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Light Muonic (H-like) Atoms and lons

2P fine structure 2P fine structure
2P3p Fo 2Pgp

e Light Muonic Atoms: Z=1,2,...7?

* This talk focuses on pH and pD
(predominantly)

* Mostly Lamb shift is considered
(a few words on uH HFS)

* Basic ideas about the theory
(QED, FS, NS)

* Nuclear structure contribution: Two-photon exchange (TPE)

* Data-driven or effective field theory: Treatment of TPE
* Results for uyH

e Remarks about heavier nuclei

* Results for ub
* QOutlook



A Scary Table

TABLE 1 Contributions to the 2P ;5 — 252 energy difference Er in meV, with the charge radii ro given in fm. All corrections
larger than 3% of the overall uncertainty are included. Theoretical predictions for Ey, are Ey (theo) = Eqep +Cri 4 Eng. The
last two rows show the values of ro determined from a comparison of Er(theo) to Er(exp).

Sec. Order Correction pH puD piHe™ p'Het
LA o (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)? eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.074 0(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.0136(6)
11L.C (Za)* recoil 0.057 47 0.067 22 0.126 5 0.295 2
I.D a (Za)t relativistic with eVP!) 0.018 76 0.021 78 0.5093 0.5211
IILE a*(Za) relativistic with eVP® 0.00017 0.00020 0.0056 0.0057
ILF a (Za)t pSEM 4 wVPY | LO —0.663 45 —0.769 43 —10.6525 —10.9260
LG o (Za)® pSEY + uvPY NLO —0.004 43 ~0.005 18 —0.1749 —0.1797
ILH o (Za)? pVPW with eVPH 0.000 13 0.000 15 0.003 8 0.003 9
LI o?(Za)? pSEY with eVP™ —0.002 54 ~0.00306 —0.0627 —0.064 6
111.J (Za)® recoil —0.04497 ~0.026 60 —0.558 1 —0.4330
LK a (Za)® recoil with eVP! 0.000 14(14) 0.00009(9) 0.004 9(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
IIL.N (Za)® pure recoil 0.00009 0.00004 0.0019 0.0014
1O o (Za)? radiative recoil 0.00022 0.00013 0.0029 0.002 3
1LP a (Za)t hVP 0.01136(27)  0.01328(32) 0.224 1(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1)
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322r,
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878+2
Iv.C a’(Za)? eVP'? with ri —0.0002 f';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2
V.A (Za)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 ~1.010 —0.536
v.C (Za)® 3PE —0.0013(3) 0.002 2(9) —0.214(214)  —0.165(165)
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E a (Za)’ pSE™ + p VP with TPE 0.0004 0.002 6(3) 0.077(8) 0.059(6)
111 Eqen point nucleus 206.034 4(3) 228.7740(3)  1644.348(8) 1668.491(7)
v Cré finite size —5.22591; —6.1074r;  —103.383r; —106.209 2
v Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 0.276(433) Pachucki, VL, Hagelstein,
Ey(exp) experiment® 202.3706(23)  202.8785(34) 1258.508(48)  1378.521(48) Li Muli, Bacca, Pohl
— theory review (2022)
re this review 0.840 60(39) 2.127 58(78) 1.97007(94) 1.6786(12)

! : 2experiment:
e previous work® 0.84087(39)  212562(78)  1.97007(94)  L67824(83)  ~pEMA (2013-2023)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C I’(2: + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA o (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1 \
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)® eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.0740(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.013 6(6)
1L.C (Za)? recoil 0.057 47 0.067 22 0.126 5 0.2952
I.D a (Za)t relativistic with (:\-"Pljlj" 0.018 76 0.021 78 0.5093 0.5211
HLE o (Za)t relativistic with eVP'? 0.00017 0.000 20 0.005 6 0.0057
IILF o (Za)? SEY - uvPY ] LO —0.66345 —0.76943 —10.6525 —10.9260
/ /
.G a (Za)® pSEY + uvPY NLO —0.004 43 —0.005 18 —0.1749 —0.1797
I1L.H o (Za)? pVPW with eVPH 0.00013 0.000 15 0.003 8 0.0039 EQ ED
1.1 a’(Za)? pSEY with VP ~0.002 54 —0.003 06 —0.0627 —0.0646
11.J (Za)® recoil —0.044 97 —0.026 60 —0.558 1 ~0.4330
LK a(Za)® recoil with eVPW 0.00014(14)  0.00009(9) 0.0049(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
III.N (Za)® pure recoil 0.000 09 0.00004 0.0019 0.0014
1O o (Za)” radiative recoil 0.00022 0.00013 0.0029 0.002 3
1Lp o (Za)t hvVP 0.01136(27)  0.01328(32) 0.2241(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1) }
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322 v},
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878¢2 C I’2
Iv.C a’(Za)? eVP'? with ri —0.0002 T';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2 C
V.A (Zar)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Zar)® 3PE —0.001 3(3) 0.0022(9) —0.214(214)  —0.165(165) ENS
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)

