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The muonic Lamb shift as a precision probe
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Outline

® Theoretical modeling
° Lamb-shift to atomic energy levels

° Two-photon exchange corrections

® Calculations for 'Li

© No-Core Shell Model

o> Nuclear polarizability of 'Li



From energy levels to nuclear structure

Converting experimental data

® What to do once precise value of energy levels is known 7

° Can be used to test fundamental constants like R_, a, m,

© Can be used to extract nuclear structure information like r,

© Can be used to test validity of many-body calculations

® Example in practice: Lamb shift in meV 2§,,, — 2P, (r, in fm)

[Antognini et al, SciPost (2021)]
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AE(uD) = 228.7767(10) — 6.1103(3) X r5 + 1.7449(200)
AE(u*He) = 1668.489(14) — 106.220(8) X 2 + 9.201(291)
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General many-body problem

® Degrees of freedom

O Muon — W, Nucleons - N ; photon —> A

@® Hamiltonian
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From energy levels to nuclear structure

Converting experimental data General many-body problem

® Degrees of freedom

® What to do once precise value of energy levels is known ?

O Muon — W, Nucleons - N ; photon —> A

° Can be used to test fundamental constants like R_, a, m,

© Can be used to extract nuclear structure information like r,

o _ @® Hamiltonian
° Can be used to test validity of many-body calculations [Friar, Rosen, Annals of Physics (1974)]

O For simplicity assume non-relativistic nucleons of equal mass

® Example in practice: Lamb shift in meV 2S,, — 2P, (r, in fm) H = Hpyoyep + e/d% J.(x)A*(x)
— uc M

[Antognini et al, SciPost (2021)]

e o o
AE(uH) = 206.0336(15) — 5.2275(10) X 2 + 0.0332(20) F o / d*zd%y fsc(z,y) Alz).Ay)
AE(uD) = 228.7767(10) — 6.1103(3) X 12 + 1.7449(200) + Hopp
AE(u*He) = 1668.489(14) — 106.220(8) X 2 + 9.201(291)

® General approach to compute bound state of H

Radius extraction master formula

_ X In principle use Bethe-Salpeter = bound states = G, poles
Fixed point-like A T L T Y’ In practice use effective instantaneous potential
nucleus Finite nucleus dependent

o ' 5
o effect DWB correction up to (Za)” to match exp accuracy



Bound states QED contributions

Bound muon within potential

® Zero-order: one-body Coulomb interaction
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o Solve exactly for Hy =
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@ Effective potential applied on muon

© What relativistic extension to Coulomb 7
© Define effective potential to reproduce £ ;, at a given order
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@ Main type of contributions

© Electron vacuum polarization: @, ~ 4, = main one!

O Finite nuclear mass = recoil and relativistic corrections

O Muon self-energy terms
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Example: electron vacuum polarization corrections

Bound muon within potential

® Zero-order: one-body Coulomb interaction

]_52 4o
o Solve exactly for Hy =
2m, r
(Za)*m
— r = @)
° Ful = 2n2 =

@ Effective potential applied on muon

© What relativistic extension to Coulomb ?

© Define effective potential to reproduce £ ;, at a given order

© Power-counting = DWB on H,

@ Main type of contributions

© Electron vacuum polarization: a, ~ 1, = main one!

H

O Finite nuclear mass = recoil and relativistic corrections

O Muon self-energy terms

m——
eQ 6 : 6 :
Q o

X X X
g’ g’ L |
5 7 2(1 N (D( 2 )) where @ = 1Pl expanded in powers of o
q q -
guu guu
e (14 pM 4+ p3 4. )



Bound states QED contributions

Example: electron vacuum polarization corrections

Bound muon within potential

® Zero-order: one-body Coulomb interaction

]_52 4o
o Solve exactly for Hy =
2m, r
(Za)*m
— r = @)
° Ful = 2n2 =

@ Effective potential applied on muon

© What relativistic extension to Coulomb ?

© Define effective potential to reproduce £ ;, at a given order

© Power-counting = DWB on H,

@ Main type of contributions

© Electron vacuum polarization: a, ~ 1, = main one!

