An Overview of Atomic Methods to Estimate Nuclear
Charge Radii from Isotope Shifts + Addressing large
differences among the APV results in 133Cs
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e Theory of Atomic Energy Levels

e [sotope Shifts (IS)

e All-order methods to determine wave functions
e Different approaches for property evaluation

e Challenges in Isotope Shift calculations

e Atomic Parity Violating Amplitudes in 133Cs

e [Future directions and Summary



Hydrogen-like Systems

H-like systems: h(m,,N) = 275/1 + 2’;‘1 + V(e Ry)
Pe=Te — Ry and R, = MNII‘Z\’V-_II__T;;%iri
Effective momenta and mass:
fa MAzNerr:ze ~m, and T =~ aie
2
Schroedinger Eq: h|Yp) = €|yp) with h = Znie + Vy(pe)

Relativistic Hamiltonian: h = c & - T + Bm.c* + Vy(p,)



Multi-electron Systems

Hamiltonian:

e - Py +ZI—+VN(RN, ,)] ZZm—r

We can express: Hg (My,Ry,17.) = Hy+ Hy+ Hyg + Hpg

1 My .
where HMS = — E (MN T me)Z Z[pl . p]]

1 1 My o
- __(MN+me)ZZ pl 2 (My+m,)? Zi’jii[pi . p]]

aVN(RN;r )
and Hps(re) = — 9(R%) ~— &(R})
N




Energy Level Shifts (isotope shift (15))

Modified energy: E = E, + AEM> + AEF>
AEMS = AE(D +AES) +0 (u2)

NMS SMS

with EI%&S = K" and ES/I)S = uaK>M°

Similarly, EFS ~ AESY + 0 (8(rPms))” with EXD = —F 8(rZ,,)

Measuring ISs in two transitions a & b of isotopes (King’s plot):

!/ !/
vi 4 - Fb va4

F
= + (K" — 22 Kg")
Haa'  Falpy Fa

Where KMS — KNMS + KSMS and Uaa' = Ua — Uy



Relativistic Expressions and Challenges

In the first-order approximation, IS constants are
needed to be determined:

- <6vmw<r>>
5(r})

=T e

r



Typical approach to estimate first-order energy

In the presence of an interaction Hamiltonian Hj,;, we can express the
total Hamiltonian H = Hy + A Hy, and energy E, = E,go) + AE, ().

KN/SMS

For the (N/S)MS:  H; and A = uy

int —

Forthe FS:  H,, = and A = §(rins)

In the perturbative analysis:
o) = (") + A0y + A2 W) + -

and E,(2) = E® + 2EWV + 22EP) 4 ...

dE, ‘ 12 d2
dA ,1—>0 2 d)tz 1-0

Taylor series: E, (1) = E,;(0) + A ——— + ..

Finite-field (FF) approach: EM = ,1_n|H, ~ En(wz‘fn(—@




Points to be noted about the FF approach

« Calculations to be carried out for +1 and —A. Again, to minimize numerical
errors, calculations should be carried out for a number of A values.

- Neglects ©(4?%) contributions, which may not be small.

«  Choice of 2 depends on properties of interest (F, KYM3, and K*M5S may not
be calculated accurately by considering same 4).

« Also, choice of A can be atomic state dependent.

« It will be difficult to account contributions interactions among the FS and
MS interactions, as well as the second-order effects. i.e.

H/‘l — Hat + /‘{FF + AMS KMS

E; = ESY + A.ESYY + 22E859 + .
FAusESY + Ay + -

+/1F/1MSE(§1’1) + *ee



Approaches to evaluate the first-order energy

In the perturbative theory:  1%a) = [%:%) + Aw V) + 22w ) + -

E,() = EY) + AEP + 2EP + -

The expectation value evaluation (EVE) approach:

0
(PO [Hine®”)
0
w1

1
E1(1) - <Hint> —

Analytical Response (AR) approach:

(Ho — EL) 19 = (B — Hine) 19”)

In many-body methods, the AR approach is more difficult to implement
than the EVE approach. However, the AR approach has several
advantages over the EVE approach in the coupled-cluster theory.



Coupled-cluster vs. Perturbation Methods

Many-body perturbation theory (MBPT):
Wo) = [Pg) + 4 ‘(D(()l)) + A% ‘(D(()z)) + A3 ‘cp((f)) 1 ...

where |®,) is the (Dirac)-Hartree-Fock mean-field wave function and each
order is given by: ‘CI)(()")) =Y, ‘CID,((O)) Cé’,:)

Coupled-cluster (CC) theory (gold standard):

1
|Wo) = |Pg) + T;|Pg) + (TII + ET%> |Pg) + -+ Ty| D)

=eT|(I>0) where T:TI+TII++TN

With the same computational effort, the CC method includes
electron correlation effects to all-orders and more physical effects.



