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Outline
๏ Theoretical modeling 

⚬ Lamb-shift to atomic energy levels 

⚬ Two-photon exchange corrections 

๏ Calculations for  

⚬ No-Core Shell Model 

⚬ Nuclear polarizability of 

7Li

7Li
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with: 
๏  the photon propagator 
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Dμν(q) ≡
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Box diagram expression 

• Fermi matrix element (  in the isospin limit) 

•     initial/"nal nucleus energy (no-recoil limit) 

•              photon energy in nuclear rest frame 

•         photon virtuality 

• nuclear Compton tensor

MF = = 2
M ≃ Mi ≃ Mf ⇒
ν = q0 ⇒
Q2 = − q2 ⇒
Tnucl

3 (ν, | ⃗q | ) =

□nucl
γW (Ee) = e2
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(2π)4
M2

W
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Outline
๏ Theoretical modeling 

⚬ Lamb-shift to atomic energy levels 

⚬ Two-photon exchange corrections 

๏ Calculations for  

⚬ No-Core Shell Model 

⚬ Nuclear polarizability of 

7Li

7Li



Nuclear Compton Tensor
13Pure electromagnetic part 

๏ Leptonic tensor: 
⚬ Wave-function approx: free muon propagator +  
➡  Decouple leptonic from nuclear part 

๏ Photon propagator: 
⚬ Use Coulomb gauge 
➡Decouple charge and transverse contributions

ϕ1s(0)

Overall relatively well under-controlled 
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Hadronic part 

๏ Hadronic tensor: 
⚬ Approximations: no recoil +  
➡Compton tensor: 

๏ Seagull: necessary to cancel divergence

pμ ≪ mμ

[Friar, Annals of Physics (1976)]
[Bernabeu et al, Nuclear Physics A (1974)]
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Nuclear modeling
14Model used of nuclear currents

๏  Multipole decomposition of nuclear currents 

⚬   

⚬   

⚬  

➡ Truncation at 

MJMJ;TMT
(q) ≡ ∫ d3x MMJ

J (qx)J0(x)TMT

TE
JMJ;TMT

(q) ≡ ∫ d3x [ 1
q

∇ × M⃗MJ
JJ (qx)] . ⃗J(x)TMT

TM
JMJ;TMT

(q) ≡ ∫ d3xM⃗MJ
JJ (qx) . ⃗J(x)TMT

J = 3

[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]
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JJ (qx) . ⃗J(x)TMT

J = 3

๏  Electromagnetic current modeling 
⚬ Decomposed within the seven operator basis 
⚬ Form factors given by the isovector dipole model 

⚬   ,    

where  based on  (nucleon magnetic moments)

fSN(q) = (1 + q2

M2
V )

−2

F(T)
1,2 (q) = F(T)

1,2 (0) fSN(q)

F(T)
1,2 (0) μS,V

[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]
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Model used of nuclear many-body state 

๏  Ab initio nuclear interaction 
⚬ Two chiral interactions considered 
⚬ N4LO-E7 and N3LO 
➡ Estimate interaction uncertainty 

๏  Model space 
⚬ Harmonic oscillator Slater determinant 
⚬ Vary  and  
➡ Estimate model space uncertainty 

๏  Many-body approximation 
⚬ No-Core Shell Model 
⚬ More details in next section

ℏΩ Nmax

[Entem et al. (2017)] [Somà et al. (2020) ]
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Master formula
15 Inputs to evaluate nuclear polarizability  

๏Charge spectral function 

๏Transverse electric spectral function 

๏Transverse magnetic spectral function
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๏ Decomposition of nuclear polarizability: 

⚬ Contribution from charge, transverse electric and magnetic 

➡   δA
pol = ΔC + ΔT,E + ΔT,M

[Rosenfelder Nuclear Physics A (1983)]
[Hernandez et al. Physical Review C (2019)]
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Non-relativistic reduction 
๏ Limit:  

