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Symmetries and Conservation Laws

e.g. rotation of the coordinate axes
«Suppose physics is invariant under the transformation

•To conserve probability normalisation require

•For physical predictions to be unchanged by the symmetry transformation,
   also require all QM matrix elements unchanged

i.e. require

therefore commutes with the Hamiltonian

«Now consider the infinitesimal transformation    (    small )

(      is called the generator of the transformation)

has to be unitaryi.e.
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• For       to be unitary

neglecting terms in  
i.e.        is Hermitian and therefore corresponds to an observable quantity       !

•Furthermore,

Symmetry          Conservation Law

Example: Infinitesimal spatial translation

•Translational invariance of physics implies momentum conservation ! 

i.e.        is a conserved quantity. 

« For each symmetry of nature have an observable conserved quantity

is conserved

i.e. expect physics to be invariant under

but

The generator of the symmetry transformation is     ,

But from QM
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• In general the symmetry operation may depend on more than one parameter  

For example for an infinitesimal 3D linear translation  : 

• So far have only considered an infinitesimal transformation, however a finite 
    transformation can be expressed as a series of infinitesimal transformations    
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SU(3) Flavour Symmetry
« As an example consider SU(3) flavour symmetry. Since                            don’t
     have an exact symmetry. But        not so very different from                  and can 
     treat the strong interaction (and resulting hadron states)  as if it were 
     symmetric under  
• NOTE: any results obtained from this assumption are only approximate
               as the symmetry is not exact.  

• The 3x3 unitary matrix depends on 9 complex numbers, i.e. 18 real parameters
   There are 9 constraints from  

Can form 18 – 9  = 9 linearly independent matrices 
These 9 matrices form a U(3) group. 

• The remaining 8 matrices have                     and form an SU(3) group 

• The assumed uds flavour symmetry can be expressed as

• One matrix is simply the identity multiplied by a complex phase and 
    is of no interest in the context of flavour symmetry

• The eight matrices (the Hermitian generators) are:
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«The other six matrices form six ladder operators which step between the states

u 1  d

u 1  s

d 1  s

d u

s

with

and the eight Gell-Mann matrices 
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SU(3) Flavour Symmetry
« These ideas are incredibly powerful, e.g. with relatively little effort can 

explain the patterns of light mesons and light baryons

p(uud)n(ddu)

⌃�(dds) ⌃0(uds) ⌃+(uus)

⌅0(ssu)⌅�(ssd)

⇤(uds)

��(ddd) �0(ddu) �+(duu) �++(uuu)

⌃⇤�(dds) ⌃⇤0(uds) ⌃⇤+(uus)

⌅⇤�(ssd) ⌅⇤0(ssu)

⌦�(sss)

JP = 1
2
+ JP = 3

2
+

« Quark flavour symmetry is not exact because the quark masses are not the 
same – if they were, the 10 decuplet states would all have the same mass – 
nevertheless there would be 10 states…  
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« The fundamental symmetry of QCD is the exact SU(3) local gauge symmetry
“invariance under SU(3) local phase transformations”

• i.e. require invariance under 
are the eight 3x3 Gell-Mann matrices

where

are 8 functions taking different values at each point in space-time  

From QED to QCD

wave function is now a vector in COLOUR SPACE

« QCD is fully specified by require invariance under SU(3) local phase 
     transformations 

QCD !

Corresponds to rotating states in colour space about an axis 
whose direction is different at every space-time point

« Predicts 8 massless gauge bosons – the gluons (one for each      ) 

8 spin-1 gauge bosons

interaction vertex:
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« Recall QED: invariance under U(1) local phase transformations
• i.e. require invariance under 

Gauge Invariance revisited

<latexit sha1_base64="4s070mXjxtFV0/0aea/Kg+yqjp4="></latexit>

 (x) !  0(x) = Û(x) (x) = eiq�(x) (x)

<latexit sha1_base64="8SRv75i3CbCehIn3TUPqNycH4eQ=">AAACB3icbVDLTgIxFO3gC8EH6tLNRDRxxcy4wJUJQRduTDDKI2EI6ZQCDe10MrcQCeED+Bp2BJfGtR/gh+jazsBCwZM0OTnn3LbnegFnoGz700hsbG5t7yR3U+m9/YPDzNFxBWQ/JLRMJJdhzcNAOfNpWTHFaS0IKRYep1Wvdxv51QENgUn/WQ0D2hC447M2I1hpqZnJMreDhcCi7wY4VAzzphtxYOaNKcyY6JSds2OY68RZkmzh/Gv2Pkh/l5qZD7clSV9QXxGOAeqOHajGKLqfcDpOuX2gASY93KF1TX0sKDRGcZmxeaGVltmWoT6+MmP198QIC4Ch8HRSYNWFVS8S//WsMuhFWKorBUjfugtl4MkXqyhlz3qQLRr6peUPS90hMAJP+hXJYaz7O6tt10nlKufkc/lHvYgiWiCJTtEZukQOukYFdI9KqIwImqApmqNXY2JMjZkxX0QTxnLmBP2B8fYDr7yeHw==</latexit>

i� µ@µ = m 
<latexit sha1_base64="jrHnliZOfSZg8q7w/lZFoIlOEao="></latexit>

i� µ@µ(e
iq�(x) ) = meiq�(x) 

