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Geometric deep learning
A peek at recent results

“In the NavierStokes experiment, [Clifford-steerable ResNet] require 
only 64 trajectories to outperform the basic ResNet trained on 80× 

more data.”
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Zhdanov, Maksim, David Ruhe, Maurice Weiler, Ana Lucic, Johannes Brandstetter, and Patrick Forré. "Clifford-steerable convolutional neural networks." 
arXiv:2402.14730



Geometric deep learning

Hoogeboom, Emiel, Victor Garcia Satorras, Clement Vignac, and Max Welling. “Equivariant Diffusion for Molecule Generation in 3D.” ICML2022

Wang, Ziming, and Rebecka Jörnsten. “SE(3)-Bi-Equivariant Transformers for Point Cloud Assembly.” arXiv 2407.09167.

“Equivariant and coordinate independent convolutional networks” M. Weiler 2024, Thesis
Derek Leinweber, CSSM, University of Adelaide

Esteves, Carlos, Jean-Jacques Slotine, and Ameesh Makadia. "Scaling spherical cnns." arXiv:2306.05420 (2023)

Geometric, topological, and algebraic structure in data can inform model architecture.

Sanborn, et.al. “Beyond Euclid: An Illustrated Guide to Modern Machine Learning with Geometric, Topological, and Algebraic Structures.”, arXiv 2024
Bronstein, et.al. “Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and Gauges.”, arXiv 2021
Weiler, et.al. “Equivariant and coordinate independent convolutional networks”, 2024

Gerken, Aronsson, Carlsson, Linander, Ohlsson, Petersson, Persson. “Geometric Deep Learning and Equivariant Neural Networks.” 
Artificial Intelligence Review 2023

Image credits
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http://arxiv.org/abs/2407.09167


Invariance and equivariance
Invariance Equivariance

[Equivariant and coordinate independent convolutional networks, M. Weiler 2024]
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Equivariance

f(Tx) = Tf(x)
T T

f

f

neural network

where T might act in different 
representations on the input and 

output space.

f is equivariant under transformation T if

[Equivariant and coordinate independent convolutional networks, M. Weiler 2024]
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Equivariance

Chen, Yunlu, et al. "3d equivariant graph implicit functions." ECCV, 2022
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MLP - non-equivariant

y = Wx = Wijxj ̂ei

x ∈ ℝm y ∈ ℝm

y = Wx = WMx0 ≠ MWx0

How does the output transform?

Could it be that
y(Mx0)

?= My(x0)

x = Mx0

M ∈ ℝm×m

Linear transform of input
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Vector neuron

y(x) = Wx = Wijxj ̂ei

x ∈ ℝm

y ∈ ℝn

y(x) = Wx = Wijxα
j ̂ei

̂fα

x ∈ ℝm × ℝ3

y ∈ ℝn × ℝ3

Promote each neuron to vector

Linear transformation W mixes 
vectors from different


neurons, but does not act in R3
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Deng, Congyue, Or Litany, Yueqi Duan, Adrien Poulenard, Andrea Tagliasacchi, and Leonidas J. Guibas. "Vector neurons: A general framework for so (3)-equivariant networks.”, ICCV 2021



Vector neurons
are equivariant

y(x) = Wx = Wijxα
j ̂ei

̂fα

x ∈ ℝm × ℝ3

y ∈ ℝn × ℝ3 y(Tx) = WTx
= WijTαβxjβ ̂ei

̂fα

= TWx
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Deng, Congyue, Or Litany, Yueqi Duan, Adrien Poulenard, Andrea Tagliasacchi, and Leonidas J. Guibas. "Vector neurons: A general framework for so (3)-equivariant networks.”, ICCV 2021



Vector neuron
ReLU

x ∈ ℝm × ℝ3

y ∈ ℝn × ℝ3

⏟activation

q = W̃y
k = Uy

y′￼ =
q if ⟨q, k⟩ ≥ 0

q − ⟨q, k
|k | ⟩ k

|k |
otherwise
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Deng, Congyue, Or Litany, Yueqi Duan, Adrien Poulenard, Andrea Tagliasacchi, and Leonidas J. Guibas. "Vector neurons: A general framework for so (3)-equivariant networks.”, ICCV 2021