Energy equation in (R)CC theory (FF approach)

(Wol|Ho|Wo)

Energy expression: E, = (H,) = TN
ol*o

<(I)0|3T+H06T|q)0> _ ZK<(DO|eT+eT|q)K><(I)K|e_TH06T|(DO>

EO:

<¢0|3T+3T|(I)0> <¢0|6T+8T|(I)0>
— <(p0|e_THoeT|(l)0> = <¢O‘(H08T)C (D0>
Excitation amplitudes: <¢K‘(H06T)C <I>O> =0

In the FF approach of RCC theory, the same equations are used for IS.



Expectation value evaluation (EVE) approach

IS evaluating expression:
(WolHine|Wo) _ (®ole” Hince"| )
(Wo|¥o) (DoleT eT| D)

(Hint> —

* Possesses two non-terminating series.
« Unmanageable with two-body operators like SMS operator.

« It does not satisfy the Hellmann-Feynman theorem.
(energy and property evaluating equations are different)

1
= €™ Hince” = Hine + HineT + T Hine + T+ Hine T + 5 Hige T? + -+

And eT el =14+ T+T +%T+T2 4+ ...




Analytic Response approach in (R)CC method

In the AR RCC method, we express
Hy = Hy + AH;,, and  [¥p) = [w{7) + 1 |w{V)

First-order Eqn: (HO—ESO))PP,SD) = (E(gl) — Hipe) |‘P(§O))
Wo) = e'|dg) = eT(O)MT(l)M)o)
= W) = e (@)
and ‘tpgl)) = ™ (14 TW)|d,)

[t yields that:

(Hine) = Eél) = (P D)

(Hoe™TM)c + (Hinee™)

C



Advantages of AR approach in the RCC method

« All the terms are terminated.

o It satisfies the Hellmann-Feynman theorem (as it
1s derived from energy expression).

* Free from choice of any perturbative parameter.

 (Computational efforts are less than other
approaches of the RCC method.

* Second-order IS effects can be easily evaluated by:
EY = <‘P(§°)| Hine|¥s™)

(@,]e™ H,, ,eTOTD|p,)

(CDO |eT<o>+eT<o> |CI>0>




A few notable results from the AR-RCC method
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Reconciling mean-squared radius differences in the silver chain through improved

Electromagnetic Properties of Indium Isotopes Elucidate the Doubly Magic Character of '™$n
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All-optical differential radii in zinc

' Comparison With Tin Data Comparison With Theory
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IS studies in Al and implication to particle physics

The largest CKM matrix element V,,; can be
extracted from the superallowed 0 —
0*beta transition between states with isospin
T = 1. Itis usually parameterized as:

Vad  ft(1+ 8p)(1 + Sns — 8c)(1 + AR)

where f(Q) is the statistical rate function, t is
the half-life of beta, A is the nucleus independent
correction and ¢ is the nucleus dependent
correction.

This study requires accurate estimate of
(7‘2 )26m,27
rms

Energies of Al from RCC theory

Nuclear Charge Radius of *™Al and Its Implication for V,, in the Quark Mixing Matrix

(r2, )26m27 = (. 429(45)(76)

PHYSICAL REVIEW LETTERS 131, 222502 (2023)

Method 3p ° Py 3p ° Py 45" S/
EAs

DHF 42823 .87 42714.35 21311.66
RMBPT(2) 48637.77 48514.21 22760.10
RCCSD 47841.74 47725.64 22849.31
RCCSDT 48223.08 48114.72 22914.98
Extra 37.88 37.73 3.18
+Breit —T.65 —1.16 —-1.04
+VP —0.26 —0.25 0.05
+SE 4.46 4.18 —0.74
Final 48258(25) 18155(25) 22017(15)
Experiment  48278.48(3) 48166.42(3) 22030.72(3)
EEs 2Pija="S12  P3pp="S1ps  *Pyjo="Pypa

This work
Experiment

25341(30)
95347.756

25238(30)
25235.605

103
112.061




RCC results for IS constants in Al using FF and AR

FF

TARLE IIL. Calralated IS factors F, K% for selected lewels
i Al ssing FF appraach of the BOC metbod.

