei�s ✓

2c ✓2
2

⇤ i
, (20)

corresponding to the state

| i = MLL|�+�i+MLR|��+i+MRL|++�i+MRR|+�+i ,
(21)

with MLL = M
n
�+�/N , MLR = M

n
��+/N , MRL =

M
n
++�/N and MRR = M

n
+�+/N . From explicit calcu-

lations, we find

C12 = C13 = 0 , C23 = 2|MLLM⇤
LR + MRLM⇤

RR| . (22)

For one-to-other entanglements, we obtain

C2(13) = C3(12)

= 2

p
(|MLL|

2 + |MRL|
2) (|MLR|

2 + |MRR|
2),

C1(23) = 2
��MRRMLL � MLRMRL

�� . (23)

Since all three Ci(jk) are non-vanishing in general, the
GME measure F3 is also non-vanishing in that case.
MXY / cXdY (X, Y = L, R) and we see that both
C23, C1(23) and F3 are proportional to |cLcRdLdR|. One
the other hand, C2(13) and C3(12) vanish only if |cLcR| =

|dLdR| = 0.
To discuss the momogamy relation, we define the

monogamy measure as

Mi = C
2
i(jk) � [C

2
ij + C

2
ik], (24)

for i 6= j 6= k 6= i. The CKW monogamy inequalities are
expressed by Mi � 0 for i = 1, 2, 3. From Eqs. (22) and
(23), one can show C

2
23 = C

2
2(13) � C

2
1(23). In the vector

interaction, we therefore have

M1 = M2 = M3 = C
2
1(23) � 0 . (25)

C. Tensor and Pseudotensor Interaction

We consider the tensor interaction

[ ̄1(cM + icE�5)�
µ⌫ 0][ ̄3(dM + idE�5)�µ⌫ 2] , (26)

3
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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with MR = M
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+++/N and ML = M

n
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interpolates between the separable states, | + ++i and
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while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)
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no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).
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In Fig. 2, we show the GME measure F3 as a function
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as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
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no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.
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In Fig. 2, we show the GME measure F3 as a function
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(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
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For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
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implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M
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���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.
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In Fig. 2, we show the GME measure F3 as a function
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(see Fig. 1). We see that for the vector interaction with
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as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/
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in this case. When the initial spin is tilted, F3 behaves
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Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
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C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for
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The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

<latexit sha1_base64="Ge/fB1kta8iXv5QBsohtIQFVPe4="></latexit>

C2
i(jk) � C2

ij + C2
ik = 0

Monogamy is trivial

✤ one-to-other entanglements are universal:

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4

<latexit sha1_base64="EtKsRaoyjt4TKMApCyuIbyqyjHI=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm6FFEISSCFWXQTcuq9gLNKFMppN26GQSZiZCCH0DN4KKuPWN3PVtnF4W2vrDwMf/n8Occ4KEM6Vte2IV1tY3NreK26Wd3b39g/LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh2mrefqFQsFo86S6gf4YFgISNYG+vBG/fKVbtmz4RWwVlA1a14568TN2v0yt9ePyZpRIUmHCvVdexE+zmWmhFOxyUvVTTBZIQHtGtQ4IgqP59NOkanxumjMJbmCY1m7u+OHEdKZVFgKiOsh2o5m5r/Zd1Uh9d+zkSSairI/KMw5UjHaLo26jNJieaZAUwkM7MiMsQSE22OUzJHcJZXXoXWRc25rNXvnap7A3MV4QQqcAYOXIELd9CAJhAI4Rne4N0aWS/Wh/U5Ly1Yi55j+CPr6we8xZB9</latexit>

} independent of the coupling 
structure (CP phases)

<latexit sha1_base64="mcQ2r/8UOiny+ydwTA9Ws2tYkNg=">AAAB+nicdVDLSgMxFM3UV62vqS4VCRbBhZSZ2mpnV3TjsgX7gHYYMmnahmYmQ5JRSu3Sz3DjQhG3Lvod7vwGf8L0IajogQuHc+7l3nv8iFGpLOvdSCwsLi2vJFdTa+sbm1tmersmeSwwqWLOuGj4SBJGQ1JVVDHSiARBgc9I3e9fTPz6NRGS8vBKDSLiBqgb0g7FSGnJM9MtHpAu8uzjOcl5ZsbKOsVCIZ+DVtaynHzhRBPHceyiDW2tTJAp7Y0rH3f747JnvrXaHMcBCRVmSMqmbUXKHSKhKGZklGrFkkQI91GXNDUNUUCkO5yePoKHWmnDDhe6QgWn6veJIQqkHAS+7gyQ6snf3kT8y2vGqlN0hzSMYkVCPFvUiRlUHE5ygG0qCFZsoAnCgupbIe4hgbDSaaV0CF+fwv9JLZe1T7OFip0pnYMZkmAXHIAjYIMzUAKXoAyqAIMbcA8ewZNxazwYz8bLrDVhzGd2wA8Yr5/Znpd5</latexit>!1,!2

[KS, M.Spannowsky 
2310.01477]



| i 2 HA ⌦HB , the concurrence can be computed more
straightforwardly as

C[| i] =

q
2(1 � Tr⇢2

B) , (2)

where ⇢B is the reduced density operator of subsys-
tem B obtained by tracing over subsystem A: ⇢B ⌘

TrA(| ih |).
For a three-qubit state, | i 2 Hi ⌦Hj ⌦Hk, one can

consider two types of entanglement. One is an entangle-
ment between two individual particles, say between i and
j. This entanglement can be computed by first tracing
out subsystem k and use formula (1):

Cij = C[⇢ij ], ⇢ij = Trk(| ih |) . (3)

Another type is an entanglement between one particle
and the rest of the system, known as one-to-other bipar-
tite entanglement. The concurrence between i and the
composite subsystem (kj) can be computed using Eq.
(2):

Ci(kj) =

q
2(1 � Tr⇢2

kj), ⇢kj = Tri(| ih |) . (4)

The entanglement between i and subsystem (kj) can-
not be freely shared between i-j and i-k. Namely, there
is a trade-off between i’s entanglements with j and k.
This property, called monogamy, is one of the most fun-
damental traits of entanglement and formulated by the
Coffman-Kundu-Wootters (CKW) monogamy inequality
[29, 30]:

C
2
i(kj) � C

2
ij + C

2
ik . (5)

For multiparticle systems, one can define a so-called
genuine multiparticle entanglement (GME) [31–33]. A
good GME measure should (1) vanish for all product and
biseparable states, (2) be positive for all non-biseparable
states, and (3) not increase under LOCC. Recently, a
GME measure satisfying all these criteria has been found
for three-qubit states [34]. It corresponds to the area of
the concurrence triangle, whose three sides are given by
the three one-to-other bipartile entanglements:

F3 =
⇥
16
3 Q(Q � C1(23))(Q � C2(13))(Q � C3(12))

⇤ 1
2 , (6)

with Q =
1
2 [C1(23) + C2(13) + C3(12)]. With this definition,

F3 takes values between 0 and 1.