Vector neuron
Classification on ModelNet40
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Deng, Congyue, Or Litany, Yueqi Duan, Adrien Poulenard, Andrea Tagliasacchi, and Leonidas J. Guibas. "Vector neurons: A general framework for so (3)-equivariant networks.”, ICCV 2021



Vector neuron
12

Deng, Congyue, Or Litany, Yueqi Duan, Adrien Poulenard, Andrea Tagliasacchi, and Leonidas J. Guibas. "Vector neurons: A general framework for so (3)-equivariant networks.”, ICCV 2021



Vector neuron
Transformers

Assaad, Serge, Carlton Downey, Rami Al-Rfou, Nigamaa Nayakanti, and Ben Sapp. “VN-Transformer: Rotation-Equivariant Attention for Vector Neurons.” TMLR 2023
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Geometric algebra
14

Ruhe, David, Jayesh K. Gupta, Steven De Keninck, Max Welling, and Johannes Brandstetter. "Geometric clifford algebra networks.” ICML, 2023.



Geometric algebra MLP

x ∈ ℝm × ℝ8

y ∈ ℝn × ℝ8
yi(x) = Wijxj = (Wijk ̂ek)(xj

l ̂el)

= Wijkxk
j ̂ek ̂el

= Wijkxk
j fklm ̂em

einsum(“ijk,kj,klm”, W, x, f)
[m, n, 8]

[m, 8]

[8, 8, 8]
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Geometric algebra transformer

Brehmer, Johann, Pim de Haan, Sönke Behrends, and Taco Cohen. “Geometric Algebra Transformer,” NeurIPS 2023
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Geometric algebra transformer
Arterial wall shear stress

17

Brehmer, Johann, Pim de Haan, Sönke Behrends, and Taco Cohen. “Geometric Algebra Transformer,” NeurIPS 2023

Suk, Julian, et al. "Mesh neural networks for SE (3)-equivariant hemodynamics estimation on the artery wall." Computers in Biology and Medicine



Geometric algebra transformer

Brehmer, Johann, Pim de Haan, Sönke Behrends, and Taco Cohen. “Geometric Algebra Transformer,” NeurIPS 2023
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Janner, Michael, et al. "Planning with diffusion for flexible behavior synthesis." arXiv:2205.09991



Compute
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Brehmer, Johann, Pim de Haan, Sönke Behrends, and Taco Cohen. “Geometric Algebra Transformer,” NeurIPS 2023

Geometric algebra transformer



Graph neural networks
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Graph neural networks
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Top tagging

Graph neural networks

Gong, Shiqi, Qi Meng, Jue Zhang, Huilin Qu, Congqiao Li, Sitian Qian, Weitao Du, Zhi-Ming Ma, and Tie-Yan Liu. “An Efficient Lorentz Equivariant Graph Neural Network for Jet Tagging.” Journal of High Energy Physics 2022

Compute
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Top tagging Quark gluon tagging

Graph neural networks

Gong, Shiqi, Qi Meng, Jue Zhang, Huilin Qu, Congqiao Li, Sitian Qian, Weitao Du, Zhi-Ming Ma, and Tie-Yan Liu. “An Efficient Lorentz Equivariant Graph Neural Network for Jet Tagging.” Journal of High Energy Physics 2022
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Graph neural network
More geometric algebra
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Ruhe, David, Johannes Brandstetter, and Patrick Forré. "Clifford group equivariant neural networks”, NeurIPS 2024



Molecule generation
EGNN + Diffusion
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Hoogeboom, Emiel, Victor Garcia Satorras, Clement Vignac, and Max Welling. “Equivariant Diffusion for Molecule Generation in 3D.” ICML, 2022
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Molecule generation
EGNN + Diffusion

Hoogeboom, Emiel, Victor Garcia Satorras, Clement Vignac, and Max Welling. “Equivariant Diffusion for Molecule Generation in 3D.” ICML, 2022



Convolutional neural networks
27

Equivariant and coordinate independent convolutional networks, M. Weiler 2024



Convolutional neural networks
Equivariance under other group actions?