Mt ol ap *Pyre Ap Py 15
F WIFleffm®

DHF 50,22 5031 —12.44
RMBPT(2) TO20 TO.2% =171
ROCED 631.T2 L =1L EMb
ROCEDT 6753 G784 =1L 1%
+Haxis LLEIE ] 1AKE ={Li1
+ Eiredt ={pLH .14 =1
+VF ={p07 =25 =15
+SE =5 =LaT =17
Fimal GE8(5) B7.4(5) —10L6{3)
h—:“i?«l! E‘i!l

DHF 70320 TO2.28 5017
RMBPT(2) Ta8. 70 TOT.T2 373,96
ROCCSD TH5.58 THASE ITH.44
ROCEDT Tal.al TOLM TS50
+Haxis [R5 L5 005
+ Biredt LU S L2 =Ll
+ VP 1.2 LR L] 023
+5E LLE S (1N g =Ll
Fimal To94.14 TO265 aTeT
Scaling Tad TOZ HT
! -Rais GH

DHF = a0 =T4EaT =LA N
RMBPT(2) —491.51 — 405,01 36.02
ROCCED — 515 — 50702 50,96
ROCSDT —547.14 — 5L 52.75
+ Hasis = 1A} =110 =Lk
+ Eireit L= (LR | =02
+ VP =db LS =3z oz
+5E =ih il =137 LU
Fimal — 548 52 — 56 5336

VS.

TABLE IV. Calenlated IS fectors F, K5 for selected levels

in Al osng ARE-ROC method.

Miethosd Ap =P g ap ¥ Pyps 45
F Mz fm®

DHF =ik = LILIF —13.44
ROACED i ] 632 =145
R{OCEDT HO_GE Lo =H. 74
+Hasxis K1 iz e LE L]
+Breid =LL{HE =45 il
+QED =134 b L & LA
Fimal = L it
h-:‘i:'.l! E"]'l

DHF 1Er2 AL 1504, A AR 16D
ROACED TIHILAE TS R N
ROCSDT THS.50 T60.54 BE2.T4
Mracisc (LK. g LUE ) =Lk
+Breit =16 =ih LS =05
+QED L2 14 =Ll
Final THES2 THLS 26D
Scaling T T2 ETi
E-!!L'I! GH

DHF —477.25 — ) =531
ROACED =TS =iE14.91 £8.23
R{OCEDT =508 14 e L LE S 58
+Dasis —1.17 =121 =36
+Breit = =k L5 4l
+QED =14 =11 LA L]
Fimal =51 T =2 1.3 Sl 63

AR



RCC results for Potassium (FF approach)

State DHF RMBPT{2) ROCSD ROCSDT 4 Basis +Breit S0OQED Total Experiment
E A Energies
) i_‘;-'”; 237048 A5077.13  A507TT7.13 J49T2.90 16.47 —1.45 —G B0 HOSE(20) 35000 813971(2)
dp '1}_"'[..-3 21006241 201082 2027 .81 22018.00 230 —2 32 0,47 220240 10) 22024.628(1)
dp ‘1}_";”3 5039 2195166 2196764 21957.90 2.6 —(1_35 018 219660000 21%66.918(1)
S i_‘;-'”J L23-00M5. LAD2E I 1398883 13977084 .63 — 1 AG —.16G L3985} LI9R3.263(5)
Sp '1}_"'[..-3 1O011.64 LOGELE 36 LOKEDS 65 LT84 267 —(.T% .16 LOZLOCEY 1O 4140 2)
Sp ‘1}"":”2 OGS, 43 10293 S 1028913 10ZERR 24 * 55 —0.15 0.07 L0291 (3} 1028068
18 2_‘;-'”_1 T3E5.04 THT4.11 Toos. 63 THhh.G1 1.42 — (1.1 —h 6l THST(3) TS50 1036
EEs
A= ".‘:-'” 2 — dp 2 FJ.-"? 1 L3604 LAGE6G. 31 13049 32 1301 5.90 217 087 —T.2T7  12964(25) 12085185724
A= _‘:” 2 — dp = F'gll.-? 11411.09 1312547 13109 44 1500 5.0000 521 —1_110b —6.98  13022(25) 13042596027
4= _':;-” 2 — B 28 4 1896349 2104907 2108230 2MHE0G 12 54 — (1 Erth —G.G64  21005(21) 21026.551
4= _‘;.” a — ‘n-p P:.,-'z 2235884 2476377 24THS AR 2466506 1.3 W] — Bt —6.96  24ETE(21) 24T01.382
A= _‘:” a — S F'gll.-? 2237505 24TEI.2E XATES.(M) 24684 66 1.3 92 — 1 30 —6.A8T  2dE9T(21) 24T20.1.39
A= .':Jlln'_" — fis TS 25035.44 2TH03.02 2751854 2TALT.29 15.005 — 126G —G.1T  2T431(21) 2T450.710
TABLE IV, F5 constants (1n MHHz/fm™ "} at different levels of approxcimation in the FE approach.
DHF RMBPT(2) ROCCSD ROCEDT 4+ Basic +Breit + O EDD Total
State F constants
Ads 3_‘:'”.1 — =25 — 1M _ 91 — LG 16 — LIS 540 —I1_.14 .13 1.24 — 105 5(15)
Ap 2Py s 5.05 4.38 4.65 1.55 ~ 0.0 ~ 00 —(L04 1.55(5)
Ap 2Py 5.17 458 4_85 1.75 ~ 0.0 —0.01 —(L04 1.75(5)
S8 25 2 — 21} —25.83 —25.32 _25.25 — 002 0.03 (.20 —25.24(30)
5p 2P g 192 1.82 1.91 1.85 e 01D —0.01 —0L02 1.87(2)
5p 2Py 1.88 1.78 1.56 1.84 ~ 0.0 ~ 0.0 —(L01 1.83(2)
fis 2_‘:'”.1 —=_ 5 — 1G5 — R0 — 145 —IikE .41 11 — 10 37(12)
Transition
Ads '_‘:”.1— Ip' F']‘.--__. — =5 — 11125 — 11051 — 11 —I1_.14 .13 1. 25 — 11 A(13)
s _':;-”.1— I = F'gll.-? — =02 — 111 4t —111.001 — 1002 —1_.14 .14 1.2% — 11030 13)
ds ":”.l' —5a 2 Sy g — LS —H1.05 — &= —l 2D —. 1 .11 L85 —8L3(15)
Ads -‘".l' 1—‘|-p F'J fz —B* 1T —1=_T3 — =07 — 10T 48 —I1_.14 .14 1.2 — 107 A 15)
ds° _‘,.,. - —5p Fgﬁ. —®213 —108_69 —108.02 —107.34 —0.14 0.13 1.27 —107.3(15)
A= -‘".I' a—fis 25, iz —T1.71 — T 26 — 5. ThH —05.15 —1.11 .12 1.1:% —05.1{15)