➡ Only charge kernel remains  simpler + consistency check

q ≪ mr

⇒
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The No-Core Shell Model
17Lanczos tridiagonalization algorithm 

๏ Initialization: normalized pivot  

๏ Recursion: ,  and  

⚬  

⚬  and  st  

๏ Output: 
⚬ Lanczos basis and coefficients  

⚬ Lanczos basis  orthonormal basis in Krylov space 

|ϕ1⟩

αi βi |ϕi⟩

βi+1 |ϕi+1⟩ = H |ϕi⟩ − αi |ϕi⟩ − βi |ϕi−1⟩

αi = ⟨ϕi |H |ϕi⟩ βi+1 ⟨ϕi+1 |ϕi+1⟩ = 1

{ |ϕi⟩, αi, βi}

≡ { |ϕ1⟩, H |ϕ1⟩, …, HNL |ϕ1⟩}

α1 β2
β2 α2 β3

β3 α3 ⋱
⋱ ⋱ βk−1

βk−1 αk−1 βk
βk αk
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}
 in Lanczos basisH
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⚬ Selection rules sparsity  Fast matrix-vector multiplication 
⚬ In practice:  is sufficient to converge low-lying states 
⚬ Cost of diagonalization of the tridiagonal matrix is negligible 

⇒
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Application to   

๏ Parameters of many-body calculation 
⚬  for  to  

๏ Results 
⚬Ground-state of    Starting point for  

7Li

NL = 200 Nmax = 1 9

7Li |Ψ⟩ ⇒ δA
pol
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Converged eigenstates

Sum rules convergence
๏ Convergence problem 
⚬ Often the strength is fragmented 
⚬ Only low-lying states converged in general

๏ Lanczos strength algorithm 

⚬ Recover exactly  for any   

➡ Fast convergence of  (if f )

∫ dω SO(ω) ωn n ≤ 2NL

∫ dω f(ω)SO(ω) ∼ P100(ω)
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Outline
๏ Theoretical modeling 

⚬ Lamb-shift to atomic energy levels 

⚬ Two-photon exchange corrections 

๏ Calculations for  

⚬ No-Core Shell Model 

⚬ Nuclear polarizability of 

7Li

7Li
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First conclusion: numerical noise from Lanczos algo is negligible  
Next step: q-dependent calculations of  !δA

pol
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Numerical calculations 

๏   and  

๏   different operators for  

➡ 700 NCSM calculations at 

qmax = 700 MeV Δq = 10 MeV

10 Jmax = 3

Nmax = 7

Observations
๏ Contribution repartitions 

⚬ Well-known dipole dominance 
⚬ Charge contributions are dominant

๏ Negligible contributions 
⚬ TM is negligible for any  
⚬ TE is relevant only for  
➡ Only half the operators are relevant

J

J = 1
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22

Results 

๏ Here shown for  and N4LO-E7 
๏ All other cases are similar 

➡ Fast exponential convergence

Nmax = 7

ϵJmax
≲ 0.1 meV

Multipole truncation  negligible uncertainty⇒
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⚬ Multiple frequencies still to be run 
➡  Anticipated estimation:  

๏ N3LO interaction 
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A 10 meV precision for nuclear structure corrections seems doable in the near future !
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➡ Essential for a total theoretical uncertainty

๏Longer-term: better controlling theoretical uncertainty 
➡ Developing a complete tower of EFTs

Questions

๏Easy: for completing ab initio calculation 
⚬ Is it valuable for you that we compute  in NCSMC ? 
⚬ Does everyone at QUARTET agree on ~10 meV goal ?

δA
el

๏Medium: for combining with atomic and nucleon models 
⚬ Are  su#cient nuclear inputs for 3PE ? 
⚬ What kind of hadronic model should we use ?

⟨ϕm |OJ(q) |ϕn⟩

๏Hard: for better controlling theoretical uncertainty 
⚬ Is there already a standard tower of EFTs to use ? 
⚬ Is potential-NRQED a good way to go ?
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