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PART 1 Motivation & relevance for fundamental physics.

EFT & / DECAY Necessary precision, and requisite loop orders.
PART 2 Point-like EFT of nuclel and leptons.

FERMI FUNC. The Fermi function from loops.

PART 3 Structure of radiative corrections from EFT.

RAD. CORR. Renormalization group resummation of logarithms.



Quark Mixing In The SM
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CONSTANTS
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FIRST ROW UNITARITY
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® Percent-level accuracy in Kaon decay demands
100 ppm accuracy in 07 — 0™ beta decays



CKM Unrtarity

FIRST ROW UNITARITY
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® Tension In first-row CKM unitarity.

@ If theory Is under control: new physics discovered!



Superallowed Decays [
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0.02

V.,ql? = 0.94815 + 0.00060. (24)

The uncertainty attached to |V,4|? in Eq. (24) includes con-
tributions from many sources but 1s completely dominated by
those originating from the theoretical correction terms, with
experiment contributing a mere 0.00009 to the 0.00060 total.
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100 PPM PRECISION
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Historical Approach

Ft = ft(1+ 8)(1 +8ns — 8¢) =

K
2Gy (14 Ay)

The “ft" value includes the Fermi function (Dirac w.f.) .

RCs are assumed to factorize (ansatz) from Fermi function.

RCs are computed in the "independent particle model”.



Towner & Hardy’s Reaipe ©

» Theorist's assignment of uncertainty on A, l

e Use Sirlin & Zuchini + "heuristic estimate” for 1

» Constrain 6,(Z) = dng — O by demanding that .
the set of Ft values agree (i.e., Z-independent).

» Average errors on 0, treating them as statistical.



New Appr() ach Wlth EFF

I _] fficient
Matrix Flement — .




Calculate Matrix Element To High Order

e Scales run from m, to my,.

@ Need control over corrections In
low-energy theory at least at

O(Z*a”) i.e. 3+ loops

' @ Fermi function emerges from ', * Precision goal: 100 ppm

summation of diagrams.
11
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Impact For Flavour Physu:s

1.036 -

* New analysis allow RG-
resummation of logarithms.

O
. Consistent treatment of Z2a°> %
and higher order corrections.

* Relevant at the level required
for tests of CKM unitarity.
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COUNTING Z ~ log ~ 1/\/5




Impact For Flavour Physics

SHIFTING &,

transition (Aa) X Z?a®log(A/m)
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PART 1 Motivation & relevance for fundamental physics.

EFT & / DECAY Necessary precision, and requisite loop orders.
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Pomt-like EFT Of Nucdle

A Lagrangian For Low-Energy Beta Decay
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EFT For 07 — 07

* [argest corrections

Nucleon mass

come from ‘Oﬂg Fermi Momentum

distance scales.

* Need to work to
Nigher orders In
oerturbation theory.

" Lepton Energy

Nuclear Radius

10 MeV

SHORT DISTANCES

SEE WOUTER'S TALK

EFTV

B TODAY'S TALK DAY S TALK
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Z A

P =h{(v-D)hy + hi(v - D)k \

——F FHY + E(]/”D’u + m)e 4 17}/”3”1/

+C(u) X [?yﬂPLU] X [h;vﬂhA]

Heavy Sources + QED + Weak Current 1




EFT For 07 - O™

Z = Heavy Nudlei \

19



Heavy Parucle EFTs

oM b
(p+k)Z?>—M> vk
v =p/M

@ This simplifies amplitudes.

® Heavy mass never appears. .



Heavy Partide EFTs & =h/(v-D)h,

H H
Vy VS Y, = i(Z,0)5" g e
2 2 L4 o
v.d VS ( m = 50



Now We Just Compute Diagrams

WAVEFUNCTION RENORMALIZATION NOT SHOWN
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Sketch Of The Problem

K .
2Gy (1 4+ AR)

ft — (1 + 6&)(1 +8NS — 8(;) —

Fermi-Function

(Z)Z + 1)?e® = Ze® + 27%e% + Ze°

» Keeping track of factors of Z is non-trivial
23
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Number Of Diagrams Grows Factorially

TREE-LEVEL

e 1 diagram. ® ror the Fermi function we need 4+ loops.