NMS and SMS constants of K from FF approach

TABLE V. NMS constants (in GHz amu) at different levels of approximation in the FF approach.
State DHF RMBPT(2) RCCSD RCCSDT +Basis +Breit +QED Total Scaling [ 1]
l~ -'\1/‘ 531.52 570.83 575.32 574.33 0.24 —0.0= -0.29 575(3) 975.7T7
11,_ 345.22 361.64 36197 J61.88 0.12 —0.53 -0.09 362(2) 362.22
] JI';/: 34455 361.05 361.36 361.26 0.12 —0.51 -0.52 361(2) 361.27
5s ‘).\'1/_‘ 220.21 230.37 229.78 229 67 0.05 —0.03 -0.09 230(1) 229 97
p 2P, 2 164.58 169.52 169.47 169.47 0.03 —0.09 0.06 169.5(5) 169.53
5p 2P3 2 164.38 169.25 169.19 169.20 0.04 —0.05 -0.13  169.1(5) 169.22
6s “Si1/2 120.62 124.82 12453 124.49 0.06 —0.12 -0.15 124.3(2) 124.32
s °S, o—4p "1’1,. 186.30 214.19 213.35 212.45 0.12 0.45 -0.20 213(4) 213.55
s 2 Sis2—4p 1;/, 186.67 214.78 213.96 213.07 0.12 0.43 0.23 214(4) 214.50
s ~ '\1/'—-»- \1/- 311.31 345.46 34554 341.66 0.19 -0.05 -0.20 345(3) 34580
1s 2S,,2—5p 2P, ;2 366.94 106.31 105.85 104.86 0.21 0.01 -0.23  405.5(4) 106.24
ls *S1/2—5p *Pasz  367.14 106.58 106.13 105.13 0.20 -0.03 -0.16 106(6) 10655 |
Is °Sy2—65 "5, 2 110.90 151.01 150.79 149.84 0.18 0.04 -0.14 151(4) 151.45

\r —

TABLE VI. SMS constants (in GHz amu) at different levels of approcamation in the FF approach.