V.E a (Za)® pSE®M + VP with TPE 0.0004 0.0026(3) 0.077(8) 0.059(6)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C I’(2: + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA o (Za)? evVpPh 205.007 38 227.634 70 1641.886 2 1665.773 1
IIL.A a?(Za)? eVP'? 1.658 85 1.83804 13.0843 13.276 9
LA o’ (Za)® eVP® 0.007 52 0.008 42(7) 0.0730(30) 0.0740(30)
11L.B (Z,Z2*,Z2%) a” light-by-light eVP —0.00089(2)  —0.00096(2)  —0.0134(6) —0.0136(6)
1L.C (Za)? recoil 0.057 47 0.067 22 0.126 5 0.2952
I.D a (Za)t relativistic with eVP!) 0.018 76 0.021 78 0.5093 0.5211
IILE a*(Za) relativistic with eVP® 0.00017 0.00020 0.0056 0.0057
ILF a (Za)t pSEM 4 wVPY | LO —0.663 45 —0.769 43 —10.6525 —10.9260
.G a (Za)® pSEY + uvPY NLO —0.004 43 —0.005 18 —0.1749 —0.1797
ILH o (Za)? pVPW with eVPH 0.000 13 0.000 15 0.003 8 0.003 9
LI o?(Za)? pSEY with eVP™ —0.002 54 ~0.00306 —0.0627 —0.064 6
11.J (Za)® recoil —0.044 97 —0.026 60 —0.558 1 —0.4330
LK a (Za)® recoil with eVP! 0.000 14(14) 0.00009(9) 0.004 9(49) 0.003 9(39)
I1L.L Zra (Za)? nSE —~0.009 92 —0.003 10 —0.0840 —0.0505
LM o (Za)?t pFER puFE L pvp® —0.001 58 —0.001 84 —0.0311 ~0.0319
IIL.N (Za)® pure recoil 0.00009 0.00004 0.0019 0.0014
1O o (Za)? radiative recoil 0.00022 0.00013 0.0029 0.002 3
1Lp o (Za)t hVP 0.01136(27)  0.01328(32) 0.2241(53) 0.230 3(54)
1.Q a(Za)? hVP with eVP™ 0.00009 0.000 10 0.0026(1) 0.0027(1)
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322r,
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878+2
Iv.C a’(Za)? eVP'? with ri —0.0002 T';‘f —0.0002+3 —0.009(1) r5, —0.009(1) r2
V.A (Zar)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Zar)® 3PE —0.001 3(3) 0.0022(9) —0.214(214)  —0.165(165)
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E uﬁ’u}ﬁ pSE™ + p VP with TPE 0.000 4 0.0026(3) 0.077(8) 0.059(6)
—
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Ens

(Pértial) expansion in powers of «, Zo: light means that you can still expand

Recoil (expansion in powers of mu/MA): more important than in ordinary atoms



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C I’(2: + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA a(Za)? eVPY 205.007 38 227.634 70 1641.886 2 1665.773 1 \
H —1 —1
Rg ~ (Zoam,) " ~ m,
Electron loops are enhanced
€ (matching scales)! > EqQED
1 Recall that in normal hydrogen eVP
Is a small term ~0.5% on top of the
electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book) /
IV.A (Zar)* re —5.19757; —6.0732r; —102.523r} —105.322 v},
IvV.B a(Za)t eVP'Y with rZ —0.028273 —0.0340¢3 —0.851r3 —0.878¢2 C I’2
Iv.C a’(Za)? eVP'? with ri —ﬂ.ﬂﬂﬂ??'ﬁ —0.0002+3 —0.009(1) r5, —0.009(1) r2 C
V.A (Za)® TPE 0.0292(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.0022(9) —0.214(214)  —0.165(165) E,
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12) NS

V.E a (Za)® pSE®M + VP with TPE 0.0004 0.0026(3) 0.077(8) 0.059(6)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C I’(2: + Ens

