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Null-Plane Coordinates

The null plane time ™ and longitudinal coordinate x~ are defined,
respectively, as
0, .3 0_ .3
(LA (1)
V2 V2

with the transverse coordinate kept unchanged. In the null-plane
coordinates the metric is given by,

T

0 0 1
U 0 -1 0 ) (2)
1 0 O
Explicitly, zT = x_ and the derivatives with respect to z* and x~
are defined as: 0, = a% and 0_ = axi_, with 97 = 9_. The
Levi-Civita tensor has the following components,
el =g, 1 =1. (3)
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Abelian Chern-Simons Theory

The abelian Chern-Simons theory is describe by the following
Lagrangian density:

K
ECS = Z(SMV@F#VAQ’ (4)

where F},, = 9, A, — 0,A,. The Lagrangian above is invariant by
the following transformations,

Ay (2) = A, (2)40,A (), Los — Log+0a (festWQ) .
(5)

The field equations are:
Bepoop, ., =0, (6)

2
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From (4) it is easy to write the first-order Lagrangian by
introducing the momentum 7# with respect to the fields A4,

oL K
po 9% F tpa
T FICWW 5 Aa. (7)

The theory has the following set of primary constraints:
— ot~ — a K ~
h=r"=0 : Dog=m _§5abAbN07 a=—,1,
where we have defined the following antisymmetric tensor,

E_1 = —&1—- = 1. (9)
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The canonical Hamiltonian density is defined by,
Ho =110y A, — L = —kAyeqp0aAp. (10)

The canonical Hamiltonian take the form,
He = —/i/deA+£a58aAb, (11)

where d?z = dz—dx!'. Thus, the dynamics is determined by the
primary Hamiltonian defined by,

e = o+ [y [u )0 0) +0 0) )] (12)
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The fundamental Poisson brackets of the theory are,
{4 @).,7 W)} =08 (@~ ). (13)
The consistence conditions on the constraints are,
O () = { O (2) ,HP} — KeapOady ~ 0,
Then, a secondary constraint arise defined by,

Q4 = eqp0.4p = 0. (14)
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The consistence of {24 determine,
O (2) = { O (2) ,Hp} — eapdau? ~ 0, (15)

thus, no more constraints are generated from €.

The consistence condition of {2 , determine,
QQ,a (ﬂf) = { QZQ (I) 7_E[}D} = Uz’a — 5ababA+ ~ 0. (16)

This relations is consistente with (18).
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The theory is characterized by the following set of constraints,

0 = 7t =0,
Qo = 7= Zeady 20, (17)
Qu = eq0sAp = 0.

The theory has the following set of first class constraints.

Or=7T~0 ,  Oy=0.m+ gaabé?aAb ~0. (18)
and a set os second class constraints,
@azwa—gsabAb%O, a=—1, (19)
where,
{2@), 9 )} = —read® (@~ ). (20)
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We are going to eliminate ®, using the following Dirac Brackets
between two dynamical variables,

{40 @B, W)}, ={An(@). B ()} - / Puds { 4, (2). @0 (u)}

't w0y { @ (v), Ba (9) } (21)
where Ca_b1 is the inverse of the second class constraint matrix
defined by,
Ca (u,0) = { @0 (2), @5 (1) } = —hewd® (@ —1),  (22)

where C’a_b1 is determined by,

/dQZCac (z,2) C’ (z,y) = 00> (z — y). (23)
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It is possible to show,

_ 1
Cop (z,y) = ;5ab52 (z—y), (24)
Under this DB, the constraint ®, is a strong identity, thus, we can
assume, .
7% = §€abAb- (25)

then A are the freedom degree. Thus, it is possible determine:

[A@).40) = %eab(s? (x—y). (26)

D1
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The first class constraints can be written,
@1 = 7T+ ~ 0 s @2 = HEabaaAb. (27)

To eliminate the first class constraints it is necessary to introduce
two gauge condition,

©3=A;~0 , O,=A_=0, (28)

and define a matrix with the following elements,

Duy(w.9) ={ €a(2) O ()} . a=1234 (29)
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Now, we can define the final set of DB of the theory for two
dynamical variables,

{4n@. B} = {An@.Bat)} - / Pud (30)

D
-1
{An@ 0.} DG o) {0 B.w)} -
where
0 0 1 0
0 0 0 —zk
D=l o o o |[P@-w. 6
0 —5 0 0

It is possible to show
{A41@ 4w} = @—y. (32)
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——
Non Abelian Chern-Simons Theory

The Lagrangian density of the pure SU (N) Chern-Simons theory
in (24 1) dimensions is given by

2
ﬁayz—fgwﬁr<%A%Aa+3AﬁhAu>a (33)
s

where A, = A T" is the gauge potential giving rise to the field
strength
F, =0,A, —0,A,+[ALA)],

where a, b denote group indices. The Lagrangian density can be
written,

Vi Ve’

1
Los =~ (9, AZAL + ~f A2 AV AS ). (34)
8w 3
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The field equation take the form,
Zepmpd — 35
87_(_6 v * ( )

The canonical momentum associated is determined of,

_CECS T ey 36
(0, A9) ~ 8r (36)

P
T

Thus, we have the following set of primary constraints,

0f = 7r:{ ~ 0,
0, = 7T3—8£€abAﬁ ~ 0, a,b=-—1 (37)
' T
The canonical Hamiltonian take the form,
K 2 c c
HC = _871'/d xA+EabFab (38)
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The dynamics is determined by the primary Hamiltonian defined by,
e =tio+ [ @y [uh 2 @)+ 0% 0], (9)

The fundamental Poisson brackets of the theory are,
{45 @) .7 )} = 03970% (@ =), (40)

The consistence condition of Qf (x) = 7/ (z) determine a
secondary constraint defined by,

O (z) = eapFY, () ~ 0, (41)

German Enrique Ramos Zambrano - B. M. Pimentel

COMHEP-2021



Thus, the consistence of Q¢ determine,
Q% (z) = eca D3 (2) u>? (z) = 0. (42)

Now, if we study the consistence of Qg}a result,

o () = =2an (DB (@) A% (@) —uj® (2)) 0. (43)

Combining the relations (42) and (43) result:
05 (2) A (2) = 0. (44)

which is consistent.
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The theory is characterized by the following set of constraints:

Qf (@) = 75 (x),

Walr) = mi@) - eandf (@), a=—L
? T

Qg(:c) = sangb(as).

The theory has the following set of first class constraints.

Ol=nt~0 , O%= [5‘“’8% feg| w4+ = B b AL 2 0.

(45)
and a set of second class constraints,
oL =0f, =72 — 8%53,[,14% ~0, ab=-1 (46
where,
K
{20@ .0} = —ofead®(@—y).  (47)
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Now, we need two gauge conditions:

AL~0 , AT =m0 (48)

It is possible to show

(@, am} = aitPe-y. @)
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Conclusions

B We have calculated the complete set of constraints of the
theory.

B The constraints have been classified and it was shown that
one of the first class constraints result of a combination of
constraints.

B The degrees of freedom have been determined and their
corresponding DB calculated.
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