State DHF RMBFPT(2) RCCSD ROCEDT +Basis +Breit +QED Total
s 28y —200.14 —61.60 — 18,96 —35.64 —0.45 056 0.27 —35.53
Ap *Puya —57.05 —21.14 —0.00 —16.84 —0.08 0.07 0.25 —16.85
lp P,,I,, —B8.77 —23.67 —11.94 —19.52 —0.08 0.48 0.25 —19.12
2S1ya —46.39 —1.72 5.05 4.80 —0.13 0.04 —0.06 4.71
5p 2Py —19.89 —6AT —3.75 —4.: —0.03 —0.01 —0.09 —4.98
Gp 2Py —M).52 —7.34 —4.69 —5.85 —0.03 0.14 0.02 —5.8(3)
s 25, 1o —18.07 01.88 3.03 3.37 —0.07 0.03 0.03 3.33
2 Sy j2—Ap "F', /2 -143.09 —40.46 —9.87 —18.8 —0.37 .49 0.02 —18.68
Syp2—Ap *Pap —140.54 —37.03 —7.02 —16.12 —0.37 0.08 0.02 —16.41
*S1pa—5s 2810 —153.75 —59.88 -24.01 —40.44 —0.32 0.52 0.33 —40.24
2Sypa—5p Py —180.25 —55.13 —15.21 —30.7 —0.42 0.57 0.36 —30.55
a.,”—-.p Pjﬁ —179.62 —54.26 —14.27 —20.79 —0.42 0.42 0.25 —29.73

‘:.l”—[ns ‘:ll.-_a —182.07 —il —21 .4 —3u0l —ih3= I s 024 — A= =h




IS constants of K from AR approach

State DHF ROCCSD RCCSDT +Basis +Breit +QED Total
F values (in TI.[IIz,-'Tm_']
s i.';:'llli_" —T3.08 — 10520 — 10622 —.12 (L1 1.24 -10.61
ip 2P g —0.08 1.05 4,80 0.01 ~ 0.0 —0.05 1.81
Ap 2Py ~e 0.0 4.17 3.87 (.01 —(.01 —(0.04 3.87
58 25 /2 —19.34 _24.76 —24.53 002 0.03 0.2 2452
ap JP”i —I01.0(04 1.45 1.5 =~ [1L1] —iLi1 —(L02 1.:M
5p 2Py ~ 0.0 1.48 1.37 0.01 ~ L0 —0.01 1.38
e 2.‘:'”_1 — .50 —4.7T4 =467 —{b.h L1 .11 067
KM salues (in GHz amu)
s 2.":'”_1 4114 k! s 2545 —1.12 =1.79 —2.1}6 2 5d
Ap JPUE 15E. 03 Ja1. 4949 4557 —1.45 —1.51 —1.64Y kG e |
ip 2Py 188 8T 151,60 345.41 ~1.17 —1.43 ~1.40 342 81
A i.":'”J S24.008 FhTH 24T 0.37 (.21 .15 22305
ap JP”i 214.14 166 St i B —h.24 —1.35 —1.51 16574
5p 2Py 213.61 16688 164.23 —0.15 —0.23 —0.21 163.85
[VE: 2.';:;”_1 162 02 125 500 1:21.20) RIS —Li —I1LIH 12122
K55 yalues (in GHz amu)
da 2.';:;”_1 —ARE.Th =127 =215 —0.5:4 LI £ (.41 -25.10
Ap JP”i —115.54 — .k —a.40 —.14 22 — (1.0 -3.250
Ap 2Py ~116.33 —%.05 —0.48 —0.13 0.11 —0.06 -0.50
T 2.‘:'”_1 — Lkl L .05 M —1.15 0.1 (.00 902
5p 2Py —40.19 —2.08 —0.33 —0.07 0.08 —0.03 .32
ap Jni..ri —A40_44 —4.14 —-1.78 —L005 (L —(.15 -1.74
s i.":'”! —37AY 4.0 .50 —0.07 (.U L 2.7Y




IS constants of K from EVE approach

DHF RCCSD RCCSDT +Basis + Breit

F values (in MHz/fm™7)

— 103,95 —104.01 —0.04 0.22
148 1.70 0.01 —.01
1.54 1.75 0.01 —).01
—24.48 24.53 —0.01 ~ .0
1.56 .64 ~ .0 ~ .0
1.58 66 ~ (.0 ~ 0.0
—49.64 66 —0.01 ~ .0

-NMS . :
K values (in GHz amu)

*S1/2
.'1'1/2
“Pya
“Si1/2
2
1/2
5p “Piyz
(j.ﬁ -,\.1/.‘

941.13 2 70 1.12

I88.53
IS6G.8T
324.53
214.14
213.61

162.52

— 38876
—115.54
—116.33
—441.60
—40.19
—40.19
—37.49

—2 '\.‘-
—-21.44
—-2).52
—4. 0
—N 65
—N_30
-9

14

s.19

6Y

NN

63
64

-SMS . ‘
K values (in GHz amnu)
54

2.02

05
A2

2.93
2.63

97

-4
0.49 —0.0=
0.4 0.01
0.43 0.09
0.13 —0.03
0.13 —0.01
0.09 ~ (.0

0.22 0.21
0.32 ~ 0.0
0.31 —0.02
0.02 0.15
0.10 0.01
0.10 0.02
0.01 0.06

-3
0.4
0.02

—0.09
0.01

~ 0.0

—0.03

554.43
339.55
J35.658

162.98
162.75

122.7.