H

O Finite nuclear mass = recoil and relativistic corrections

O Muon self-energy terms

’ I u\\}//, ﬂ\\w//,
O ’
e<i> <§E> |

X X X
g’ g’ L |
5 7 2(1 N (D( 2 )) where @ = 1Pl expanded in powers of o
q q
guu guu
e (14 pM 4+ p3 4. )




Bound states QED contributions

Bound muon within potential Example: electron vacuum polarization corrections
® Zero-order: one-body Coulomb interaction g g p M\/
P’ Za \/ . \/ ;
o Solve exactly for Hy = ' eQ ! .
o C o  Q
2 | )
By T o : ® : :
nl 2n2 X X X X
: : : v [V
@ Effective potential applied on muon g 5 > > J 2 where @ = 1Pl expanded in powers of o
© What relativistic extension to Coulomb 7 1 g (1 + w(me))
© Define effective potential to reproduce E ; at a given order P pv
p p nl & g >9 (1—|-,0(1)—|—p(2)—|-...)
© Power-counting = DWB on H, q2 q2

@ Main type of contributions

© Electron vacuum polarization: @, ~ 4, = main one!

© Finite nuclear mass = recoil and relativistic corrections : E, =EY 4+ (VDY 4 (V) 4 (v : VDY ¢+

© Muon self-energy terms
sy [Pachucki et al. Review of Modern Physics (2024)]



Bound states QED contributions

Section
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[Pachucki et al. Review of Modern Physics (2024)]
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0.000 17
~0.663 45
~0.00443
0.000 13
~0.002 54
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'u3 He™
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Finite size nuclear contributions

Finite nuclear size contribution

@ Correction to account for non-point like nucleus

O Similar approach as pure QED contributions

O Multipole expansion of charge distribution

= Main contributions o r?

@ Beyond charge radius contributions

O In principle higher order terms leads to multipoles of p
O Experiments not precise enough for now

© CREMA = on-going attempt to measure HFS for proton!
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[Pachucki et al. Review of Modern Physics (2024)]

Section Order Correction uH uD uwHe™ u*He ™"
IV.A (Za)* r%: -5.197 Sr% —6.073 2r‘21 —102.523 r% —105.32272
IVB  o(Za)* eVP() with 72 ~0.028 272 ~0.034072 ~0.85172 —~0.87872

IVC  o*(Za)* eVP®) with 12 ~0.000 27> —0.000272 —0.009(1)7? —0.009(1)72



Nuclear structure dependent corrections

Nuclear structure effects

@ Corrections accounting for non static effects

O Nucleus is no longer treated as an external potential

© Main contribution from two-photon exchange oy~

O Nuclear excited states become necessary

= 5,z contributes at (Za)

@® Beyond TPE

O Further corrections three-, four-, .. photon exchange

© Combinations with vacuum polarization, etc
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Nuclear structure effects

Two photon exchanges contributions

@ Corrections accounting for non static effects 14 14 1L

O Nucleus is no longer treated as an external potential

© Main contribution from two-photon exchange oy~

Yy
Yy

O Nuclear excited states become necessary

= §.pp contributes at (Za) iA (4rZa) " dg

o) D" (@)D" (=q) 1,,(q,k) T,(q, - q)‘

@® Beyond TPE

O Further corrections three-, four-, .. photon exchange

© Combinations with vacuum polarization, etc

[Rosenfelder Nuclear Physics A (1983)]
k — (mr,O) Hernandez et al. Physical Review C (2019)]

® DH"(g) = the photon propagator

® 1, = the lepton tensor

® T,m/ = the hadronic tensor [Bemabeu et al, Nuclear Physics A (1974)]
®




Nuclear structure dependent corrections

10
Nuclear structure effects
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@ Corrections accounting for non static effects 14 14 1L

O Nucleus is no longer treated as an external potential

© Main contribution from two-photon exchange oy~

Yy
Yy

O Nuclear excited states become necessary

= §.pp contributes at (Za) iA (4rZa) " dg

o) D" (@)D" (=q) 1,,(q,k) T,(q, - q)‘

@® Beyond TPE

O Further corrections three-, four-, .. photon exchange

© Combinations with vacuum polarization, etc

[Rosenfelder Nuclear Physics A (1983)]
k — (mr,O) Hernandez et al. Physical Review C (2019)]

® DH"(g) = the photon propagator
® 1, = the lepton tensor

See Vadim Lensky’s talk for more details © T/w = the hadronic tensor  [Semabeu et 2l Nucear Phsics A (1974)]
®




Intermezzo: successful application to /-decay

Superallowed f-decay

et o Standard model = CKM unitarity

2 2 2
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o Current tension of ~ 3¢

o Main theoretical uncertainty = Oy

= Reduce error with ab initio calculation
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Intermezzo: successful application to //-decay

