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TFF kinematics
Related to decay width


 

Large-  limits from pQCD
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Lattice calculation of FPγγ

1. Euclidean transition amplitude 
 

 

 

2. Laplace transform 
 

 

 
where  by momentum conservation
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Note: renormalized currents 
using precisely known , ZA ZV

Connected diagram 
(shown for example with )τ < 0
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Extrapolating in  plane(q2
1 , q2

2)
Finite volume momenta , , arbitrary 


- Parabolic “orbits” of  accessible


- Significant dependence on  and 
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Summary of ETMC calculations
Action: Nf = 2+1+1 twisted clover, Iwasaki gauge action, physical point  
 
 
 

{l, s, c}
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cD054.96 963 × 192 0.057 3.95.46140.8 PRD 104, 074520 (2021)

Eta analysis: 
Coarsest lattice spacing (cB) complete, finer cC under way.

Pion analysis: 
All three lattice spacings + continuum extrapolation.

PRD 108, 054509 (2023)PRD 108, 094514 (2023)



Pion analysis



Isospin symmetry allows removing 
P-disconnected diagrams: 
 
 
 
 
 
 

 

Twisted mass isospin breaking introduces additional  artifact 
 extrapolated away in continuum limit
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Wick contractions
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Contributions to amplitude on cD ens ( )a ≈ 0.06fm

Check of excited state effects on cD ens ( )a ≈ 0.06fm



Integrand for 
FPγγ(−Q2, − Q2)

• Exponentially growing noise in the tails of 


- Probed in the Laplace transform


- Fit Vector Meson Dominance (VMD) or 
Lowest Meson Dominance (LMD) 
models to the tails


- Data content =  

Ãμν(τ)

Fdata/(Fdata + Fmodel)
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Tail fitting and integration

Integrand for 
FPγγ(−Q2,0)
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MODEL
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Example tail fits on cB ens ( ) 
at 

a ≈ 0.08fm
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Kinematics and global fits

10

Choices of  per orbit on cB ens ( ) 
determining kinematic points used as inputs to global fit

ω1 a ≈ 0.08fm
Data along each slice and results of global fits

• Input data: points with  data content to minimize model dependence

• Correlated global fits to all data points

≥ 95 %



Continuum extrapolation
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• Preferred extrapolation (black pt): 
Combined -exp fit to TFF kinematics across all 3 lattice spacings


• Excluded global fits with unphysical  behavior

• Comparison (orange): Linear  extrapolation


• Systematic errors assigned via AIC-weighted averaging

• Statistical errors dominate except for slope parameter 

z
Q2 → ∞

𝒪(a2)

bπ

Lattice TFF data only

Lattice + expt TFF data
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Eta analysis



P-disconnected diagrams must be included.


Preliminary analysis based on dropping 
numerically small V-disconnected diagrams. 
 
 
 
 
 
 

 

Wick contractions
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Contributions to amplitude on cB ens ( )a ≈ 0.08fm

Check of excited state effects on cB ens ( )a ≈ 0.08fm



Global fit results
Similar analysis chain  fits.


Statistical errors dominate.

Ã(τ) → ℱη→γγ → z-exp
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Doubly virtual TFF on cB ens ( )a ≈ 0.08fm Singly virtual TFF on cB ens ( )a ≈ 0.08fm



Results at a ≈ 0.08fm
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Outlook
1. Evaluation of  TFF on finer lattices under way


- cC ( ) and cD ( ) ensembles


- Continuum limit


2. GEVP interpolators required for , can also improve  TFFs

- Note:  is the ground state of relevant channel, so no theoretical issues


3. TFF calculations may provide correlated input for full HLbL calculation

- Remove finite volume effects in -pole contribution
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