ONE LOOP

® 3 diagrams.

TWO LOOP

® This is not feasible by brute force.

Solution: Make Use Of Simplified Feynman Rules

@ 21 diagrams.

THREE LOOP

® 144 diagrams. 49 ; )
———————————————————— p— : — i(ZAE)ég
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Number Of Diagrams Grows Factorially

TREE-LEVEL

@ 1 diagram.

ONE L0OP | Avoid Difficult Integrals

® 3 diagrams.

TWO LOOP

@ 21 diagrams.

THREE LOOP

® 144 diagrams. 9 ; )
———————————————————— p— : — i(ZAE)é(’;t
[+ e 4
Nl

=

Reduce Number Of Diagrams |

Solution: Make Use Of Simplified Feynman Rules




Fikonal ldentites

Theory simplifies when we take the M — oo limit (see e.g. YFS 1961)

soft
real and
virtual

photons

For heavy-particles In initial and final state, we get Coulomb physics

U
%

1

v-q+10

_|_

arbitrary

* TR " hard process

—v-q+10

— = (2m1)o(v - g)




Charged Currents

z 1 5
2 ] 5L + 3 )
z N+ )




Charged Currents

_l 72 ( 2 X Coulomb )
z 8, Kb
—+ Zj (Coulomb + Eikonal)
ZZp § 4 K
2 (

+ 2 x FEikonal )
Z 85 ok

New Result




TREE-LEVEL

@ 1 diagram.

ONE LOOP

® 2 diagrams.
TWO LOOP

@ 5 diagrams.

THREE LOOP

@ 10 diagrams.

Equivalent Feynman Rules

1 NUCLEUS WITH UNIT CHARGE

+ A BACKGROUND COULOMB FIELD

7

i = iZe 6}y 2md(q")

ONE LOOP

30
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Fermm Function

ATTRACTED TO NUCLEUS

o Largest effects are a series in Za

@ Historically done with finite-distance regulator

1 L
<€_|l/7(X)|O>N(—) 1/=\/1—Z2(x2—1

| X|
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Diagrammatic Expansion .

With modified Feynman rules
counting Z is easy. _I_ .o o o

Keep only the "leading-in-Z" terms. 5’



Wavefunctions And Feynman Diagrams

One can try to explicitly compute loops, but it is hard work.

Can extract information from Dirac Equation with a Coulomb field.

) = |y b V| bV Vg )+
o )= 1P H-E,tie 7 H-E,tie H-E,xie 7"

One-to-one correspondence between loops and expansmn Of

the Dirac Coulomb wavefunction. ARXIV 2309 1 5929'



Factornzauon Of Dirac Wavelunction

M= M S(ﬂs)% H(ﬂsa ﬂH)ﬂ Uv(ﬂH, N\)

j DIFFERENT

VY(x) = M (pg) M (1, ﬂH)% x(Upp X)
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All Orders Calculation
% X (//t H? X)

FINite distance X acts as regulator.

Can be computed in the p,, m, = 0 limit.

All orders in Za solution can be obtained. D



Extracton Of Hard Matrix Element

Y(x) =4 S(ﬂs)% H(//tSa ﬂH)% X(//tHa X)

KNOWN TO ALL ORDERS IN Za
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Extracton Of Hard Matrix Element

Y(x) = S(ﬂs)ﬂ H(ﬂSa ﬂH)%V (g X)

Y(x)

My, ) = ——————————
%x(ﬂHa X)%S(ﬂS)
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-Distance Radiative Corrections

Defining What We Mean By Outer Corrections

40



Factorizauon Theorem  [Arxivizsos.07343]

Amplitude depends on Wilson coefficient and matrix element.
2 2
dl' « | C(u) |“| A |*(u) + O ((pR)?)