Sec. Order Correction pH puD piHe™ p'Het
LA a (Za)? evpt 205.007 38 227.634 70 1641.886 2 1665.773 1 \
' Rg ~ (Zaamy) ' ~m_?!
B — K — e
Electron loops are enhanced
€ (matching scales)! > EqQED
1 Recall that in normal hydrogen eVP
Is a small term ~0.5% on top of the
electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book) /
IV.A (Za)! ré —5.19757] —6.0732r3  —102.523r; —105.322 17 5
Finite size correction is also enhanced (2" most important term) C e
V.A (Za)® TPE 0.0292(25) 1.979(20) 16.38(31) 9.76(40)
V.B o’ (Za)? Coulomb distortion 0.0 —0.261 —1.010 —0.536
V.C (Za)® 3PE —0.0013(3) 0.0022(9)  —0.214(214)  —0.165(165) E,
V.D a (Za)® eVP with TPE 0.0006(1) 0.027 5(4) 0.266(24) 0.158(12) NS
V.E a(Za)® pSE® + VP with TPE 0.0004 0.0026(3) 0.077(8) 0.059(6)



Contributions to LS of Light Muonic Atoms/lons
ELs(theO) = EQED +C I’(2: + Ens

Sec. Order Correction pH puD piHe™ p'Het
IIL.A a (Za)? eVPM 205.007 38 227.63470 1641.886 2 1665.773 1 \
s 1

Re ~ (Zoom,) ' ~m

Electron loops are enhanced
€ (matching scales)! > EqQED

Recall that in normal hydrogen eVP

A :
Is a small term ~0.5% on top of the
electron vertex correction
Eides, Grotch, Shelyuto 2000 (review), 2007 (book) j

IV.A (Za)! ré —5.19757] —6.0732r3  —102.523r; —105.322 7 5
Finite size correction is also enhanced (2" most important term) C e
V.A (Za)® TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
Nuclear structure corrections are enhanced, too, and, most importantly, Ens

they dominate the overall uncertainty!



Finite Size and Nuclear Structure

e Squeezed Table

Correction pH uD piHet piHet
EqED point nucleus 206.0344(3) 228.7740(3)  1644.348(8) 1668.491(7)
Cré finite size —5.2259 71 —6.10747r2  —103.383 17 —106.209 r2
Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 9.276(433)
Ey (exp) experiment® 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

e Dominant nuclear structure effect:
Two-Photon Exchange (TPE)

Py P

21t/ 1
AE,,SZWOC [2

3 m(an)3 C
r

 TPE also dominates the uncertainty (90-95%)

* Finite size enhanced (by a factor ~10%) — great sensitivity!

* Also greater sensitivity to subleading nuclear structure

ELs(theO) = EQED +C I’(2: + Ens

Bohr radius
a=(Zam,)™*
'c : charge radius
Re: Friar radius

Zom,
oxm RE] N



TPE and VVCS

 TPE is naturally described in terms of (doubly virtual fwd)
Compton scattering (VVCS)

* Elastic (v = £Q/2My, g , €lastic e.m. form factors)
and inelastic (~ nuclear generalised polarisabllities)

%5*2.5_

Elastic Inelastic

 Forward spin-1/2 VVCS amplitude

AV 1 .

o €VRB guse Si(v, Q)+ 5

Vi M3 evhob qcx(p qsp—s- qpﬁ)52(V Q )}

\\

\\\\

“# ~HFS

—2v?3) Ta(v, Q%) — (@* + v3) Ta(v, Q?)
QH(QF — 4m?v2)

Lamb Shift:  E2Y = —8imam [$,(0)]° /(2ﬂ)4

10/ 34



VVCS and Structure Functions

* Forward spin-1/2 VVCS amplitude

WAV 1 . .
Xem M*Y (v, Q%) = — { (g*w i ) Ti(v, Q%) + 73 (p“ - q“) (pv - qV) To(v, @)

i
+— eVH*P g.sp Si(v, Q%) +

i
Vi — e P g (p-qsp—5s-qpp)Sa(v, QQ)}

M3

* Unitarity and analyticity, data-driven: dispersive relations

Structure functions Fi(x, Q3), F2(x, Q%), g1(x, Q%) g»(x, Q?)

o oy 32tMv? [t x F1(x, @%)
M@ = 0@+ /Od e o

16mM 1 i Fa(x, Q2)
Q% /o 1 —x2(v/ve)? — i0F

Ta(v, Q%)

* The subtraction function is not directly accessible in experiment

* Data on structure functions is sometimes deficient (in practice, for any
light nuclei heavier than proton)

11734



EFTs for TPE (and vice versa)

