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Angular and linear Newton’s second law

F⃗ = ma⃗ = m
dv⃗
dt

F⃗ dt = m dv⃗∫ ∑
F⃗ dt = mv⃗2 − mv⃗1 (1)

M⃗ = R⃗ × F⃗

M⃗ = Iα⃗ = I
d ω⃗
dt

M⃗ dt = I d ω⃗∫ ∑
(R⃗ × F⃗ )dt = Iω⃗1 − Iω⃗2 (2)
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I = βmR2

For hollow ball β = 2
3 , For solid balls, β = 2

5

R⃗ × (mv⃗2 − mv⃗1) = Iω⃗2 − Iω⃗1 (3)
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Coefficients of restitution

ey = −
vy ,2

vy ,1

ex = −
vx ,2 + Rωz,2

vx ,1 + Rωz,1
ez = −

vz,2 − Rωx ,2

vz,1 − Rωx ,1
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After bounce values

vx ,2 =
1 − βex

β + 1
vx ,1 +

β(1 + ex)

β + 1
Rωz,1

vy ,2 = −eyvy ,1

vz,2 =
1 − βez

β + 1
vz,1 +

β(1 + ez)

β + 1
Rωx ,1
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After bounce values

ωx ,2 =
β − ez

β + 1
vx ,1 +

ez + 1
β + 1

vz,1

R

ωy ,2 = ωy ,1

ωz,2 =
β − ex

β + 1
ωz,1 −

ex + 1
β + 1

vx ,1

R
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

vx ,2
vy ,2
vz,2
ωx ,2
ωy ,2
ωz,2

 = B



vx ,1
vy ,1
vz,1
ωx ,1
ωy ,1
ωz,1


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Bounce matrix

B =



1−βex
β+1 0 0 0 0 −β(1+ex )

β+1 R
0 −ey 0 0 0 0
0 0 1−βez

β+1
β(1+ez)
β+1 R 0 0

0 0 ez+1
β+1

1
R

β−ez
β+1 0 0

0 0 0 0 1 0
−ex+1

β+1
1
R 0 0 0 0 β−ex

a+1


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B = QAQ−1 BN = QANQ−1

A =



−ex 0 0 0 0 0
0 −ey 0 0 0 0
0 0 −ez 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1



Q =



βR 0 0 0 0 −R
0 1 0 0 0 0
0 0 −βR R 0 0
0 0 1 1 0 0
0 0 0 0 1 0
1 0 0 0 0 1


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BN = Q



(−ex)
N 0 0 0 0 0

0 (−ey )
N 0 0 0 0

0 0 (−ez)
N 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Q−1
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lim
N→∞

BN =



1
1+β 0 0 0 0 − βR

1+β

0 0 0 0 0 0
0 0 1

1+β
βR

1+β 0 0
0 0 1

1+β
1
R

a
1+β 0 0

0 0 0 0 1 0
− 1

1+β
1
R 0 0 0 0 a

1+β


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After many bounce

vx ,N→∞ =
1

1 + β
vx ,1 −

βR
1 + β

ωz,1

vz,N→∞ =
1

1 + β
vz,1 +

βR
1 + β

ωx ,1

ωx ,N→∞ =
1

1 + β

1
R

vz,1 +
β

1 + β
ωx ,1

ωz,N→∞ = − 1
1 + β

1
R

vx ,1 +
β

1 + β
ωz,1
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vx ,N→∞ = −ωz,N→∞R

vz,N→∞ = ωx ,N→∞R
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Soccer ball on wet grass, no spin

vx0 (m/s) vy0 (m/s) ωz0 (1/s) ex,z ey

-5.5 -5 0 -0.75 0.57
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Soccer ball on dry grass, backspin

vx0 (m/s) vy0 (m/s) ωz0 (1/s) ex,z ey

-1.7 -8 -32.8 0.12 0.62
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Basketball on a basketball court, backspin

vx0 (m/s) vy0 (m/s) ωz0 (1/s) ex,z ey

-1.55 -8 -30 0.1 0.825
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Superball (rubber ball) on wood, backspin

vx0 (m/s) vy0 (m/s) ωz0 (1/s) ex,z ey

-0.85 -3.95 -49 0.83 0.825
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The End

Stanisław Jankowski (UWr) Bounce of spinning sports balls. 21.05.2024 19 / 19


	Second Section
	Sekcja 1
	Sekcja 2
	
	

