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MOTIVATION

¡ Imaginary

Why we need numerical method?

¡ Real

Beautiful!

Not easy to calculate analytically…

We need numerical method!
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MOTIVATION
3 ways to integrate numerically

¡ In the case of integration, the error reduces as…

¡ 𝑂 !
√#

 for MonteCarlo integration

¡ 𝑂 !
#!

 for Trapezoidal integration

¡ 𝑂	( !
#"
) for Simpson’s 1/3 rule

Result of ∫$
! 𝑒%	𝑑𝑥 = 𝑒	 − 1 ∼ 	1.71828
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MOTIVATION
Advantage of monte carlo

¡ But in MADGraph, it uses MonteCarlo integration!

¡ Why? : MonteCarlo integration is independent of dimension.

If n > 8, MonteCarlo integration is better than the others.
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MONTECARLO INTEGRATION
Method

¡ 𝐼 = ∫$ 𝑓 𝑥⃗	 𝑑%𝑥⃗	 where Ω ⊂ 	ℝ%

¡ 𝑉 = 	∫$ 𝑑%𝑥⃗	 :  Volume

¡ For given 𝑁 samples, 𝑥!, 𝑥&, … , 𝑥# 	 ∈ Ω, 

𝐼 ∼
𝑉
𝑁
	Σ'(!# 𝑓 𝑥' ≡ 𝑄#

Example	:	
Ω = −1, 1 × −1, 1 ⊂ ℝ&,

𝑓 𝑥, 𝑦 = 	 @1, 𝑖𝑓	𝑥
& + 𝑦& ≤ 1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑄# =
4
𝑁 Σ'(!

# 𝑓 𝑥' ∼ 𝜋
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MONTECARLO INTEGRATION
Prove of error estimation

Suppose 𝑥'𝑠	are i.i.d (independent and identically distributed).

Define 𝑦' ≡ 𝑉	×𝑓(𝑥'),	where	𝑉 = 	∫) 𝑑*𝑥⃗	 .	Then	

𝑄# ≡
𝑉
𝑁	Σ'(!

# 𝑓 𝑥' =
𝑦! + 𝑦& +⋯+ 𝑦#

𝑁

Define 𝑝 𝑦'  be the probability density function(pdf) of 𝑦' , 
and P+(𝑄#) be the distribution of 𝑄#, then

𝑃# 𝑄# = ∫ 𝑑𝑦!⋯𝑑𝑦*	𝑝 𝑦! ⋯𝑝 𝑦# 𝛿(𝑄# −
1
𝑁 Σ𝑦')

Define Fourier transform of 𝑝 𝑦 	as 
𝜙 𝑘 = ∫ 𝑑𝑦	𝑒', -	/	0-1 𝑝 𝑦

Likewise, for 𝑃# 𝑄# ,
Φ# 𝑘

= ∫ 𝑑𝑦!⋯𝑑𝑦#	𝑒
' ,# -#	/	0-1	2 ⋯2-$	/	0-1 𝑝 𝑦! ⋯𝑝 𝑦#

= 𝜙
𝑘
𝑁

#
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MONTECARLO INTEGRATION
Prove of error estimation

By expansion,

𝜙
𝑘
𝑁 = ∫ 𝑑𝑦	𝑒'

,
# -	/	0-1 𝑝 𝑦 = 1	 −

𝑘&𝜎&

2𝑁& +⋯
Then,

Φ# 𝑘 = 1	 −
𝑘&𝜎&

2𝑁& + 𝑂
𝑘4

𝑁4  
#

→ 𝑒/,!5!/&#

By using inverse transform, we have

𝑃# 𝑄# =
1
2𝜋 ∫ 𝑑𝑘	𝑒

/', 7$/	0-1 Φ# 𝑘

=
1
2𝜋 ∫ 𝑑𝑘	𝑒

', 7$/	0-1	 𝑒/
,!5!
&#

=
𝑁
2𝜋

1
𝜎	 exp −

𝑁 𝑄#−	< 𝑦 > &

2𝜎&

Taking 𝑁 → ∞, 𝑃#(𝑄#) approaches to
gaussian distribution with

𝜎# =
𝜎
√𝑁

Independent of dimension!
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TRAPEZOIDAL RULE
Method
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TRAPEZOIDAL RULE
Prove of error estimation in 1-D

where

Define

Then,

Suppose 𝑓88 𝑥  is bounded,
i.e. ∃𝜉	𝑠. 𝑡. |𝑓88 𝑥 ≤ 𝑓88 𝜉 |,
It follows that 

Note that 𝑔, 0 = 0, 𝑔,′ 0 = 0, 
By integrating, we have
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TRAPEZOIDAL RULE
Prove of error estimation in 1-D and n-D