2—2v?) Ti(v, @) — (Q* +v?) Ta(v, Q?)
QHQF — 4m2v2)

d4
Lamb Shift: E,?g/ = —8imoum [¢n(0)]2 /(27_;)’4 (Q

* Typical energies in (muonic) atoms are small: natural to use EFTs

 Chiral EFT (covariant, HB, ...) or (even) pionless EFT for nuclear effects
* Expansion in powers of a small parameter, order-by-order uncertainty

 TPE effect is needed to high precision to extract radii

Correction pH nD piHe™ p'He™
Eqep point nucleus 206.0344(3)  228.7740(3)  1644.348(8)  1668.491(7)
Crg finite size —5.2259 7 —6.1074r7  —103.383 17 —106.209 12
Ens nuclear structure 0.0289(25) 1.7503(200)  15.499(378) 9.276(433)
Er(exp) experiment?® 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

— arather high order calculation of these effects is typically needed

 If TPE can be extracted (e.g. isotope shifts and/or known radii), this
provides a benchmark for the theory

e Can calculate either VVCS or structure functions

12734



Lamb Shift of yH in Covariant BXPT

 Deltacounting: A= Mpa—M> m, Pascalutsa, Phillips (2003)
* The contributions of the Delta isobar are suppressed by powers of m, /A

* Expansion in powers of

RN

p/A~my/A~05 - — - 1
« LO BxPT: pion-nucleon loops i%ff W L%L f

(GY)

AEzLSO' Pl — —9.671% neV v\%ﬁ; aﬂy ﬁ W

« Delta exchange: o o e
Alarcon, VL, Pascalutsa (2014)
A é—

— suppressed In Agng' but affects the subtraction

- insert transition form factors (Jones-Scadron)
AE2AS_p°|e = 0.95£0.95 peV VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

13734



Various Subtraction Functions

HBChPT
* The diversity of the results for the ~ _ . e i A FE
proton subtraction function 71(0, Q%) ‘E — enpicl sl
1 -t P
- HBChPT: dipole FF, matches S 27 ey— e Tmm—el
3 m1[PDG] and the slope at 0 5
modification of Birse, McGovern (2012) - 07
S
- BChPT: transition FFs change S 5
the subtraction function =

- Empirical: Regge asymptotic at high [ o o o3
energy subtracted Q* (GeV?)

Tomalak, Vanderhaeghen (2015) VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

« Zero crossing at low Q* — emerges in BChPT with FFs; established in
the empirical derivation, but the position not well known (0.1..0.4 GeV?)

* Big cancellations between different mechanisms (1IN and 1A loops vs. A
pole), also cancellations in the LS integral because of the sign change

« Empirical derivation has sizeable errors towards @* = 0 (not shown)
attributed to mismatch between structure function fit in the resonance region
(Christy-Bosted) and at high energies (Donnachie-Landshoff) =>
needs a better (combined) structure function parametrization

14734



Lamb Shift of yH in Various Approaches

Table 1 Forward 2y-exchange contributions to the 2S-shift in ¢H, in units of peV.
Reference ESY E{ine EPeY B ESY
DATA-DRIVEN DISPERSIVE EVALUATION
(75) Pachucki "99 1.9 ~13.9 ~12(2)  -23.2(1.0) | -35.2(2.2)
(76) Martynenko ’06 2.3 -16.1 -13.8(2.9)
(77) Carlson et al. ’11 5.3(1.9) -12.7(5) -7.4(2.0)
(78) Birse and McGovern '12 4.2(1.0) -12.7(5) -8.5(1.1) -24.7(1.6) -33(2)
(79) Gorchtein et al.’13 ® ~2.3(4.6)  -13.0(6) | -15.3(4.6) -24.5(1.2) | -39.8(4.8)
(80) Hill and Paz ’16 -30(13)
(81) Tomalak’18 2.3(1.3) ~10.3(1.4)  -18.6(1.6) | —29.0(2.1)
LEADING-ORDER ByPT
(82) Alarcon et al. '14 -9.6735
(83) Lensky et al. '17 " 3.5:0% -12.1(1.8) | -8.67%3
LarTicE QCD
(84) Fu et al. 22 -37.4(4.9)

*Adjusted values due to a different decomposition into the elastic and polarizability contributions.
PPartially includes the A(1232)-isobar contribution.