III. ENTANGLEMENT IN 3-BODY DECAYS

We consider a 3-body decay 0 ! 123 and assume all
particles have spin-1/2. We analyse the entanglement
of the spin degrees of freedom (d.o.f.) of the final state
particles 1, 2 and 3 at a given phase-space point (p1, p2,
p3). To parametrise the phase space of the final state
we boost into the rest frame of the initial particle 0 and
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Figure 1: The momentum and spin configuration in the coor-
dinate system.

take the z axis in the direction of p1. The x and y axes
are chosen such that the y axis is perpendicular to the
decay plane and the p2 has a positive x-component. The
opening angles 1 ! 2 and 1 ! 3 are denoted by ✓2 and
✓3 (0  ✓2, ✓3  ⇡), respectively. We represent the spin
polarisation n of the initial particle 0 by the polar and
azimuthal angles, ✓ and �, respectively (see Fig. 1).

We choose the spin quantisation axis of each final state
particle in the momentum direction of that particle. In
this case, the eigenvalues of the spin (multiplied by 2)
are called helicity and denoted by �i = ±1 (i = 1, 2, 3).

For a given set of interactions, the quantum field theory
framework lets us calculate the transition matrix element
(helicity amplitude)

M
n
�1,�2,�3

= h�1,�2,�3|ni , (7)

where the momentum labels are suppressed. The initial
state |ni is expanded by the final states as

|ni =

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i + · · · . (8)

The ellipsis represents final states of other phase-space
points and other decay modes. Focusing on the spin d.o.f.
one can describe the final spin state as

| i =
1

N

X

�1,�2,�3

M
n
�1,�2,�3

|�1,�2,�3i , (9)

where N = (
P

�1,�2,�3
|M

n
�1,�2,�3

|
2
)
1/2 is the normalisa-

tion constant. In general, this is an entangled pure state
of three qubits. The 2-particle entanglement and one-to-
other entanglement defined in Eqs. (3) and (4) can be
readily calculated, respectively.

In the following, we assume, for simplicity, that the
final state particles are massless while the extension to
the massive case is straightforward. In general, there are
16 non-redundant Lorentz structures formed from from
bilinear combinations of Dirac spinors  ̄� , where

� =
�
I, �5, �µ, �µ�5,�µ⌫

 
. (10)
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with cM , cE , dM , dE 2 R. As in the scalar case, we define
c = cM + icE and d = dM + idE and take |c| = |d| = 1.
The 0 ! 123 matrix element is given by

M
n
�1,�2,�3

/ �4

p
8mp1p2p3h

c⇤d⇤ · �+
�1

�+
�2

�+
�3

· [2ei�s ✓
2s ✓2

2 s ✓3
2 + c ✓

2s ✓3�✓2
2 ]

+ cd · ���1
���2

���3
· [�ei�s ✓

2s ✓3�✓2
2 + 2c ✓

2s ✓2
2 s ✓3

2 ]

i
,(27)

implying the spin quantum state

| i = MR| + ++i + ML|���i , (28)

with MR = M
n
+++/N and ML = M

n
���/N . This state

interpolates between the separable states, | + ++i and
|���i, and the maximally entangled Greenberger Horne
Zeilinger state, |GHZi = (| + ++i + | � ��i)/

p
2 [35].

For the tensor interaction, there are no entanglements
between two individual particles

C12 = C13 = C23 = 0 , (29)

while one-to-other entanglements are universal

C1(23) = C2(13) = C3(12) = 2|MRML| . (30)

The GME measure in this case is

F3 = 4|MRML|
2 . (31)

The monogamy inequalities are trivially satisfied because
no entanglement of one-to-other is shared by the individ-
ual pairs (c.f. Eq. (29)).

As in the scalar case all entanglement measures are
independent of the phases of c and d.

D. Numerical Results

In Fig. 2, we show the GME measure F3 as a function
of ✓2 and ✓3 for vector (upper panel) and tensor (lower
panel) interactions. The lower left plane is empty because
this region is unphysical, ✓2 + ✓3 < ⇡. All couplings,
cX , dX (X = L, R, M, E), are fixed to 1/

p
2. In the left

panel, the spin direction n of the initial particle is set
to the y direction (perpendicular to the decay plane),
while in the right panel, it is tilted with ✓ = � =

⇡
4

(see Fig. 1). We see that for the vector interaction with
dL = dR, F3 is symmetric under 2 $ 3 regardless of n,
as can readily be checked from the analytical expressions:
MLL $ MLR and MRL $ MRR under 2 $ 3. We also
observe that F3 vanishes at ✓2 = ✓3, as C1(23) vanishes in
this configuration.

For the tensor interaction, we see that the system is
maximally entangled, F3 = 1, regardless of the phase-
space point when n is perpendicular to the decay plane.
As can be checked from Eq. (27) |ML| = |MR| = 1/

p
2

in this case. When the initial spin is tilted, F3 behaves
asymmetrically under 2 $ 3 as seen in the lower right
plot of Fig. 2.

Figure 2: F3 on the (✓2, ✓3) planes.

Figure 3: Various entanglement measures as functions of the
initial spin direction n.

Fig. 3 shows various entanglement measures as a func-
tion of the initial spin direction n. For vector in-
teraction, we show F3 (red-solid), C1(23) (blue-dashed),
C2(13) = C3(12) (green-dashed), C23 (purple-dotted) and
Mi = C

2
1(23) (orange-dotted), while only F3 is shown for

the tensor interaction. All couplings are set to 1/
p

2. In
the right and left panels, the decay angles are fixed to
(✓2, ✓3) = (

4⇡
6 , 5⇡

6 ) and (
2⇡
6 , 5⇡

6 ), receptively. The hori-
zontal axes of the plots represent the angle between the
z-axis and n. In the upper and lower panels, n rotates
about the y and x axes in the right-handed way, re-

4
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Discussion

✤ look for theories to maximise/minimise the entanglement

✤ measure/study 3-body entanglements experimentally e.g. in hadron decays

What to do with it?

Future directions:

✤ Effect of masses in the final particles

✤ More spin structures:
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SFFV, V V FF, SFV F3/2, SV V T · · ·

✤ 3-body non-locality

Mermin ineq:

[Mermin ’90, Svetlichny ’87]
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BM = abc0 + ab0c+ a0bc� a0b0c0
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hBMiLR  2

Horodecki, KS, Spannowsky, in progress

general 2HD 

minimising entanglement 
in ΦaΦb → ΦcΦd

maximum SO(8) sym. SM-like Higgs

Carena, Low, Wagner, Xiao [2307.08112]
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FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,−k), satisfying the invariant dispersion

relation k2t ≡ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ≡ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1− β2, we get

β =
√

1− 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

⟨O⟩ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

⟨O⟩ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) ⟨O⟩ρ , (12)

with ⟨O⟩ρ ≡ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ≡
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ≡
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order

•  and  initial states contribute stochastically  
  the  spin state is necessarily mixed  

gg qq̄
⇒ tt̄
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 : the angle between  and the beam line (  )Θ t 0 ≤ Θ ≤ π/2

 : the inv. mass of Mtt̄ tt̄

ρ(Mtt̄, Θ) = ∑
I=gg,qq̄

wI(Mtt̄, Θ) ⋅ ρI(Mtt̄, Θ) wI(Mtt̄, Θ) =
LI(Mtt̄)ÃI(Mtt̄, Θ)

∑J LJ(Mtt̄)ÃJ(Mtt̄, Θ)

 : luminosity function LI(Mtt̄)

 : partonic differential x-section ÃI(Mtt̄, Θ)

  @ LHC　pp → tt̄[Afik, Nova (2021, 2022)]



Entanglement and Bell Inequality Before Integration

a) gg ! tt̄ Concurrence.

b) qq̄ ! tt̄ Concurrence.

c) Full LHC ⇢(Mtt̄ , k̂)
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ−
√
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0⟩ ⟨Ψ0| , |Ψ0⟩ =
|↑n̂↓n̂⟩ − |↓n̂↑n̂⟩√

2
(23)

with |↑n̂⟩ , |↓n̂⟩ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(∞, n̂× p̂) = |Ψ∞⟩ ⟨Ψ∞| , |Ψ∞⟩ =
|↑n̂↓n̂⟩+ |↓n̂↑n̂⟩√

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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ious number of bins (from 6 to 12) and various choices of
the regulating parameter k (from 3 to 5). Results are con-
sistent with the iterative method and stable under change
of parameters. When run over 35.9 fb�1 of simulated lumi-
nosity with the same kinematical cuts in [20], our analy-
sis produces statistical uncertainties at the unfolded level
that are compatible with those found by the CMS Collab-
oration.

