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๏ The optimal test statistic for hypothesis testing:

๏

๏ Very often unobtainable in real-life cases. One of the biggest problem is that 
 is very often multidimensional (N >> 1)

๏ Machine Learning is our effort to approximate the likelihood ratio (LR)
๏  One of key ideas is to build an algorithm that can “learn” the likelihood from training data and 

then apply the LR test statistic to distinguish data from different hypothesis with (close to) optimal 
performance

t(x) =
L(x |H1)
L(x |H0)

> c

xN
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๏ We usually don’t have explicit formulae for the pdfs , , so for a 
given x we can’t evaluate the LR 

๏ Instead we may have MC models for signal and background processes, so we 
can produce simulated data  and 
๏ Can be expensive (1 fully simulated LHC event ~ 1 CPU minute). 

๏ One possibility is to generate MC data and construct histograms for both  
signal and background and use them to approximate the Likelihood ratio

f(x |s) f(x |b)

xs(xs
1, . . . , xs

N) xb(xb
1 , . . . , xb

N)
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t(x) =
N(x |s)
N(x |b)



๏ Suppose problem has 2 variables:
๏ Approximate pdfs using ,  in corresponding bins

๏ But if we want M bins for each variable, then in N-dimensions we have MN cells; can’t generate 
enough training data to populate 

N(x, y |s) N(x, y |b)
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๏ The idea is to try to estimate the probability densities  and  with 
something better than histograms and use the estimated PDFs to construct an 
approximate likelihood ratio. 

f(x |s) f(x |b)



๏ We count the number of events in local 
neighbourhood of x and do a majority vote

๏ The distance definition is important
๏ can be tricky in case of multidimensional problems with 

variables in different units and ranges

๏ Consider a small volume V centred around 

๏ Suppose from N events we find K inside volume V
x = (x1, ⋯, xD)
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๏ We can estimate PDF as:

๏

๏ There are 2 free parameters that we introduced (K,V). If you fix K and 
determine V from data it is called K-nearest neighbours

̂p(x) =
K

NV
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15-Nearest Neighbor Classifier
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the different methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the effective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.



๏ There are 2 free parameters that we introduced (K,V). If you fix V and 
determine K from data it is called Kernel Density Estimator

๏ We have to define a volume around a point
๏ Let’s look at a simple example of placing a 1d Gaussian “kernel” with a 

standard deviation h centred around each point

KERNEL DENSITY ESTIMATOR 8

๏ We can estimate PDF as:

๏

๏ This very smart method again 
suffers from the problem of scaling 
with dimensionality…

p(x) =
1
N

N

∑
i=1

1

2πh2
e− ( ⃗x − ⃗xi)2

2h2

Binned data KDE



๏ Consider a linear function of N input variables 

๏ For a given choice of the coefficients  and two different 
samples (signal and background) we will get PDFs  and   

y(x) =
N

∑
i=1

wixi

w(w1, . . . , wN)
f(y |s) f(y |b)

FISHER DISCRIMINANT 9

๏ The Fisher method aims at finding an hyperplane in the n-dimensional space 
which gives the best expected separation between two random variables sets 
whose PDFs in the multivariate space are known. 



FISHER DISCRIMINANT 10

๏ To get large difference between means and small widths for  and 
, maximise the difference squared of the expectation values divided by 

the sum of the variances: 

           

๏ The resulting coefficients wi define a Fisher discriminant. 

๏ If the pdfs of the input variables,  and , are both multivariate 
Gaussians with same covariance but different means, the Fisher discriminant 

is  and the Fisher discriminant provides an optimal statistical 

test 

f(y |s)
f(y |b)

J(w) =
(E(y |s) − E(y |b))2

V(y |s) + V(y |b)
∂J(w)

∂w
= 0

f(x |s) f(x |b)

y(x) ≈ ln
f(x |s)
f(x |b)



FISHER DISCRIMINANT 11

๏ Fisher discriminant is only optimal when signal and background are Gaussians 
with same covariance and different means

๏ Can be almost useless in other cases

๏ We can try finding a transformation  
that transformed variables can be separated with the Fisher discriminants
๏ Unreliable and often impossible to guess

x(x1, . . . , xN) → Φ(x)(Φ1(x), . . . , ΦN(x))