Superallowed f-decay
et o Standard model = CKM unitarity
= [Vl + 1V P+ 1V, 1P = 1
o Current tension of ~ 3¢

o Main theoretical uncertainty = Oy

= Reduce error with ab initio calculation

Box diagram expression

e

nucl EyY=—%R
(£ ") @ny My~ ¢ (e — 97 — m2 + iel(g? + ie)My

yW
MF

Pe 4 -
% Jd“q v ) T3, 1)

s M = Fermi matrix element ( = \/5 in the isospin limit)

= M~ M; ~ M, = initial/final nucleus energy (no-recoil limit)
= photon energy in nuclear rest frame
= photon virtuality

= T;“Cl(y, |g|) = nuclear Compton tensor




Intermezzo: successful application to //-decay

Superallowed f-decay

et o Standard model = CKM unitarity
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o Current tension of ~ 3¢

o Main theoretical uncertainty = Oy

= Reduce error with ab initio calculation
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Superallowed f-decay

et o Standard model = CKM unitarity

2 2 2
- ‘Vud‘ +‘Vus‘ +|Vub‘ =1

o Current tension of ~ 3¢

o Main theoretical uncertainty = Oy

= Reduce error with ab initio calculation
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or more details !
| ONg = — 0-422(31)nuc(12)n,e1 %
—0.48 , l

3 5 7
Ninax

Box diagram expression
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U= (), = photon energy in nuclear rest frame

m Q2 = — q2 = photon virtuality

= T;“Cl(v, |g|) = nuclear Compton tensor
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® Theoretical modeling
° Lamb-shift to atomic energy levels

° Two-photon exchange corrections

® Calculations for 'Li

© No-Core Shell Model

o> Nuclear polarizability of 'Li
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Nuclear Compton Tensor

Pure electromagnetic part

® Leptonic tensor:

° Wave-function approx: free muon propagator + ¢, ,(0)

= Decouple leptonic from nuclear part

® Photon propagator:

° Use Coulomb gauge

= Decouple charge and transverse contributions

pv .
DM (q) = q%(&'j qé%j))

Overall relatively well under-controlled
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Nuclear Compton Tensor

Pure electromagnetic part Hadronic part
[Bernabeu et al, Nuclear Physics A (1974)]

@ Lepton|c tensor: O Had ronic tensor: [Friar, Annals of Physics (1976)]

° Wave-function approx: free muon propagator + ¢, .(0) ° Approximations: no recoil + p, K< m,

= Decouple leptonic from nuclear part = Compton tensor:

tuw (g, k) = YTy [y, (F — ¢ + mo )y (F -+ m,)] T (0) =0y <\Ij | / Az fs6(2,0) | \Ij>
pr\4; (k—q)Q—m%+i€ ‘|‘Z [<W|JM(O)|N§><N§|JV(O)|\P>
Eo— EnN + qo + 1€

N0

+ :
Eo— En —qo + 1€

® Photon propagator: (U |J,(0)|N - (N —q|J.(0)] \If)]

° Use Coulomb gauge
® Seagull: necessary to cancel divergence

= Decouple charge and transverse contributions

L 0
% q-
D" ()_(O L(d QiCIj))
q2 17 q2
Overall relatively well under-controlled
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Nuclear Compton Tensor

Hadronic part
[Bernabeu et al, Nuclear Physics A (1974)]

O Had ronic tensor: [Friar, Annals of Physics (1976)]

° Approximations: no recoil + p, K< m,

= Compton tensor:

Ty (@) =6y <\p | / Bl fo(x, 0) | q,> —

0| J,(0)| N (NG| J,(0) | ®
+Z[< | Ju(0) [ Ng) (NG| J,(0) | V)

Eo — En +qo + 1€

Seagull term

N0

_I_

<‘P|Ju(0)|N—67><N—67\Ju(0)\‘l’>]
Eo — En — qo + i€

® Seagull: necessary to cancel divergence




Pure electromagnetic part

® Leptonic tensor:

° Wave-function approx: free muon propagator + ¢, ,(0)

= Decouple leptonic from nuclear part

tuu((], k) — ZTI hu((f:qﬁ);‘_m;?:(i"‘ mr)}

® Photon propagator:

° Use Coulomb gauge

= Decouple charge and transverse contributions

L 0
% q-
D" ()_(O i(d qu:CIj))
q2 17 q2
Overall relatively well under-controlled

Nuclear Compton Tensor

Hadronic part
[Bernabeu et al, Nuclear Physics A (1974)]

® Hadronic tensor: [Friar, Annals of Physics (1976)]

° Approximations: no recoil + p, K< m,

= Compton tensor: Seagull term

T,0(q) =0 <\If | [ et oo (0 | \If> —

0| J,(0)| N (NG| J,(0) | ®
+Z[< | Ju(0) [ Ng) (NG| J,(0) | V)