<latexit sha1_base64="AA2kKluyixiw5eruex57wmEee7M="></latexit>

eiq� i� µ [@µ + iq(@µ�) ] = eiq�m 

<latexit sha1_base64="UeF+Ne1zAM9o6JB2YatnuG7YsYU="></latexit>

i� µ(@µ + iqAµ) �m = 0
<latexit sha1_base64="lA6xyJIkG7vLObKkrnpkh7uSwm4="></latexit>

Aµ ! A0
µ = Aµ � @µ�

• the free particle Dirac Equation

becomes

which shows that the Dirac equation is not invariant under this transformation

« “Sanity” can be restored by modifying the Dirac equation by introducing a 
new field (the photon) with the following properties



Prof. M.A. Thomson August 4 2024 10

« Repeat for SU(3) local phase transformations
• i.e. require invariance under 

From U(1) to SU(3)

• worth some reflection…
•                   are the eight generators of the SU(3) symmetry group,
•             are eight functions of the space time coordinate (local)
•  the wavefunction must have a new 3-component degree of freedom (colour)

« Just as in QED, invariance can be restored by modifying the Dirac equation by 
introducing eight new fields (the gluons) associated with the 8 generators

<latexit sha1_base64="8nh8R34PHT1tPLrOHLz/3XhidbQ="></latexit>

 (x) !  0(x) = exp
h
igS↵(x) · T̂

i
 (x)

<latexit sha1_base64="y0WcOI2uIoRvYwXrm6l2SGThQcI=">AAACAnicbVDLasJAFJ30ae0rbZeFEpRCoWCSLuyqILaLbgopNSoYK5Nx1MFJJsyM0hDc+Qn9CnfFLvsL/QD/pmN00WoPXDiccy/3nutHlAhpWTNtY3Nre2c3s5fdPzg8OtZPTquCDTjCLmKU8boPBaYkxK4kkuJ6xDEMfIprfv9+7teGmAvCwoqMI9wMYDckHYKgVFJLv/CGGLEoqYyMO8OjPocIG5VX6PGUtvS8VbBSGOvEXpJ8Keddv89KsdPSv702Q4MAhxJRKETDtiLZTCCXBFE8ynoDgSOI+rCLG4qGMMCimaQ5RsalUtpGh3FVoTRS9fdEAgMh4sBXnQGUPbHqzcV/PdMV6gem7LFAsNB84Czy2ZtZZqxvPrE25qGzvNDpxYIg8aK2MCpGKr+9mnadVG8KdrFQfFaPKIMFMuAc5MAVsMEtKIFH4AAXIDAGEzAFn9pYm2gf2nTRuqEtZ87AH2hfPwP/mq4=</latexit>

T̂ = {T a}
<latexit sha1_base64="69cdBlyPXTFAt+nnyJQpO4WdbL4=">AAAB+nicbU/LTsJAFJ36xPqqmrhx00hMXNHWBa6IBF24MamRAglFMp0OdMJMp+kMRgL8DK4MLv0HV66Nf+PwWCh4kpucnHNP7j1BQomQtv2trayurW9sZrb07Z3dvX3j4LAieDdF2EOc8rQWQIEpibEniaS4lqQYsoDiatC5nvjVJ5wKwuOy7CW4wWA7Ji2CoFRS0zguP0KzYPoRpC3TpyoYQqU0jayds6cwl4kzJ9mrD72QvHzpbtP49EOOugzHElEoRN2xE9now1QSRPFQ97sCJxB1YBvXFY0hw6LRn/4/NM+UEpotnqqJpTlVfyf6kAnRY4HaZFBGYtGbiP96lidUd0tGnAkeWzcpTwL+bJU471h3PMRp7M4/dKOeIEg8qCuciqHq7yy2XSaVi5yTz+Xv7WyxBGbIgBNwCs6BAy5BEdwCF3gAgQEYgTF40wbaSHvVxrPVFW2eOQJ/oL3/ACijls4=</latexit>

