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• Previously with the example of a simple spin-less interaction we had:

a c

b dga gb

= =

«In QED we could again go through the procedure 
   of summing the time-orderings using Dirac 
   spinors and the expression for      .  If we were 
   to do this, remembering to sum over all photon
   polarizations, we would obtain:  

e–

t–

e–

t–

• but first need a description of the interaction vertex for QED

Illustrative Calculation
«As an example, consider the interaction of an electron and tau lepton by 

the exchange of a photon. Although the general ideas we applied 
previously still hold, but now have to account for the spin of the 
electron/tau-lepton and also the spin (polarization) of the virtual photon.
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Quantum Electrodynamics (QED)
• The basic interaction between a photon and a charged particle can be 
   introduced by making the minimal substitution (classical electrodynamics)

In QM:

Therefore, make substitution: 
where

• The Dirac equation:

(here          charge)

• The final complication is that we have to account for the photon 
   polarization states.

e.g. for a real photon propagating in the z direction we have two
  orthogonal transverse polarization states

Could equally have 
chosen circularly 
polarized  states
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•Previously with the example of a simple spin-less interaction we had:

a c

b dga gb

= =

«In QED we could again go through the procedure 
   of summing the time-orderings using Dirac 
   spinors and the expression for      .  If we were 
   to do this, remembering to sum over all photon
   polarizations, we would obtain:  

e–

t–

e–

t–

Interaction of e– 
with photon

Interaction of t– 
with photon

Massless photon propagator 
summing over polarizations 

• All the physics of QED is in the above expression !
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•The sum over the polarizations of the VIRTUAL photon has to include
   longitudinal and scalar contributions, i.e. 4 polarisation states

and gives:

and the invariant matrix element becomes: 

•Using the definition of the adjoint spinor

« This is a remarkably simple expression ! It can be shown that
                     transforms as a four vector. Writing  

showing that M is Lorentz Invariant

This is not obvious – for the 
moment just take it on trust 
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Feynman Rules for QED
• It should be remembered that the expression 

hides a lot of complexity. We have summed over all possible time-
orderings and summed over all polarization states of the virtual
photon.  If we are then presented with a new Feynman diagram we 
don’t want to go through the full calculation again….

e– µ–

e+ µ+g

Basic Feynman Rules:
   Propagator factor for each internal line

(i.e. each real incoming or outgoing particle)

(i.e. each internal virtual particle)
   Dirac Spinor for each external line

   Vertex factor for each vertex

• Fortunately, this isn’t necessary – can just write down matrix element 
     using a set of simple rules… 
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Basic Rules for QED

outgoing particle

outgoing antiparticle
incoming antiparticle

incoming particle

spin 1/2

spin 1 outgoing photon
incoming photon

 External Lines

 Internal Lines (propagators)
µ n

spin 1          photon

spin 1/2       fermion

 Vertex Factors
spin 1/2       fermion (charge -|e|)

 Matrix Element              =  product of all factors
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e.g.
e–

t–

e–

t–

e–e–

t–t–

• Which is the same expression as we obtained previously

e– µ–

e+ µ+
g

e.g.

Note: s At each vertex the adjoint spinor is written first
s Each vertex has a different index 
s The         of the propagator connects the indices at the vertices 
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The Local Gauge Principle

« All the interactions between fermions and spin-1 bosons in the SM are specified 
     by the principle of LOCAL GAUGE INVARIANCE  

« To arrive at QED, require physics to be invariant under the local phase
     transformation of  particle wave-functions

« Note that the change of phase depends on the space-time coordinate:
•Under this transformation the Dirac Equation transforms as

•To make “physics”, i.e. the Dirac equation, invariant under this local
    phase transformation FORCED to introduce a massless gauge boson,        . 
+ The Dirac  equation has to be modified to include this new field:

•The modified Dirac equation is invariant under local phase transformations if:

Gauge Invariance
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«Hence the principle of invariance under local phase transformations completely
     specifies the interaction between a fermion and the gauge boson (i.e. photon):  

interaction vertex:

QED !