Antognini, Hagelstein, Pascalutsa (2022)

Agreement between different approaches, also on the size of the
subtraction contribution separately — despite the variation in T1(0, Q%)

still, T1(0, Q) carries the biggest uncertainty, and needs to be further
constrained [esp. in view of a more precise experiment]
see Randolf Pohl’s talk

5734



HFS of pyH in Covariant BYPT

8 Za 1+«
Ehfs(ns) — § (3/7)3 mM (]- + AQED + Aweak + Astrong)

Astrong — AZ + Arecoil + Apol

Zm
A=A+ Ay = ,
pol. 1+ Ao (1 + K)M(61 + 85)
— 41 _
” /o Q {(vl+1)2[ (@928 + F@Y)] - = , Db
X ! <4+ ! + ! )}
(vi+v)(1 4+ vi)(1+ v)) l+ve wvi+1)])°
CdQ [ 1 1
5y = 96M? — [ d 2 -
2 /0 & ). ng(X’Q)<v/+vX v/+1)
2M2Z2 [0
h(Q%) = ok / dx g1(x, Q%) The generalised GDH integral
0

Vi= 1+ Y, vy =1+ X217 1= Qlam?, T = Q/am? Kinematic functions

16/34



HFS of pyH in Covariant BYPT

3 Z« 1—|—|<(
3 (an)3 mM

Ehfs(ns) — 1+ AQED + Aweak + Astrong)

Astrong — AZ + Arecoil + Apol

Apol. = AT + A17 + AR, =

it +o077+ 9
2m(1 + k)M (Ocr T F2).

aM 11 1 ,
6LT_W dQ/ dXV/—|—VXX2—|—T[1_(1—|—V/) )] our (% Q7).

(1+
4MP [ dQ [ dx 21 1 ,
ot = / / x 14 v [X2 +T i (vi + v)(1+ x)] orr(x @),

B 95+4V/ 5, ~D
6F2_20 Q(V/—|—1)2F2(Q)

=1+ Yy, vy = V1+x2t1, 1= @lam?, 1=Qfm>  Kinematic functions

* Rewritten in terms of scattering cross sections

1717134



HFS of gH in Covariant BYPT: Cancellations

Disp. Rel.
e LO BXPT result Tomalak '19 1
Carlson et al. '08 1
<|_O 5 Faustov et al. '06 A
po o
Ehfs (15 H) T O 69(2 03) pev Hagelstein e?:)_T'gz- —
(L | -4 -2 0 2 4 & 8 10 12 14 16 18 20
ELOPN (1S uH) = 6.8(11.4) peV E5= 151 tpe
Disp. Rel.
e Consistent with zero cararomalak 281 —
Faustov et al. '06 - I *
e Cancellations!  BTLO
Hagelstein et al. '22' - —
-20 0 20 40 B0 80 100 120
Efp (15, uH) [pev]
: ; Hagelstein, VL, Pascalutsa (2023)
30 30.0 —m
< * The LT and TT contributions
>  — E(Apw)
S 68 | oA are large and almost cancel
T 22 TF — E(ﬁ”} each other
% — E(ATT} e The LO BYPT result
] — E(B4) is nearly zero
— E(A») . S bl .
232 —p= | IZzeable Uncertalnty

Qfnax [GEVZ]

18/ 34



H rescal
HFS Of l'lH Antognini etgal 2m2 ——
Disp. Rel.
Tomalak '18 - ——
° I HByPT
Compare with expected | beset et ol n7d .
experimental precision (cyan line) BXPT LO
Hagelstein et al. '23 - [ °
 Theory needs to do better than that 182.60  182.64  182.68

Enfs (1S, uH) [meV]
* Rescaling non-recoil contributions from the HFS in H

EZP0 (uH) = Er(uH) m,(uH) b,s(uH) EZPol (1) Antognini, Hagelstein, Pascalutsa (2022)
nS hfs _ n3EF(H) m,(H)b (H) 15 hfs
EF(FLH) nS(HH)
3 Apol(UH) | c1s (H)b—(H) — cns(pH)
210—5 Dal:;l:lr;irven |
o Ruth et al. (2024)
* New results from g2p@JLab shrink A |
discrepancy between data and BxPT ann
0.02 GeV* < @% < 0.12 GeV? et
 Can one do better than that? o |
One needs to limit the frequency e
scan region! see Randolf Pohl's talk

-100 0 100 200 300 400 500 600
Ao [H] (ppm)
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Nuclei Heavier than Proton

Most of the TPE correction is nuclear (as with pointlike nucleons)

Nuclear part of subtraction function converges (finite energy sum rule)