Implies that all short-distances factorize from long-distances.

. e e o o = R AP S S Rl
1

:

K i

St = t1+6, 1+8 —0c) = '.
S A 1




EF1 Defintoon Of " Outer’” Corrections

F(Z9 E) = [ | M |2 (,U)] leading—Z

(A~ (W) [ARXIV:2309.07343]

(1 + 6p) = —
Y {FZE))



EF1 Defintoon Of " Outer’” Corrections

C(ur)/C(pu) -2( e SNg )

1
JdIl F(Z, E) x 315

_ 'ARXIV:2309.07343!

THIS IS NOT A "FACTORIZATION THEOREM".

JUST A CONVENTIONAL DEFINITION

43
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RG Analysis & Anomalous Dim.




Relat |ARXIV:2309.07343]
) )
dI' < [C(u) | | A |~ ()

| Cup) |~

2
) ‘2 ] | A" ()

= C(uy) |



Resummaton With RG+EFT

Factorize & Run

Need beta function in QED

Need anomalous dimension M = C(u) M y(p,p)

Nuclear Radius C(A)
[ | Clup) |° ] - [J’ v(Z, ) ] >0 MeV
= exp da

| C(ug) ‘2 Al
EIeCt5rO|\;|]eE\?ergy C(,l/t) ﬂ[—](/fta p)
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Anomalous Dimension  [2rxv:2402.14769]

SOLVE DIRAC EQ’N

- dC(w)

/C = a1
og U (Z,Z-Q,0) (Z+Q,Z,— Q)

Yo = a(z},(l,l) n },(1,0)) L2 (Zz},(z,z) + 72D 4 y(z,o))

T (Z3y(3’3) + 72,32 4 7,B.D 4 7/(3,0)) L

Z=0 REDUCES TO HEAVY-LIGHT CURRENT IN HQET



TAKE FROM HQET LIT.
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USE EIKONAL ALGEBRA
TO REDUCE DIAGRAMS

'yél) = 1672 (6 — ’g—z)

(a) (b) (c)
k

(w)

MIXED EUCLIDEAN + 2
LORENTZIAN INTEGRALS ) 1) 52)



New Result For Anomalous Dmmension

ZTL

Loops

1-loop

2-loop

3-loop

4-loop

Y =3

2
W =

= —16(2 + 3 -I- —ne

(1) _ ,},52)

L2 =T

= GROZIN 2003
(2) (1)

0

) = — GROZIN 2023

(3) _ ,Y:)()?) (0)

" i
o}
(O)
871 = Yo
‘_.71'

0
RESUMMATION COMPLETE ] 7 = 3271
THROUGH 3-LOOPS!

Y NEW INPUT



Resummaton With RG+EFT

Clur)/Clpx) ( [l (IMy]?) )

1
[dIl F(Z,E) x EEE
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. "
A -3
o u  §
. | ] Y
R v
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Introduce power counting scheme

Za ~+\/a alog(pR) ~ \ﬁ



Resummaton With RG+HEFT

P
(14 dp) o= Clus) /Ol (Ja (MaP) )|
R exp [(1 = \/1 . Z2a2) log(,uH/,uL)] f de F(Z, E) X (117777)2 u:-uL

Za ~y/a alog(pR) ~ \6

Knownupto ~ O(a?)

e Knownin EFT to ~ O(a)

@ Can estimate with results

3 44 0 ) from Sirlin & Zuchinni (1987)
9., ZLa”log*(pR) ~ « at O(Za2) ~ a3



Impact For Flavour Physms [Arxv:2300 07343

SHIFTING 0;

transition (Aa) X Z?a®log(A/m)
110 - N —1.1x 1074
oM Al — Mg —-3.2x 1077
3401 — 348 —5.6 x 1074
“Ar — °*Cl —6.3 x 107°
38K _y 3B Arp —7.1%x 1074
8¢ — “2Ca —8.7 x 107"

~10.5 x 104
—12.5 x 1074
—14.6 x 104

O
o

1.036 [
1,035 f
1.0343 |
1.033
1032 "

1.031 0

COUNTING Z ~ log ~ 1/\/;




Condusions & Outlook



| ARXIV:2309.15929 ,
} ARXIV:2309.07343 , )
f ARXIV:2402.13307 , {
§f ARXIV:2402.14769 . §

* Factorization + eikonal algebra + elbow grease.