In order to verify the robustness of our observable def-
inition and reconstruction method against higher-order
QCD e↵ects, we have generated 250 fb�1 of pp ! tt̄ events
at

p
s = 13TeV at Next-to-Leading Order (NLO) in QCD

with MadGraph5 aMC@NLO. Since NLO QCD corrections
to the Cij matrix are known to be small [10], top spin
correlations and finite width e↵ects have been taken into
account using MadSpin [25]. The test statistics, Eqs. (11),
(12), and (18), are then re-evaluated using the event recon-
struction algorithm cited above. Deviations in our region
of interest are seen at the percent level, meaning the al-
gorithm is well–behaved under the introduction of NLO
QCD corrections, and missing higher-order terms in our
LO analysis are sub-leading with respect to statistical un-
certainty in realistic LHC scenarios.

7 Results

As a first step, we consider the observation of entangle-
ment. The two signal regions of interest are i) at threshold
and ii) at large pT . We consider three di↵erent selections,
characterised by di↵erent trade-o↵s between keeping the
largest possible statistics and maximising the correlations.
The three selections are shown explicitly in Figure 5, with
the “strong” selection being completely contained in the
“intermediate” selection, that in turn is contained in the
“weak” selection. Results are collected in Table 1, together
with an estimate of the cross section included in each se-
lection. When considering the LHC Run 2 luminosity of
139 fb�1, the expected statistical significance for the de-
tection of entanglement is of order 5� or more in both
signal regions.

The strategy to observe a violation of BIs is the same
as the one employed for entanglement. In this case, how-
ever, we only consider one signal region, corresponding to
events with mtt̄ of order TeV and ✓ close to ⇡

2 , and move

directly to simulating experiments using 350 fb�1 of lumi-
nosity. We consider three selections, shown explicitly in
Figure 6, with the same “strong”/“intermediate”/“weak”
hierarchy as before. Assuming an average detector e�-
ciency of 12% in successfully reconstructing parton–level
tt̄ events, consistent with the results of our simulations,
our three di↵erent selections should yield approximately
104, 5 · 103, and 3 · 103 events respectively at the end of
Run 3 of the LHC, and a factor of ⇠ 10 more after the
High–Luminosity Run.

Table 2 collects results for the fixed choice of axes of
Eq. (17). We find that the improvement given by the op-
timization is not enough to overcome the increase in sys-
tematic uncertainty noted in Sec. 5, and the overall per-
formance of this method is worse than just using fixed

Fig. 5: Selections in mtt̄ � ✓ space for the detection of
entanglement.

Fig. 6: Selections in mtt̄ � ✓ plane for the observation of a
violation of the CHSH inequality.

axes. Finally, table 3 shows results for the hypothesis test
using �+�0. Figure 8 shows the distribution of �+�0 and
(�+ �0)classical used for the hypothesis test with the weak
selection cuts. We find that LHC Run 2 + Run 3 statis-
tics are not su�cient for a conclusive measure. In order
to provide an estimate for the upcoming High–Luminosity
Run (HL-LHC), we estimate statistical uncertainties run-
ning all our analyses on 3 ab�1 of simulated luminosity.
Results are shown in Figure 7. The statistical significance
for a violation of the CHSH inequality in Eq. (18) be-
comes of order ⇠ 2�, regardless of the specific strategy or
observable used.

8 Loopholes

When performing a Bell experiment the possible existence
of loopholes has to be assessed. First, Bell experiments re-

2SCHSH/2 = 2.20 ± 0.1

|Ckk + Crr | − Cnn = 1.36 ± 0.07  Entanglement⇒ ≫ 5σ> 1

> 2  Bell nonlocality⇒ ∼ 1.8σ

MC-sim: di-leptonic decay,  pp → tt̄ → (bℓ+ν)(b̄ℓ−ν̄)

HL-LHC (L = 3 ab−1) [Severi, Boschi, Maltoni, Sioli (2022)]

selecting events here

MC-sim: semi-leptonic decay,  pp → tt̄ → (bℓν)(bjj)
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FIG. 5. Entanglement indicator as a function of the luminos-
ity. The yellow and blue areas represent the regions for E±2�
and E ± 5�, respectively.

To train the network, we developed a custom loss func-
tion defined as L = Mean squared loss+�1(mb`⌫�mt)2+
�2(m`⌫�mW )2, wheremb`⌫ andm`⌫ represent the invari-
ant masses of the reconstructed top quark and W boson,
and mt, mW are their true masses. The hyperparameters
�1 and �2 were tuned to 0.8 and 0.4, respectively. We
find that the LBN method outperforms the �2 approach
in terms of correct angular distributions.

Once we find the momenta of the hadronic and leptonic
top quarks, we compute the double angular distributions
d2�/d cos ✓i`d cos ✓̄

j
qopt

in the helicity basis as in Eq. (15).
Fig. 4 shows the di↵erential angular distributions with
respect to cos ✓i` cos ✓̄

i
qopt for i = k (left), i = n (mid-

dle), and i = r (right). Parton-level distributions with
the charged lepton and down-type quark (dashed) and
optimal hadronic direction (solid) are shown in black,
while detector-level distributions with the optimal di-
rection (dashed) and unfolded distributions (solid) are
shown in red, respectively. We observe that the profiles
of parton-level distributions are very well retained at each
stage of the analysis (see two solid histograms).

As shown in Fig. 4, the overall angular distributions
do not change significantly in these di↵erent stages of
the simulation. However, the correlation coe�cients are
very sensitive to small e↵ects in the angular distribu-
tions (due to cuts, detector e↵ects, imprecise estimation
of the optimal hadronic direction, etc.), a↵ecting the en-
tanglement and Bell inequalities estimations. To reach a
more robust quantitative conclusion, we perform unfold-
ing with the TSVDUnfold package [67]. It uses Singular
Value Decomposition (SVD) of the response matrix. De-
tails of the unfolding algorithm and adopted parameters
are described in Appendix B.

Indicator Unfolded value Significance (L = 3 ab�1)

B1 0.239± 0.049 4.79

B2 0.238± 0.052 3.77

TABLE I. Unfolded values of B1 and B2 and the corresponding
statistical uncertainties for L = 3 ab�1 at the HL-LHC.