Epol —

Gorchtein (2015) ;?v”‘“: o,
. . b5
- TPE with nuclear response functions O .
. : : P Pb photoabsorption
calculated ab initio will converge AR
= _l—'PL +I | 1
. s Y oaa L E
- Most widely used method = ; B :5}%?%%
4o 2u SO, TRy %
¢$=(0) | dE\/— [(®n|d|E) Wit o
3 Et E E 4 +: : : A@? Eﬁﬁ%"{ ol
See Nir Barnea’s talk for more details on this method! 000 e e
v (GeV)
Single-nucleon contributions are treated separately Jietal. (2018)
-— e |
- relatively more important | e S 1l S bt | b
In heavier nuclei PH | —042304) —1245(13) 11 —0.030(02) —0.020(10) | —1.718(17)
_ _ ©£PH 1 —0227(06)  —0.480(11) || —0.033(02) —0.031(17) | —0.771(22)
sizeable uncertainty! (PHet | —1049(23)  —4.23(18) || —0.52(03)  —0.25(13) | —15.49(33)
p'He' | —6.14(31)  —235(13) || —0.54(03)  —0.34(20) | —9.37(44)
neutron not so well —_———————————————————
nuclear individual nucleons

constrained empirically
(especially important in u*H)
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Deuteron VVCS in Pionless EFT

 Nucleons are non-relativistic -~ E ~ p*/M = O(p?) Kaplan, Savage, Wise (1998)
Chen, Rupak, Savage (1999)

Phillips, Rupak, Savage (1999)

* Loop integrals dE d°p = O(p°)

* Nucleon propagators (E — p*/2M)~t = O(p~?)
e Typical momenta p~vy = +MEy; ~ 45 MeV
 Photon momenta || ~ p, Vv~ p?

* Expansion parameter p/m; ~vy/m;~1/3

* NN system has a low-lying bound/virtual state — enhance S-wave
coupling constants, resum the LO NN S-wave scattering amplitude

e Zz-parametrization (reproducing deuteron S-wave asymptotics at NLO)

* Easy to solve (analytic results for NN)
* Explicit gauge invariance and renormalisability

* Afield theory treatment!
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Counting for VVCS and TPE: Predictive Powers

* Longitudinal and Transverse amplitudes

2

f1(v, Qz) = —T1(v, Qz) (1 + @> To(v, Q2), fr(v, Qz) = T1(v, QQ)

d4qfv02 +2(v2/ Q) fr(v, Q?
Lamb Shift AE, = —8irtm [ ()] / 5 L Q)z( (_ﬁ mz)v2)( )
fi=0(p"?), fr =0(p°) inthe VVCS amplitud
XE1 = 0.64 fm3
Bm1 = 0.07 fm’

longitudinal = O(p™?), transverse = O(p®) in TPE

* Transverse contribution to TPE starts only at NALO
* N4LO: AE,, needs to be regularised, an unknown lepton-NN LEC
* We gouptoN3LOIn f;, and up to (relative) NLO in f [cross check]

* One unknown LEC at N3LO in £,

— important for the charge form factor

— extracted from the H-D isotope shift and proton Rg
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Amplitude with Deuterons

* The reaction amplitude is given by the LSZ reduction

dZ(E)

=M
dE

E_

66“

— irreducible VVCS graphs (here full LO for f, ; crossed not shown)

Y = @ LERE — deuteron self-energy (here at LO)

The expression for the residue is very simple up to N3LO:

dx(E)
dE

1
_ 8m
= V[1+(Z—1)+0+0+ N
E=E,
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Deuteron VVCS: Feynman Graphs

66@

U
U

o 6@ @bé@

et

of

5 5 5
©)

i i L @3 > L L d >

K%%

> ¢

 Amplitudes are calculated analytically (dimreg+PDS)  Kaplan, Savage, Wise (1998)

* Checks:
> the sum of each subgroup (+ respective crossed graphs) is gauge invariant
> regularisation scale dependence has to vanish
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Deuteron VVCS: Feynman Grap N3LO

NNLO ol
Tt > CHED> CH O

| - - - - - -
= Ly = ™ e Ty Wi
£ ¢ 2 ", M O
1y e L - (= o
T I——— — =
P \ o If 7 ‘I

[of e [~

L ~ T
L 5 b= iy [ L
B B s S I Ty
OB -SBONS: B v Bl » g T %
L I S s — SV S
L [ iy Ly o
Sle e Ta ol P W R T
S = . it = )
O »a WL L] M3
T |I-._l ‘I_A