-106.41
-41.70
-40.74
-11.25
-12.82
-12.51

-2.90




New [S interaction from BSM physics

Qe

In addition to photons, there could be
other intermediate particles between
electrons and nucleus in an atom.

N(q)

¢ N(q)
€ € A new spin-1 light boson:
md,cr
N h
& Ve = (D) ey

where my and s are the mass and spin of the new

boson, respectively, y, is the electron coupling
coefficient and y,, is the neutron coupling coefficient.

It could contribute to the IS shifts in isotopes, but will be of
the order-of second-order effects (non-linear King’s plot).



Inferring BSM Physics from King’s Plot

King’s plot for the first-order IS:

AA' !
Vb Fb val (KMS _Fp KMS)
Haal  Fq Haal g Fo

Inclusion of higher-order field shift (FS):
EAA = 11, o KMS 4 Fi8(r2s) + G2 (8(r2ms))” + 6P 8(rkns)

AA' AA'
Vo Va <Kl]9\/15 by Kc,lv,5> N (G(Z) G(2)> 2ms)
Haa' Haa! k, Haa'
(4) _ Fp ~(4) 8rms) NP Fp _np) 1
+(Gb Fq Ga ) Haal + (vb Fg Va )'uAA’
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{j‘ I:I T i : 25'1;1 — EDME ,S : 251;2 —* Eﬂgﬁ (1 MBPT Reference [34]
(168, 170) __ 70.113 695(46) 2179003.93(21)  221239185(37)  -0.156  -0.149 0.1561(3)
(170,172) 68506890 50(63) 2044 85478(34) 2076 42058(30)  -0.146  -0140  -0.1479(1)
(172,174)  66.958 651 95(64) 1383 068.42(36) 1609 18147(22)  -0.15  -0.110 0.1207(1)

5 il 5 1k Lind Lia il 5 o 1 P =1 ] o 1 P Ly
174, 176 62.474 078 21(65 1 509 055.29(28 1 534 144.06(24 (0.110 (1.105 (0.1159(1
(170, 174) 3627 922.05(30) 3685 601.95(33)




Preliminary Calculations using AR-RCC in the Yb* ion

6S1/2 5D3/2 5D5/2 FS (MHz/fm"2)

NMS (GHz amu) DHF -11327.28 -0.0002 ~0.0
................................................................... RCCSD  -14811.36  1664.98 1444.95
DHF 3755.62 5847.74 5524.06 RCCSD-T -14610.25 1663.95 1439.48
RCCSD 133543  1074.63  1085.54 fgrifm" ‘1555’7579-50 151%65231 121%156‘26
RCCSD-T 1372.24 1065.39 1080.01 e ' o
RCCSDTv ~ 1510.01 972.52  1040.80 Final -15025.91(450) 1537.04(50) 1309.52(50)
+Breit 2.13 6.01 6.10
Final 1512(100)  979(50) 1047(50) G7(2) (MHzltm?4)
Scaling 161552 1237.91  1215.35 - 2033 oo o0

RCCSD 30.66  -4.44 -3.86
RCCSD-T  39.12  -4.44  -3.84
RCCSDTv  40.18  -410  -3.48

SMS (GHz amu) +Breit 015 -0.06  -0.06
DHF 2331.98  -4479.18  -4198.62 Final 4003 4l6 St
RCCSD 446.43 -653.61 -687.37
RCCSD-T -85.06 -1002.32 -1002.67 G/ (4) from fitting (MHz/fm”4)
RCCSDTv  551.19 -811.97  -850.59 S . S
+Breit 5.11 -12.24 -10.01 esD e s
0 +Breit -0.05 -0.01 ~0.0
Final 556.30 -824.21 —8060.60

Final 13.81(20)  -1.79(22) -1.70(20)



Summary and Outlook

" Developed all-order relativistic many-body methods for accurate
calculations of atomic properties..

= We have developed RCC methods in the FF, EVE and AR
frameworks to estimate isotope shifts.

= Nuclear charge radii of indium, aluminum, potassium etc.
iIsotopes were investigated using our RCC methods.

