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Kinematics

The process under consideration is

proton(p1) + proton(p2) → hadron1(k1) + hadron2(k2) + X

Sudakov decomposition for the identified hadron momentum:

kh = αhp1 +
~k2

h
αhs

p2 + kh⊥ , k2
h⊥ = −~k2

h , s = 2p1 · p2

large hadrons’ transverse momenta: ~k 2
1 ∼ ~k

2
2 � Λ2

QCD

−→ perturbative QCD applicable

large energy: s = 2p1 · p2 � ~k 2
1,2

−→ BFKL resummation
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BFKL “survival kit”

Total cross section A + B → X , via the optical theorem, σ = ImsA
s

Regge limit (s →∞)
⇒ BFKL factorization for ImsA:
convolution of the Green’s function of two
interacting Reggeized gluons and of the impact
factors of the colliding particles.

Valid both in
LLA (resummation of all terms (αs ln s)n)
NLA (resummation of all terms αs(αs ln s)n).

ImsA =
s

(2π)D−2

∫
dD−2~q1

~q 2
1

ΦA(~q1, s0)

∫
dD−2~q2

~q 2
2

ΦB(−~q2, s0)

δ+i∞∫
δ−i∞

dω
2πi

(
s
s0

)ω
Gω(~q1, ~q2)

The Green’s function is process-independent and is determined through the
BFKL equation. [Ya.Ya. Balitsky, V.S. Fadin, E.A. Kuraev, L.N. Lipatov (1975)]

ωGω(~q1, ~q2) = δD−2(~q1 − ~q2) +

∫
dD−2~q K (~q1, ~q) Gω(~q, ~q1) .



Impact factors are process-dependent;
only very few have been calculated in the NLA.

A A

~q1 ~q1

For the process under consideration, the starting point is provided by the impact factors
for colliding partons. [V.S. Fadin, R. Fiore, M.I. Kotsky, A.P. (2000)]

[M. Ciafaloni and G. Rodrigo (2000)]

quark impact factor gluon impact factor

LLA −→ leading-order (LO) impact factor −→ one-particle intermediate state

NLA −→ next-to-LO (NLO) impact factor:
virtual corrections −→ one-particle intermediate state
real particle production −→ two-particle intermediate state



Step 1: “open” one of the integrations over the phase space of the intermediate
state to allow one parton to fragment into a given hadron

quark vertex gluon vertex

Step 2: use QCD collinear factorization∑
a=q,q̄

fa ⊗ (quark vertex)⊗ Dh
a + fg ⊗ (gluon vertex)⊗ Dh

g

Step 3: project onto the eigenfunctions of the LO BFKL kernel, i.e. transfer to the
(ν, n)-representation

Φ(ν, n) =

∫
d2~q

Φ(~q)

~q 2

1

π
√

2

(
~q 2
)γ− n

2
(
~q ·~l

)n
, γ = iν −

1
2
, ~l 2 = 0



The impact factor in the LLA

The starting point is given by “inclusive” LO parton impact factors:

Φq = g2

√
N2 − 1
2N

, Φg =
CA

CF
Φq

Step 1: “open” the integration over the one-particle intermediate state, i.e.
introduce a delta function

Step 2: use QCD collinear factorization (D = 4 + 2ε)

dΦh

~q 2
= Φq dαh

d2+2ε~k
~k 2

1∫
αh

dx
x
δ(2+2ε)

(
~k − ~q

)

×

CA

CF
fg(x)Dh

g

(αh

x

)
+
∑

a=q,q̄

fa(x)Dh
a

(αh

x

)
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Collinear and QCD coupling counterterms

The collinear singularities which will arise in the NLA calculation are to be removed by
the renormalization of PDFs and FFs:

fq(x) = fq(x , µF )− αs
2π

(
1
ε̂

+ ln µ2
F
µ2

) 1∫
x

dz
z

[
Pqq(z)fq( x

z , µF ) + Pqg(z)fg( x
z , µF )

]
fg(x) = fg(x , µF )− αs

2π

(
1
ε̂

+ ln µ2
F
µ2

) 1∫
x

dz
z

[
Pgq(z)fq( x

z , µF ) + Pgg(z)fg( x
z , µF )

]

Dh
q (x) = Dh

q (x , µF )− αs
2π

(
1
ε̂

+ ln µ2
F
µ2

) 1∫
x

dz
z

[
Dh

q ( x
z , µF )Pqq(z) + Dh

g ( x
z , µF )Pgq(z)