T a = 1
2�

a
<latexit sha1_base64="6FIYL/TNJ+y7PJK6Hsdq+FU70/E=">AAAB7nicbVDLTgIxFO3gC/GFunQzgZhgTJgZF7gl6MKNyRgdIGGQdEqBhk7btMUwIfyFYWdw6c/4AfyN5bFQ8CQ3OTnn3tx7biQoUdp1Z1Zqa3tndy+9nzk4PDo+yZ6eVRUfSIQDxCmX9QgqTAnDgSaa4rqQGMYRxbWofzf3a29YKsLZi04Ebsawy0iHIKiNFNohpKIHX2FheNXK5t2iu4C9SbwVyZdz4fX7rJz4rex32OZoEGOmEYVKNTxX6OYISk0QxeNMOFBYQNSHXdwwlMEYq+ZocfPYvjRK2+5waYppe6H+nhjBWKkkjkxnDHVPrXtz8V/PCZTJ6+gejxVnzr3kIuJDp8J533nkbSyZv7rQ7yWKIPVstnCqxia/t552k1Rvil6pWHoyj6iAJdLgAuRAAXjgFpTBA/BBABAQYAKm4NMS1sT6sKbL1pS1mjkHf2B9/QD0sJLO</latexit>

↵a(x)

• Under the SU(3) LGT, the free particle Dirac Equation becomes
<latexit sha1_base64="+73Kqga27w91n0pybgdYUpH84og="></latexit>

i� µ
h
@µ + igS(@µ↵) · T̂

i
 = m 

<latexit sha1_base64="e2+u6RFMg/oD0+w4HZdpmjOXECU="></latexit>

i� µ
⇥
@µ + igSG

a
µT

a
⇤
 �m = 0

• with fields transforming as 
<latexit sha1_base64="PEwVuLHs9fi2+/c4rTKTeZuIP0c="></latexit>

Gk
µ ! Gk

µ
0
= Gk

µ � @µ↵k � gSfijk↵iG
j
µ

the extra term arises because the generators of SU(3) do not commute 
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From U(1) to SU(3)
« The fundamental strong interaction vertex can be identified from

<latexit sha1_base64="e2+u6RFMg/oD0+w4HZdpmjOXECU="></latexit>

i� µ
⇥
@µ + igSG

a
µT

a
⇤
 �m = 0

• The new term in the field transformations

<latexit sha1_base64="ieYJ9RmQq/591z9aCZ4AvEKrBVU="></latexit>

gST
a� µGa

µ = gS
1
2�

a� µGa
µ 

<latexit sha1_base64="PEwVuLHs9fi2+/c4rTKTeZuIP0c="></latexit>

Gk
µ ! Gk

µ
0
= Gk

µ � @µ↵k � gSfijk↵iG
j
µ

and is… 

« Similar to QED, except that there are eight gluon fields, and the charge of QCD is 
a new degree of freedom of the SU(3) symmetry termed “colour” 

<latexit sha1_base64="pPQly6mxFfDz0LMwyiP9UXgLM7k="></latexit>

r =

0

@
1
0
0

1

A , g =

0

@
0
1
0

1

A and b =

0

@
0
0
1

1

A .

gives rise to gluon self-interactions in addition to the gluon-quark vertex



Prof. M.A. Thomson August 4 2024 12

Colour in QCD
«The theory of the strong interaction, Quantum Chromodynamics (QCD),
    is very similar to QED but with 3 conserved “colour” charges 

In QED:
• the electron carries one unit of charge
• the anti-electron carries one unit of anti-charge
• the force is mediated by a massless “gauge
    boson” – the photon

In QCD:
• quarks carry colour charge:
• anti-quarks carry anti-charge:
• The force is mediated by massless gluons

SU(3) colour symmetry

•This is an exact symmetry, unlike the approximate uds flavour  symmetry 
   touched on previously

« In QCD, the strong interaction is invariant under rotations in colour space  

i.e. the same for all three colours  
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Colour Confinement
« All observed free particles are “colourless”  

• i.e. never observe a free quark (which would carry colour charge)
• consequently, quarks are always found in bound states colourless hadrons

only colour singlet states can 
exist as free particles

«Colour Confinement Hypothesis:
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Gluons
« In QCD quarks interact by exchanging virtual massless gluons, e.g.

qb

qr qb

qr qrqb

qr qb

qr qb

qr qb

rb br

« Gluons carry colour and anti-colour, e.g.
qb qr qr qr

br rb rr

« Gluon colour wave-functions 
    (colour + anti-colour) are the same 
    as those obtained for mesons
    (also colour + anti-colour) 

OCTET + 
“COLOURLESS” SINGLET
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Gluon-Gluon Interactions
« In QED the photon does not carry the charge of the EM interaction (photons are
     electrically neutral) 