» Intend to extend these studies in other elements of periodic table
to understand roles of electron correlation effects in them.

» Planning to develop codes further to study the effects of non-
linear effects and infer new physics from Isotope Shifts.

» Developing new many-body methods to study these effects.



Weak interaction Hamiltonian(s)

Atomic Hamiltonian:

Strength: ~ 10714 .\> N(9)
: i ,4/ ————————

HPNC — HNSI HNSD ‘N(q)
=Ly, +K0?-7]pn(r)

where Gy ~ 2.219 x 10~ qu is the Fermi constant, I is
the nuclear spin, « and y- are the Dirac matrices and
p,, (1) is the nuclear density.

The dimensionless constants Q,, and k characterize the
strengths of the NSI and NSD interactions respectively.



Precise measurement in 133Cs (~0.35%)

C. S. Wood et al, Science 275, 1759 (1997).
NSI amplitude:

E1pyc
Im 8 = —1.5935(56) mV/cm

NSD amplitude:

E1pye
Im B =—0.077(11) mV/cm

< 0.5% < 0.5% < 0.5%

Elll\)’}fllc expt ‘)( Elg}f’lc theory 1 expt/theory
( B ) Qw p

Till today 3 groups have reported calculations within 0.5% but their
final results differ by about 1%. The measurement may have an issue.




A perturbative approach (NSI)

Here: H =H, + GpH,, with Gr~2.2x10 " a.u.

Since electromagnetic interactions dominates strongly:

W, )) = [0, ), m) + Gp [$P (), 7)) + 0(63)

And 0(G2) ~ 10728, [¥,(.))) ~ [V (], ) + G [# (], 7))

Thus: (Lm)theory= PrP¥) (w”|p|w;")+(w) D)
v \/ <le |‘Pf>(‘l’i i) j <lp ;0) |1p ;0)> <q,i(0) llJi(0)>

> Requirements are:

o Determination of the zeroth- and first-order wave functions.

o Equal treatment of both the wave functions using a single theory.



Sum-over-states approach and accuracy test

(1 [H %)
EO_©

In sum-over-states approach: |‘P,,(ll)> = D\l=n |lPI(O))

Which leads to:

0 0 0 0 0 0 0 0
g - D) (o)l
PNC = 0) (0) z (0) (0)
I#i E;” —E; f#i Ef — E,

where Q,, is absorbed in defining unit of the E155-amplitude.

Accuracy test:
 (¥;|D|¥;) > comparing calculated E1 matrix elements with expt values.

© ([Hw [9) - ([Hyy | ¥)) ~ \/(‘PI|thf|‘P1>(‘PJ|thf|q’1> (expt values).

. EI(O) — E](O) - comparing calculated excitation energies with expt values.




Calculations for Cs and Shortcomings

E1Y3L.(6S — 78) = z (75|D |np(10/)2><"1(’01)/2|1'1w|65)
EQ _E

npi,2 6S nP1/2

+ Lnpa 2 EONEQ
np1/2

= Core (n<6) + Main (n=6-9) + Tail

Limitations:

* (Core, Main and Tail contributions cannot be treated on equal footing.

= (Correlations among the Core and Valence electrons not treated aptly.

* Correlations among weak and electromagnetic ints. are not on same level, So
it misses double-core-polarization (DCP) effects.




Discrepancies from high-accuracy calculations

ey 5 (TSR IDINRE )(0REH,J6857) . {75

(0) (0)
" E.. —E

6S,, nk,, n 7S, nk,,

59 |H,[nR2 ) (nR?|D|6S )

1/2 172 172

= Core(n < 6) + Main(n = 6—-9) + Tail (n > 10)

~
Valence

Contribution to the E1}> amplitude of the 75-6S transition in 133Cs in 10711 ( g\;”) eag

Reference Core \ET! Tail
Porsev et al. PRL 2009, . 0.8823 0.0195 0.8998 CCSDvT, sum-over-states,
PRD 2010 Blend of methods
Dzuba et al. PRL 2012 : 0.8711 0.0238 0.8967 TDHF+BO (original)
0.8823 0.0238 0.9079 Borrowed from Porsev et al.
Sahoo et al. PRD 2021 : 0.8594* | 0.0391 0.8967 RCCSDT
Tan et al. PRA 2022 _ _ _ 0.8903 Parity-mixed RPA

* Contribution from the 9P, /, state included in Tail



Equivalent expressions

E1N31. — <q'}°)|D|l1!§1)> -~ <W}1)|D|lp§°)>

<l1!§(°) H,| W§°)>

< Oy, |q,(o>>

- (0) (0) (0) (0)
= Zk-‘#i <qlf ‘ D "‘uk > E§0)_E§‘0) + Z k+f E}O)—Eg)) <q]k |D|q]i >
By using w = E}O) — E(O) we can write:

(PP DY)y

and
(E” -EP +w)

EIDEDN I

k= f

(1)
w;l)lﬂwllP(")) <(°)IHWI‘P )

g (D

p1¥®) + (w1, 7,

(¢’ |D]'PY)

B0 = S 0)
DM e

k #i

AII are equivalent
in an exact theory.