By summing, and take 𝑡 = ℎ,	we have

Conclusion : 

For n-dimensional integration, we have to repeat the calculation n times, therefore 

𝑒𝑟𝑟𝑜𝑟 ∝
1

𝑁&/*
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SIMPSON’S RULE
Method

By integrating (use integration by substitution),

𝑥&,/&	 = 𝛼, 𝑥&,/!	 = 𝑚, 𝑥&, = 𝛽

ℎ =
𝛽	 − 𝛼	
2
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SIMPSON’S RULE
Method

If we increase the number of slices,
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SIMPSON’S RULE
Prove of error estimation in 1-D

¡ Start with the simplest case : only two slices

Where 𝑥%&'%	 = 𝑥), 	𝑥%&'*	= 𝑥*, 𝑥%& = 𝑥%, and

 𝑓) = 𝑓 𝑥) , 𝑓* = 𝑓 𝑥* , 𝑓% = 𝑓 𝑥%

Taylor expansion of 𝑓(𝑥) about 𝑥 = ℎ is
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SIMPSON’S RULE
Prove of error estimation in 1-D

If we replace 𝑓(𝑥) as above, we have
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SIMPSON’S RULE
Prove of error estimation in 1-D and n-D

Note that 

for only two slices.

Now consider N slices, then

Conclusion :

 𝑒𝑟𝑟𝑜𝑟 ∝ !
#"/,

 for n-dimensional
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1D NUMERICAL INTEGRATIONS
1D integration results
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1D NUMERICAL INTEGRATIONS
1D integration results

232024 KOREA-CERN SUMMER STUDENT PROGRAM 7/12/24



10D NUMERICAL INTEGRATIONS
10D integration results
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N-D NUMERICAL INTEGRATIONS
Implementation

We may numerically integrate the cross section such as …

with monte carlo integration.
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BRIEF INTRODUCTION TO MADGRAPH 
What can we do with MADGraph?
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ℤ& diagram

𝑆𝑈 3 ×𝑆𝑈 2 ×𝑈 1  building blocks



BRIEF INTRODUCTION TO MADGRAPH 
What can we do with MADGraph?

¡ We can draw possible Feynman diagrams very easily!!

¡ Example : 𝑑𝑑̅ 	→ 𝑢u𝑢𝑍

¡ After you run MADGraph, just type two lines:

¡ Generate d d~ > u u~ z

¡ Display diagrams

¡ MADGraph’s calculation is based on MonteCarlo 
integration.
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BRIEF INTRODUCTION TO MADGRAPH 
What can we do with MADGraph?

¡ We can even see statistics about the process.

¡ Example : 𝑝 − 𝑝	 → 𝛾𝛾

¡ Just type:

¡ Import model heft ; generate p p > a a ; launch
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BRIEF INTRODUCTION TO MADGRAPH 
What can we do with MADGraph?

¡ It seems that we can modify parameters to 
find a new process.

¡ Ex :

¡ https://cds.cern.ch/record/2791279/files/LHCC-
P-020.pdf : Technical Proposal for the milliQan 
sub-detector

¡ https://cds.cern.ch/record/2891837/files/JHEP06(
2022)114%20(3).pdf : The Effective Vector Boson 
Approximation in heigh-energy muon collisions.
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BRIEF INTRODUCTION TO MADGRAPH 
What can we do with MADGraph?

Preference in top-quark decay (H to qq~)

¡ ‘Heavy Higgs like’ particle decay simulation

¡ Mij ~ 500 GeV > 125 GeV
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IF TIME ALLOWS…
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𝑄 = 𝜖𝑒 where 𝜖 ∈ 	ℝ



IF TIME ALLOWS…
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IF TIME ALLOWS…
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IF TIME ALLOWS…
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¡ 𝑆z = 59.67 ± 3 pVs,
𝑆{ = 389.57 ± 10 pVs 

¡ 22 keV ray corresponds to 
𝑆{/	𝑆z= 6.53 ± 0.37 PEs

¡ 𝑁|}/ keV = 0.29 ± 0.02
< 1 : probability



IF TIME ALLOWS…
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THANK YOU!
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