]
Dh

g (x) = Dh
g (x , µF )− αs

2π

(
1
ε̂

+ ln µ2
F
µ2

) 1∫
x

dz
z

[
Dh

q ( x
z , µF )Pqg(z) + Dh

g ( x
z , µF )Pgg(z))

]

1
ε̂

=
1
ε

+ γE − ln(4π) ≈
Γ(1− ε)
ε(4π)ε



Collinear counterterm (in the (ν, n)-representation):

π
√

2~k 2

Φq

dΦh(ν, n)|coll. c.t.

dαhd2+2ε~k
= −

αs

2π

(
1
ε̂

+ ln
µ2

F

µ2

) 1∫
αh

dx
x

1∫
αh
x

dz
z

(
~k 2
)γ− n

2
(
~k ·~l

)n

×

(1 + z−2γ)Pqq(z)
∑

a=q,q̄

fa(x)Dh
a

(
αh

xz

)
+

(
CA

CF
+ z−2γ

)
Pgq(z)

∑
a=q,q̄

fa(x)Dh
g

(
αh

xz

)

+(1 + z−2γ)
CA

CF
Pgg(z)fg(x)Dh

g

(
αh

xz

)
+

CA

CF

(
CF

CA
+ z−2γ

)
Pqg(z)fg(x)

∑
a=q,q̄

Dh
a

(
αh

xz

)

QCD renormalization counterterm (in the (ν, n)-representation):

π
√

2~k 2

Φq

dΦ(ν, n)|charge c.t.

dαd2+2ε~k
=
αs

2π

(
1
ε̂

+ ln
µ2

R

µ2

)(
11CA

6
−

nf

3

)

×
1∫

αh

dx
x

CA

CF
fg(x)Dh

g

(
αh

x

)
+
∑

a=q,q̄

fa(x)Dh
a

(
αh

x

)(~k 2
)γ− n

2
(
~k ·~l

)n

In the following
π
√

2~k 2

Φq

dΦh(ν, n)

dαhd2+2ε~k
≡ I
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Virtual corrections

IV
q = −

αs

2π
Γ[1− ε]
(4π)ε

1
ε

Γ2(1 + ε)

Γ(1 + 2ε)

1∫
αh

dx
x

∑
a=q,q̄

fa(x)Dh
a

(αh

x

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n

×
{

CF

(
2
ε
− 3
)
−

nf

3
+ CA

(
ln

s0
~k2

+
11
6

)}
+ finite terms



“Real” corrections: quark-gluon intermediate state

Starting point

Φ{QG} = Φqg2~q 2 d2+2ε~k1

(2π)3+2ε

dβ1

β1

[1 + β2
2 + εβ2

1 ]

~k 2
1
~k 2

2 (~k2β1 − ~k1β2)2

{
CFβ

2
1
~k 2

2 + CAβ2

(
~k 2

1 − β1
~k1 · ~q

)}

β1,2 and ~k1,2: relative longitudinal and transverse momenta of the gluon(quark)
β1 + β2 = 1, ~k1 + ~k2 = ~q

gluon fragmentation

“parent” parton variables: ~k = ~k1, ζ = β1

IR
q,g = αs

2π
1
ε

Γ[1−ε]
(4π)ε

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

∑
a=q,q̄ fa(x)Dh

g

(
αh
xζ

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n

×Pgq(ζ)
[

CA
CF

+ ζ−2γ
]

+ finite terms

The divergence cancels the corresponding term of the collinear counterterm.



quark fragmentation

“parent” parton variables: ~k = ~k2, ζ = β2

(
IR
q,q
)CF = αs

2π
1
ε

Γ[1−ε]
(4π)ε

Γ2(1+ε)
Γ(1+2ε)

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

∑
a=q,q̄ fa(x)Dh

a

(
αh
xζ

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n

×
{

CF

(
2
ε
− 3
)
δ(1− ζ) + Pqq(ζ)

(
1 + ζ−2γ)+ finite terms

}
The first divergence cancels the corresponding term in the virtual contribution IV

q ;
the second divergence cancels the corresponding term of the collinear counterterm.