« The local phase transformation of QED is a unitary U(1) transformation
i.e. with 

« For physics to remain unchanged – must have GAUGE INVARIANCE of the new 
    field, i.e. physical predictions unchanged for  

« LOCAL GAUGE INVARIANCE lies at the heart of the SM – all forces are 
associated with a specific local gauge theory  

We will come back to Gauge Invariance in the last lecture



Prof. M.A. Thomson August 4 2024 11

Renormalisation I
« In principle, we could now use the Feynman rules for QED to write down 

the matrix element for any QED process
« Also includes corrections to the propagator (loops) and corrections at 

the interaction vertices

« The loops in the propagator involve integrals over the four-momenta in 
fermion loops, resulting in infinities that can be absorbed into the 
definition of the electron charge

« At first sight the vertex corrections might seem even more problematic, 
since they will depend on the mass of the fermion in questions. 
Fortunately, in a local gauge theory diagrams such as c), d) and e) 
exactly cancel - known as a Ward identity.
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Renormalisation II
« But we still need to deal with the propagator…

« Write the bare propagator as

« This is just a geometric series

<latexit sha1_base64="EDpBcd+u0QjrHd3lJEoQf/TNyhs=">AAACBXicbVDLTsJAFJ36xPqqunQzSkxcENoSgysTgi7cmNRogQSwmQ4DTGg7dWYwkqZrvoadwaVf4Af4Nw7YhYInuTcn59ybmXP9OKBCWtaXtrK6tr6xmdvSt3d29/aNg8OaYEOOiYtZwHjDR4IENCKupDIgjZgTFPoBqfuD65lffyFcUBY9ylFM2iHqRbRLMZJK8owTHULoeBaEV7DV5QgnxLOeSmnyrBpsFQq6Z+StojUHXCZ2RvIgg+MZn60Ow8OQRBIHSIimbcWynSAuKQ5IqreGgsQID1CPNBWNUEhEO5lHSeGZUjqwy7iqSMK5+nsjQaEQo9BXkyGSfbHozcR/PdMV6gym7LNQsMi84Sz22atZZWxg3rEO4ZGT/dDpjwTF4kG9wgKRqvz2YtplUisV7XKxfH+Rr1SzS+TAMTgF58AGl6ACboEDXIDBGEzAFLxrY22ivWnTn9EVLds5An+gfXwDlImV7Q==</latexit>

P0 =
e20
q2

,

« and each loop as a correction factor 
<latexit sha1_base64="qvSP9fwCIfGbBQ0lLqJmoa2fEs4=">AAACPHicdVBLT8JAGNz6RHxVPXrZSEwwkD6IwZMJQQ9eTGq0QEKx2S4LbGi7tbsYCeGv8Q/8Ad65GTx6dos9KOgku5nMzJfdb7zIp1wYxpuysrq2vrGZ2cpu7+zu7asHhzXOBjEmNmY+ixse4sSnIbEFFT5pRDFBgeeTute/Svz6M4k5ZeGDGEakFaBuSDsUIyElV21kIbQgvISWa8BCcjtF6EQ0//RYOpM0keE/xnKyAB2oaRp0ikVXzRmaMQdcJmZKciCF5aqvTpvhQUBCgX3EedM0ItEaoVhQ7JNx1hlwEiHcR13SlDREAeGt0byBMTyVSht2WCxPKOBc/TkxQgHnw8CTyQCJHl/0EvFPT7e5bE8XPRZwFurXMYs89qJXGevrt6xN4tBKf2j1hpxifi9fYT4fy/3NxW2XSa2kmWWtfHeeq1TTJjLgGJyAPDDBBaiAG2ABG2AwAVMwAx/KRJkq78rsO7qipDNH4BeUzy/QlqQz</latexit>

P = P0 + P0 ⇡(q
2)P0 + P0 ⇡(q

2)P0 ⇡(q
2)P0 + ... ,

<latexit sha1_base64="qKysw573Qp86321BkU9nTy7aHJE="></latexit>

P = P0
1

1� ⇡(q2)P0
=

1

1� e20 ⇧(q
2)