 First calculation of logarithmically enhanced Za’
corrections. Disagreement with Sirlin's guess.

* Shift In outer radiative corrections bigger than
ascribed error in Towner & Hardy.

* Shifts answer towards first-row unitarity.

55



| ARXIV:2309.15929 , §
| ARXIV:2309.07343 , |

Talie H()me Messages ARXIV:2402.13307 ,

¢t ARXIV:2402.14769 . §

 Calculations performed in the low-energy point-like
EF 1 are model iIndependent & universal.

e Fermi function and outer radiative corrections come
from same scale |q, | ~ | P, | and don't factorize.

* Factorization theorems help constrain properties of
amplitudes. Useful for beta decay.

56



Questons For Discussion

* How large Is the error when using the Sirlin &
Zucchini calculation for Za? 72

e [0 what order are radiative corrections needed at
next order in (pR)?

» Does the shift in 0; propagate into nuclear
structure in Towner & Hardy"/

37
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Wavelunctions & Diagramatics
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Wavefunctions And Feynman Diagrams

Coulomb effects historically
handled with “distorted waves'

What are the equivalent effects In
Feynman diagrams”?

W) = |y b V| bV Vg )+
T T T w0 H-E,xie H-E,xie 7



Wavefunctions And Feynman Diagrams

Coulomb effects historically
handled with “distorted waves'

What are the equivalent effects In
Feynman diagrams”?

| d’ ] Za .
<X|l//lg+)>=€1p'x(1+J Q—— elQ'X-|-.”)



Two-Loop Expressions At O(Z*a*)

62



Brute Force 2-1.oop Calculation

Compute Coulomb corrections explicitly through 2-loops.

Dim-reg + renormalization. Well defined amplitude.

(-] (5

Zo | 2p  am 0

=1 4 (] ~

Mu(ps, k) 5 _Z(og e 2)+2
1 2p m

— (1 (— 0 _1
2 (Ogus 2> E’

5 1 o 2p
2 2 \°

) {

1VIT

HH

2

1T

—m? 1 ( 2D
log

12 2\ "°pug

) 62} +0(a?),

NoO obvious pattern. Resummation impossible by brute force.

2

;



Fikonal Algebra ldenaty



New Result 017,460, @ 140) = v, ..v, G(g,...qy)

N
G(qy...qy) = 2"| | @zi)d(v - g)

=1
|
+ 71 Z H (2r1)o(v - g,)
i iy

+ 77 Z : : H (2r1)o(v - g;)

PP (G vy

+ ...



Fermm Function

?@I

Clur)/Cun) ( fdi (Mgl )

exp [(1 —v1— Z2a2) log(pw/pL)] [dIl F(Z,FE) x (117777)2

(1+6R) := [

@ \We can define "outer” radiative corrections in the EFT

@ Factorize into a RG-running piece, and a low-energy matrix element.

® Fermi function has been factored out. —



Exphat Expressions For Fernmm Functon
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Factorizauton Of Dirac Wavelunction

CLOSED FORM INTEGRALS AT

ARBITRARILY HIGH ORDER

n—1 2\ Vn—+1 d
(n) _ Id—vn—1) a4 d _ X~
1,7 = H C(vj)| x ()T () B(5—1,14+ 3 un)( 1 ) ,
7=1
[ n Vp 41— d .
F(n) _ 1—[ Cw;) 2F(% — Upa1 + 1) x_2 +1—(d+1)/2 iy x
> T | am) AT () | [ 4 2[x
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Factorizaton Of Dirac Wavelunction
SUMMED TO ALL ORDERS
ppe =21 () e (L) g (¥55).