Eo — En +qo + 1€

N0

_I_

<‘1’|Jz/(0)|N—67><N—67\Ju(0)\‘l’>]
Eo — En — qo + i€

® Seagull: necessary to cancel divergence

Decomposition of two-photon exchange

® Nucleon/Nucleus decomposition: (in the end use DR)

orpe = (O, + 0, ) + (6, + 5,



Nuclear modeling

Model used of nuclear currents

® Multipole decomposition of nuclear currents
[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]

o M JMJ;TMT(q) = jd3x ijf(qx)fo(x)TMT

TE . (q) = | d° _leMMJ( )_ J(x)
o Lymitm D) = A g VTS a2l IREACA V7

o T%J;TMT(Q) = [d?’xM%f(qx) .f(x)TMT

= Truncation at J =3



Nuclear modeling

Model used of nuclear currents

® Multipole decomposition of nuclear currents
[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]

o M ]MJ;TMT(q) = jd3x ijf(qx)fo(x)TMT

TE . (q) = | d° _leMMJ( )_ J(x)
o Lymitm D) = A q VTS a2l IREACA V7

o T}‘]@J;TMT(Q) = jd%M%f(qx) .f(x)TMT

= Truncation at /=3

® Electromagnetic current modeling

O Decomposed within the seven operator basis

O Form factors given by the isovector dipole model

q2

)
o Jsn(@) = (1 +V%> - FY(@) = F)0) fin(@)

where Fl(Tz)(O) based on x*Y (nucleon magnetic moments)
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Nuclear modeling

Model used of nuclear currents

® Multipole decomposition of nuclear currents

[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]

o M JMJ;TMT(q) = Jaﬁx Myf(qx)fo(x)TM

1
o Thtam, (@) = [cﬁ VX MMf<qx>

O T%J;TMT(‘I) = Jd?’XM /(gx) . J(X)TM

= Truncation at /=3

® Electromagnetic current modeling

L J(x) ™,

O Decomposed within the seven operator basis

O Form factors given by the isovector dipole model

)
2
o Jsn(@) = (1 +q—) - FY(@) = F)0) fin(@)

M2

where F(T)(O) based on x*Y (nucleon magnetic moments)

Model used of nuclear many-body state

@ Ab initio nuclear interaction [Entem et al. (2017)] [Soma et al. (2020) ]

© Two chiral interactions considered
© N4LO-E7 and N3LO

= Estimate interaction uncertainty

® Model space

© Harmonic oscillator Slater determinant

© Vary h€ and N ..

= Estimate model space uncertainty

® Many-body approximation
O No-Core Shell Model

O More details in next section
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Nuclear modeling

Model used of nuclear currents

® Multipole decomposition of nuclear currents

[Donnelly, Haxton, Atomic and Nuclear Data Tables (1979)]

o M JMJ;TMT(q) = Jd3x Myf(qx)fo(x)TM

1
o Thtam, (@) = Jcﬁ VX MMf<qx>

O T%J;TMT(‘I) = jd?’XM /(gx) . J(X)TM

= Truncation at /=3

® Electromagnetic current modeling

L J(x) ™,

O Decomposed within the seven operator basis

O Form factors given by the isovector dipole model

)
2
o Jsn(@) = (1 +q—) - FY(@) = F)0) fin(@)

M2

where F(T)(O) based on x*Y (nucleon magnetic moments)

Model used of nuclear many-body state 14

@ Ab initio nuclear interaction [Entem et al. (2017)] [Soma et al. (2020) ]

© Two chiral interactions considered
© N4LO-E7 and N3LO

= Estimate interaction uncertainty

® Model space

© Harmonic oscillator Slater determinant

© Vary h€ and N ..

= Estimate model space uncertainty

® Many-body approximation
O No-Core Shell Model

O More details in next section

Need expression of 51‘9401 in terms of multipole currents !