E . X0
e“e e“a ?’ﬁ, Iy | 111_’4_»; 3 “ri ] i_r”’f - ff_"'ﬁ?_l

i . . 7 Al 5 S s | ™ 3 ",
Many interesting results obtained from @/\h}) :éfj <D S|y %

the VVCS amplitude, e.g., the deuteron

(generalised) polarisabilities e e e
. L0 » ¢ Lo
VL, Hiller Blin, Pascalutsa (2021) .
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Deuteron Charge Form Factor and TPE in pD

1.0

* The deuteron charge form factor obtained
from the residue of the VVCS amplitude

* The result is consistent with xEFT NU;
U]
* Correlation between RrF and Rg
— generated by the N3LO LEC

QF T T | :
. |e fEFT

sof |7 AEL | g

"I | ® Sick&Trautmann b _--
. |® Abbott et al. [T T ° ’—‘_ﬁ’—__

L R T S T T T N T N W SRR S RN
4.0 4.2 4.4 4.6
ri [fm?]

VL, Hagelstein, Pascalutsa (2022)
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Deuteron Charge Form Factor and TPE in pD

1.0

* The deuteron charge form factor obtained

from the residue of the VVCS amplitude 0'9;'
- The result is consistent with XEFT [
O] I
 Correlation between Rr and rc o.:»E
0.6+
— generated by the N3LO LEC :
48 [ dQ
R? =/ o [GE(Q%) — 1 —2G¢(0) Q7]
0 L L AL AR NS
3 s |
: X -1
:80 3 {Z [5 o 22(1 —2In 2)] 'gq- ¢ Sick& Trautmann b,-'” E
Y — \ ™ Abbott etal. |7 7T P S

—320/9 rgy*[Z(1 —4In2) — 2+ 2In2]
+80(Z — 1) 1%}

1 Z-1 3(Z - 1)° " -
> 2 Cco ;
I’C—8—1/2—|— 8’]/2 +2r0‘|_ Y2 /1 ’ qr,—|

FEETE B SRR T T S T T L L L
4.0 4.2 4.4 4.6
ri [fm?]

VL, Hagelstein, Pascalutsa (2022)
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Deuteron Charge Form Factor and TPE in uD

* The deuteron charge form factor obtained
from the residue of the VVCS amplitude

* The result is consistent with xEFT
 Correlation between Rr and rc

— generated by the N3LO LEC

48 [ dQ ,
RE =2 [ Gr[62(@Y) ~1-26¢(0) @7
0

(== re A =7/ 4 A\1

. Benchmark EFTs work better at low Q than
at least some empirical parametrizations

* Not only rc but also higher derivatives need
to be reproduced correctly!

ré = » Agreement with XEFT vindicates both EFTs

1.0r

i
=
3

e fEFT
+ YET

- |® Sick& Trautmann
. |® Abbott et al. [T T °

ri [fm?
VL, Hagelstein, Pascalutsa (2022)

PR T I S U S T ST SN N RN U S ST ST T S
4.0 4.2 4.4

16
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TPE in puD: Higher-Order Corrections

AEys = AESESHC + AENE = —1.955(19)meV
* Higher-order in « terms are importantin D

- Coulomb [O(«° log «)] non-forward % §

taken from elsewhere AESLU°™ = 0.2625(15) meV
- eVP [0(066)] Kalinowski (2019) ﬁ
reproduced in pionless EFT AES!Y = —0.027 meV

e Single-nucleon terms at N4LO in pionless EFT and higher

- insert empirical FFs in the LO+NLO VVCS amplitude
— polarisability contribution (inelastic+subtraction)

* Inelastic: ed scattering data carison, Gorchtein, Vanderhaeghen (2013)

e subtraction: nucleon subtraction function from xEFT
VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

- In total: small but sizeable: AEM29" = —0.032(6) meV
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TPE in puD: Higher-Order Corrections
AEys = AESSY + AESE = —1.955(19)meV

* Higher-order in « terms are importantin D
- Coulomb [(’)(oc6 log )| non-forward é §
taken from elsewhere AESLU°™ = 0.2625(15) meV
- eVP [0(066)] Kalinowski (2019) ﬁ

reproduced in pionless EFT AES!Y = —0.027 meV

e Single-nucleon terms at N4LO in pionless EFT and higher

- insert empirical FFs in the LO+NLO VVCS amplitude
— polarisability contribution (inelastic+subtraction)

* Inelastic: ed scattering data carison, Gorchtein, Vanderhaeghen (2013)

e subtraction: nucleon subtraction function from xEFT
VL, Hagelstein, Pascalutsa, Vanderhaeghen (2017)