V. RESULTS

To maximize the entanglement probe and CHSH viola-
tion indicator, we focus on the highly relativistic regime
of (mtt̄, cos ✓CM) instead of the entire phase space. In
the case of entanglement, we choose the region defined
by mtt̄ � 800 GeV and | cos ✓CM|  0.6, which leads
to the cross section of 382.8 fb. We use approximately
7.8 M events for training (corresponding to 20 ab�1 lumi-
nosity). The unfolded result for the entanglement probe
E is shown in Fig. 5 as a function of the luminosity. We
have randomly selected the events from the test data set
corresponding to the adopted luminosity. The yellow and
blue regions represent the regions for E ± 2� and E ± 5�,
respectively, where � is the error estimated using TSV-
DUnfold [67]. For a small luminosity in the left plot, one
can see minor statistical fluctuations, which become more
stable as the luminosity increases. Remarkably, Fig. 5
indicates that ATLAS and CMS collaborations have al-
ready accumulated su�cient data to observe entangle-
ment between two top quarks, using the semi-leptonic
top pair final state in the boosted regime.
For the Bell inequalities, we impose a more stringent

phase space restriction, mtt̄ � 1.3 TeV and | cos ✓CM| 
0.2, reducing the cross section down to 8.25 fb. We ran-
domly select the test data corresponding to 3 ab�1 and
use the remaining data (288k events, corresponding to
35 ab�1 luminosity) for training. The unfolded CHSH vi-
olation indicators B1 (left) and B2 (right) are presented
as functions of luminosity in Fig. 6. Due to stronger
cuts, we observe more severe statistical fluctuation for
luminosity below 1 ab�1, becoming stable beyond 1 -
1.5 ab�1. Fig. 6 indicates that the violation of Bell in-
equalities could be probed at 3� level with the luminos-
ity & 1.5 ab�1. 5� observation of the CHSH violation is
very promising with the full luminosity, especially when
results from CMS and ATLAS can be combined.

VI. SUMMARY

We performed a comprehensive analysis to investigate
the feasibility of detecting quantum entanglement and
the violation of Bell inequalities in top quark pair pro-
duction at the LHC, with a focus on the semi-leptonic
top pair final state. This study has significant implica-
tions, as it o↵ers an excellent opportunity to test these
quantum correlations at high-energy scales.

To ensure a high probability of spacelike separation

8

FIG. 6. Bell indicators B1 (left panel) and B2 (right panel) as a function of the luminosity. The yellow and blue areas represent
the regions for Bi ± 2� and Bi ± 5� (i = 1, 2), respectively.

between the two top quarks, a large invariant mass of
the tt̄ system is required. Boosted top tagging is very
well motivated for such circumstances. By utilizing the
semi-leptonic top pair final state, we take advantage of
its six times higher event rate compared to the dileptonic
top pair final state, explored in previous studies [18–21].

We showed that the final state with lepton and op-
timal hadronic direction, in the semi-leptonic channel,
can e↵ectively probe the top quark pair spin density ma-
trix, prompting access to the entanglement probe and the
CHSH violation indicator. For more realistic simulation,
we have included parton-shower, hadronization and de-
tector e↵ects. We have shown that HEPTopTagger and
Lorentz Boost Network provide excellent reconstruction
of the hadronic and leptonic top quarks.

Our unfolded angular distributions lead to robust re-
sults in observing entanglement and violation of Bell in-
equalities. They indicate that the detection of entangle-
ment is straightforward, in agreement with existing stud-
ies in the literature that use dileptonic top pairs. ATLAS
and CMS collaborations should be able to observe entan-
glement with their current data sets. On the other hand,
it is more challenging to probe the violation of Bell in-
equalities. This is expected, as this quantum correlation
is more restrictive than entanglement. However, we ob-
tain that such an observation is possible at approximately
4� levels at the HL-LHC (see Table I). These results can
be statistically boosted even further by a combination of
ATLAS and CMS datasets and accounting as well for the
dileptonic top quark pair final state.
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Appendix A: Spacelike Separation

To make sure that the top quarks are spacelike sepa-
rated when the spin information is passed on to the decay
products, they have to be relatively apart from one an-
other so that no information can be passed in between
when they decay [20]. In the center of mass frame of
tt̄, the distance between their decay location is given by
(t1 + t2)v, where t1 and t2 are the decay times of the top
and anti-top, v is the magnitude of their velocity. The
maximum distance that information can travel between
their decay time is given by |t1 � t2|c, where c is the
speed of the light. Thus, spacelike separation requires
the following inequality:

|t1 � t2|
t1 + t2

<
v

c
=

s

1� 4m2
t

m2
tt̄

. (A1)

Counting the fraction of events where this inequality
holds tells us how often the tops are spacelike separated.

Appendix B: Unfolding Algorithm

We start the unfolding procedure with the MC truth
distribution xinit and the corresponding MC measured
distribution binit. The response matrix Aij is the prob-
ability that an event generated in the true bin j will be
found in the measured bin i. The response matrix is then
used to solve the system Ax = b, where b is the measured
distribution (the distribution we want to unfold). Before

[Dong, Goncalves, Kong, Navarro (2023)]
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Recent Related Measurement

Recently, D was measured with
no selection on Mtt̄ by the CMS
collaboration.

Results:
D = �0.237 ± 0.011 > �1/3;
�D/D = 4.6%.

No evidence of quantum
entanglement.
) We need a dedicated

analysis!
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Entanglement in CMS

D ≡
Tr[C]

3
< −

1
3

Recently,  has been measure by CMS

in di-leptonic  

D
pp → tt̄

entanglement

1
σ

dσ
d cos φ

=
1−D cos φ

2

D = − 0.237 ± 0.011 > −
1
3

CMS result:

entanglement is not detected

[Phys. Rev. D 100, 072002]

To see the entanglement, selecting certain kinematical regions is crucial. 

A dedicated analysis is needed.



  　H → WW*, ZZ*
• Conceptually less clear since one particle is off-shell.   

[Barr (2022)]

[Aguilar-Saavedra ,Bernal, 
Casas, Moreno (2022)]

[Aguilar-Saavedra (2023)]

[Fabbrichesi, Floreanini, 
Gabrielli, Marzola (2023)]

|ΨVV*⟩ ≃ | + − ⟩ − β |00⟩ + | − + ⟩

β = 1 +
m2

H − (1 + f )2m2
V

2fm2
V

∼ 1

• two qutrits (rather than qubits)  

• the final state is pure:

 virtual particle with mass shifted:      ⇒ mV* = f ⋅ mV (0 < f < 1)

 (almost) maximally entangled ⇒
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{



[Collins Gisin Linden Massar Popescu (2002)]

I3 ≤

*)   is the probability that  and  are differ by  mod P(Ai = Bj + k) Ai Bj k 3

CGLMP function

CGLMP Qutrit inequality

P(A1 = B1) + P(B1 = A2 + 1) + P(A2 = B2) + P(B2 = A1)

−P(A1 = B1 − 1) − P(B1 = A2) − P(A2 = B2 − 1) − P(B2 = A1 − 1)

I3 ≡
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{ 2

1 + 11/3 ≃ 2.9149

Local theories

Quantum Mechanics



• It is convenient to reconstruct the density matrix from the kinematics, then 
analysis entanglement and nonlocality

Quantum state tomography

1
9

(1 ⊗ 1) +
1
3

8

∑
i=1

ai (λi ⊗ 1) +
1
3

8

∑
j=1

bj (1 ⊗ λj) +
8

∑
i, j=1

cij (λi ⊗ λj)ρ =

• density matrix is 9 x 9 Hermitian matrix with unit trace.  It can be expanded by 
two sets of Gell-Mann matrices and  real parameters  8 + 8 + 64 = 80 (92 − 1)