Where                                  is the one loop self-energy correction 
<latexit sha1_base64="41jMI8SzEqH0L1eYxTjI0SstCV0=">AAAB+3icbVDLTgIxFO3gC/E16sKFmwnEBGPCzLDAlQlBF25MxugACYOkUwo0dNqxLUZC5i/8A3YGl36GH8DfWB4LRU9ym5Nz7s29p2FMiVSOMzVSa+sbm1vp7czO7t7+gXl4VJV8IBD2Eadc1EMoMSUM+4ooiuuxwDAKKa6F/euZX3vBQhLOHtUwxs0IdhnpEASVllrmSeCR/PNT8dy6soJ4QW39tMycU3DmsP4Sd0ly5Wxw8TYtD72W+RW0ORpEmClEoZQN14lVcwSFIojiJBMMJI4h6sMubmjKYIRlczQPkFhnWmlbHS50MWXN1Z8TIxhJOYxC3RlB1ZOr3kz817N9qcPbqscjyZl9I3gc8le7wnnfvuNtLJi3vNDrDSVB8kFv4VQmOr+7mvYvqRYLbqlQutcfUQELpMEpyII8cMElKINb4AEfIJCAMZiADyMxxsa7MVm0pozlzDH4BePzGw41lf4=</latexit>

⇧(q2) = ⇡(q2)/q2
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Renormalisation III – almost there
« Since it is an experimental fact that cross sections are finite:

« It can be shown that 

where the difference of two divergent terms is finite

<latexit sha1_base64="6a6ZoDoaSms75nVUUshymIioEOE="></latexit>

P ⌘ e2(q2)

q2
=

e20
q2

1

1� e20 ⇧(q2)

is finite. If we know the physical electron charge at some scale  
<latexit sha1_base64="X61ntvSFV3Zw3ZSO5tILiD2yCx0=">AAAB7XicbVBLTgJBEO3BH+IPdakxE4mJK2aGBa5MCLpwYwLRARJ+6Wka6NCfsbvHSAhLj8DO4NIrcAkP4Bm8hM1noeBLKnl5rypVr4KQEqVd98uKra1vbG7FtxM7u3v7B8nDo5ISkUTYR4IKWQmgwpRw7GuiKa6EEkMWUFwOejdTv/yMpSKCP+p+iOsMdjhpEwS1kapPjYx9bddY1Mg0kyk37c5grxJvQVK500nx+/VsUmgmP2stgSKGuUYUKlX13FDXB1BqgigeJmqRwiFEPdjBVUM5ZFjVB7OTh/aFUVp2W0hTXNsz9ffEADKl+iwwnQzqrlr2puK/nuMrE9fRXcGU4M6tFGEgXpy8ED3nXrSw5IXFhYVuXxGkHswWQdXQ5PeW066SUibtZdPZonlEHswRByfgHFwCD1yBHLgDBeADBAQYgTF4t4Q1st6s8bw1Zi1mjsEfWB8/fGKSog==</latexit>

q2 = µ2
<latexit sha1_base64="Hf8JL3l2A9qJjItmsxpClHk1qhE="></latexit>

e20 =
e2(µ2)

1 + e2(µ2)⇧(µ2)

substituting back into the top equation   
<latexit sha1_base64="pP8DjnaGTt3sdHW5yKjLJiZM9C8="></latexit>

e2(q2) =
e2(µ2)

1� e2(µ2) · [⇧(q2)�⇧(µ2)]

<latexit sha1_base64="WpdYnynGF067G6KN+LdmCgcxFWQ="></latexit>

⇧(q2)�⇧(µ2) ⇡ 1

12⇡2
ln

✓
q2

µ2

◆
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Running Coupling
« Consequently

« It can be shown that 

and thus the observed strength of the coupling runs with q2  

<latexit sha1_base64="n1A2yUI0dX6Oiti4LUeEKT79cic="></latexit>

↵(q2) = e2(q2)/4⇡ =
↵(µ2)

1� ↵(µ2)
1

3⇡
ln

 
q2

µ2

!
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QED Calculations
  How to calculate a cross section using QED  (e.g.  e+e– ¦ µ+µ– ): 
� Draw all possible Feynman Diagrams

e– µ–

e+ µ+
g

•For e+e– ¦ µ+µ– there is just one lowest order diagram 

+ many second order diagrams + … 

e– µ–

e+ µ+
g

+ +…

� For each diagram calculate the matrix element using Feynman rules
     
� Sum the individual matrix elements (i.e. sum the amplitudes) 

•Note: summing amplitudes therefore different diagrams for the same final 
   state can interfere either positively or negatively!
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this gives the full perturbation expansion in  
and then square 

• For QED                           the lowest order diagram dominates and 
   for most purposes it is sufficient to neglect higher order diagrams. 