Master formula

Inputs to evaluate nuclear polarizability

@ Charge spectral function
Sc.s(w.q) =Y [(N|Mjo(q)| ¥) [P6(Ex — Eo — w)

N=£0
@ Transverse electric spectral function
STJ ZMN‘TJO )“I’MQ(S(EN_EO_W)
N=£0
@ Transverse magnetic spectral function
STJ Z|<N‘TJO )|‘I’>‘25(EN—EO—W)

N£0
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Master formula

Inputs to evaluate nuclear polarizability

@ Charge spectral function

Sc.s(w.q) =Y [(N|Mjo(q)| ¥) [P6(Ex — Eo — w)
N=£0
@ Transverse electric spectral function
STJ ZMN‘TJO )“I’MQ(S(EN_EO_W)
N=£0
@ Transverse magnetic spectral function
Sti(w,q) = Y [N |Ti5(q) | ©) P6(En — Ey — w)

N£0

Relativistic formulation

[Rosenfelder Nuclear Physics A (1983)]
® Decomposition of nuclear polarizability: [Hernandez et al. Physical Review C (2019)]

o Contribution from charge, transverse electric and magnetic

- 5 =Ac+ Arp+Ary



Master formula

Inputs to evaluate nuclear polarizability

@ Charge spectral function

Sc.s(w.q) =Y [(N|Mjo(q)| ¥) [P6(Ex — Eo — w)
N=£0
@ Transverse electric spectral function
STJ ZMN‘TJO )“I’MQ(S(EN_EO_W)
N=£0
@ Transverse magnetic spectral function
Sti(w,q) = Y [N |Ti5(q) | ©) P6(En — Ey — w)
N=£0

Relativistic formulation

[Rosenfelder Nuclear Physics A (1983)]
® Decomposition of nuclear polarizability: [Hernandez et al. Physical Review C (2019)]

o Contribution from charge, transverse electric and magnetic

- 5 =Ac+ Arp+Ary

Ao = —8(Za)2\gb25(0)\2/dq/dw Ko(w,q)Sc(w,q) ,

Ar g = —8(Za)2\q525(0)\2/dq/dw KT(w,q)SIE(w,q) +K5(w,q)51@(w,0) :

Ar = —8(Za)2\gb25(0)|2/dq/dw Kr(w,q)S (w, q)



Master formula

Inputs to evaluate nuclear polarizability

@ Charge spectral function

Sc.s(w.q) =Y [(N|Mjo(q)| ¥) [P6(Ex — Eo — w)
N=£0
@ Transverse electric spectral function
STJ ZMN‘TJO )“I’MQ(S(EN_EO_W)
N=£0
@ Transverse magnetic spectral function
Sti(w,q) = Y [N |Ti5(q) | ©) P6(En — Ey — w)
N=£0

Relativistic formulation

[Rosenfelder Nuclear Physics A (1983)]
® Decomposition of nuclear polarizability: [Hernandez et al. Physical Review C (2019)]

o Contribution from charge, transverse electric and magnetic

- 5 = Ac+ Arp+Ary

Ao = —8(Za)2\gb25(0)\2/dq/dw Ko(w,q)Sc(w,q) ,

Ar g = —8(Zoz)2\q525(())\2/dq/dw KT(w,q)SIE(w,q) +K5(w,q)51@(w,0) :

Ar = —8(Za)2\gb25(0)|2/dq/dw Kr(w,q)S (w, q)

® Kernels in the integrals:

1 1
by [(Eq —my)(w+ Eq —m
I w+H+2q
dmyq (w + q)?

KC’(wa Q) —




Master formula

Inputs to evaluate nuclear polarizability Relativistic formulation

@ Charge spectral function [Rosenfelder Nuclear Physics A (1983)]

® D iti f | larizability: [H d |. Physical Review C (2019
SC J Z ‘ N ‘ MJ() ‘ \If> ’25(EN B, — w) ecomposition of nuclear polarizability: [Hernandez et a ysical Review C ( )]
N#0 o Contribution from charge, transverse electric and magnetic
@ Transverse electric spectral function
- = A A A
STJ Z ]<N‘TJO )‘\IJMQ(S(EN—EO—M) 5p0l cT T,E+ I'M
N0
@ Transverse magnetic spectral function Ac = —8(Za)2\¢25(0)\2/dq/dw Ke(w,q)Sc(w, q)
2
SC %; (N Ty0(0) [ ¥) FO(Ex — Eo = w) Ars = —8(Zalgas(O) [ dq [ dw Krlw,0)8E(w,0) + Ks(wq)S8(,0)
N=£0

Ar = —8(Za)2\gb25(0)|2/dq/dw Kr(w,q)S (w, q)

Non-relativistic reduction

® Limit: g < m, ® Kernels in the integrals:

1 1
by [(Eq —my)(w+ Eq —m
I w+H+2q
dmyq (w + q)?

