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Outer crust

Inner crust

Outer core

Inner core

?

✤ Astrophysical observations suggest the mass,  and radius, .M = (1 − 2)M⊙ R = (10 − 12) km

✤ Macroscopic properties of such NS like mass, radius, moment of inertia, tidal deformability 
depend on the equation of state of matter of NS.

dp
dr

= − (ϵ + p) m + 4πr3p
r(r − 2m)

,
dm
dr

= 4πr2ϵ,

m(r = 0) = 0

✤ Density in the core of NSs is few times the nuclear saturation density, . At this 
density, we may have HQPT in the core of NSs.

ρ0 = 0.16 fm−3

✤ Neutron stars (NS)s are the exciting natural astrophysical laboratories to study the behaviour of 
matter at extreme densities. 

p(r = 0) = p0and

The boundary conditions:

✤ Non-radial oscillations can unveil the neutron star matter.
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Z′￼− 2ν′￼Z + eλ Q
r2

−
ω2

BVe−2ν

ν′￼(1 − 2m
r ) (Z + ν′￼e−λ+2ν Q

ω2r2 ) = 0

Q′￼−
1
c2

s
[ω2r2eλ−2νZ + ν′￼Q] + l(l + 1)eλZ = 0

Q(r) = Crl+1, Z(r) = − Crl /l

ω2r2eλ−2νZ + ν′￼Q
r=R

= 0

✓Near the centre:

✓At the surface:

• Pulsating equations within Cowling Approximations: JCAP 02 (2023) 015
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Equations of states (RMF): NL and DD couplings

Nuclear matter (RMF model) EOS

ℒmes =
1
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∂μσ∂μσ −
1
2

m2
σσ2 −

κ
3!

(gσNσ)3 −
λ
4!

(gσNσ)4

−
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4

ΩμνΩμν +
1
2

m2
ωωμωμ −

1
4

⃗R μν ⃗R μν +
1
2

m2
ρ ⃗ρμ ⃗ρμ

ℒ = ∑
b

Ψ̄b (iγμ∂μ − mb + gσσ − gωγμωμ − gργμ ⃗Ib ⃗ρμ) Ψb + ℒmes

Ωμν = ∂μων − ∂νωμ

⃗R μν = ∂μ ⃗ρν − ∂ν ⃗ρμ

andm*b = mb − gσσ0 μ*b = μb − gωω0 − gρI3bρ0
3
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Annals Phys 83 (1974) pp 491-529

✤ At the mean field level i.e. ,  and ⟨σ⟩ = σ0 ⟨ωμ⟩ = ω0δμ0 ⟨ρa
μ⟩ = δμ0δa

3 ρ0
3

ϵ =
1
π2 ∑

i=n,p,e

H(m*/ki
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H(x) =
1
8

1 + x2(2 + x2) − x4 ln( x + 1 + x2

x )where,

✤ Equation of state:

p = ∑
i=n,p,e

μini − ϵ



Equations of states (RMF): NL and DD couplings
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ϵ(ρ, δ) ≃ ϵ(ρ,0) + Ssym(ρ)δ2,

X(n)
0 = 3nρn

0 ( ∂nϵ(ρ,0)
∂ρn )

ρ0

, n = 2,3,4;

X(n)
sym,0 = 3nρn

0 ( ∂nS(ρ)
∂ρn )

ρ0

, n = 1,2,3,4.

δ =
ρn − ρp

ρ
where

Nuclear matter properties (NMP)

✤ Symmetric matter properties:

✤ Symmetry energy properties:

The couplings are constant 
over the density.

The couplings are density 
dependent.

Non-linear RMF Density dependent RMF

gσ = gσ0 e−(xaσ−1)

gω = gω0 e−(xaω−1)

gρ = gρ0 e−aρ(x−1)

κ = 0, λ = 0
x = ρB/ρ0

T. Malik etal, ApJ 930 17 (2022)

S. Typel 10.3390/particles1010002



Neutron star: EOS's, MR curves and  modesf
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✤ Equation of states, corresponding mass-radius cloud and the non-radial 
-mode frequency-mass cloudf



Neutron star:  modes are more sensitive to pressure at low densitiesf
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Pearson correlations:

The Pearson correlation coefficient is a descriptive statistic, meaning that it summarises 
the characteristics of a dataset. Specifically, it describes the strength and direction of the 
linear relationship between two quantitative variables.



Neutron star: Correlations between NMP and NSP
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DDB NL



Machine Learning: Dataset and Algorithm
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START

Xj(i) Yj(i)

Randomisation 
of 

Yj(i)

X'j Y'j(i)

Symbolic Regressor 
and 

Mathematical Expression

Independent 
variables

Dependent 
variables

>r

Mathematical 
Relations

Artificial Inteligence

Iterations
✓ From both datasets, we generated one dataset 

containing nuclear saturation properties and neutron 
star properties.

✓ Nuclear saturation properties:	
Binding energy per nucleon 	
Incompressibility 	
Symmetry energy 	
Slope parameter 	

etc.	

(E)
(K)
(J)

(L)

✓ Neutron star properties.	
Mass ( )	
Radius (corresponding to above star masses)	
Square of sound velocity at the centre of 
corresponding stars	
central baryon density	
 mode frequencies 	

etc.

M = (1.0,1.2,1.4,1.6,1.8,2.0,MMAX)

f



Machine Learning: Universal relations
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We can also find the footprints of different nuclear saturation properties to the non-
radial oscillations of neutron stars



Machine Learning: Footprints
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Machine Learning: Footprints
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Which says that frequencies of smaller mass NSs are the great observables to constrain the 
slop parameter ( ) of the symmetry energy while the frequencies of high mass NSs are 
the great observables to constrain the higher moment ( ) of symmetric matter at saturation 
density.

Lsym,0
Q0



Summary and Conclusions

15

• NSs are the exciting natural astrophysical laboratories to study the behaviour of matter at 
extreme densities.  

• We discussed that the  mode non-radial oscillation frequencies are more sensitive to the 
low density part of equation of state. 

• We see that both nuclear models (with NL and DD couplings) behave differently. 

• We have seen that ML can play very important role to get the hidden universal relations 
between neutron star and nuclear matter properties. 

• We have discussed very important relation between symmetry energy and  mode non-radial 
oscillation frequency.

f

f
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