Differences due to approximations

E10SL — <‘I’;O)‘ D‘q,i<1>> + <q,;1>‘ D‘q,l§0)> > RCC method
N <q,)go>‘ D‘q,lgoo,l)) 4 <q,)goo,1>‘ D‘q,im)) —~ CPDF method

0 co,1 0,1 0
~ (oA [0 ) + {0f|uiy|of®) - rPA

~ <¢}°)‘H5§'IC ‘<Di(°°'1)> + <¢}°)‘D|cbf°°'1)> ~ TDHF method

CPDF and RPA methods:

« Includes only a set of single excitations with all-order perturbation in
residual interactions (core-polarization effects).

« Misses out pair-correlation contributions.

«  Does not include correlations among the D and HJ;L operators.



Diagrammatic representation

7s
(At the DHF level: A Hw 751
« The intermediate state is a single atomic state. D
6p
» We can segregate Core and Valence 2) — :; i
contribution uniquely. S "
\_ / . D 6
Core Valence
bsis - T50pu; ' mter including correlation effect: \
W
! s » One cannot uniquely split correlation
T\ 7s l P22 Ts correction in the Core and Valence
o\ bs \ I contributions.
bm b » Depending upon choice of perturbation
. D D the definition of Core and Valence

\ contribution changes. /
Valence Core




Reproducing Dzuba et al’s results (s chem phys A 127, 7518 (2023))

Table: E1N! for the 7S — 6S transition in *>3Cs across different many body methods

Ours Core Roberts et al. PRD 2022
DHF -0.02638 0.02465 -0.00173  HF —-0.02645 0.02472 -0.00174
CPDF -0.04298 0.04099 —-0.00199 HF+6W,” -0.04319 0.04119 -0.00201
RPA -0.03536 0.03564 0.00028
CPDF-RPA*  -0.05794 0.05963 0.00169 ;';?wa + -0.05822 0.05992 0.00170
e Ol
Ours Total Martensson et al. J. Phys. 1985
DHF 1.01168 -0.27418 0.73750 DHF 1.010 -0.274 0.736
CPDF 1.26664 -0.34409 0.92255 CPDF 1.267 -0.344 0.924
RPA 1.02557 -0.31617 0.70940 RPA 1.023 -0.316 0.707
CPDF-RPA*  1.27910 -0.39150 0.88760 CPDF-RPA*  1.279 -0.391 0.888

CPDF-RPA 0.88590 CPDF-RPA 0.886



e-q couplings and Masses of extra Z-bosons

Phys. Rev. D 103, 111303(L) (2021)

Measurement + calculations: ﬁ',N = —73.71(26),,(23),

In the SM: Q3 = —73.23(1)  with sin? 4, (2.4 MeV) = 0.23857(5)
From the difference: sin?8,,(2.4 MeV) = 0.2408(16)

By using the relation: 376C;, + 422C,4 = 73.71(35)

C1, = —0.1877(9) for C;4 = 0.3419 and

C14 = 3429(8) for C,, = —0.1888.

Mass of a dark-boson: 561‘1;172 ~ —0.0051(37).

d

Mass of an extra boson: M, > 2.36TeV.



Summary & Outiook

% Our RCC method treats the Core”, "Main” and Tail”
contributions to E7,, on an equal footing.

% It also accounts for DCP contributions implicitly.

*» Though our calculation shows Core” contribution is
agreeing with Porsev et al (2009 & 2010); it neglects a lot
of physical effects that Dzuba et al and we consider.

|t estimates uncertainties to Core”, 'Main” and Tail” in a
consistent manner.

» We are developing RCC methods to remove non-
terminating series in the calculations.
» The method has to be extended for NSD interactions.

> Itis also necessary to calculate £ using a similar approach.



Open Questions

O Is there an ultimate atomic theory for accurate
calculations?

O Why results from different approaches of a given
theory differ? Can these differences be
removed/suppressed?

o How to estimate uncertainties in many-body
calculations?

o What are the implementation differences among
nuclear, atomic and molecular many-body
methods?
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