= Only charge kernel remains = simpler 4 consistency check Ko(w,q) =

Ko(w,q) = Knr(w,q) = :
KL((U, )%O ! (
Ks(w, )%O




Outline

® Theoretical modeling
° Lamb-shift to atomic energy levels

° Two-photon exchange corrections

® Calculations for 'Li

© No-Core Shell Model

o> Nuclear polarizability of 'Li
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The No-Core Shell Model

Anti-symmetrized products of
many-body HO states
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The No-Core Shell Model

Lanczos tridiagonalization algorithm [Lanczos (1950)]
Anti-symmetrized products of

(o p many-body HO states
@ Recursion: ;, f; and | ¢,) P o P

® Initialization: normalized pivot |¢;)

° Pl i) = HId) — ol ) — Pil di_y) Nszax+1\ 5

> o, =(P;|H| ;) and fiy st {diyi | Piyy) =1

® Output:
o Lanczos basis and coefficients {|¢;), ., B;} —> H in Lanczos basis

o Lanczos basis = orthonormal basis in Krylov space {lqbl), H|¢)), ..., HNL|¢1)}




The No-Core Shell Model

Lanczos tridiagonalization algorithm [Lanczos (1950)]

® Initialization: normalized pivot |¢;) ,
a P,

@ Recursion: a;, f; and | ¢)) P & b

Py o

° Pl i) = HI ) — | b)) — Pil di_y) W B
Pr-1 -1 P

o= <¢i|H|¢i> and :Bi+1 st <¢i+1|¢i+1> =1 \ Pr %)

@ Output: —

o Lanczos basis and coefficients { | ¢,), a,, f;} —’ H in Lanczos basis

o Lanczos basis = orthonormal basis in Krylov space {lqbl), H|¢)), ..., HNL|¢1)}

Application to nuclear structure

@ Efficient calculation of spectra

O Selection rules sparsity = Fast matrix-vector multiplication

© In practice: N; ~ 100 — 200 is sufficient to converge low-lying states

O Cost of diagonalization of the tridiagonal matrix is negligible

Anti-symmetrized products of
many-body HO states

N=Nmax+1\

NS, = NS

17



The No-Core Shell Model

. . . 17
Lanczos tridiagonalization algorithm [Lanczos (1950)]

Anti-symmetrized products of

(o p many-body HO states
@ Recursion: a;, f; and | ¢)) P & b

® |nitialization: normalized pivot |¢;)

° Pl b)) = Hl @) — a1 ) — Pil i) N=Nmax+1\ 5

° a;=(¢;|H| ;) and f; 1 st (i1 | Pi1) =1 AE = Nmath

@ Output:
o Lanczos basis and coefficients { | ¢,), a,, f;} —’ H in Lanczos basis

o Lanczos basis = orthonormal basis in Krylov space {|q§1), H|¢), ..., HNngbl)}

Application to nuclear structure Application to 'Li

@ Efficient calculation of spectra

® Parameters of many-body calculation
© NL — 200 for Nmax — 1 to 9

O Selection rules sparsity = Fast matrix-vector multiplication

© In practice: N; ~ 100 — 200 is sufficient to converge low-lying states
® Results

o Ground-state of 'Li |¥) = Starting point for 51;401

O Cost of diagonalization of the tridiagonal matrix is negligible



The Lanczos strength algorithm

Strength functions

® We need to compute

° Eigenvalues: k), = obtained already with Lanczos

°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive

® Lanczos strength algorithm

° Variant of Lanczos: extract only relevant information
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The Lanczos strength algorithm

Strength functions

® We need to compute

° Eigenvalues: £y, = obtained already with Lanczos

°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive

® Lanczos strength algorithm

° Variant of Lanczos: extract only relevant information

Idea of the algorithm

® For each operator O

O|¥Y
o Compute R = Pivot |¢,) for 2" Lanczos

V(Z10701%)

@ Extract strength from orthonormality of Lanczos basis

o (¥|O[N) =1/(¥|070 1) x (¢ | )
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The Lanczos strength algorithm

2
Strength functions [(N[O|¥)|

® We need to compute

° Eigenvalues: £y, = obtained already with Lanczos

°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive

® Lanczos strength algorithm

° Variant of Lanczos: extract only relevant information

~ 100 MeV

Idea of the algorithm

® For each operator O

O|¥Y
o Compute R = Pivot |¢,) for 2" Lanczos

\/<\11\0’r0\\11>

@ Extract strength from orthonormality of Lanczos basis

_ ¥ Obtained for free
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The Lanczos strength algorithm

[(N|O|¥)|?

Strength functions

® We need to compute

° Eigenvalues: £y, = obtained already with Lanczos

Converged eigenstates

°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive

® Lanczos strength algorithm

° Variant of Lanczos: extract only relevant information

~ 100 MeV

Idea of the algorithm

® For each operator O

O|¥Y
o Compute R = Pivot |¢,) for 2" Lanczos

V(Z10701%)

@ Extract strength from orthonormality of Lanczos basis

_ ¥ Obtained for free
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The Lanczos strength algorithm

[(N|O|¥)|?

