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Summary WP 20 - Notations

▶ The time-momentum representation [Bernecker, Meyer ’11]

aHVP,LOµ =
(α
π

)2
∫ ∞

0

dx0 f̃(x0) C(x0) , C(x0) = −1

3

3∑
k=1

∑
x⃗

⟨Jk(x)Jk(0)⟩

Jk =
2
3uγku− 1

3dγkd−
1
3sγks+

2
3cγkc+ · · ·

▶ Window observables

→ Replace f̃(x0) with W (x0)f̃(x0) above
→ Intermediate distance window : suppress long distance / remove very short distance
→ Easier to compute on the lattice

▶ Time moments

G2n ≡
∫ ∞

−∞
dx0 x2n0 C(x0) , Π0 = −1

2
G2 , Πn = − (−1)n

(2n+ 2)!
G2n+2

→ In 2020, several groups presented results for the first and second time moments
→ Observable sensitive to the tail as n increases

Antoine Gérardin 2



Summary WP 20 - Notations

▶ The time-momentum representation [Bernecker, Meyer ’11]

aHVP,LOµ =
(α
π

)2
∫ ∞

0

dx0 f̃(x0) C(x0) , C(x0) = −1

3

3∑
k=1

∑
x⃗

⟨Jk(x)Jk(0)⟩

Jk =
2
3uγku− 1

3dγkd−
1
3sγks+

2
3cγkc+ · · ·

▶ Window observables

→ Replace f̃(x0) with W (x0)f̃(x0) above
→ Intermediate distance window : suppress long distance / remove very short distance
→ Easier to compute on the lattice

▶ Time moments

G2n ≡
∫ ∞

−∞
dx0 x2n0 C(x0) , Π0 = −1

2
G2 , Πn = − (−1)n

(2n+ 2)!
G2n+2

→ In 2020, several groups presented results for the first and second time moments
→ Observable sensitive to the tail as n increases

Antoine Gérardin 2



Summary WP 20 - Notations

▶ The time-momentum representation [Bernecker, Meyer ’11]

aHVP,LOµ =
(α
π

)2
∫ ∞

0

dx0 f̃(x0) C(x0) , C(x0) = −1

3

3∑
k=1

∑
x⃗

⟨Jk(x)Jk(0)⟩

Jk =
2
3uγku− 1

3dγkd−
1
3sγks+

2
3cγkc+ · · ·

▶ Window observables

→ Replace f̃(x0) with W (x0)f̃(x0) above
→ Intermediate distance window : suppress long distance / remove very short distance
→ Easier to compute on the lattice

▶ Time moments

G2n ≡
∫ ∞

−∞
dx0 x2n0 C(x0) , Π0 = −1

2
G2 , Πn = − (−1)n

(2n+ 2)!
G2n+2

→ In 2020, several groups presented results for the first and second time moments
→ Observable sensitive to the tail as n increases

Antoine Gérardin 2



Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

The total contribution was written as

aHVP,LOµ = aHVP,LO
µ (ud) + aHVP,LO

µ (s) + aHVP,LO
µ (c) + aHVP,LO

µ,disc + δaHVP
µ

δaHVPµ : QED and SIB corrections
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Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

▶ Light-quark contribution

 550  575  600  625  650  675  700

ETM-18/19
Aubin et al-19
FHM-19
BMW-17

Mainz/CLS-19
PACS-19
RBC/UKQCD-18

Mainz/CLS-17

N
f=

2 
   

 N
f=

2+
1 

   
  N

f=
2+

1+
1

aµ
HVP,LO (ud) . 1010

▶ 7 collaborations

▶ 1.5 - 3.3% precision

▶ error budget dominated by :
→ statistical error (tail)
→ finite-volume correction
→ discretization errors

▶ based on ̸= discretizations
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Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

▶ Strange-quark contribution

 50  51  52  53  54  55  56  57

BMW-17
ETM-17
HPQCD-14

Mainz/CLS-19
PACS-19
RBC/UKQCD-18

Mainz/CLS-17

N
f=

2 
   

  N
f=

2+
1 

   
   

N
f=

2+
1+

1

aµ
HVP,LO (s) . 1010

▶ 6 collaborations

▶ final result dominated by 4 points

▶ uncertainty : 0.3× 10−10

→ under control (≪ 1‰)
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Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

▶ Charm-quark contribution

 10  11  12  13  14  15  16

BMW-17
ETM-17

Mainz/CLS-19
PACS-19
RBC/UKQCD-18
HPQCD-14

Mainz/CLS-17

N f
=2

   
   

N f
=2

+1
   

   
N f

=2
+1

+1

aµ
HVP,LO (c) . 1010

▶ 6 collaborations

▶ uncertainty : 0.1× 10−10

→ under control (≪ 1‰)
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Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

▶ Quark-disconnected contribution

-30 -25 -20 -15 -10 -5

BMW-17

Mainz/CLS-19

RBC/UKQCD-18

RBC/UKQCD-15

N
f=

2
+

1
  

  
  

  
N

f=
2

+
1

+
1

[a
µ

HVP,LO
]disconn. . 10

10

▶ only 3 collaborations

▶ uncertainty : 2.9× 10−10

→ 4‰ on total contribution
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Summary WP 20 - Notations

▶ Original WP reviewed lattice calculations of the LO-HVP contribution to aµ published
before March 2020.

→ the 2020 result by the BMW collaboration were not included

▶ Up to 7 collaborations published high-quality calculations (but often only partial)

▶ Strong isospin breaking / QED corrections

• only 2 collaborations : RBC/UKQCD-18 and ETM-19
→ electro-quenched approximation
→ not all diagrams were evaluated

• FHM-17 : partial result for the SIB

• BMW-20 : first complete calcualtion
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Averages

▶ Individual flavor contributions in isospin limit + SIB/QED corrections :

→ error budget : light-quark / SIB-QED / disconnected
→ light-quark : FSE and cutoff effects were the largest systematics

▶ World average was obtained by adding all contributions listed above, assuming 100%
correlation on the uncertainties

aHVP,LO
µ (α2) = 704.3(15)× 10−10

aHVP,LO
µ = 711.6(18.4)× 10−10

→ total uncertainty of 2.6%
→ compatible with the data driven estimate within 1σ
→ but also with the “no new physics” scenario.
→ lattice results where not included in the final average

(large uncertainties compared to data-driven)
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Intermediate window observable

▶ only two groups had published data : RBC/UKQCD-18 and Aubin et al.-19

▶ two other results appeared in 2020 (open circles)

▶ slight tension with RBC/UKQCD

 200  205  210
R-ratio/lattice

RBC/UKQCD-18

BMW-20

Aubin, et al.-19

LM-20

aμ
W(ud) x 1010
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Open questions

▶ This section should introduce a few notations (but 1 page)

→ should we focus on the time momentum representation ?

→ briefly introduce the window observables ? The precise definition would then be given in
the corresponding section (C.2.)

→ time moments ? To my knowledge, no update since 2020. Should we mention them ?
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Additional Slides
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World average

 600  650  700  750

No New PhysicsNo New Physics

ETM-18/19
Mainz/CLS-19
FHM-19
PACS-19
RBC/UKQCD-18
BMW-17
Mainz/CLS-17
HPQCD-16
ETM-13

KNT-19
DHMZ-19
BDJ-19
Jegerlehner-18

RBC/UKQCD-18

aµ
HVP,LO . 1010

LQCD
Pheno.

Pheno+LQCD
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Table 9
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