• real parameters  can be reconstructed from the directions of two charged 
leptons,  and , using the eight Wigner P functions,  

ai, bj, cij
n1 n2 ΦP

i

[Ashby-Pickering, Barr, Wierzchucka (2022)]

ai =
1
2 ⟨ΦP

i n1⟩av
bi =

1
2 ⟨ΦP

i n2⟩av
cij =

1
4 ⟨(ΦP

i n1)(ΦP
j n2)⟩av



Figure 2: Plots showing the form of the eight Wigner P symbols �P+

i
corresponding to

each of the Gell-Mann operators �
(3)

i
. These functions are used in recovering the density

matrix parameters from the lepton angular probability distribution according to (4.16).

where the elements of the real symmetric matrix M (which is the same for the ± cases)

are given by the inner products

Mij =
d

2

D
�Q±
i

�Q±
j

E
(4.13)

=
d

2

1

4⇡

Z
d⌦n̂�

Q±
i

(n̂)�Q±
j

(n̂) (4.14)

of the Q symbols. The corresponding �P± for d = 3 are

�P±
1

=
p

2(5 cos ✓ ± 1) sin ✓ cos� �P±
5

= 5 sin2 ✓ sin 2�

�P±
2

=
p

2(5 cos ✓ ± 1) sin ✓ sin� �P±
6

=
p

2(±1� 5 cos ✓) sin ✓ cos�

�P±
3

= 1

4
(±4 cos ✓ + 15 cos 2✓ + 5) �P±

7
=

p

2(±1� 5 cos ✓) sin ✓ sin�

�P±
4

= 5 sin2 ✓ cos 2� �P±
8

= 1

4
p
3
(±12 cos ✓ � 15 cos 2✓ � 5) . (4.15)

We observe that the Wigner P and Q symbols for a particular �i are not generally propor-

tional to one another. For illustrative purposes the �P+

j
are shown graphically in Figure 2.

Using these Wigner P symbols, together with the orthogonality relationships (4.10)

and (4.11), and the probability density function (4.6), each of the eight Gell-Mann density

matrix parameters aj for any W
+ or W

� boson may separately be extracted from the

lepton angular emission data. The result is the remarkably simple expression

aj =
1

2

Z
d⌦n̂ p(`

±
n̂ ; ⇢)�

P±
j

. (4.16)

With this result one may determine the eight real parameters ai of ⇢ from data. The

experimental measurement âi of the density matrix parameter ai is obtained by a simple
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[Ashby-Pickering, Barr, Wierzchucka (2022)]• Wigner functions for W± → ℓ±ν

To get back to the density matrix

Wigner P functions for the eight Gell-Mann matrices
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[Fabbrichesi, Floreanini, 
Gabrielli, Marzola (2023)]

In addition, one has to remove the reducible background events from tt̄ and Wt production. The
irreducible background for the H ! Z`+`� signal is rather small and dominated by the electroweak
process pp ! ZZ/Z� ! 4`, which is about 4 times smaller at the Higgs peak [44]. We can therefore
neglect all backgrounds in our assessment of the significance.

We run 1000 pseudo experiments as we vary the invariant mass of the o↵-shell gauge boson and
compute the observable I3. Fig. 6 and Fig. 7 show the distributions which are obtained for, respectively,
LHC run 2 and Hi-Lumi. The distributions are skewed because the observable is computed near its
maximum value and the random variation can only reduce this value.

Fig. 6 shows that, at the LHC run 2, the significance for rejecting the null hypothesis I3  2 is 1 for
the WW ⇤ case and 1.3 for the ZZ⇤ case. Fig. 7 shows that, at the LHC Hi-Lumi, the significance for
rejecting the null hypothesis I3  2 remains 1 for the WW ⇤ case, since the uncertainty is dominated
by the statistical error, while it reaches 5.6 for the ZZ⇤ case. These significances are likely to diminish
in a more complete analysis based on a full simulation.

Figure 6: Distribution of the events at the LHC run 2 for the H ! W+`�⌫̄` and H ! Z`+`� processes.The
set of events for WW ⇤ has mean value I3 = 2.4, that for ZZ⇤ has mean value I3 = 2.5. The threshold value of
2 for Bell inequality violation is shown as a dashed red line.

Figure 7: Distribution of the events at the LHC Hi-Lumi for the H ! W+`�⌫̄` and H ! Z`+`� processes.
The set of events for WW ⇤ has mean value I3 = 2.5, that for ZZ⇤ has mean value I3 = 2.9. The threshold
value of 2 for Bell inequality violation is shown as a dashed red line.

Our results confirm the numerical simulations presented in [5] for theH ! WW ⇤ process and in [12]
for the H ! ZZ⇤ case. These works estimate the uncertainties from a parton-level reconstruction of
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range of the kinematic variables. The bin in which I3 > 2 is indicated by the hatched area in first
plot of Fig. 10. The matrices maximizing the Bell observable are given by
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0
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7
�1

5
� i

13

1

3
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9
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3i

7

3

8
� 3i

5

1

CCCCCCCCA

, (4.16)

with a precision of 1% with respect to the numerical solutions we found. Accordingly, unitarity is
satisfied barring O(10�2) terms. These expressions might be useful in a future simulation of the
process.

Figure 10: The observables I3 (left plot) and C2 (right plot) for the process p p ! W+W� as functions of
the invariant mass and scattering angle. The hatched area in the plot on the left represents the bin used as
reference for our estimate of the significance.

The observable C2 follows roughly the pattern of I3 and reaches the largest values in the upper-left
quadrant, thus witnessing the presence of states more entangled than in the rest of the kinematic space.
This feature can be made manifest by considering the density matrix of the process. For instance,
at mWW = 900 GeV and cos⇥ = 0, the polarization density matrix for the W+W� states can be
approximated up to terms O(10�3) by the following combination of pure state density matrices

⇢ = ↵ | +�ih +�|+ � | +� 0ih +� 0|+ � |00ih00|+ � | 0�ih 0�| , (4.17)

with decreasing weights: ↵ ' 0.72, � ' 0.18, � ' 0.07 and � ' 0.02; the normalization condition
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where

fZZ =
8↵2⇡2Nc

DZZc4Ws4W
, and DZZ = 1 + �4

Z + 2�2
Z(1� 2c2⇥) , (4.26)

with �Z =
q
1� 4M2

Z
/m2

ZZ . The angle ⇥ is here defined as the angle between the anti-quark momen-

tum and k1 in the CM frame. The orientation of the latter coincides with that of the k̂ unit vector of
the basis in Eq. (2.26).

Figure 12: The observables I3 (left plot) and C2 (right plot) for the process p p ! ZZ as functions of the
invariant mass and scattering angle in the CM frame. The hatched area in the plot on the left indicates the bin
in which the observable is to be evaluated.

The Eq. (4.24) makes it possible through Eq. (2.38) to compute the correlation coe�cients f̃a, g̃a,
and h̃ab (given in Appendix C) of the density matrix for the process at hand and consequently, the
value of the operators I3 and C2.

In Fig. 12 we present our results for the entanglement observables. The violation of the Bell
inequalities takes place only in a limited range of the kinematic variables. The bin in which I3 > 2 is
shown as a hatched area in the left panel.

The observable C2 follows the pattern of I3—as it does in the case of the W+W� final states—and
reaches the largest values in the upper-left quadrant. In this region it witnesses the presence of states
more entangled than in the rest of the kinematic space.