Strength functions

® We need to compute

° Eigenvalues: £y, = obtained already with Lanczos

Converged eigenstates

°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive

® Lanczos strength algorithm

° Variant of Lanczos: extract only relevant information

~ 100 MeV
dea of the algorithm Sum rules convergence
@® For each operator O ® Convergence problem
O|¥Y o :
o Compute |'F) = Pivot |¢,) for 2d | ancz0s gftlenlthels.trength IS fragmegt.ed l
O -
\/(\P‘OTO‘\}I> nly low-lying states converged In genera

@ Extract strength from orthonormality of Lanczos basis

_ ¥ Obtained for free
o (P10IN) = [FTOTOT¥) x gy ) =P O0ttes for e

18



The Lanczos strength algorithm

[(N|O|¥)|?

Strength functions 18
® We need to compute
° Eigenvalues: £y, = obtained already with Lanczos
°© Qverlaps: |(N|O|¥) |2 for each eigenstate and operator = expansive Converged eigenstates
® Lanczos strength algorithm
° Variant of Lanczos: extract only relevant information
Idea of the algorithm Sum rules convergence
® For each operator O ® Convergence problem
oY o QOften the strength is fragmented
o Compute R = Pivot |¢,) for 2" Lanczos Onlv lowIv 5 5 " I
O -
\/(‘P\OTO\‘P) nly low-lying states converged in genera

® Lanczos strength algorithm

@ Extract strength from orthonormality of Lanczos basis

o Recover exactly |dw Sp(w) ®" for any n < 2N,

. ¥ ' Obtained for free ; .
o (Y|OIN) = \/<\P [OTO¥) X{¢y|N) = Fast convergence of |dw f(w)S,(®) (if f ~ P y(®))




Outline

® Theoretical modeling
° Lamb-shift to atomic energy levels

° Two-photon exchange corrections

® Calculations for 'Li

© No-Core Shell Model

o> Nuclear polarizability of 'Li
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- A
Testing convergence of sum rules for 5p01

First tests of sum rule convergence

® Before running expansive g—dependent

° Test convergence of strength integrals

o (Cases tested based on electric dipole operator
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Testing convergence of sum rules for 5;‘01

First tests of sum rule convergence

® Before running expansive g—dependent

° Test convergence of strength integrals

o (Cases tested based on electric dipole operator

@ Sum rules tested: [da) fw)Sp(w)

0 fnorm(a)) — 1

2m,
o Jpi(w) =
0
m 2(Za)2m,,

o fc(a)) = In
), 0,

° (4 more complicated one)
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Testing convergence of sum rules for 5;‘01

First tests of sum rule convergence

® Before running expansive g—dependent

° Test convergence of strength integrals

o (Cases tested based on electric dipole operator

@ Sum rules tested: [da) fw)Sp(w)

> From(@) = 1

norm

r
®) = :
o Jpi(®) o Leading order

m 2(Za)2m,, n-expansion

o felw) = j In - of 5;;‘01

o (4+ more complicated one [Hernandez et al. PRC (2019)]
P
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Testing convergence of sum rules for 5;‘01

First tests of sum rule convergence

® Before running expansive g—dependent

° Test convergence of strength integrals

o (Cases tested based on electric dipole operator

@ Sum rules tested: [da) fw)Sp(w)

© norm(a)) — 1
2m

_ r
o Jpi(w) = o Leading order

m, 2(Za)2m,, n-expansion

o Jolw) = — In - of 51‘;‘01

o (_|_ more complicated Qne) [Hernandez et al. PRC (2019)]

Test convergence sum rules
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Testing convergence of sum rules for 5;9401

First tests of sum rule convergence

® Before running expansive g—dependent

° Test convergence of strength integrals

o (Cases tested based on electric dipole operator

@ Sum rules tested: [da) fw)Sp(w)

> From(@) = 1

norm

2m

_ r
o Jpi(w) = o Leading order

m 2(Za)2m,, n-expansion

o folw) = j In - of 5;;‘01

o (_|_ more complicated Qne) [Hernandez et al. PRC (2019)]

® Qbservations

° Sum rules converge quickly = N; = 50 is sufficient

o Reaches plateau around ~ 107 relative error

Test convergence sum rules

20
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Testing convergence of sum rules for 5}401