� Calculate decay rate/cross section using relevant kinematic formula
• e.g. for a decay

• For scattering in the centre-of-mass frame

e– µ–

e+ µ+
g

e– µ–

e+ µ+
g
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Spin in QED (e+e– Annihilation)
• In general the electron and positron will not be polarized, i.e. there will be equal 
    numbers of positive and negative helicity states
• There are four possible combinations of spins in the initial state !

e– e+ e– e+ e– e+e– e+
RL RR LL LR

• Similarly there are four possible helicity combinations in the final state
• In total there are 16 combinations  e.g.  RL¦RR, RL¦RL, ….
• To account for these states we need to sum over all 16 possible helicity
    combinations and then average over the number of initial helicity states:

« i.e. need to evaluate:

for all 16 helicity combinations !     But there are tricks… 
« Fortunately, in the limit                   only 4 helicity combinations give non-zero 
    matrix elements – we will see that this is an important feature of QED/QCD
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CHIRALITY
•The helicity eigenstates for a particle/anti-particle for                are: 

where
•Define the matrix

•In the limit                 the helicity states are also eigenstates of   

« In general, define the eigenstates of        as LEFT and RIGHT HANDED CHIRAL 
        states

•In the LIMIT                 (and ONLY IN THIS LIMIT): 

i.e.
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•The projection operators, project out the chiral eigenstates

«This is a subtle but important point: in general the HELICITY and CHIRAL
    eigenstates are not the same. It is only in the ultra-relativistic limit that the 
    chiral eigenstates correspond to the helicity eigenstates.

• In general, the eigenstates of the chirality operator are:

•Define the projection operators:

•We can then write any spinor in terms of it left and right-handed
   chiral components:

•Note        projects out right-handed particle states and left-handed anti-particle states 

«Chirality is an import concept in the structure of QED, and any interaction of the 
     form
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Chirality in QED
•In QED the basic interaction between a fermion and photon is:

•Can decompose the spinors in terms of Left and Right-handed chiral components:

it is straightforward to show

•Using the properties of 

« Hence only certain combinations of chiral eigenstates contribute to the 
     interaction. This statement is ALWAYS true.
•For                , the chiral and helicity eigenstates are equivalent. This implies that 
   for                 only certain helicity combinations contribute to the QED vertex ! 
  This is why previously we found that for two of the four helicity combinations 
   for the muon current were zero
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Scattering:

s In the ultra-relativistic limit the helicity eigenstates ≡ chiral eigenstates
s In this limit, the only non-zero helicity combinations in QED are:

Annihilation:

Allowed QED Helicity Combinations 

R R L L

L

RL

R

“Helicity (really chirality) conservation”
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It is easy to show

•Assuming that the incoming electrons and positrons are unpolarized, all 4 
   possible initial helicity states are equally likely.  

-1 +1cosq

e–
e+

µ+

µ–MRR

-1 +1cosq

e–
e+

µ+

µ–MLR

-1 +1cosq

e–
e+

µ+

µ–MRL

-1 +1cosq

e–
e+

µ+

µ–MLL
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-1 +1cosq

Differential Cross Section

e+e– ¦ µ+µ–

•The cross section is obtained by averaging over the initial spin states 
   and summing over the final spin states:

Example:

pure QED,  O(a3)
QED  plus  Z 
contribution

Angular distribution becomes 
slightly asymmetric in higher 
order QED or when Z 
contribution is included

Mark II Expt., M.E.Levi et al., 
Phys Rev Lett 51 (1983) 1941
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• The total cross section is obtained by integrating over           using 

giving the QED total cross-section for the process e+e– ¦ µ+µ–

« Lowest order cross section
    calculation provides a good
    description of the data !

This is an impressive result. From
first principles we can arrive at an 
expression for the electron-positron 
annihilation cross section which is 
good to 1%



Prof. M.A. Thomson August 4 2024 25

Summary
« Interaction by particle exchange naturally gives rise to Lorentz Invariant
     Matrix Element of the form

« Derived the basic interaction in QED taking into account the spins
     of the fermions and polarization of the virtual photons

« The interaction vertex of QED corresponds to a vector interaction, 
“derived” from a classical electrodynamics approach and from 
local gauge invariance