4.2.1 Events and sensitivity

The number of expected events at the LHC is given in Table 3. As before, the relevant cross sec-
tions were computed with MADGRAPH5 [40] at the LO and then corrected by the -factor given at
the NNLO [48]. Only fully leptonic decays can be used, as explained in Section 1. We reduce the
number of events thus found by the e�ciency in the identification of the final leptons—which we take
conservatively to be 70% for each of the identified leptons [42].

Though there are irreducible background events from the H ! ZZ decay, they are negligible in
the kinematic bin where the observables are to be estimated.
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Figure 3: Concurrence averaged over solid angle as a
function of the top quark velocity � for c(8)tq (top) and

ctG (bottom).

matrix. Hence, in the case of pp collisions displayed in
the left panel of Fig. 3, we can observe an effect of the
EFT already at threshold, even at the linear level. This
also holds true for four-fermion operators, such as for
instance O(8)

tq shown in the upper panel.

IV. QUANTUM STATES IN THE SMEFT

In this section we consider the effects of new physics
on the quantum state of the tt̄ pair in different regions
of the phase space. Observables directly related to the
quantum state probe different and complementary direc-
tions in the parameter space compared to the scattering
amplitude. In the following, we discuss in particular two
phase space regions of interest, i.e., the production of top
quarks at threshold, characterised by high statistics, and
the production at high pT in the central region, where
top-quark mass effects become negligible.

A. Threshold region

In the SM, the gg initiated channel at threshold is
characterised by a pure maximally-entangled state as
in Eq. (13), with the top quark spins forming a singlet
state of spin 0. The presence of new physics effects can
potentially change the picture. In particular, we find that
the chromo-magnetic operator OtG and the triple-gluon
operator OG change the quantum state, which is then
not a pure state anymore. As a matter of fact, these op-
erators induce the presence of a triplet state of spin 1,
and the density matrix is therefore described by a mixed

state:

⇢EFT
gg (0, z) = pgg| +iph +|p + (1 � pgg)| �iph �|p .

(18)

Note that here the spins are defined with respect to the
beam direction p. The probability of being in a triplet
state is given by pgg = 72m2

t (3
p

2mt cG + v ctG)2/7⇤4 ,
which shows that no linear effects are present and only
the squares contribute. In particular, we find a flat di-
rection for a specific combination of cG and ctG, while
the operator O'G does not affect the quantum state at
threshold.

For the qq̄ channel, in the SM the spin density matrix
is characterised by a mixed separable state:

⇢SMqq̄ (0, z) =
1

2
|""ip h""|p +

1

2
|##ip h##|p . (19)

Specifically, the probability of having both, top and anti-
top quark, with spin up (down) is 1/2 in the SM. The
EFT effects in this case do not change the structure of
the state, but the eigenvalues of the density matrix are
affected and a preference for one spin direction is in gen-
eral observed:

⇢EFT
qq̄ (0, z) = pqq̄ |""ip h""|p +(1�pqq̄) |##ip h##|p , (20)

where pqq̄ = 1
2 � 4

c(8),uV A
⇤2 + O(1/⇤4), which also includes

corrections at linear order in the Wilson coefficients [41].
Here, c(8),uV A = (�c(8,1)Qq � c(8,3)Qq + c(8)tu � c(8)tq + c(8)Qu)/4.
The spoiling of the symmetry is due to P-violating in-
teractions induced by dimension-six operators but is also
present if electroweak corrections are taken into account.

In Fig. 4 we show contour plots of the probabilities pgg
and pqq̄. In the case of the quark initiated channel, we
choose O(8)

tu and O(8,3)
Qq as a pair of representative four-

fermion operators. In addition to the probabilities, we
also plot contours of the relative EFT effects on the scat-
tering amplitude, in order to highlight the complemen-
tarity of the two observables, which are clearly probing
different directions in the parameter space.

B. Central high-pT region

The other interesting region to consider is the one char-
acterised by high pT . In the following, we set ✓ = ⇡/2
(z = 0) and look at the probability for the top quark pair
to be in a triplet state

p + = h +|n ⇢ | +in , (21)

which, in particular, is the quantum state for the SM in
the limit of � ! 1, both in the gg and the qq̄ initiated
channels. However, as already discussed above, the limit
� ! 1 is ill-defined in the presence of higher dimensional
operators. We therefore study the probability as a func-
tion of the invariant mass ŝ of the top quark pair (or

(a)

(b) (c)

(d) (e)

Figure 1: Change from the SM value for spin observables for the operators OtG (1a),
O

(8,3)
Qq (1b), O(1,3)

Qq (1c), O(8,1)
Qq (1d), O(1,1)

Qq (1e), inclusive in tt̄ phase space. Dashed lines
indicate results at LO, continuous lines indicate NLO. The shaded region around each curve
represents the combination of scale and MC uncertainty. The MC uncertainty is always
sub-leading compared to scale variation. Only curves that deviate appreciably from zero
are shown.
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[2]. We will assume the flavor symmetry as in [29]:

U(2)Q ⇥ U(2)u ⇥ U(3)d, (2.1)

that implies new physics couples predominantly to top quarks. This is rooted on the unusu-
ally large value of the SM top Yukawa coupling yt ⇡ 0.993, signaling a special relationship
between the two heaviest SM particles, and hinting at the presence of new physics close to
the electroweak scale.

We focus on operators containing at least one top quark field, assuming other operators
are well enough constrained from measurements not involving tops. All such operators are
considered, in a systematic approach, with the exception of those that enter top production
only in virtual corrections, and those only entering in highly suppressed contributions (e.g.
bb̄ ! tt̄).

2.1 Two-fermion operators

One can write down three dimension-six operators modifying the top-gluon interaction
and thus tt̄ production. To highlight the chiral properties of the induced tt̄g vertex these
can be written as:

Ogt = t TA�
µ
D

⌫
tG

A
µ⌫ , (2.2)

OgQ = QTA�
µ
D

⌫
QG

A
µ⌫ , (2.3)

OtG = gS QTA'̃�
µ⌫
tG

A
µ⌫ = gS QuG,33. (2.4)

The second equality is in terms of the Warsaw basis [30]. Once the additional symmetry
(2.1) and the EOM are enforced, only OtG and O

†
tG survive, as standard manipulations

yield:

Ogt +O
†
gt = gs

⇣
four-quarks

⌘
(2.5)

OgQ +O
†
gQ = gs

⇣
four-quarks

⌘
(2.6)

Ogt �O
†
gt = O

†
gQ �OgQ =

yt

gS
(OtG �O

†
tG) (2.7)

This shows that Ogt and OgQ reduce to four-fermion operators; more specifically, they
reduce to operators composed of two light quarks and two tops, that will be considered
in the following, and to operators with four top quark fields, that we will neglect due to
their large suppression in the process at hand. The only surviving operator, OtG, has the
effect of deforming the top quark color charge distribution, producing a chromo-magnetic
and chromo-electric dipole moment proportional to <(ctG) and =(ctG) respectively.