- In total: small but sizeable: AEM29" = —0.032(6) meV

AE22;/ _ AEelastlc+AElne| —|—AEhadr—|—AEeVP _|_AECou|omb 1 752(20) meV/
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uD, D, and H-D isotope shift
all consistent with one another

Agreement with the very precise
empirical value of 2y exchange

Deuteron Charge Radius and TPE in pD

CODATA

"18

"14 1

ed scattering

Sick & Trautmann '98

puD spectroscopy

N3LO pionless EFT -
Kalinowski '19
E3Y [meV] CREMA '16 -
Theory prediction D1S-2S & R*‘;(CODATA)
N3LO pionless EFT -

Krauth et al. 16 [5] —1.7096(200)
Kalinowski '19 [6, Eq. (6) + (19)]||—1.740(21) N3LO pionless EFT A
} _ Antognini et al. '13 1

#EFT (this work) ~1.752(20)

Empirical (pH + iso) Pohl et al. '17 1

Pohl et al. "16 [3] 212

—1.7638(68)
—1.7585(56)

e . .
2.13 2.14

7q [fm]

2.11
VL, Hagelstein, Pascalutsa (2022)

This work

* Agreement with other calculations [most of those evaluate via structure
functions (using XEFT/model NN interactions)]

Correction uH uD pHet pHet
EqEeD point nucleus 206.0344(3) 228.7740(3)  1644.348(8) 1668.491(7)
Cré finite size —5.22597 —6.1074r5  —103.383r; —106.209 12
Ens nuclear structure 0.028 9(25) 1.7503(200)  15.499(378) 9.276(433)
Er (exp) experiment? 202.3706(23)  202.8785(34) 1258.612(86) 1378.521(48)

31/34

2.15



« H-D isotope shift: E(H,1S —2S) — E(D, 1S — 25)

\/

Proton and Deuteron Radii and Isotope Shift

rg — I’g — 3.820 61(31) fm2 Jentschura et al. (2011)

CODATA

'18 - L]

'14

'10 4

Muonic atoms

Lensky et al. '22 {,:JDHSGII . i

Antognini et al. "13 (uH)
Pohl et al. '10 (uH)

pro

£

H spectrascopy
H(25-8D) Colorado '21 i
H({15-35) Garching '20 - ke

H(25-2P) Toronto '19 -
H(15-35) Paris '18
H{25-4P) Garching '17
H pre '14 (CODATA)

ep scattering
Xiong et al. '19 (PRad) 1
Horbatsch et al. '17 -
Higinbotham et al. '16 T ——
Lee et al. '15 1 I
Sick '12 4 ——

Bernauer et al. '10 {MAMI) - ——

Linetal. '21
Alarcon et al. '18 -
Lorenz et al. '14 -
Belushkin et al. '07

0.82 084 0.86 0.88 0.90 092 0.94
rp [fm]

Antognini, Hagelstein, Pascalutsa (2022)

ed scattering
Sick & Trautmann 'O -

pD spectroscopy

N3LO pionless EFT
Kalinowski '19 ~

CREMA '16

D 15-25 & B (CODATA)
N3LO pionless EFT 4

N3LO pionless EFT
Antognini et al. '13

Pohl et al. '16 1

2.11

deuteron
——
Il
2 al
=
I«
L L ) L A R S B R R
2.12 213 2.14 2.15
rg [fm]

VL, Hagelstein, Pascalutsa (2022)

Muonic Deuterium and H-D isotope shift
are consistent with the small proton radius
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Summary and Outlook

The mass of the muon sets a new scale that changes a lot of properties
of muonic atoms compared to ordinary atoms

Muonic (H-like) atoms and ions are important both due to their sensitivity
to charge radii and their connection to nuclear/hadron physics (~TPE)

EFTs often produce better results for TPE than data-driven approach
Single-nucleon effects are sizeable, more importaint in heavier nuclei

Higher-order radiative corrections are also becoming important

UH: doing rather well, but need to shrink the TPE uncertainty by a factor
of ~2 or more. How would it be possible (Lamb shift/HFS)? Is it time to
revisit the HFS rescaling result?

uD (and pHe*): can one shrink the theory uncertainty?

What would be a reasonable strategy for future theory calculations?
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Thank You

 Many thanks to my colleagues and collaborators

V. Pascalutsa, F. Hagelstein, J. McGovern, M. Birse, B. Acharya, S. Bacca, M. Gorchtein, K. Pachucki, ...

* And thank you for your attention!
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