LEARNING ALGORITHM 12

๏ General idea is to simply learn the PDF from given data

TRAINING SET

LEARNING ALGORITHM

TEST STATISTIC

Training

*labeled signal and background



LEARNING ALGORITHM 13

๏ General idea is to simply learn the PDF from given data
๏ And use it to find (close to) optimal test statistic for future hypothesis testing

TRAINING SET

LEARNING ALGORITHM

TEST STATISTIC

Training

*labeled signal and background

INPUT OUTPUT
*not used in training

Prediction



DECISION TREES 14

๏ Classification tree analysis is when the predicted outcome is the class 
(discrete) to which the data belongs 
๏ For example if a particle is electron or not

๏ Regression tree analysis is when the predicted outcome can be considered a 
real number
๏ For example, four-momentum of electron

๏ Training and testing data sample needs to be provided
๏ During training different weights are assigned to each node according to 

importance (discriminating power) of different variables
๏ Decision trees are a complicated combination of linear cuts that achieve optimal separation 

power

๏ Additional techniques like boosting, gradient boosting, pruning used to 
further improve stability and performance
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๏ We are given a 2D training dataset (x1,x2) 
and each point is labeled as signal or 
background

๏ Idea is to separate the classes placing 
simple cuts (binary decisions):
๏ xi > cut or xi < cut

๏ Do this in several steps making sure each 
time misclassification is minimised

DECISION TREES CLASSIFICATION 16
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๏ Choose the variable that provides the greatest 
increase in the separation measured in the 
two daughter nodes relative to the parent.
๏ The same variable may be used at several nodes or 

ignored

๏ Define a metric for the separation:

๏ the Gini index= P(1-P); P =
∑sig wi

∑sig wi + ∑bkg wi

DECISION TREES CLASSIFICATION 17

1.0

๏ The Gini index has a maximum for P=0.5 (random separation) and minimum 
for P=1 or 0 (maximum separation).  

๏ In this example:
๏ Gini index of parent node is 0.249
๏ Node 1 = 0.248 and Node 2 = 0.240

s s
s

s
s
s s s

s
s
s

b
b

b
b

b

b

b b
b b

x1

x2
node 1

node 2



๏ Continue by dividing further new nods with 
additional simple (binary) cuts that minimise 
the misclassification 
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๏ Continue by dividing further new nods with 
additional simple (binary) cuts that minimise 
the misclassification 
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๏ Continue by dividing further new nods with 
additional simple (binary) cuts that minimise 
the misclassification 
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๏ Finish once every region contains a 
“minimum” (predefined) number of points

๏ Now we can build a binary tree:

DECISION TREES CLASSIFICATION 21
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๏ Finish once every region contains a 
“minimum” (predefined) number of points

๏ Now we can build a binary tree:
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๏ Finish once every region contains a 
“minimum” (predefined) number of points

๏ Now we can build a binary tree:
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๏ Finish once every region contains a 
“minimum” (predefined) number of points

๏ Now we can build a binary tree:
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๏ Finish once every region contains a 
“minimum” (predefined) number of points

๏ Now we can build a binary tree:
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๏ Classify the tree leaves using the majority 
vote
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๏ Classify the tree leaves using the majority 
vote
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๏ All that is left is to apply your trained DT to 
real data!
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๏ We are given a 2D training dataset (x,y) 
and our goal is to predict y value for 
each new data point x

๏ This time we need to predict a 
continuous value (instead of binary)
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x1

y



๏ Amazingly, the same logic works!
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๏ Continue by dividing further new nods 
with additional simple (binary) cuts that 
minimise the error 
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๏ Continue by dividing further new nods 
with additional simple (binary) cuts that 
minimise the error 
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๏ Continue by dividing further new nods 
with additional simple (binary) cuts that 
minimise the error 
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๏ Repeat until every region (leaf) contains 
a “minimum” number of points that is 
predefined
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๏ Average of the points in each region 
gives you the prediction ̂y(x)
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๏ Build a binary tree!
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๏ Reminder: Goal is to use ML to approximate LR that is optimal test statistic for 
hypothesis testing (H0 vs H1)