On top of the two-fermion operators listed above, there are five operators involving two
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fermion fields and electroweak gauge bosons that are in principle relevant for top physics,

Q'u, 33 = i('† $
Dµ ')(t�µt), (2.8)

Q
(1)
'q, 33 = i('† $

Dµ ')(Q�
µ
Q), (2.9)

Q
(3)
'q, 33 = i('† $

Dµ �I')(Q�
µ
�
I
Q), (2.10)

QuB, 33 = (Q�
µ⌫
t)'̃Bµ⌫ , (2.11)

QuW, 33 = (Q�
µ⌫
�It)'̃W

I
µ⌫ . (2.12)

Both at O(c/⇤2) and O(c2/⇤4), these operators only enter electroweak top production,
and since this process is heavily suppressed with respect to QCD production, their effect
will be neglected. An NLO computation including both QCD and EW corrections would
be required to fully take into account these contributions.

We note that Q
(3)
'q, 33 and QuW, 33 also induce a modified tWb vertex. Since spin mea-

surements involve both the production and the decay of the particle at hand, operators that
modify the decay of tops enter our study. In the following we will show that their actual
effect on the spin observables we consider is negligible.

2.2 Four-fermion operators

There are seven independent dimension-6 operators mediating tt production by qq

annihilation that result in a color-octet final state. These operators are constructed with a
combination of four quark fields, two light (u, d, c, s) and two tops. Following the LHC Top
WG notation and convention [2], we express SMEFT operators in a basis that highlights
their chiral structure:

O
8
tu =

P2
f=1(t�µT

A
t)(uf�

µ
TAuf) =

P2
f=1�

1
6Quu,ff33 +

1
2Quu,3ff3, (2.13)

O
8
td =

P3
f=1(t�µTAt)(df�

µ
T
A
df) =

P3
f=1Q

(8)
ud,33ff, (2.14)

O
8
tq =

P2
f=1(qf�µTAqf)(t�µTA

t) =
P2

f=1Q
(8)
qu,ff33, (2.15)

O
8
Qu =

P2
f=1(Q�µTAQ)(uf�

µ
T
A
uf) =

P2
f=1Q

(8)
qu,33ff, (2.16)

O
8
Qd =

P3
f=1(Q�µTAQ)(df�

µ
T
A
df) =

P3
f=1Q

(8)
qd,33ff, (2.17)

O
1,8
Qq =

P2
f=1(Q�µT

A
Q)(qf�

µ
TAqf) =

P2
f=1

1
4Q

(1)
qq,3ff3 �

1
6Q

(1)
qq,33ff + 1

4Q
(3)
qq,3ff3, (2.18)

O
3,8
Qq =

P2
f=1(Q�µT

A
�IQ)(qf�

µ
TA�

I
qf) =

P2
f=1

3
4Q

(1)
qq,3ff3 �

1
6Q

(3)
qq,33ff �

1
4Q

(3)
qq,3ff3. (2.19)
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– the SM cross sections �
(0)
S and �

(0) in (3.13) are replaced by their most accurate
values, EFT terms are not modified, and then the ratio S is taken;

– numerator and denominator of (3.13) are globally rescaled by the SM K-factors KS =

�
(0)
S,accurate/�

(0)
S and K = �

(0)
accurate/�

(0), then and the ratio S is taken;

– the ratio (3.13) is series expanded, the first term �
(0)
S /�

(0) is replaced with the accurate
value, other terms in the series are not modified – even if they contain �

(0)
S or �

(0).

It is not clear which one, if any, of the prescriptions outlined above entails the best
physical meaning, and the spread in results obtained by implementing accurate SM predic-
tions in different ways may be considered to be a theoretical uncertainty. In this work we
will report all six cross sections that enter (3.13), leaving the possibility open for arbitrary
implementations of accurate SM calculations.

Quantum entanglement.
As discussed in the introduction, and in more detail in Refs. [15, 16, 18, 20], top spin

correlations can signal the presence of quantum entanglement between tops. A calculation
shows that, in the case of tt̄, entanglement is signaled by the condition:

� = |Ckk + Crr|� Cnn � 1 > 0. (3.15)

Inequality (3.15) is general, and independent of the possible presence of new physics. We
also note that the concurrence of the tt̄ spin quantum state (3.1) is given by:

C[⇢] =

(
�/2, � > 0

0 �  0
(3.16)

The absolute value in the definition of � is non-trivial, as, already in the SM, at tt̄ threshold
Ckk + Crr < 0, so � = �TrC � 1, while at large top pT , Ckk + Crr > 0, so � becomes
Ckk + Crr � Cnn � 1. The use of TrC to detect entanglement at tt̄ threshold has been
the topic of extended studies [15, 16]; in fact, as shown in Ref. [17], � can be measured
directly using dedicated angular observables, regardless of the sign of the absolute value.
To appreciate directly the effect of SMEFT operators on the amount of spin entanglement,
in the following we will consider:

�± = ±(Ckk + Crr)� Cnn � 1 =
±(�Ckk + �Crr)� �Cnn � �

�
(3.17)

as additional observables, as an extension to those appearing in (3.1). We note that �� is
a well known top spin observable, usually called D ⌘ (�� + 1)/3.

4 Computation Setup

Since the reconstruction of a spin quantum state requires the analysis of decay products,
the analysis of top spin polarization and correlations at NLO would require the generation
of events of the form:

p p ! b b̄ `
+
`
�
⌫ ⌫̄ (4.1)
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β

Effect of BSM  pp → tt̄



Local Real Hidden Variable theories:

<latexit sha1_base64="WV8ON02IT3nvdqNFsfyMHwR4GLU=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwVWakPpalbtwILdgHdErJpLdtaCYzJhmhDP0NN/6KGxeKuNSVf2OmnYW2Hrhwcs695N7jR5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKowlhQYNeSjbPlHAmYCGZppDO5JAAp9Dyx9fp37rAaRiobjTkwi6ARkKNmCUaCP1bMfjRAw54MSjhOPqtJd4MsC3U+zJmTF/11OBwz0u9+yiU3JmwMvEzUgRZaj17E+vH9I4AKEpJ0p1XCfS3YRIzSiHacGLFUSEjskQOoYKEoDqJrPLpvjEKH08CKUpofFM/T2RkECpSeCbzoDokVr0UvE/rxPrwVU3YSKKNQg6/2gQc6xDnMaE+0wC1XxiCKGSmV0xHRFJqDZhFkwI7uLJy6R5VnIvSuf1crFSzeLIoyN0jE6Riy5RBd2gGmogih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7C+fgAjgZ/A</latexit>

hBMiQM  4
<latexit sha1_base64="eMunZUbyJiH1f8cMmraG4XY4fdI=">AAACGXicbVDLSgMxFM34rPU16tJNsAiuykzxtSx140Khin1AZyiZ9LYNzWTGJCOUob/hxl9x40IRl7ryb0ynXWjrgQsn59xL7j1BzJnSjvNtLSwuLa+s5tby6xubW9v2zm5dRYmkUKMRj2QzIAo4E1DTTHNoxhJIGHBoBIOLsd94AKlYJO70MAY/JD3BuowSbaS27XiciB4HnHqUcFwZtVNPhvh6hD2ZGZP31a0RONzjUtsuOEUnA54n7pQU0BTVtv3pdSKahCA05USpluvE2k+J1IxyGOW9REFM6ID0oGWoICEoP80uG+FDo3RwN5KmhMaZ+nsiJaFSwzAwnSHRfTXrjcX/vFaiu+d+ykScaBB08lE34VhHeBwT7jAJVPOhIYRKZnbFtE8kodqEmTchuLMnz5N6qeieFk9ujgvlyjSOHNpHB+gIuegMldElqqIaougRPaNX9GY9WS/Wu/UxaV2wpjN76A+srx8gdJ++</latexit>

