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Symmetries are key in 
high-energy physics…

… but its hard to build 
them into networks in a 

scalable way.
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Strong performance 
on diverse problems

Scalable 
to thousands of tokens

GATr was originally 
developed for E(3) 
arXiv:2305.18415

https://arxiv.org/abs/2305.18415


Ingredients
Geometric algebra representations

• Basis elements  of the geometric/Clifford algebra defined by 


• Operations:   


• General multivector:   


• We embed multivectors as 


• Each GATr token contains  multivector and  scalar representations

γμ {γμ, γν} = 2gμν

αx, x + y, x ⋅ y

x = xS1 + xV
μ γμ + xT

μνσμν + xA
μ γμγ5 + xPγ5

(xS, xV
0 ⋯xV

3 , xT
01⋯xT

23, xA
0 ⋯xA

3 , xP) ∈ ℝ16

n m
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Ingredients
Equivariance

5

γ5

γμ

σμν

γμγ5

1

Z + 1g Z + 2g Z + 3g Z + 4g

10�7

10�6

10�5

10�4

10�3

10�2

10�1

M
SE

on
no

rm
al

iz
ed

am
pl

itu
de

s

MLP
Transformer
DSI
GAP
CGENN
L-GATr

100 101 102 103 104 105

Number of items

100

101

102

In
fe

re
nc

e
tim

e
(m

s)

Transformer
GNN
L-GATr

symmetry group

transformation 𝒢

𝒢

neural network 
transformation 𝒩 𝒩𝒢(𝒩(x)) = 𝒩(𝒢(x))



Ingredients
Equivariant layers
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ϕ(x) =
4

∑
k=0

vk⟨x⟩k +
4

∑
k=0

wkγ5⟨x⟩k

Attention(q, k, v)iα = Softmaxj(
⟨qiβ, kjβ⟩

16n )vjα

ψ(x, y) = x ⋅ y

EquiLinear

Geometric attention

Geometric product

LayerNorm, dropout, 
activation function…
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See bonus material



Ingredients
Transformer architecture
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Credits to Johann Brehmer
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Experiments
LHC simulation chain
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Experiments
LHC simulation chain meets ML
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Neural

importance

sampling Generative networks

Simulation-based  inference:

MadMiner, MEM etc

Calibration,  
clustering etc

Jet tagging

Credits to Theo Heimel

Amplitude  
regression

More applications 
Anomaly detection 

Unfolding

…
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Experiments
Amplitude regression
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Experiments
Amplitude regression

L-GATr scales best to high multiplicity, 
where amplitude surrogates are most useful
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Experiments
Top tagging

γ5

γμ

σμν

γμγ5

1

Z + 1g Z + 2g Z + 3g Z + 4g

10�7

10�6

10�5

10�4

10�3

10�2

10�1

M
SE

on
no

rm
al

iz
ed

am
pl

itu
de

s

MLP
Transformer
DSI
GAP
CGENN
L-GATr

100 101 102 103 104 105

Number of items

100

101

102

In
fe

re
nc

e
tim

e
(m

s)

Transformer
GNN
L-GATr

S



Experiments
Top tagging
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L-GATr is on par with the best 
equivariant (*) baselines
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Experiments
Event generation
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Continuous normalising flows (CNF)  
connect a simple base density  
to a complex target density  
through a neural differential equation

Experiments
Event generation
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Continuous normalising flows 
arXiv:1806.07366

Conditional flow matching

arXiv:2210.02747

Conditional flow matching (CFM)  
is a simple way to train CNFs  
by comparing the learned velocity  
to a conditional target velocity 

vt(x)
ut(x |x1)

d
dt

x = vt(x)

ℒ = 𝔼t,x,x1
∥vt(x) − ut(x |x1)∥2



In conditional flow matching (CFM),  
the choice of target velocity can be  
more important than the architecture

Experiments
Event generation
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Riemannian Flow Matching 
arXiv:2302.03660

https://arxiv.org/abs/2302.03660


In conditional flow matching (CFM),  
the choice of target velocity can be  
more important than the architecture

Experiments
Event generation
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Riemannian Flow Matching 
arXiv:2302.03660

https://arxiv.org/abs/2302.03660


Experiments
Event generation
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L-GATr helps with tricky 
kinematic features
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tt̄ + 4j tt̄ + 4j tt̄ + 4j



Experiments
Event generation
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L-GATr generates samples that a 
classifier can almost not 

distinguish from the ground truth
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Experiments
Scaling L-GATr to thousands of tokens
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Linear layers are 
most expensive

Attention is most 
expensive
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L-GATr combines equivariance and scalability
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Lorentz-Equivariant  
Geometric Algebra Transformer  
for High-Energy Physics 
Jonas Spinner*, Victor Breso*, Pim de Haan,  
Tilman Plehn, Jesse Thaler, Johann Brehmer 
Under review, arXiv:2405.14806
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Geometric Algebra Transformer 
E(3)-equivariant version 
Johann Brehmer*, Pim de Haan*, Sönke 
Behrends, Taco Cohen 
NeurIPS 2023, arXiv:2305.18415 

Pim de HaanVictor Bresó Jesse ThalerTilman Plehn Johann Brehmer

E(3)-GATr codeE(3)-GATr paper

L-GATr paper L-GATr code

What would you use L-GATr for?

https://arxiv.org/abs/2405.14806
https://arxiv.org/abs/2305.18415
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Bonus material



Ingredients
Equivariant layers
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ϕ(x) =
4

∑
k=0

vk⟨x⟩k +
4

∑
k=0

wkγ5⟨x⟩k

Attention(q, k, v)iα = Softmaxj(
⟨qiβ, kjβ⟩

16n )vjα

ψ(x, y) = x ⋅ y

EquiLinear

Geometric attention

Geometric product

Dropout

EquiLayerNorm

Activation function a(x) = GELU(⟨x⟩0) x

LN(x) = x/ 1
n

n

∑
c=1

4

∑
k=0

⟨⟨xc⟩k, ⟨xc⟩k⟩ + ϵ

Separate dropout for each multivector blade
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Amplitude regression



Event generation
Target velocities for CFM

Target velocities can be


constant in  (‘euclidean’)


constant in  (‘phasespace-aware’)

p = (E, px, py, pz)

y = (ym, yp, ϕ, η)

26

p = (E, px, py, pz) = f(y) = ( m2 + p2
T cosh2 η, pT cos ϕ, pT sin ϕ, pT sinh η)

y = (ym, yp, ϕ, η), m2 = exp(ym), pT = pT,min + exp(yp)
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Event generation
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Event generation



Tagging + Generation
Symmetry breaking

Sources of symmetry breaking


• Real world: Beam direction, detector geometry… 
Symmetry-breaking object: Beam direction


• Generation: Have to break  because generative 
networks can only be defined on compact groups 
Symmetry-breaking object: Time direction


We break the symmetry by adding the symmetry-breaking objects as extra 
token or as extra channel for each token

SO(1,3) → SO(3)

29