Test convergence sum rules

First tests of sum rule convergence 20

® Before running expansive g—dependent —ea— §p —a— §; —a— ap

© Test convergence of strength integrals —8— Normalization

o (Cases tested based on electric dipole operator

@ Sum rules tested: de fw)Sp(w)

0 norm(a)) — 1

_llllllll | llllllll | llllllll | llllllll | llllllll | llllllll LU

2m, -
o Jpi(w) = o Leading order
- —
m, 2(Za)2m,, n-expansion ——a— .
o fC(a)) =—1In of 54 ! 1 1 1 1
® ® pol 0 2 4 6 3 10
O (—|— more Complicated one) [Hernandez et al. PRC (2019)] NL-

® Qbservations

First conclusion: numerical noise from Lanczos algo is negligible

: - A
Next step: g-dependent calculations of 5p01 !

° Sum rules converge quickly = N; = 50 is sufficient

o Reaches plateau around ~ 107 relative error




A first test case for NALO-E7 and N, =/

Numerical calculations

® Gmax = 700 MeV and Ag = 10 MeV
@ 10 different operators for J_.. =3
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Numerical calculations

® Gmax = 700 MeV and Ag = 10 MeV
® 10 different operators for J,., = 3

= 700 NCSM calculations at N, =7
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® Contribution repartitions

° Well-known dipole dominance

o Charge contributions are dominant
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A first test case for NALO-E7 and N, =/

Numerical calculations

® Gmax = 700 MeV and Ag = 10 MeV

® 10 different operators for J,., = 3

Bl -0 = 700 NCSM calculations at N_,, =7
] J=1

J =2
el -3 Observations

® Contribution repartitions

° Well-known dipole dominance

o Charge contributions are dominant

® Negligible contributions

°© TM is negligible for any J

° TE is relevant only for J =1

= Only half the operators are relevant
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Checking convergence in J_ ..

Results
—25
@ Here shown for V.., =7 and N4LO-E7
—50 @ All other cases are similar
- = Fast exponential convergence

—75
—100
—125
—150
—175 - n

Jmax
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Checking convergence in J_ ..

Results
—25
@ Here shown for V.., =7 and N4LO-E7
—50 @ All other cases are similar
- = Fast exponential convergence

— ()
—100
125 €; 0.1 meV

max

—150
—175 - Multipole truncation = negligible uncertainty
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Convergence in /V_ .. and interaction dependence

—165
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180 -—
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—200 =— N4LO-E7
—205 N3LO

2 4 6 &
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Convergence in /V_ .. and interaction dependence

—165

L]

N4LO-E7
N3LO

0 -

Results

@ N4LO-E7 interaction

© N, .« fluctuation ~ 1 —2 meV

° Multiple frequencies still to be run

= Anticipated estimation: ¢,, =~ 2 meV

max

@® N3LO interaction

°© N, .. =9 still to be completed
°© Heavy calculations = run on Frontiers

= Anticipated estimation: ¢;,, ~ 5 meV

[Li Muli, Poggialini, Bacca (2021)]
@ Overall consistent with previous estimation!
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= Anticipated estimation: €y
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= Anticipated estimation: ¢;,, ~ 5 meV
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Convergence in /V_ .. and interaction dependence

—165 |

— 170}

/18~ = 175(6)pue(-- Dother MEV
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/ N3LO
% A 6 ]
ilvmax

Results

@ N4LO-E7 interaction

© N, .« fluctuation ~ 1 —2 meV

° Multiple frequencies still to be run

~ 2 meV

= Anticipated estimation: €y

max

@® N3LO interaction

°© N, .. =9 still to be completed
°© Heavy calculations = run on Frontiers

= Anticipated estimation: ¢;,, ~ 5 meV

[Li Muli, Poggialini, Bacca (2021)]
@ Overall consistent with previous estimation!

A 10 meV precision for nuclear structure corrections seems doable in the near future !
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Conclusion

Outlook

® Short-term: completing ab initio calculation

= Essential for robust nuclear uncertainty

® Mid-term: combining with atomic and nucleon models

= Essential for a total theoretical uncertainty

® Longer-term: better controlling theoretical uncertainty

= Developing a complete tower of EFTs

Questions

® Easy: for completing ab initio calculation

° |s it valuable for you that we compute 5§ in NCSMC ?

° Does everyone at QUARTET agree on ~10 meV goal ?

® Medium: for combining with atomic and nucleon models

° Are (¢, | O,q)|@,) sufficient nuclear inputs for 3PE 7

° What kind of hadronic model should we use ?

® Hard: for better controlling theoretical uncertainty

° |s there already a standard tower of EFTs to use 7

° |s potential-NRQED a good way to go 7
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