'%NX(IMHa X)

1

artepe 2 (0) (10 1) g, (B4)

69



Factorizaton Of Dirac Wavelunction
AT ALL-ORDERS IN Za

n— 11+"7[ Zo z'”y()’y-x]

'%NX(IMHa X)

R — YE
MUV(“’) (u"re ) 1+ n |X|

n=+/1-(Za)?

2,/

70



All-Orders Hard Matrix Element

78 i€ (log 22 — —q s 2F(77—Z§)
M | _ .zt E(l g 1o ’YE) (n—1)3
(s, prr) = e rn+1)"

n—i€ |E+n1mm 2m (2p67E>n_1X 1+M* 1—-M*
1—¢%V E4+m V1+n W H

n=v1-2%" E=Zalp M = (E+m)(1 +ifm/E)/(E + nm)




e Largest effects are a series in Za

MS-BAR RENORMALIZED
UNIVERSAL RESULT FOR QED ALL ORDERS IN Za

. . _ ~1 :
%gﬂﬁ(log ,f—g—'yE) ~i(n-1)g 2I'(n — i) \/ n—1i§ [E+nm 2n  (2pe = \" o 1+ M* 1-M~" ,
I'Cn+1) V1-¢ZV E4+m V1+n L E

MH(:U’SMH'H): €

e n=\V1-2%7 « E=Zalp © M=E+m)l+iEmIE)(E+nm) -,



ATTRACTED TO NUCLEUS

= - - - — . - - . - - - A -
R O3 BB POV SRR PN R PO O 27 -2 N7 o7 7% YTV . S CA TR e T T - A ce AR OF s el o e g —O-

, Well defined EFT matrix element. Can be evolved with RG to re-sum logs.

N - - - ey -~ o - = O P/ s . - o 6 > b ARl a0 2 > — D e | 2l D e - P> L ra e L AR
"y o a2 ey s o e ae 2 Lo o-aa > cx a2 4 > y 4
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Properties Of The Anomalous Dimension
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Anomalous Dimension

- dC(u)

€™ dlog 4

Yo = a(z},(l,l) + },(1,0)) 4 (12 (ZZy(Z,Z) 4 Z}/(Z,l) n }/(2,()))

n o (Z37(3’3) 1 Z27(3’2) 1 Z},(3,1) 4+ 7/(3,0)) 4+



Anomalous Dimension

SOLVE DIRAC EQ’N
B dC(//t) Subtlety: Divergent as x — ()

— T New result:; All orders result In
Og U the M S-scheme (good for RG).

Yo = a(z},(l,l) n },(1,0)) L2 (Zzy(z,m + 72y 4 y(z,o))

PR (237,(3,3) + 7232 4 7,3 4 7,(3,0)) L

/C



Anomalous Dimension

SOLVE DIRAC EQ’N

- dC(u)

€™ dlog 4

Yo = a(z},(l,l) n },(1,0)) L2 (Zzy(z,z) + 722D 4 y(z,o))

PR (237,(3,3) + 7232 4 7,3 4 7,(3,0)) L

Z=0 REDUCES TO HEAVY-LIGHT CURRENT IN HQET



Anomalous Dimension

SOLVE DIRAC EQ’N

- dC(u)

/C = a1
og U (Z,Z-Q,0) (Z+Q,Z,— Q)

Yo = a(z},(l,l) n },(1,0)) L2 (Zz},(z,z) + 72D 4 y(z,o))

+ o’ (ZBy(3’3) + 727y + 7y ¢ )/(3’0)) + ...

Z=0 REDUCES TO HEAVY-LIGHT CURRENT IN HQET



TAKE FROM HQET LIT. | SOLVE DIRAC EQ’N tSYMMETRY
4

04

}’(4’0

(4,1)

/
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NEW INPUT!



Ratuo Of Wilson Coeflicients
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