๏ From outputs of ML draw a PDF of output test statistics for H0 and H1

๏ Draw a Receiver Operators Curve (ROC) and use it to determine cut value on 
your ML output (if it is continuous rather than binary)

PERFORMANCE MONITORING 37

1.) You can set wanted signal 
efficiency and from it determines 
what is your background rejection 

2.) You can set wanted background 
rejection and from it determine what 
is your achieved signal efficiency

Si
g 

ef
f

Bkg eff



๏ Performance of your DT depends on training
๏ By increasing the complexity of your DT model (number of internal nodes) you 

can always improve performance
๏ Defining a random test sample important to monitor the possible overtraining

๏ different from the training sample!!!

OVERTRAINING 38
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DECISION TREES DON’T WORK… 39

๏ .. beacause of three main reasons:
1. The variables and the order of cuts are chosen on the base of separation of the given data. If 

you change the training sample you will most likely get a different tree.
2. Whatever variable is the most discriminating will influence the rest of the tree.
3. Extremely sensitive to overtraining. They learn the noise of the particular sample used for 

training and miss the general structure, thus having poor performance when applied on 
another sample.

๏ If we can fix these problems we can build a decision tree that works!
1. Pruning: Re-grouping or removing branches to make the tree more stable.
2. Bagging: Take N independent datasets and improve stability by averaging the resulting trees.
3. Boosting: Sequentially train a model learning from the errors of the previous one.

๏ These techniques can be applied to classification and regression DT (and any 
other learning algorithm)



๏ After a first step focus on wrong ones

DECISION TREES BOOSTING 40
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๏ This can be achieved by increasing weight to wrongly classified events and 
decreasing weight to correctly classified events
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๏ Build new tree that focuses more on events with more weight
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๏ Again increase weight to wrongly classified events and decrease weight to 
correctly classified events

DECISION TREES BOOSTING 43

sss
s s

s s

b b
b

b

b
b

x1

x2

s s
s

s s
s s

b
b

b

b

b

b

x1

x2



๏ Again increase weight to wrongly classified events and decrease weight to 
correctly classified events
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๏ Finally assign numerical values to two classes (b=-1 s=1) and assign a weight 
to each of the trees and sum them
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๏ Finally assign numerical values to two classes (b=-1 s=1) and assign a weight 
to each of the trees and sum them

๏ Many different algorithms exist to set the weights of different trees
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BOOSTED DECISION TREES 47

๏ Now you know how Boosted Decision Trees (BDTs) work! 
๏ Overtraining is completely in our control by taking special care of BDT 

parameters (number of trees, max depth of a tree, minimum number of events 
in leaves, parameters specific to pruning/boosting/bagging, …)

๏ Adding correlated variables will not degrade the performance of the BDT 
because the less discriminating one will be de-weighted
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Figure 6: The Output of the multiclassifier discriminant for prompt electrons matched to truth
electrons from Z decay (blue) and for misindentified electrons (red). Events are all taken from
Drell-Yan with jets MC sample.

Observable type Observable name

Cluster shape

RMS of the energy-crystal number spectrum along h and j; sihih , sijij

Super cluster width along h and f
Ratio of the hadronic energy behind the electron supercluster to the supercluster energy, H/E

Circularity (E5⇥5 � E5⇥1)/E5⇥5
Sum of the seed and adjacent crystal over the super cluster energy R9
For endcap traing bins: energy fraction in pre-shower EPS/Eraw

Track-cluster matching Energy-momentum agreement Etot/pin, Eele/pout, 1/Etot � 1/pin

Position matching Dhin, Djin, Dhseed

tracking

Fractional momentum loss fbrem = 1 � pout/pin

Number of hits of the KF and GSF track NKF , NGSF

Reduced c2 of the KF and GSF track c2
KF

, c2
GSF

Number of expected but missing inner hits
Probability transform of conversion vertex fit c2

isolation
Particle Flow photon isolation sum
Particle Flow charged hadrons isolation sum
Particle Flow neutral hadrons isolation sum

For PU-resilience Mean energy density in the event: r

Table 10: Overview of input features to the identification classifier.

BDT score