(
IR
q,q
)CA = αs

2π
1
ε

Γ(1−ε)
(4π)ε

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

∑
a=q,q̄ fa(x)Dh

a

(
αh
xζ

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n

×CA δ(1− ζ) ln s0
~k2 + finite terms

The divergence cancels a part of the virtual contribution IV
q ; the remaining divergence

in IV
q vanishes after the charge renormalization.
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Virtual corrections

IV
g = −

αs

2π
Γ[1− ε]
(4π)ε

1
ε

Γ2(1 + ε)

Γ(1 + 2ε)

1∫
αh

dx
x

fg(x)Dh
g

(αh

x

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n CA

CF

×
{

CA

(
ln

s0
~k2

+
2
ε
−

11
6

)
+

nf

3

}
+ finite terms



“Real” corrections: quark-antiquark intermediate state

Starting point (TR = 1/2)

Φ{QQ̄} = Φgg2~q 2 d2+2ε~k1

(2π)3+2ε
dβ1TR

(
1−

2β1β2

1 + ε

){
CF

CA

1
~k 2

1
~k 2

2

+ β1β2

~k1 · ~k2
~k 2

1
~k 2

2 (~k2β1 − ~k1β2)2

}

β1,2 and ~k1,2: relative longitudinal and transverse momenta of the quark(antiquark)
β1 + β2 = 1, ~k1 + ~k2 = ~q

quark fragmentation
(antiquark fragmentation goes similarly)

“parent” parton variables: ~k = ~k1, ζ = β1

IR
g,q = αs

2π
1
ε

Γ[1−ε]
(4π)ε

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

fg(x)
∑

a=q,q̄ Dh
a

(
αh
xζ

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n CA
CF

×Pqg(ζ)
[

CF
CA

+ ζ−2γ
]

+ finite terms

The divergence cancels the corresponding term of the collinear counterterm.



“Real” corrections: two-gluon intermediate state
Starting point

Φ{GG} = Φg g2~q 2 d2+2ε~k1

(2π)3+2ε
dβ1

CA

2

[
1

β1
+

1

β2
− 2 + β1β2

] 1

~k 2
1
~k 2

2

+
β2

1
~k 2

1 (~k2β1 −~k1β2)2
+

β2
2

~k 2
2 (~k2β1 −~k1β2)2


β1,2 and ~k1,2: relative longitudinal and transverse momenta of the two gluons

β1 + β2 = 1, ~k1 + ~k2 = ~q

gluon fragmentation (times 2)

IR
g,g = αs

2π
1
ε

Γ[1−ε]
(4π)ε

Γ2(1+ε)
Γ(1+2ε)

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

fg(x)Dh
g

(
αh
xζ

)(
~k 2
)γ+ε− n

2
(
~k ·~l

)n CA
CF

×
{

Pgg(ζ)
(
1 + ζ−2γ)+ δ(1− ζ)

[
CA

(
ln s0
~k2 + 2

ε
− 11

3

)
+

2nf
3

]}
+ finite terms

The first divergence cancels the corresponding term of the collinear counterterm;
the second divergence cancels the corresponding term in the virtual contribution IV

g ;
the remaining divergence in IV

g vanishes after the charge renormalization.



Final result

All the IR and UV divergences canceled!

~k 2
h

dΦh(ν, n)

dαhd2~kh
= 2αs(µR)

√
CF

CA

(
~k 2

h

)γ− n
2
(
~kh ·~l

)n

×


1∫

αh

dx
x

(
x
αh

)2γ
CA

CF
fg(x)Dh

g

(
αh

x

)
+
∑

a=q,q̄

fa(x)Dh
a

(
αh

x

)

+
αs (µR)

2π

1∫
αh

dx
x

1∫
αh
x

dζ
ζ

(
x ζ
αh

)2γ
CA

CF
fg(x)Dh

g

(
αh

xζ

)
Cgg (x, ζ) +

∑
a=q,q̄

fa(x)Dh
a

(
αh

xζ

)
Cqq (x, ζ)

+
∑

a=q,q̄

fa(x)Dh
g

(
αh

xζ

)
Cqg (x, ζ) +

CA

CF
fg(x)

∑
a=q,q̄

Dh
a

(
αh

xζ

)
Cgq (x, ζ)

 .



Conclusions and Outlook

The missing ingredient for the study of the hard inclusive production of a pair of
rapidity-separated identified hadrons in proton collisions at large energies has
been calculated.

It has been explicitly shown that it is free of IR and UV divergences.
An essential role in the cancellation of IR divergences has been played by the
projection onto LO BFKL eigenfunctions.

After the convolution with the BFKL Green’s function, definite predictions can be
built to be compared with Tevatron and LHC data.
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