Gluon Self-Interactions
« In contrast, in QCD the gluons do carry colour charge 

« Two new vertices (no QED analogues) 

triple-gluon 
vertex quartic-gluon 

vertex

« In addition to quark-quark scattering, therefore can have gluon-gluon scattering

e.g. possible
way of arranging
the colour flow
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Gluon self-Interactions and Confinement
« Gluon self-interactions are believed to give 
    rise to colour confinement
« Qualitative picture:

• Compare QED with QCD

e+

e-

q

q
• In QCD “gluon self-interactions squeeze 
   lines of force into a flux tube”

q q
« What happens when try to separate two coloured objects  e.g. qq

• Form a flux tube of interacting gluons of approximately constant 
   energy density 

• Require infinite energy to separate coloured objects to infinity
• Coloured quarks and gluons are always confined within colourless states
• In this way QCD provides a plausible explanation of confinement – but 
     not yet proven (although there has been recent progress with Lattice QCD)   
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Hadronisation and Jets
«Consider a quark and anti-quark produced in electron positron annihilation

i) Initially Quarks separate at
   high velocity
ii) Colour flux tube forms
     between quarks

iii) Energy stored in the
     flux tube sufficient to 
     produce qq pairs

q q

q q

q qq q

iv) Process continues
     until quarks pair
     up into jets of
     colourless hadrons 

« This process is called hadronisation. It is not (yet) calculable.  
« The main consequence is that at collider experiments quarks and gluons 
     observed as jets of particles  

e–

e+ g
q

q
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The Quark – Gluon Interaction
•Representing the colour part of the quark wave-functions by: 

•The QCD qqg vertex is written:

•Hence the fundamental quark - gluon QCD interaction can be written 

•Particle wave-functions

•Only difference w.r.t. QED is the insertion of the 3x3 
     SU(3) Gell-Mann matrices

qq

colour i ¦ j

•Isolating the colour part: 

Gluon a
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Feynman Rules for QCD

 Matrix Element    -iM =  product of all factors

 External Lines
outgoing quark

outgoing anti-quark
incoming anti-quark

incoming quark

spin 1/2

spin 1 outgoing gluon
incoming gluon

 Internal Lines (propagators)

spin 1  gluon

a, b = 1,2,…,8 are gluon colour indices
 Vertex Factors

spin 1/2   quark

i, j = 1,2,3 are quark colours,       

 + 3 gluon and 4 gluon interaction vertices
a = 1,2,..8  are the Gell-Mann SU(3) matrices       
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Matrix Element for quark-quark scattering

uu

dd

« Consider QCD scattering of an up and a down quark 
•The incoming and out-going quark colours are
    labelled by
• In terms of colour this scattering is

• The 8 different gluons are accounted for by
    the colour indices
•NOTE: the d-function in the propagator ensures
              a = b, i.e. the gluon “emitted” at a is the
              same as that “absorbed” at b  

« Applying the Feynman rules:

where summation over a and b (and µ and n) is implied.
« Summing over a and b using the d-function gives: 

Sum over all 8 gluons (repeated indices)
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QCD vs QED
QED

µ–

e–

µ–

e–

QCD uu

dd

« QCD Matrix Element = QED Matrix Element with:

or equivalently• 

+ QCD Matrix Element includes an additional “colour factor”
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Running of as
QCD Similar to QED but also have gluon loops 

Fermion Loop Boson Loops

« Bosonic loops “interfere negatively” 

with

aS  decreases with Q2 Nobel Prize for Physics, 2004
(Gross, Politzer, Wilczek)

= no. of colours
= no. of quark flavours

« Remembering adding amplitudes, so can get negative interference and the sum
     can be smaller than the original diagram alone 
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QCD
Prediction

ë As predicted by QCD, 
 aS decreases with Q2 

« At low      : aS is large, e.g. at                         find aS ~ 1
•Can’t use perturbation theory ! This is the reason why QCD calculations at
   low energies are so difficult, e.g. properties hadrons, hadronisation of
   quarks to jets,… 

« At high       : aS is rather small, e.g. at                    find  aS ~ 0.12
Asymptotic Freedom

•Can use perturbation theory and this is the reason that in DIS at high       
  quarks behave as if they are quasi-free (i.e. only weakly bound within hadrons)

« Measure aS in many ways:
• jet rates
• DIS 
• tau decays 
• bottomonium decays
• +…
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Summary
« Superficially QCD very similar to QED
« But gluon self-interactions are believed to result in colour confinement
« All hadrons are colour singlets which explains why only observe 

Mesons Baryons

« A low energies 
Can’t use perturbation theory !

« Coupling constant runs, smaller coupling at higher energy scales 

Non-Perturbative regime

Can use perturbation theory

Asymptotic Freedom

« and of course… QCD provides a good description of experimental     
data at the LHC