Kondor, Risi, and Shubhendu Trivedi. “On the Generalization of Equivariance and Convolution in Neural Networks to the Action of Compact Groups.”, 2018
Weiler, Maurice, Mario Geiger, Max Welling, Wouter Boomsma, and Taco Cohen. “3D Steerable CNNs: Learning Rotationally Equivariant Features in Volumetric Data.”, 2018
Aronsson, J. Homogeneous vector bundles and G-equivariant convolutional neural networks. Sampling Theory, Signal Processing, and Data Analysis, 2022
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Group convolutions on homogeneous spaces
Equivariant neural networks on the sphere

(ψ ⋆ f )(u) = ∫SO(3)
ψ(u−1g)f(g)dgψ : SO(3) → ℝ

f : SO(3) → ℝ
Cohen, Taco S., Mario Geiger, Jonas Koehler, and Max Welling. “Spherical CNNs.” ICLR 2018 http://arxiv.org/abs/1801.10130.
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http://arxiv.org/abs/1801.10130


Group convolutions on homogeneous spaces
Equivariant neural networks on the sphere

(ψ ⋆ f )(u) = ∫SO(3)
ψ(u−1g)f(g)dg

Cohen, Taco S., Mario Geiger, Jonas Koehler, and Max Welling. “Spherical CNNs.” ICLR 2018 http://arxiv.org/abs/1801.10130.
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http://arxiv.org/abs/1801.10130


Geometric deep learning
Equivariance vs augmentation

S2CNN
CNN

60 x 60 Driscoll-Healy grid

Gerken J, Carlsson O, Linander H, Ohlsson F, Petersson C, Persson D. "Equivariance versus augmentation for spherical images.” ICML, 2022
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Scaling group convolutions 

Esteves, Carlos, Ameesh Makadia, and Kostas Daniilidis. "Spin-weighted spherical cnns." NeurIPS (2020) 
Esteves, Carlos, Jean-Jacques Slotine, and Ameesh Makadia. "Scaling spherical cnns." arXiv:2306.05420 (2023)
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Group convolutions on homogeneous spaces
Equivariant neural networks on the sphere

JAX implementation

https://github.com/google-research/spherical-cnn Esteves, Carlos, Jean-Jacques Slotine, and Ameesh Makadia. "Scaling spherical cnns." arXiv:2306.05420 (2023)
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Steerable convolution
Equivariant convolution on non-scalar features

34

Weiler, Maurice, Mario Geiger, Max Welling, Wouter Boomsma, and Taco Cohen. “3D Steerable CNNs: Learning Rotationally Equivariant Features in Volumetric Data.”  2018. http://arxiv.org/abs/1807.02547.

f(x) ∈ ℝn g ∈ G ρ : G → GL(V)

http://arxiv.org/abs/1807.02547


Steerable convolution
Equivariant convolution on non-scalar features

35

Weiler, Maurice, and Gabriele Cesa. “General E(2)-Equivariant Steerable CNNs.” NeurIPS, 2019
Freeman, W.T., and E.H. Adelson. “The Design and Use of Steerable Filters.” IEEE Pattern Analysis and Machine Intelligence, 1991

(k ⋆ f )i(y) = ∫ℝn

kij(y)fj(x − y)dx

Convolution equivariant iff k satisfies constraint

k(gx) = ρout(g)k(x)ρin(g−1)

Such a kernel is called “steerable”, in close analogy with steerable filters.



Clifford-Steerable convolution
36

Zhdanov, Maksim, David Ruhe, Maurice Weiler, Ana Lucic, Johannes Brandstetter, and Patrick Forré. "Clifford-steerable convolutional neural networks." 
arXiv:2402.14730



Clifford-Steerable convolution
37

Zhdanov, Maksim, David Ruhe, Maurice Weiler, Ana Lucic, Johannes Brandstetter, and Patrick Forré. "Clifford-steerable convolutional neural networks." 
arXiv:2402.14730

Solving the steerable kernel constraint



Geometric deep learning

“In the NavierStokes experiment, [Clifford-steerable ResNet] require 
only 64 trajectories to outperform the basic ResNet trained on 80× 

more data.”
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Zhdanov, Maksim, David Ruhe, Maurice Weiler, Ana Lucic, Johannes Brandstetter, and Patrick Forré. "Clifford-steerable convolutional neural networks." 
arXiv:2402.14730
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