hBMiLR  2

<latexit sha1_base64="XpZS6SlMB7iENZF/bylSJUmqWi4=">AAACGnicbVC7TgJBFJ3FF+ILtbSZSEysyK7BR0mwobDAB4+EJWR2uMCE2dl1ZtaEbPY7bPwVGwuNsTM2/o3DQqHgSW5y5px7M/ceL+RMadv+tjJLyyura9n13Mbm1vZOfnevoYJIUqjTgAey5REFnAmoa6Y5tEIJxPc4NL3R5cRvPoBULBB3ehxCxycDwfqMEm2kbt5xOREDDjh2KeG4knRjV/r4NsGuTI3pu3p1YxQO97jUzRfsop0CLxJnRgpohlo3/+n2Ahr5IDTlRKm2Y4e6ExOpGeWQ5NxIQUjoiAygbaggPqhOnJ6W4COj9HA/kKaExqn6eyImvlJj3zOdPtFDNe9NxP+8dqT7F52YiTDSIOj0o37EsQ7wJCfcYxKo5mNDCJXM7IrpkEhCtUkzZ0Jw5k9eJI2TonNWPL0uFcqVWRxZdIAO0TFy0DkqoyqqoTqi6BE9o1f0Zj1ZL9a79TFtzVizmX30B9bXD9B/oBg=</latexit>

hBSiHLR  4
<latexit sha1_base64="hsC/rx81qZ4pPtZaTHdljsgZP1w=">AAACIXicbVDLTgIxFO3gC/GFunTTSExckRmCypLgxo0JRHkkDCGdcoGGTmdoOyZkMr/ixl9x40Jj2Bl/xvJYKHiSm5yec2967/FCzpS27S8rtbG5tb2T3s3s7R8cHmWPTxoqiCSFOg14IFseUcCZgLpmmkMrlEB8j0PTG93O/OYTSMUC8agnIXR8MhCszyjRRupmSy4nYsABxy4lHFeSbuxKHz8k2JVzY/Gu3RuBwxgXXTWWOi4k3WzOzttz4HXiLEkOLVHtZqduL6CRD0JTTpRqO3aoOzGRmlEOScaNFISEjsgA2oYK4oPqxPMLE3xhlB7uB9KU0Hiu/p6Iia/UxPdMp0/0UK16M/E/rx3pfqkTMxFGGgRdfNSPONYBnsWFe0wC1XxiCKGSmV0xHRJJqDahZkwIzurJ66RRyDvX+ataMVeuLONIozN0ji6Rg25QGd2hKqojip7RK3pHH9aL9WZ9WtNFa8pazpyiP7C+fwDzSKNm</latexit>
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Nonlocality for Vector

Figure 5: The optimised Mermin (red-solid) and Svetlichny (blue-solid) observables with respect to their
LHV bounds 2 (Mermin) and 4 (Svetlichny) are shown for the vector interaction case. The GME measure F3

(black-dashed) as well as the one-to-other entanglement C1(23) (green-dashed) and C2(13) = C3(12) (purple-
dashed) are also shown for comparison. The convention of the plots are the same as Fig. 5.

7 Scalar interaction

We consider the e↵ective interaction operator

[ ̄1(cS + icA�5) 0][ ̄3(dS + idA�5) 2] , (45)

where cS , cA, dS , dA 2 R are coupling constants. We also define c = cS + icA and d = dS + idA and
take |c| = |d| = 1 as we are not interested in the overall scale of the amplitude. For given phase-
space point (✓2, ✓3) and the initial spin (✓,�), the matrix element of 0 ! 123 can be calculated
as

M
n
�1,�2,�3

/

p
2mp1p2p3 · s

✓2�✓3
2

(46)
h
cd · ���1

���2
���3

· ei�s ✓
2
� cd⇤ · ���1

�+�2
�+�3

· ei�s ✓
2

+ c⇤d · �+�1
���2

���3
· c ✓

2
� c⇤d⇤ · �+�1

�+�2
�+�3

· c ✓
2

i
,

where shorthand notations c↵ = cos↵ and s↵ = sin↵ are used. This corresponds to the spin state

| i = MLL|���i + MLR|� ++i + MRL| + ��i + MRR| + ++i, (47)

with MLL = cdp
2
· ei�s ✓

2
, MLR = �

cd⇤p
2
· ei�s ✓

2
, MRL = c⇤dp

2
· c ✓

2
and MRR = �

c⇤d⇤p
2
· c ✓

2
. We see that

this is a biseparable state

| i =
⇥
cei�s ✓

2
|�i1 + c⇤c ✓

2
|+i1

⇤
⌦

1p
2

⇥
d|��i23 � d⇤| + +i23

⇤
. (48)
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Figure 3: The optimised Mermin (red) and Svetlichny (blue) observables with respect to their LHV bounds
2 (Mermin) and 4 (Svetlichny). The GME measure F3 is also plotted with the black dashed curve. In the
left and right plots, the decay angles are fixed to (✓2, ✓3) = ( 4⇡

6 , 5⇡
6 ) and ( 2⇡

6 , 5⇡
6 ), receptively. The horizontal

axes of the plots represent the angle between the z-axis and the initial spin polarisation n. In the upper
and lower panels, n rotates about the y and x axes in the right-handed way, respectively. The two grey
horizontal lines represent the LHV bound 1 for both BM/2 and BS/4 and the quantum bound

p
2 for BS/4.

The quantum bound 2 for BM/2 corresponds to the ceiling of the plots.

correlated. For the tensor interaction case, two individual spins are not entangled, Cij = 0, while
the three one-to-other entanglements, Ci(jk), are all equal to each other and F3 = C

2

i(jk). Therefore

when F3 vanishes, the sate is completely separable, | i = |+ ++i or |���i and both BM and BS

cannot exceed their LHV bounds.

6 Vector interaction

We consider the vector interaction

[ ̄1�µ(cLPL + cRPR) 0][ ̄3�
µ(dLPL + dRPR) 2] , (37)

7

Nonlocality for Tensor

[KS, Spannowsky, Horodecki, in progress]
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- Nonlocal states in QM does not violate causality

[Cirel’son(1980), Popescu, Rohrlich(1994)]Condition for no causality violation: No-Signalling 

∀a, b, x, x′￼, y, y′￼

p(b |x, y) = p(b |x′￼, y)

p(a |x, y) ≡ ∑
b

p(a, b |x, y)

p(a |x, y) = p(a |x, y′￼)
<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit>

{ Alice’s dist. is indep. of Bob’s choice for meas. axis

Bob’s dist. is indep. of Alice’s choice for meas. axis

No-signalling  Quantum  Local  Separable⊃ ⊃ ⊃



Bell Inequalities
- Bell-type inequalities (in general) are the inequalities that separate different types 
of distributions (No-signalling, Quantum, Local). 

Cxy = ⟨AxBy⟩ ≡ ∑
a,b

abp(a, b |x, y)- Define the correlator 

- CHSH inequality [Clauser-Horne-Shimony-Holt(1969)]

For a, b ∈ {±1}, x ∈ {n1, n2}, y ∈ {e1, e2}

SCHSH ≡ Cn1,e1
+ Cn1,e2

+ Cn2,e1
− Cn2,e2

SCHSH ≤

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit>

{ 2

2 2
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Quantum Mechanics

Local theories

[Tsirelson(1987)]

[CHSH(1969)]


